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Abstract. We define a convex-polynomial to be one that is a convex combination of the mono-
mials {1,z,z%,...}. This paper explores the intimate connection between peaking convex-
polynomials, interpolating convex-polynomials, invariant convex sets, and the dynamics of ma-
trices. In particular, we use these intertwined relations to both prove which matrices are convex-
cyclic while at the same time proving that we can prescribe the values and a finite number of the
derivatives of a convex-polynomial subject to certain natural constraints. These properties are
also equivalent to determining those matrices whose nonempty invariant closed convex sets are
all invariant subspaces.

Our characterization of the convex-cyclic matrices gives a new and correct proof of a
similar result by Rezaei that was stated and proven incorrectly.

1. Introduction

If E is a subset of a vector space X, then the convex hull of E, denoted by co(E),
is the set of all convex combinations of elements of E'; that is, all finite linear com-
binations of the elements of E where the coefficients are non-negative and sum to
one. We will let % denote the convex hull of the set of monomials {1,z,7%,2°,...}
within the vector space of all polynomials in z. Thus, €% = co({1,z,7%,2%,...}) =
{Zzzo aizF:a;p >0 forall 0 < k < nand Si_olk = 1} . Following Rezaei [12], we will
call the elements of & convex-polynomials.

If T is a continuous linear operator on a locally convex space X and x € X, then
the orbit of x under T is Orb(x,T) = {T"x}7_ o = {x,Tx,T%x,...}. A continuous
linear operator 7 on X is said to be cyclic if there is a vector x € X such that the linear
span of the orbit of x under T is dense in X; that is if {p(T)x: p is a polynomial}
is dense in X . Following Rezaei [12], we define an operator T to be convex-cyclic if
there is a vector x € X such that the convex hull of the orbit of x under T is dense in X ;
that is if {p(T)x:p € €2} is dense in X. Convex-cyclic operators were introduced
by Rezaei [12] and have been studied in [3] and [11]. More generally the dynamics of
matrices have been studied in [1], [5], [6] and in their references.

While the problem of determining which matrices are convex-cyclic was addressed
in Rezaei [12], an unfortunate oversight was made resulting in an incorrect statement
and proof of the result. While we deduce similar results without the oversight, our focus
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remains on the development of a framework for working with convex polynomials and
matrices and, as a consequence, our proofs and approach are markedly different from
those in Rezaei [12]. Furthermore our techniques can be applied in infinite dimensional
settings as well.

We will prove three main theorems. The first theorem describes which matrices
are convex-cyclic. The characterization is natural and simple: A matrix is convex-cyclic
exactly when it is cyclic and satisfies some necessary conditions on its eigenvalues.

Recall that a matrix T is cyclic precisely when all of its eigenvalues have geomet-
ric multiplicity one; meaning that each of the eigenspaces have dimension one.

The second theorem says that under natural necessary conditions we can prescribe
the values and a finite number of derivatives of a convex-polynomial at certain points.

The third theorem gives a simple condition on the eigenvalues of a matrix so that
each of its nonempty invariant closed convex sets is actually an invariant subspace.
This condition has been given by Elsner [7]. However we use fundamentally different
techniques in our approach, which may also be applied in infinite dimensions. For
proofs of the following three main results see theorems 8.10, 8.11 and 9.2 respectively.

THEOREM 1.1. (Convex-cyclicity of matrices)

The real case: If T is a real n x n matrix, then T is convex-cyclic on R" if and
only if T is cyclic and its real and complex eigenvalues are contained in C\ (DUR™).
If T is convex-cyclic, then the convex-cyclic vectors for T are the same as the cyclic
vectors for T and they form a dense set in R".

The complex case: If T is an n x n matrix, then T is convex-cyclic on C" if and
only if T is cyclic and its eigenvalues {M}?_, are all contained in C\ (DUR) and
satisfy Aj # A forall 1 < jk <n. If T is convex-cyclic, then the convex-cyclic vectors
for T are the same as the cyclic vectors for T and they form a dense set in C".

THEOREM 1.2. (Convex-polynomial interpolation) If S = {x;}}", U{z}j_; € C
where {x;}}.; CR and {z}]_, € C\R, then the following are equivalent:

(a) for any finite set {y;;:0< j<N,1 <k <m} of real numbers and for any finite
set {wjx:0< j<N,1 <k<n} of complex numbers there exists a convex-polynomial
p such that p(j)(xk) =yjxforall 0 < j< N and 1 <k <m and p(j)(zk) =wj for
al0<j<Nand 1 <k<n.

(b) The real numbers {x};'_, are distinct and satisfy {x};"_, € (—oo, —1) and the
numbers {zi Yi_, are distinct, {z}{_, CC\ (DUR) and z; # % forall 1 < j,k <n.

THEOREM 1.3. (Invariant convex sets for matrices)

The complex case: A matrix T acting on C" has the property that all of its
nonempty invariant closed convex sets are invariant subspaces if and only if the eigen-
values {M}7_, of T are all contained in C\ (DUR) and satisfy A; # Ay for all
1< j,k<n.

The real case: A matrix T acting on R" has the property that all of its nonempty
invariant closed convex sets are invariant subspaces if and only if all of its (real and
complex) eigenvalues are contained in C\ (DUR™).
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These three theorems above are actually all equivalent and we will begin by prov-
ing the first two of them simultaneously in a series of intertwined steps. First we will
construct some convex-polynomials which “peak” at a prescribed point in a given finite
set of points. This will then allow us to easily determine which diagonal matrices are
convex-cyclic, from which we will be able to prove an interpolation theorem for the
values (but no derivatives) of a convex-polynomial. That interpolation theorem will
then be used to prove that certain non-diagonalizable matrices are convex-cyclic, which
will give a stronger interpolation theorem. This will, in turn, lead to a larger class of
convex-cyclic matrices, and so forth. This continues until we arrive at the above three
theorems.

2. Convex-polynomials & necessary conditions

If f has a power series that converges near zero, say f(z) = X aiZ’, then the
coefficients of the series are related to the derivatives of f by a; = f%)(0)/k! for k >
0. This fact can be used to easily characterize the convex-polynomials and determine
some basic properties of them, as stated in the following proposition. Recall that ¢ &
denotes the set of convex-polynomials.

PROPOSITION 2.1. The following hold:

(1) A polynomial p(z) is a convex-polynomial if and only if p®(0) >0 forall k >0
and p(1)=1.

(2) The set €2 is closed under composition and multiplication.

(3) If p is a convex-polynomial, then p(R) C R, p(D) C D, and p(z) = p(z) forall
z € C. In particular, |p(z)| < 1 whenever |z| <1 and p € €.

Throughout the paper we will let R denote the set of real numbers, C the set of
complex numbers, and D the set of complex numbers with absolute value less than one.
Also F will denote either R or C.

