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SPECTRA OF INFINITE GRAPHS VIA SCHUR COMPLEMENT

L. GOLINSKII

(Communicated by M. Omladic)

Abstract. The goal of the paper is to apply the general operator theoretic construction known as
the Schur complement for computation of the spectrum of certain infinite graphs which can be
viewed as finite graphs with rays attached to them. The examples of a multiple star and a flower
with infinite rays are considered.

Introduction and preliminaries

0.1. Graph theory

We begin with some basics of the graph theory. For the sake of simplicity we re-
strict ourselves with simple, connected, undirected, finite or infinite (countable) graphs,
although the main result holds for weighted multigraphs and graphs with loops. We
will label the vertex set #/(I') by positive integers N = {1,2,...}, {v}er = {j}?,
® < o. The symbol i ~ j means that the vertices i and j are incident, i.e., {i,j}
belongs to the edge set &'(T).

The degree (valency) of a vertex v € #'(T') is a number y(v) of edges emanating
from v. A graph T is said to be locally finite, if y(v) < e for all v € ¥(T'), and
uniformly locally finite, if sup, y(v) < eo.

The spectral graph theory studies the spectra and spectral properties of certain
matrices related to graphs (more precisely, operators acting on the Hilbert spaces C”
or > = (?(N), generated by such matrices in the standard basis {e;}¢_,). One of the
most notable of them is the adjacency matrix A(T)

L {i,j} € &T);

0, otherwise. ©.D

A = lagll8ors ai ={

The corresponding adjacency operator will be denoted by the same symbol. For locally
finite graphs it acts as

AD)er =Y ej, k=12,... 0. 0.2)
vk
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Clearly, A(T") is a symmetric, densely-defined linear operator, whose domain is the set
of all finite linear combinations of the basis vectors. The operator A(I") is bounded and
self-adjoint on /2 as long as the graph T is uniformly locally finite.

Whereas the spectral theory of finite graphs is very well established (see, e.g.,
[2, 3, 4]), the corresponding theory for infinite graphs is in its infancy. We refer to
[9, 10] for the basics of this theory. In contrast to the general consideration in [10],
our goal is to compute the spectra of certain infinite graphs (precisely, the spectra of the
corresponding adjacency operators) which loosely speaking can be called “finite graphs
with tails attached to them”.

To make the notion precise, we define first an operation of coupling well known
for finite graphs (see, e.g., [4, Theorem 2.12]).

DEFINITION 1. Let Iy, k= 1,2, be two graphs with no common vertices, with
the vertex sets and edge sets ¥ (T'x) and & (Ty), respectively, and let vy € ¥ (T). A
graph I'=T"| +T'; will be called a coupling by means of the bridge {vi,v2} if

YO =7 (MUP (), SN =ET)UET)U{vm).  (03)

So we join I'; to I'; by the new edge between v, and vy .

In general, the adjacency matrix A(I'; +17) takes the form of a block operator

matrix
100...

000...
A(F)Z[A%EI)A(?z)}» E=1000...|" (0.4)

If the graph Iy is finite, 7(I'1) = {1,2,...,n}, and ¥ (I'2) = {j}_,, we can with no
loss of generality put vi = 1, vo =n+ 1, so the adjacency matrix A(T") can be written
as the block operator matrix

100...

_[A(TY) E, B 000...
=) B 0

000...

has n rows. If I = P.,, the one-sided infinite path, we can view the coupling I" =
I'1 + P.. as a finite graph with the tail. Now
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oS = O
—_— O =
oS = O
— O O

A) =Jy = (0.6)

is a Jacobi matrix called a discrete Laplacian or a free Jacobi matrix. It is of particular
interest in the sequel.

The spectral theory of infinite graphs with one or several rays attached to certain
finite graphs was initiated in [7, 8, 11] wherein a number of particular examples of
graphs was examined. In [5] this collection was enlarged considerably. A canonical
form of the adjacency matrix A(T'; + P..) suggested there enabled one to compute the
spectrum of such graph by using the spectral theory of Jacobi matrices of finite rank.