2.1. Necessary conditions

Before proceeding, it is useful to provide three simple but illustrative examples
highlighting some necessary conditions.

EXAMPLE 2.2. Let T = [/})1 /{)} be a matrix on F2 where F equals R or C.
2

(1) If T is convex-cyclic, then A; # A;.
(2) If T is convex-cyclic, then |A;] > 1 for i =1,2.

(3) If F=C and T is convex-cyclic, then A» # A, .
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p(ll)vl]
p(A2)v2|”

() If A; = A, = A, then for any vector v, we have p(T)v = p(A)v. Thus {p(T)v:
p is a polynomial} is contained in a one-dimensional subspace and is therefore not
dense in 2. It follows that T is not cyclic, so T is not convex-cyclic either.

(2) If |A;] < 1 for some i, then by Proposition 2.1 for any p € €% we have
Ip(A)| < 1 so |p(A)vi| < |vi]. Thus, {p(T)v:p € € P} is not dense in F? for any
vector V. Thus 7 is not convex-cyclic.

B)IfF=Cand & =A; and p € €2, then by Proposition 2.1 we have p(4,) =
p(A1) = p(A1). Thus, p(T)v = L}Et;“g] = [pgﬁ;‘;j In particular, the vector [ ]
is not in the closure of {p(T)v:p € €F}. So, T is not convex cyclic.

Proof. If v= L‘jl] and p is a polynomial, then p(T)v = [
2

We will show, in Theorem 5.1, that excluding the above three simple situations,
all other diagonal matrices are convex cyclic. In the paper by H. Rezaei [12], the third
condition above was overlooked.

We next give some necessary conditions that apply not only to matrices, but to
operators on locally convex spaces. Items (1) and (2) below in Proposition 2.3 are more
general versions of items (2) and (3) from Example 2.2 above.

Let GP(T) denote the point spectrum of the operator 7', that is, the set of all
eigenvalues of 7.

PROPOSITION 2.3. (Necessary conditions on eigenvalues of 7*) If T is a convex-
cyclic continuous linear operator on a complex locally convex vector space X, then the
following hold:

(1) o,(T*)N(DUR) = 0.
(2) If M,A € Gp(T*), then A 7&2,_1

If X is a real locally convex space, then ,(T*)ND = 0.

Proof. Let x be a convex-cyclic vector for T, thus {p(T)x: p € €} is dense
in X. Also let A be an eigenvalue for T* with eigenvector v € X*. So T*v = Av. It
follows that for any polynomial p, p(T*)v = p(A)v. If p is a convex-polynomial, then
p has real coefficients so p(T)* = p(T*). So when p € €% we have

(p(T)x,v) = (6, p(T)"v) = (&, p(T")v) = (x,p(A)v) = p(A) - {x,v). (%)

Since {p(T)x:p € €} is dense in X, it follows that {p(1)(x,v) : p € €2}
must be dense in C. However, for any convex-polynomial p we have that p(R) C R
and p(D) C D, so it follows that if A € (DUR), then {p(A)(x,v) : p € €} is not
dense in C. Thus (1) holds.

To see that (2) holds suppose, by way of contradiction, that 41,4, € 0,(T*) and
that A, = A;. Let A := A, = A;. Then both A and 4 are eigenvalues for 7. Let
vy and v, be eigenvectors for T* with eigenvalues A and A respectively. By (1) we
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know that A ¢ R, thus A # A . It follows that v; and v, are linearly independent. From
(x) above we know that for every p € €% we have

[(p(T)x,m)] B [@K%M] _ [W-EX»VO] (%)

P(A) - (x;v2)
where p(A) = p(A) since p has real coefficients. Now since {p(T)x: p € €2} is
dense in X and v; and v, are linearly independent it follows that as p varies over
all convex-polynomials that the left hand side of (*x) is dense in C>. However, as p
varies over all convex-polynomials the right hand side of (x#) is not dense in C? (if
one coordinate is small in absolute value the other coordinate will also be small). This
is a contradiction. It follows that (2) holds. In the case of a real locally convex space,
the proofs are similar. [J

Next we sketch a proof of a theorem that describes which matrices are cyclic. The
reader will see similarities and differences in the proof techniques used in the following
theorem and in the proof techniques used throughout this paper. We will prove the
following result for complex matrices, the real version is similar and could be handled
through complexification (see section 8).

THEOREM 2.4. (Characterizing cyclic matrices) An n x n matrix T acting on C"
is cyclic if and only if each eigenvalue of T has geometric multiplicity one.

Sketch of proof. Let J be the Jordan form for T (see section 7 for some basic
properties and notation on Jordan forms). Since cyclicity is a similarity invariant, 7
is cyclic if and only if J is cyclic. Suppose that every eigenvalue of T has geo-
metric multiplicity one, then the same is true for J and thus distinct Jordan blocks
in J have distinct eigenvalues (since the geometric multiplicity of an eigenvalue of
J is equal to the number of Jordan blocks in which that eigenvalue appears). Thus
J = @Y I, (&) where Ay # A; when k # j. Now let v = (€n, 1,€my1s---sCmy.1)
where e, = (0,0,...,1,0,...,0) is the unit basis vector of length m with a 1 in the
k" position. Now from Proposition 7.1 we see that

P =(p()...p"™ (), p(R2), .., p") (M), ., p(A), o, ™) () ).

In order to show that J is cyclic with cyclic vector v, we must show that {p(J)v: p =

a polynomial} is dense in CM, where M = 22\’:1 my.. This will be true (in fact not
only will the above set be dense in C¥ it will actually be equal to C) if we can find
polynomials p with prescribed values and prescribed derivatives at the points {4 }ivzl .
It’s well known that one can find (Hermite) polynomials with prescribed values and
prescribed derivatives at a finite number of points. It follows that J is cyclic with cyclic
vector v. Hence T is also cyclic, as it is similar to J. We leave the converse to the
reader. [J

In the above proof we used the well known fact that there exists polynomials that
have prescribed values and prescribed derivatives at a given finite set of points. As we
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proceed to characterize the convex-cyclic matrices, we do not have access to interpolat-
ing convex-polynomials, as such we will prove the existence of interpolating convex-
polynomials simultaenously as we characterize the convex-cyclic matrices. When we
finish we will know when interpolating convex-polynomials exist and which matrices
are convex-cyclic.

3. Dense convex sets & the Hahn-Banach theorem

The following result is a fundamental tool for studying convex-cyclic operators.

THEOREM 3.1. (A criterion for a convex set to be dense) If C is a convex set in a
locally convex linear space X, then C is dense in X if and only if for every non-zero
continuous linear functional f on X we have that sup,..Re(f(x)) = co. Furthermore
if S C C and the convex hull of S is dense in C, then

supRe(f(x)) = supRe(f(x)).
xeC x€S
The previous result is a simple consequence of the geometric form of the Hahn-
Banach Theorem which says that whenever a point does not belong to a closed convex
set, then the point and the convex set can be strictly separated by a real hyperplane. See
[4, Theorem 3.13, p. 111].
A vector x € X is a convex-cyclic vector for T if co(Orb(x,T)) is dense in X .
The following result was obtained by Bermidez, Bonilla, and Feldman in [3].

COROLLARY 3.2. (Hahn-Banach characterization of convex-cyclicity) Let X be
a locally convex space over the real or complex numbers, T : X — X a continuous
linear operator, and x € X . Then the following are equivalent:

(1) The vector x is a convex-cyclic vector for T.

(2) For every non-zero continuous linear functional f on X we have

supRe[f(T"x)] = oo

n=0

(3) For every non-zero continuous linear functional f on X we have

sup{Re[f(p(T)x)|: p € € P} = oo.

Proof. Apply Theorem 3.1 where C is the convex hull of the orbit of x. [

Next we use the above Hahn-Banach characterization to establish a condition for
the direct sum of two convex-cyclic operators to be convex-cyclic.

A set E is bounded in a locally convex space X if for every neighborhood U of
zero there is a ¢ > 0 such that E C cU. This is equivalent to being weakly bounded
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which says that f(E) is a bounded set of scalars for every continuous linear functional
fonX.

We will say that a continuous linear operator 7' on a locally convex space is power
bounded if all of the orbits of T are bounded sets. This is consistent with the notion of
power boundedness on a Banach space.

Let F denote either R or C.

PROPOSITION 3.3. (Direct sums of convex-cyclic operators) Let T) and T, be con-
vex-cyclic continuous linear operators on locally convex spaces X; and X, over F. If
there exists a convex-polynomial po such that po(Ty) is convex-cyclic and po(Ts) is
power bounded, then Ty & T, is convex-cyclic on X ® X».

Furthermore, if uy is a convex-cyclic vector for po(Ty) and uy is a convex-cyclic
vector for Ty, then i = (uy,up) € X1 ® X, is a convex-cyclic vector for Ty © Ts.

NOTATION. If x € X and f € X* we will use both (x, f) and f(x) to denote the
value of f acting on the vector x.

Proof. Let T =T\ & T, X =X, ®X;, and let py be a convex-polynomial such
that po(T}) is convex-cyclic and po(T3) is power bounded. Also let f = (fi,f2) €
X*\{0} = (X; ®X;)\ {0} and let i = (u;,us) € X be a vector where u; is a convex-
cyclic vector for po(7T7) and u, is a convex-cyclic vector for 7>. We must show that

sup Re(p(T)ii, ) = oe.

pEC P
Case 1: f1 =0. L
In this case, note that f> # 0 since f # 0, and thus we have
sup Re(p(T)ii, f) = sup Re[(p(Tv)ur, fi) + (p(T2)uz, f2)] (1)
pEC P pE?
= sup Re(p(D)uy, fr) =o
PECY

The last supremum above is infinite by Corollary 3.2, since 7> is convex-cyclic, u; is
a convex-cyclic vector for 7> and f» #0.
Case 2: f1 #0.

Again we must show that sup Re(p(T)ii, f) = . Using the fact that u; is a
pEC Y
convex-cyclic vector for po(77) and that py(73) is power bounded we have

=

sup Re(p(T)a, f) > SupRe<po( )", f)

pPEC P

= SUP[R€<P0(T1)"M1»f1> +Re(po(T2)"uz, f2)] =

n>1

The last equality above holds by Corollary 3.2 since u; is a convex-cyclic vector
for po(T1) and po(T») is power bounded. The last condition implies that the quantity
sup,~ 1 [(po(T2)"x, F)| < eo. Also since u; is a convex-cyclic vector for po(7;) and
f1 # 0 then by Corollary 3.2 we have that the quantity sup, - Re(po(T1)"u1, f1) = °.
The theorem now follows. [J

The previous theorem will be useful in showing that block diagonal matrices are
convex-cyclic when each block is convex-cyclic.
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4. Peaking convex-polynomials

If TCCand f:T — C is a bounded function defined on T, then we say that f
peaks on T if |f]| attains it supremum on 7T at a unique point in 7. That is, f peaks
on T if there exists an xo € T such that |f(xo)| > |f(x)| forall x€ T\ {x}. If SCT,
then we will say that f: 7 — C peaks on T at a point in S if there exists an xy € S
such that |f(xg)| > |f(x)| forall x € T\ {x0}.

For a bounded function f: T — C let || f||7 := sup{|f(x)| :x € T}.

ForO<a<1,let

pa(z) =az+(1—a)

and notice that p is a convex polynomial. Also, given a non-negative integer m and
0 < a < 1 define the polynomials

pm7(x(z) — Zmpa(Z) — Zlﬂ(az+ (1 _ a)) — OCZm+1 + (l _ a)zm.

Note that p,, o is a convex-polynomial since it is a product of two convex-polyno-
mials, also because it is simply a convex combination of z” and z"*!.

THEOREM 4. 1. (Peaking convex-polynomials) If S = {z}}_, is a finite set of
complex numbers satisfying:

(1) the points in S are distinct;
(2) R=max{|z|:z€ S} > 1, and
(3) zj #Zx whenever |zj| = |zx| =R and j #k,

then the following holds: for every a. € (0, 1), except possibly one, there exists a K >0
such that for all m > K the convex-polynomial py, o(z) =2"(az+1— o) peakson S at
some point zy, € S satisfying |zx,| =R and ||pm,a||s = caR™ where cq = max{|ozx +
(I —a)|:|zt| =R}. Moreover if SMR =0 and m > 0, then for all but finitely many
o € (0,1) we have pyo(S)NR=0.

Proof. Let S = {z}Y_|, R=|zl|s = max{|z| : z€ S}, T} = {zx : || =R}, and
T, =S\ T = {z: |zx| < R} . Note that by (2) in our hypothesis we have that R > 1.