Our argument here is based on a general construction from the block operator
matrices theory known as the Schur complement. As a matter of fact, the procedure
applies not only to adjacency matrices, but to both Laplacians on graphs of such type.

The examples in the next section rely heavily on the formula of Schwenk [13] (see
[4, Problem 2.7.9]) for characteristic polynomials of finite graphs F

P(A,F) = det(Al — A(F)).

Given a graph F and V C ¥ (F) we denote by F\V the subgraph of F' induced
by the vertices of ¥ (F)\V.

Theorem (Schwenk). For a given finite graph F and v € ¥/ (F), let ¢'(v) denote
the set of all simple cycles Z which contain v. Then

P(A,F) = AP(A,F\v)— ZP/I F\{Vv})=2 Y P(A,F\Z).
Vi~ Zeb(v)

0.2. Schur complement

Let

Ay A
= 0.7
[AZI Azz} 07

be a block operator matrix which acts on the orthogonal sum 7] & .7 of two Hilbert
spaces. If Ay is invertible, the matrix .7 can be factorized as

[ 1 0][An O] [1A[ A
7 = [AzlAHl 1] [0 cm] {0 I | ©0.8)

I is the unity operator on the corresponding Hilbert space. Similarly, if Ay, is invert-
ible, one can write
[r1ApA][Cn 0 I 0
o = [0 I 0 Axn| |AyAx I ©.9)

Here
Crr i=Axp — AniA['Ara, Ci1 :=A11 —ApAy, Ay (0.10)
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are usually referred to as the Schur complements [12]. Both equalities can be checked
by direct multiplication.
The result below follows immediately from the formulae (0.8) and (0.9).

PROPOSITION 1. Given a block operator matrix </ (0.7), let A;; (Az;) be in-
vertible. Then & is invertible if and only if so is Cz (C1y).

Note that in the premises of Proposition 1 the inverse .7 ! takes the form

—1 —1 -1
7 = { Ci —C1Andy }

Ay A Crt AS) + A5 AN Gl AAL,
and, respectively,
—1 —1 —1 —1 —1 —1
o7 = [Au +A11‘?12C22 1‘1‘21‘411 _A11A112C22} '
—C2_2 A21A1_1 C2_2
Denote by p(T) the resolvent set of a bounded, linear operator T, i.e., the set of

complex numbers A so that A7 — T is boundedly invertible. We apply the latter result
to the block matrix

Al—An —Ap

M_%:{ —Ay Al —Ax

}, A eC, (0.11)

to obtain

PROPOSITION 2. Given a block operator matrix <7 (0.7), let A € p(Ay) (7L €
p(A»)). Then A € p(<7) if and only if the operator
Coa(A) = Al — Ay — Ag (AT — Apy) ' A

(0.12)
(Crli(A) = Al — Ay — Ap(A —Axn) ' Ay)

is invertible.

1. Spectra of infinite graphs with tails

The adjacency matrices (0.4) and (0.5) of couplings I' =1T"; 4+ I, are block opera-
tor matrices (0.7), and, moreover, Al — <7 is of the form (0.11),

_|M-ATY) —E |
AL—A(T) = “E AI—A(TY) =(AM—-A(T))) @ (A —A(T))+A
with rank(A) = 2. So we can gather some information about the spectrum of A(I") for
arbitrary graphs I';, j = 1,2, from the general perturbation theory of finite rank (see,
e.g., [1, Section 9.2]). For instance, according to the famous result of Kato

Oepss (A (r) ) = Opss (A (Fl )) U Opss (A (FZ ) ) )
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(recall that a number A € o(T) belongs to the essential spectrum O,s(7) of a self-
adjoint operator T if it is not an eigenvalue of finite multiplicity). Moreover, A is the
eigenvalue of A(I") as soon as A is the isolated eigenvalue of either A(I';) or A(I';)
of multiplicity at least 3.

The Schur complements (0.12) take now the form

where
GO = (A=A ™) . Aep@r), j=12  (12)

is the so-called Green’s function of A(T'j). ¢; is a square matrix of the same order as
A(T;), with the only nonzero entry (¢;)1; = 1.
We say that A is a regular point of the graph T if A € p(A(T)).