Let 0 < a < 1 and pg(z) = az+ (1 — &) and note that |pe(z)| = o+ |z — 21 is
o times the distance from z to O‘T—l and O‘T—l < 0. Consider ||pg||7; and ||pellz, - In
both cases |pg/| attains its absolute maximum on the given set at a point of that set that

is the greatest distance away from O‘T’l If 7 € 7 and z; = Re'%, then

Pa(@)]” = oz + (1 - )| = |aRe® +1 - af?
= <aRcos(0k) +1- a>2 + o’ R?sin® ()
= o> R*cos? (6;) 4+ 2R cos(6;) (1 — o) + (1 — o0)* + > R% sin®(6;)
= 0?R*+ (1 — a)? +20(1 — ot)Rcos(6).
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Recall z; # 7 forall 1 < j,k <N with j #k and |z;| = |z%| = R. Thus, for
any zj,zx € Ty with j # k we must have Re(z;) # Re(zx), thus Rcos(6;) = Re(zx) #
Re(zj) = Rcos(6;). Hence there is a unique zz, € T;, independent of o, for which
20((1 — o)Rcos(6) is a maximum and therefore p,, peakson 7j at zy,, thatis, ||pe||7

= |palziy)| > |pa(z)| forall z€ T7\ {z, }

If ||palln, < ||palln - then we are done since then p, and hence also every py ¢,
peakson S =T UT at zx,. If ||pal|n, = ||pell7; » then let M = max{|z;|: j € T»} and
note that 0 < M < R by the definition of 7>. Thus, since R > 1 and ||py/||7; > 0, for
all o € (0,1) with O‘T’l # 2, » there exists a K € N such that for all m > K,

M"||pallz, < R"[|palln-

Clearly py.o(z) =7"pa(z) =7"(0z+1— o) is a convex polynomial and since |py, o (z)|
=R"|pa(z)| for z€ Ty and py peaks on Ty at z,,

R"||palln, = R"|pa(zk,)| = [Pma(zk)|-
For z € T,, we have
|Pme(2)] < M"|[palln, <R™[|Pallry = |Pm,alzk,)]-

Thus py,q peakson S=T;UT, at zi, . It follows that

lPmells = |Pma(ai)] = et " |Palai )| = R” max oz + (1 — ).
=

Finally, notice that if zx € S\ R, then p,o(zx) = azf ™ + (1 — &)Z", thus pp,a(z) is
a convex combination of z;' and zf“ and since z; ¢ R, at most one of 7 and ZZH

is a real number. It follows that at most one point on the line segment between z;' and
Z8*! can be real. Thus there is at most one o € (0,1) such that pu, g (z¢) is a real

number. Thus if o € (0,1)\ {o,...,on}, then p, o(z) ¢ R forall k. O

LEMMA 4.2. (A one variable Growth lemma) Let {M,} be a sequence of real num-
bers with imM,, = +oo, {€,} a sequence of complex numbers with lim|g,| = 0, and
w a nonzero complex number. If 0 is not an integer multiple of 1, then there exists a
subsequence {ny} of positive integers such that

lim M,, Re (Snk —|—ei""9w> = oo,

koo

Proof. Writing w as |w|e'®, we see that ¢”®w = |w|e!"+®)  Since 6 is not an
integer multiple of 7, either O is an irrational multiple of 7 or 8 is a non-integer ratio-
nal multiple of 7. In the first instance, Kronecker’s theorem implies that {e("0+®)} is
dense in the unit circle. Thus there is a subsequence {n;} such that Re(e!("¥+)) > 5

i(nEm+o)

If 6 is a non-integer rational multiple 5 of m, then the points e for n =
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1,2,---,2q are evenly distributed about the unit circle. Hence there is an integer ny < 2¢g
such that 0 < Re (ei("°§”+a)> < 1. Letting ny = ng+ 2gk we see that, for all k,

0 < Re(e'"a™+ %)y = Re(e/0G™ %)) < 1.
Hence in all cases, we can assert that there exists a subsequence {rn;} and a fixed § >0
such that Re(|w|e!8®)) > §. Since lim|g,| = 0 and limM, = +oo, for a given

R >0, there exists an N € N such that for all k > N we have |g,, | < 6/2 and M,, > R.
Thus,

M, Re (gnk n ei"k9w> >R(—8/2+8)>R5/2.

The lemma is now immediate as we may choose R to be arbitrarily large. [

5. Convex-cyclic diagonal matrices

THEOREM 5.1. (Diagonal matrices)
The complex case: If T = diag(A1,Az,...,Ay) is a diagonal matrix on CN, then
T is convex-cyclic if and only if the following hold:

(1) the diagonal entries {lk}ivzl are distinct;
(2) {M}iZi SC\(DUR)
(3) Aj# X forall 1 < j,k<N.

The real case: If T = diag(A,Az,...,Ay) is a diagonal matrix on RN, then T is
convex-cyclic if and only if the following hold:

(1) the diagonal entries {lk}szl are distinct;
(2) Mx<—1forall 1 <k<N;

Furthermore, in both cases, the convex-cyclic vectors for T are precisely those
vectors V for which every coordinate of V is non-zero; and such vectors are dense in
CN or RN,

Notice that condition (3) above says that the eigenvalues of T cannot come in
conjugate pairs and that none of them can be real numbers.

Proof. The complex case: Let V= (1,1,...,1) € CN. We begin by showing that ¥
is a convex-cyclic vector for T under the stated assumptions. According to the Hahn-
Banach Criterion we must show that

sup Re <p(T)\7,f> = oo
pEC P
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for every nonzero f= (fi,f2,---,fn) € CN. Notice that
Re(p(T)7,f) = Re(p(a)fi + p(A2)Fa + -+ + p() Iy 0

N
=Re 2 (M) fx = Re 2 p(A) fi
k=1

keA

where A = {k: f; # 0}. Now by our hypotheses we see that the subset {A; : k €
A} of the eigenvalues satisfies the hypothesis of Theorem 4.1, thus there is a convex-
polynomial p such that p peaks on the set {4 :k € A} ata point A; where j € A, and
p satisfies m :=|p(4;)| > 1, and p(A;) is not a real number.

Now consider the sequence of convex-polynomials {p(z)"}>_,. Referring to (1)

and writing f; %{_)‘ = ¢'% where 6 is not an integer multiple of 7, we have
]

552

keA

einGJTj+ 2 (@) ]Tk] =m"Re[eineJTj+£n]

keA k#j

Re(p(T)'V, f) = Re Y. (M) - T =m"-Re

keA

=m"-Re

where €, — 0 (as n — o) since ’M <l forall k€A, k#j.Since m > 1, m" — o,

m

Since 6 is not a multiple of 7, Lemma 4.2 implies that sup,,- | m"Re[e™® f; + €,] = oo
and thus sup,~; Re(p(T)"V, f) = oo as desired. It now follows that T is convex-cyclic
with convex-cyclic vector V= (1,1,...,1).

The real case: The proof is essentially the same as the complex case but with
the simplification that Theorem 4.1 and Lemma 4.2 are not needed. Clearly C is ev-
erywhere replaced with R. With A = {k: fi # 0}, the subset {|A|: k € A} of the
eigenvalues has a unique maximum at some A4;. Thus the convex polynomial p(x) = x
peaks at A; and m := |p(A;)| = |A;| > 1. Hence

- A\ A\ "
@05y =S st 3 (B) p=marne 3 ()

keA keA keA k#j

Choosing ny, all even or all odd, such that (—1)" f; > 0 for all k and noting that each

n -,
of the terms (%) - fx goes to zero as n — oo, we see that sup,,(T"V, f) = = which

implies that 7 is convex-cyclic. The remainder of the proof is identical.

The convex-cyclic vectors: To describe the convex-cyclic vectors for 7', in both
the real and complex cases, it is clear that every component of a convex-cyclic vector
must be non-zero. For the converse, let D be any diagonal invertible matrix. Then D
commutes with 7" and has dense range (in fact it’s onto), from this it follows that since
V= (1,1,...,1) is a convex-cyclic vector for T, then Dv is also a convex-cyclic vector
for T. Since D can be any invertible diagonal matrix, it follows that Dv can be any
vector all of whose coordinates are non-zero. Thus all such vectors are convex-cyclic
vectors for T.
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To see that the stated conditions are necessary see Example 2.2 and Proposi-
tion 2.3. [

The following corollary is the case where all the diagonal entries in the diagonal
matrix 7 in Theorem 5.1 have absolute value equal to r, but they cannot be real or
complex conjugates of one another. This is the difficult case in proving Theorem 5.1
which we were able to avoid by making use of peaking convex-polynomials. The N =2
case of the next lemma is related to the One-Variable Growth Lemma (see Lemma 4.2)
which uses Kronecker’s Theorem.

COROLLARY 5.2. (A multivariable Growth lemma) If { fi }_, are complex num-
bers, not all zero, r > 1, {Ok}gzl are real numbers satisfying 0; # £0; (mod 21) when
i # j and satisfying 6; # nw forn € Z and all 1 < j <N, then

N
sup 7"+ Re ( e’”ekfk> = oo,
1

n=1 k=

Proof. Let T be the diagonal matrix with A, = re®% as its k7 diagonal entry.
Our hypothesis tells us that the {lk}szl are distinct, have absolute value greater than
one, and no two of them are complex conjugates of each other and none of them are
real. Thus Theorem 5.1 implies that T is convex-cyclic with convex-cyclic vector ¥ =
(1,1,...,1), thus with f=(fi,...,fv) #0 we must have sup@lRe(T”\"&f) =, [

6. Interpolating convex-polynomials

LEMMA 6.1. (Dense convex sets) If C is a dense convex set in a finite dimen-
sional real or complex Hausdorff topological vector space X, then C = X.

Proof. Here is the idea of the proof in R". Let Vv = (v1,v2,...,v,) € R". Clearly,
Vv lies in the interior of an n-cell (a product of intervals) in R”. Now since C is dense
in R" we may approximate each of the 2" vertices of this n-cell sufficiently close
by vectors {X; : 1 <k < 2"} in C so that ¥ lies in the interior of the convex hull of
{%: 1< k<2"}. However since C is convex we have that ¥ € co({X;}) C C. Since ¥
was arbitrary in R” we have that C = R”. A similar proof works in C" and every real
or complex finite dimensional vector space is isomorphic to R” or C", so the Lemma
follows. [

THEOREM 6.2. (Interpolating prescribed values)
The complex case: If {zx}}_, are distinct complex numbers satisfying

(1) {z}i_, cC\(DUR)

(2) z#7Zj forall 1 < j,k<n,
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then for any finite set of complex numbers {wy}}_,, there exists a convex-polynomial
p suchthat p(z;) = wy forall 1 <k <n.

The real case: If {x;}}_, are distinct real numbers satisfying x; < —1 forall 1 <
k< nand {yc}}_, is afinite set of real numbers, then there exists a convex-polynomial
p such that p(x;) =y forall 1 <k <n.

Proof. The complex case: Let C be the set of all vectors (wy,wa,...,w,) € C"
such that there exists a convex-polynomial p satisfying p(z;) = wy forall 1 <k <n.
Then C is a convex subset of C". We want to show that C = C". Let T be the
diagonal matrix with diagonal entries (z1,z2,...,z,). Then conditions (1) and (2) in
our hypothesis together with Theorem 5.1 imply that the matrix T is convex-cyclic and
the vector V= (1,1,...,1) is a convex cyclic vector for 7 . It follows that {p(T)V: p €
€2} is dense in C". Since p(T)V = (p(z1),p(z2).--.,p(zn)) We see that the set C
of values which can be interpolated is a dense subset of C". However, by Lemma 6.1
a dense convex subset C of C" is equal to C", as desired. The proof of the real case is
similar. [

7. Convex-cyclic Jordan matrices
Recall that the k x k lower Jordan block with eigenvalue A, denoted by Ji(4), is

a k x k matrix with A along the main diagonal and ones along the subdiagonal, and
zeros elsewhere. Below is J4(4).

Ja(A) =

SO~ >
O = >0
—_ >0 O
> O OO

Powers of the matrix Ji(A) follow a simple pattern:

i A" 0 0 0
P 00
4(A)" = ”("El)ln—2 a1 AT 0
_n("_g)!("_z)ln73 n("z_l)ln72 l’lln71 AP
A" 0 0 0
@At a0 o
(a2 (et g

B are ar a

The terms down the first column are simply 2;p¥)(1) where p(z) =" and the matrix
is a lower-triangular Toeplitz matrix (constant along the diagonals). Note also that the
coefficient of 2"~/ is (7). In fact if p is any polynomial (or entire function), then the
same pattern applies
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PROPOSITION 7.1. If n > 1 and p is a polynomial, then p(J,(A)) is a lower
triangular Toeplitz matrix of the following form:

p() 0 .. 0 0 0
p'(A)  p(A) 0 0 0
2B ) pA) 0 0
P(Jn(l)) = p/(l) . 0 0 1)
200 ) ) p(a) 0
Lo e 5 () p()

In particular, p(Jo(A)) =0 if and only if p\D)(A) =0 forall 0 < j<n—1;
other words, if and only if p has a zero of order n at A.

Every complex n x n matrix 7T is similar to a Jordan matrix which is a direct sum
of Jordan blocks Jix(A) of various sizes. Given a positive integer N, let ey x be the unit
basis vector of length N with a one in the k' position.

PROPOSITION 7.2. (Convex-cyclic Jordan blocks)

The complex case: For A € C the Jordan block Jy(A) is convex-cyclic on C™
if and only if A € C\ (DUR). Furthermore, a vector v = (vi,va,...,vm) € C" is a
convex-cyclic vector for J,(A) if and only if V is a cyclic vector for J,(A), which
holds, if and only if vi # 0.

The real case: For A € R the Jordan block J,,(1) is convex-cyclic on R™ if and
only if A < —1. Furthermore, a vector V= (vi,va,...,vn) € R™ is a convex-cyclic
vector for Ju (L) if and only if V is a cyclic vector for J, (L), which holds if and only

ifvi #0.