THEOREM 1. Let I' =T| + 1 be the coupling of a finite graph T'y and an ar-
bitrary graph Ty, and let A be a regular point of T'». The point A belongs to the
spectrum of T if and only if it solves the equation

P(A,T) —G(A,T2)P(A, T \v;) = 0. (1.3)

Proof. By Proposition 2 and (1.1), A € 6(A(T")) if and only if

10...0

00...0
detCU(/l) = det((?LI—A(Fl) —G(?L,l"g)'e]) =0, e =

00...0

The result follows by expanding the latter determinant along the first row. [l
The basic example for us is I'; = P... In this case

G(r) = Gess(r) U O_d(r) = [_272} U O_d(r)7

where the discrete spectrum oy(T") is the set of eigenvalues of finite multiplicity off
[-2,2]. Theorem 1 can be applied, and the Green’s function is known explicitly (see,

e.g., [6])
_1 _ 71 — Zli=il 1
(M=A®2) =@l @) = A=z, (14
Z—Z Z

|z < 1, and so
G(A,P) =r11(2) =2z (1.5)

The discrete spectrum agrees with the zero set of the algebraic equation (1.3)
1
Aeoyl) < PAT)—xP(A,T1\v))=0, A =x+ PrI e(—1,1). (1.6)

So the problem amounts to computation of two characteristic polynomials and solving
the equation (1.6).
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EXAMPLE 1. “A multiple star”.

Let Kk := (ki,k2,...,ks), kj € N be an n-tuple of positive integers. Denote by
S(x) the graph obtained from the standard star graph K , with n > 2 edges by inserting
k;j — 1 new vertices into j’s edge, so this edge contains k; + 1 vertices altogether. Put
1"1 S(x) and consider the coupling ' = T’} + P., obtalned from S(x) by attaching
the infinite path to its root v; .

Denote by Q(-,m) the characteristic polynomial of the finite path P, with m

vertices, SO
A sin(m + 1)z
A, :Um<_>7 Un 1) \=———
Q(A,m) 5 (cost) pr
is the standard Chebyshev polynomial of the second kind.
To compute the characteristic polynomial of I'j we apply the result of Schwenk
which now looks

_ _ o QK — 1) T ,
P(A,T1) =A0(%) Q(Mj:Z1 oK) O(1): j]:[lQ(?t,k,).

It is clear that
P(A,T1\v1) = Q(4),

so the equation in (1.6) takes the form

1 & OAki—1)y B 1

Since Q # 0 off [—2,2] we come to

« Q(4.ki—1) 1 1
——=0, A=x+-, —-l<x<l.
g‘ lk) X x+x *

The function in the left-hand side is odd (as a function of x), so we can restrict ourselves
with the values 0 < x < 1. Putting x =e¢™", t > 0, we obtain after a bit of calculation

n .
sinhk;z ,

(p(l) ::jgmze, t>0. (1.7)

1

Since the function

sinhat

Snhbr’ O<a<b, t>0

is easily seen to be monotone decreasing (it follows, e.g., from the infinite product
expansion of sinhz), then so is ¢ in the left-hand side of (1.7). Moreover, ¢ vanishes
at infinity. Next,

limo(r) =

t—0
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(we discard the trivial configuration n =2, k; =k, = 1). So (1.7) has a unique solution
t+ > 0. Finally, the discrete spectrum is

oy(T) = £A4, Ay :=2coshty. (1.8)
In particular case k; = p, 1 < j < n, equation (1.7) looks
sinh pt ‘

_ pt_ =pt\ _ (p+2)t _ —pt
nisinh(p—i—l)t e, n(e e ) e e

)

which is equivalent to
(n—1)x*2—n® +1=0.

Note that in this case the more detailed description of the spectrum is available,
see [5, Example 2.3]. Precisely, there are p eigenvalues lying on the essential spectrum
[—2,2].

EXAMPLE 2. “A flower with n petals”.