Proof. The complex case: If J, (L) is convex-cyclic, then by Proposition 2.3 we
know that || > 1 and A ¢ R. Now suppose that [A| > 1 and A ¢ R and we will show
that J,,(4) is convex-cyclic. Let ¢; = (1,0,0,...,0) € C". We’ll begin by showing
that €] is a convex-cyclic vector for J,, (1) and then afterwards show that other vectors
are also convex-cyclic vectors. First write A = re’® where > 1 and 6 is not an integer
multiple of 7. Let f = (fi,/2,...,fm) € C"\ {0}. We must show that

sup Re <Jm(l)"€1,f> = oo,

n=1

Let j be the largest integer such that f; # 0 and we will factor out (,",) =01 in the
expression below. '

j-1

Re< m(A)"e f> ey (Z)Mk'fkﬂ

k=0

:Re[(ﬁ)l"-?ﬁ-( )A” Lyt +<] )A" 7,-_1+<jf1)7t”(~"”-7,}
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:<.” )r"—(f—U-Re
j—1

Note that for n > 2m the sequence {(})};_, is increasing (since the rows of
Pascal’s triangle first increase, then decrease), thus for large n (n > 2j) we have that
%)
( jfl)
oo as n — oo since r > 1, thus Lemma 4.2 implies that there is a subsequence {n;} such
that

k=1 ,i(n=k)6 _7k+1> 4 l(n=(=1))8 711

— 0 as n— o in the sum above since 0 <k < j—1<n/2. Also, (jfl)r"*(j*l) —

lim Re <Jm(;L)"ka,f> = o,
It follows that J,,,(A) is convex-cyclic with convex-cyclic vector ¢} = (1,0,0,...,0).
In order to prove the last claim of the theorem, let vV = (vy,vy,...,vy) € C" with
v; # 0 and we will show that V is a convex-cyclic vector for J,(1). Let p be the
polynomial p(z) = ZZZOI vi+12° and consider the finite Toeplitz matrices T and S given
below:

[vi 0 0 --- 0 [0 0 0 ---0]
vavp 0 L 10 0°
T=1|viv . .0 S=(01".".0
SRS R
Lvm " v3 v v 07 0 10

Note the finite Toeplitz matrices T and J,,,(A1) are both polynomials in S, so they
commute. Also, T is invertible since vi # 0.

We showed above that ¢ = (1,0,0,...,0) € C™ is a convex-cyclic vector for
Ju(A). Hence Té) = (vi,va,...,vy) is also a convex-cyclic vector for J,, (1) since
PUn(A))Téy = Tp(Ju(A))é1 for any convex-polynomial p and T being invertible
means that 7 maps a dense set to a dense set.

Conversely, if V= (0,v,,...,v,) € C", then from (1) we see that for any polyno-
mial p, p(Ju(A))V=(0,w2,w3,...,wy) for some scalars {w;}?" ,. Thus {p(Jn(1))V:
p is a polynomial} cannot be dense in C™, thus ¥ is not a cyclic vector for J,,(1).

The real case: This is entirely similar to the complex case with C replaced by R

throughout and A = —r where r > 1. Lemma 4.2 is not required as
e n k
(e i) =3 (1)t s
i=o \k
n N0 | (5 ket o (n=(j-1)
=l )" A Y ST EDTY fe |+ ()DL
J— k=0 (j—l)
As above ((Z)) —0asn—eosince 0<k<j—1<n/2.So <Jm(l)”e"'1,f> — oo for
j-1

a subsequence of {n}>_; chosen so that (—1)"=U=1). f; = |f;| > 0. The remainder
of the proof is exactly the same as the complex case. [J
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Now we consider the direct sum of a diagonal matrix and an m x m Jordan block.

THEOREM 7.3. (Diagonal matrix direct sum a Jordan block)

The complex case: Suppose T =D ®J where D = diag(A1,A2,...,An) is a diago-
nal matrix on CN and J = J,,(Ay+1) is an m x m Jordan block, m > 1, with eigenvalue
Ani1, then T is convex-cyclic if and only if the following hold:

N+l

(1) the eigenvalues {A},_| are distinct;

2) {u3H cCc\(DUR);
(3) Aj 4 Mg forall 1 < jk<N+1.

The real case: Suppose T =D ®J where D = diag(A1, Az, ..., ) is a diagonal
matrix on RY and J = J,,(Ay+1) is an m x m Jordan block, m > 1, with eigenvalue
Ani1, then T is convex-cyclic if and only if the following hold:

(1) the eigenvalues {lk}f{v:f are distinct;
(2) k< —1forall 1 <k<N+1.

Furthermore, in both the real and complex cases the convex-cyclic vectors for T
are precisely those vectors W = (uy1,up, ..., UN,V1,V2,--.,Vm) = (&,V) for which u; #0
forall 1 <k <N and vy #0. That is, w is convex-cyclic for T if and only if il is a
cyclic vector for D and V is a cyclic vector for J.

Proof. The complex case: First note that J is convex-cyclic by Proposition 7.2 and
D is convex cyclic by Theorem 5.1. We will apply Proposition 3.3, for which it suffices
to find a convex-polynomial py such that po(D) is convex-cyclic and po(J) =0. By
Theorem 6.2, there is a convex-polynomial ¢ such that g(A;) = 2keVET for 1 <k<N
and g(An+1) =0. Let po(z) = q(z)™. Then |po(Ax)| =2"k™ > 1 for all 1 <k <
N, po(A) = 2"k™e™V2T is not a real number, and clearly po(2;) is not equal to
po(Ax) for 1 < j,k < N since they have different absolute values. It then follows from
Theorem 5.1 that py(D) is convex-cyclic. Since ¢(z) has a zero at ANH, po(z) =q(2)™

has a zero of order m at Ay,;. Thus p( (An4+1) =0 for all 0 < — 1. Since
J = Jn(Ay+1) is an m x m Jordan block, Proposition 7.1 implies po(J) =0. It now
follows from Proposition 3.3 that T = D & J is convex-cyclic.

It also follows from Proposition 3.3 that if # is a convex-cyclic vector for po(D)
and V is a convex-cyclic vector for J, then (i,V) is a convex-cyclic vector for T.
From Theorem 5.1 we see that any vector # all of whose coordinates are non-zero is
a convex-cyclic vector for po(D). Also by Proposition 7.2 we see that any vector V
whose first coordinate is non-zero is a convex-cyclic vector for J. Thus such vectors
(&,V) are convex-cyclic for T. These conditions are also clearly necessary for a vector
to be convex-cyclic for 7.