In this example T'; is composed of n cycles {C j};f: 1 » glued together at one com-
mon vertex (root) ¢. Put I' =T + P., with the infinite path attached to the root &'.
Assume that the cycle C; contains k; + 1 vertices.

To compute the characteristic polynomial of I'; we apply again the Schwenk the-
orem which gives

B Ok — 1)+ 1
P(A,T1) = 0(A) {x _2Z‘1Q(7L—,kj)}

As in the above example, P(-,I'1\ &) = Q, and we come to the following equation

ZJ‘*ZIQ(A—JW)_}_O’ A—XJF;’ —l<x<l.

Putting x = ¢, t > 0, we obtain

1 inhk;t
_SMET g 4> (1.9)
4= sinh(k; + 1)

The same argument as above shows that (1.9) has a unique solution 7. > 0, so the
point A, = 2coshzy € oy4(T") for all configurations in I'; (with no exceptions). Putting
x=—e ', t>0, we come to

L sinhk;t + (—1)5+! sinht
1):=2 J =¢ t>0. 1.10
(1) Z’l sinh(k; + 1)r € o (1.10)

Since 1
sinhmt —sinhz  sinh #5—¢

sinh(m+ 1)t  sinh mT“t ’
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¢ is a monotone decreasing function vanishing at infinity, and ¢(0+) > 1 for all con-
figurations in T'j. Hence (1.10) has a unique solution 7— > 0, and A_ = —2coshr_ €
0,4(I). Finally, the discrete spectrum is

oy(T) = Ay, Ay := 42coshty. (1.11)

Note that in particular case n = 2, k; = ko (the propeller with equal blades), a

complete description of the spectrum is given in [5, Example 3.4].

[1]

[2]
[3]

[4]
[5]
[6]
[7]
[8]

[9]
[10]

[11]
[12]

[13]

REFERENCES

M. BIRMAN AND M. SOLOMIJAK, Spectral Theory of Self-Adjoint Operators in Hilbert Spaces, D.
Reidel Publishing Company, Dordrecht, 1987.

A. E. BROUWER AND W. H. HAEMERS, Spectra of Graphs, Springer, Universitext, 2012.

F. CHUNG, Spectral graph theory, CBMS Regional Conference Series in Mathematics 92, Washing-
ton, 1997.

D. M. CVETKOVIC, M. DOOB, AND H. SACHS, Spectra of Graphs — Theory and Applications, VEB
Deutscher Verlag der Wissenschaften, Berlin, 1980.

L. GOLINSKII, Spectra of infinite graphs with tails, Linear and Multilinear Algebra 64, 11 (2016),
2270-2296.

R. KILLIP AND B. SIMON, Sum rules for Jacobi matrices and their applications to spectral theory,
Ann. Math. 158 (2003), 253-321.

V. LEBID AND L. NIZHNIK, Spectral analysis of locally finite graphs with one infinite chain, Proc.
Ukranian Academy of Sci. 3 (2014), 29-35.

V. LEBID AND L. NIZHNIK, Spectral analysis of certain graphs with infinite chains, Ukr. J. Math. 66
9 (2014), 1193-1204.

B. MOHAR, The spectrum of an infinite graph, Linear Alg. Appl. 48, 3 (1982), 245-256.

B. MOHAR AND W. WOESS, A survey on spectra of infinite graphs, Bull. London Math. Soc. 21, 2
(1989), 209-234.

L. P. NIZHNIK, Spectral analysis of metric graphs with infinite rays, Methods of Func. Anal. and
Topology 20, 6 (2014), 391-396.

1. SCHUR, Uber Potenzreihen, die im Innern des Einheitskreises beschrinkt sind, I, J. Reine Angew.
Math. 147 (1917), 205-232.

A. SCHWENK, Computing the characteristic polynomial of a graph, Graphs and combinatorics. Lect.
Notes Math. 406 (1974), 153-172.

(Received April 24, 2015) L. Golinskii

B. Verkin Institute for Low Temperature Physics and Engineering
47 Science ave., Kharkov 61103, Ukraine

e-mail: golinskii@ilt.kharkov.ua

Operators and Matrices
www.ele-math.com

oam@ele-math.com