The real case: The proof is similar to the complex case, except now choose g so
that g(Ax) = —2k for 1 <k < N and g(Ay+1) = 0. Then choose an odd integer r > m
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and let po(x) = g(x)". Then {po(Ax)}Y_, are distinct and po(A) = (—2k)" < —1 for
all 1 <k < N, which implies that po(D) is convex-cyclic (see Theorem 5.1). Also pg
has a zero of order at least r (= m) at Ay1; so po(J) = 0 by Proposition 7.1 . It now
follows from Proposition 3.3 that T is convex-cyclic. The rest of the proof is the same
as in the complex case. For necessity see Example 2.2 and Proposition 2.3. [J

THEOREM 7.4. (Interpolating values & derivatives at one point)
The complex case: If {zk}Zi} are distinct complex numbers satisfying

(1) {Zk}Zi} c C\ (DUR); and
(2) zj#Z forall 1 < jk<n+1,

then for any finite set of complex numbers {wo7k}Zi} U{wjns1}y there exists a
convex-polynomial p such that p(z) = p(z) = wox for all 1 <k <n-+1 and
P (zns1) =wjnsr for 1< j<m.

The real case: If {xk}zg are distinct real numbers satisfying x; < —1 forall 1 <
k<n+1 and {y07k}zg U {yj7n+1}f;1:1 is a finite set of real numbers, then there exists
a convex-polynomial p such that p(xy) =yox forall 1 <k <n+1 and P (xp11) =
Vint1 for 1 < j<m.

Proof. Let C; be the set of all vectors in C"*!*" of the form

(W0,17W0,27 WO+ WLn+1W2 nb 1y - - - 7Wm7n+1)

such that there exists a convex-polynomial p satisfying p(zx) = woy for 1 <k <n+1
and such that p(j)(z,,H) =Wwju1 for 1 < j<m. Then C; is a convex subset of
C" 4™ - We want to show that C; = C"1*" Let D be the n x n diagonal matrix
with diagonal entries (z1,22,..-,2:) and let J,;(z,+1) be the m x m Jordan block with
eigenvalue z,.;. Since conditions (1) and (2) hold, then by Theorem 7.3 the matrix
T =Dy ®Ju(zy41) is convex-cyclic and the vector v = (Vi,v,) = (1,1,...,1,0,0,...,0)
where v = (1,...,1) € C"*! and ¥, = (1,0,0,...,0) € C™ is a convex cyclic vector
for T. It follows that C := {p(T)v: p € € &} is dense in C"+1*™_ By Proposition 7.1
we know that

p(T)v: (P(Zl),P(Zz),-~- ’p(zn), p(Zn+1> , p/(zn+l)’.“ , p(m)(zn+1)> )

0! 1! m!

If we let D; be the diagonal matrix with diagonal entries (1,1,...,1,0!,11,21,3!,... /m!)
(where there are n 1’s before the 0!), then

Dop(T)¥ = (p(21),p(22)s -+, P(2n)s P(2n1)s P (Znt s s D™ (2n1)).-

Since C; is dense and D, is invertible, then see that D,C, is also dense. Furthermore,
D,C, = (] the set of vectors that can be interpolated. Since C is a dense convex subset
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of C" 4" we know from Lemma 6.1 that C; = C"*1+" as desired. The proof of the
real case is similar. [

With the above interpolation result, we are now prepared to prove exactly which
Jordan matrices are convex-cyclic.

THEOREM 7.5. (A Jordan matrix)
The complex case: If J = @szllnk (&) is a Jordan matrix on CP where p =
Zszl ny, then J is convex-cyclic on CP if and only if the following hold:

(1) the eigenvalues {lk}ivz | are distinct;
(2) {M}i, CC\(DUR);
(3) Aj# X forall 1 < j,k<N.

The real case: If J = @ivzl Jn, (M) is a Jordan matrix on RP where p = sz=1 n,
then J is convex-cyclic on RP if and only if the eigenvalues {lk}ivz | are distinct and
< —1forall 1 <k<N.

Furthermore, in both the real and the complex cases, the convex-cyclic vectors for
J are the same as the cyclic vectors for J which are precisely those vectors of the form
V= (V1,V2,...,Vn) where for all 1 <k <N, Vi is a convex-cyclic vector for J,, (A);
that is, vy, € F' and the first coordinate V(1) of vy must be non-zero; where F equals
R or C.

Proof. The complex case: We shall use Proposition 3.3 and induction to prove this
theorem. We shall do induction on the number N of Jordan blocks that appear in J.
If N =1, then Proposition 7.2 applies and says that J is convex-cyclic and any vector
whose first coordinate is non-zero is a convex-cyclic vector.

Now suppose that the theorem holds for any N Jordan blocks and let {J,, (A,,) :
1 <k < N+ 1} be a collection of (N + 1) Jordan blocks and suppose that {4, }iV:ll
satisfies the conditions (1),(2), and (3) of our hypothesis. Let J = Jy,, (A1) &y, (A2) @
- @Iy, (AN+1). We will show that J is convex-cyclic and that it has the stated
convex-cyclic vectors.

Let Ty = Juy,, (Av41) and T = Jp, (A1) B Jny (A2) @ -+ - B Jpy (An) and we’ll apply
Proposition 3.3. Since (1), (2) and (3) hold, by Theorem 7.4, there is a convex-
polynomial py such that po(A) =0 forall 1 <k <N and po(Ay+1) =2i, ph(An41) =

1 and p(()k) (An+1) =0 for 2 < k < ny41. It then follows from Proposition 7.1 that
Po(T1) = Juy,, (2i) and po(T>) has zero as its only eigenvalue. Thus by Proposition 7.2
we know that po(7) is convex-cyclic. Also since po(7>) has zero as its only eigenvalue
it is nilpotent, hence certainly power bounded. Thus Proposition 3.3 applies to say that

J =T, ® T is convex-cyclic, as desired.

Also, if ¥ = (V|,Va,...,Vn41) is a vector as stated in our hypothesis, then w =
(V1,Va,...,Vn) is a convex-cyclic vector for 7> by our induction hypothesis and Vy|

is a convex-cyclic vector for 7; by Proposition 7.2, thus by Proposition 3.3 we have
that (w,Vy.1) is a convex-cyclic vector for J. Conversely if Vv = (V1,V,,...,Vyy1) is
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a convex-cyclic vector for J, then each ¥ is a convex-cyclic vector for J,, and by
Proposition 7.2 we must have that the first coordinate of v, must be nonzero. Thus J
has the stated set of convex-cyclic vectors.

Finally, simply apply Proposition 2.3 in order to see that conditions (1),(2) and
(3) are necessary.

The real case: This case is naturally similar to the complex case. Use the real
case of Theorem 7.4 to choose a convex-polynomial py that satisfies py(A;) = 0 for
all | <kSN, polAyet) = —2, ph(Avs1) =1 and pl (A1) =0 for 2 <k <y
Then the only eigenvalue for po(73) is 0 and thus po(72) is nilpotent. Also, po(7;) =
Juy.+1 (—2) which is convex-cyclic by Proposition 7.2. Thus Proposition 3.3 implies that
J =T, @T is convex-cyclic. The rest of the proof is the same. [

Since the previous result gives a larger class of matrices that are convex-cyclic we
get a stronger interpolation theorem.

THEOREM 7.6. (Convex-polynomial interpolation)

The complex case: Let {zi}}_, be a finite set of complex numbers. Then the
following are equivalent:

(a) for any finite set {w;:0< j<N,1 <k<n} of complex numbers there exists
a convex-polynomial p such that p/) (zx) =wjx forall 0 < j <N and 1 <k<n.

(b) The complex numbers {z}7_, are distinct, {z;}7_; C C\ (DUR) and z; # %
forall 1 < j,k<n.

The real case: If {x;}}_, is a finite set of real numbers, then the following are
equivalent:

(i) for any finite set {yjx:0< j < N,1 <k <n} of real numbers, there exists a
convex-polynomial p such that p(j) (xx) =yjx forall 0 < j< N and 1 <k <n.

(ii) The real numbers {x;}}_, are distinct and satisfy {x;}}_,; C (—oo,—1).

Proof. Let’s begin with the complex case and show that (b) implies (a). Let C)
be the set of all (N +1) x n matrices (w;x)o<j<n,i<k<n With complex entries such that
there exists a convex-polynomial p satisfying p\/)(z) = w ik forall 0 < j <N and
1 <k < n. Inother words C; consists of all matrices of the form (p(j) (2k))o<j<N,1<k<n
where p is a convex-polynomial. Thus C; is a convex subset of My, (C), the vector
space of all complex matrices of size (N + 1) x n and we want to show that C; =
My11,(C). Also let C, consist of all matrices of the form (%p(j) (2k))o<j<n,1<k<n
where p is a convex-polynomial.

Let J = @}, Jn+1(z) be the direct sum of n Jordan blocks each having (the
same) size (N + 1) x (N+1) and the k" block having eigenvalue z;. It follows
that J is an n(N + 1) x n(N + 1) matrix. Since () holds, we know from Theo-
rem 7.5 that J is convex-cyclic and that V= (},¢),...,¢) € C*™*1 is a convex-cyclic
vector for J where ¢, = (1,0,0,...,0) € CN*1. Tt follows that {p(J)v: p € €2}
is dense in C"™W+1) = My, ,(C). Here the isomorphism = is given by mapping
the first (N + 1) entries of a vector to the first column of a matrix and the second
(N + 1) entries of the vector to the second column of the matrix and so forth. Since
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. (J) . . . .
p(J)Vi— <L$Zk)> , it follows that the set C; is dense in My ,(C). Since
T J0<j<N 1<k<n ’

C, is both convex and dense in My ,(C) it follows from Lemma 6.1 that C; must be
equal to My41,(C). It then easily follows that C; must also be equal to My, (C).
The fact that (b) implies (a) now follows. The fact that («) implies (b) follows from
part (3) of Proposition 2.1. The real case is similar. [

By using the fact that every matrix is similar to its Jordan Canonical Form we get
the following result from Theorem 7.5.

THEOREM 7.7. (Convex-cyclicity of complex matrices) If A is an n X n matrix,
then A is convex-cyclic on C" if and only if A is cyclic and its eigenvalues {A}}_,

satisfy {4 }i_, CC\ (DUR) and A; # Ax forall 1 < jk<n.

Proof. If A is convex-cyclicon C”, then certainly A is cyclic and Proposition 2.3
implies that the eigenvalues must have absolute value strictly larger than one, they can-
not be real, and none of them can come in conjugate pairs. For the converse, assume
the stated conditions hold and consider the Jordan form J for A. Since A is cyclic,
then by Theorem 2.4, each eigenvalue has a geometric multiplicity of one, so that each
eigenvalue appears in exactly one of the Jordan blocks in J. Thus the conditions of
Theorem 7.5 are satisfied, so it follows that J is convex-cyclic and since A is similar to
J, we must have that A is also convex-cyclic. [

8. Real convex-cyclic matrices

Our previous results on real matrices have all been about matrices on R"” with
real eigenvalues. In this section we consider the case of matrices on R" with real
and complex eigenvalues. This case is actually the most general case of all the cases
considered in this paper. This case uses the previous results proven about real matrices
and complex matrices via the complexification map.

8.1. Brief review of Jordan canonical forms

If T is a real matrix, its eigenvalues may be complex and in that case the real
Jordan form for T is useful. The real Jordan form uses the Jordan blocks J;(A) when
A is real and some additional real blocks with complex eigenvalues. Let

_ |rcos(0) —rsin(0)|  [cos(0) —sin(0)|
Ci(0) = rsin(0) rcos(0) | d sin(0) cos(0) | rR(6).
The matrix Ci(r,0) has complex eigenvalues a = ib = rcos(6) +irsin(8) = re*® and
R(0) is the matrix that rotates by an angle of 6.

The 2k x 2k real Jordan block Cy(r,0) is the block lower-triangular matrix with

k copies of Ci(r,0) down the main diagonal and with 2 x 2 identity matrices on the
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block-subdiagonal. Below is an example:

rcos(6) —rsin(0)
rsin(0) rcos(0)

) . rR(6) 0 0

Gro=| 5 b e =" a0 o |
1 0 rcos(6) —rsin(0) 0 I rR(9)
0 1 rsin(0) rcos(0)

Powers of these matrices follow the same pattern as for the J;(A) blocks (see
Proposition 7.1 and the remarks preceding it) but with the observation that R(8)" =
R(n0). Thus, we have

"R(n0) 0 0
Gy(r,0)"=| n’"'R((n—1)6) ""R(n6) 0
ml) 2R (1 —2)8) nr"~'R((n— 1)0) P"R(n)

It is known that Cy(r,0) on C* is similar to Jg(A) ®J;(A) on C* where A =
rel? | see [10, p. 150]. Also, every real n x n matrix T is similar to its real Jordan
Form which is a direct sum of blocks of the form Ji(1) where A is a real eigenvalue
for T and a direct sum of blocks of the form C(r,0) where [rcos(6) +irsin(0)] is a
conjugate pair of complex eigenvalues for 7. A Jordan matrix is any matrix that is a
direct sum of Jordan blocks. For more information on the real Jordan form see [9, p.
359] or [10, p. 150].

DEFINITION 8.1. Let Cj denote the set C" considered as a vector space over
the field R of real numbers. Then Cf is a 2n dimensional (real) vector space. In fact,
{é}i_, u{iex}}_, is an orthonormal basis for C}, where {€;}}_, is the standard unit
vector basis for R”. Also, let U, : R*" — Cy be the complexification map given by

Ue(x1,%2, .., X0n—1,X20) = (X1 4 iX2,X3 4 iX4, ..., X251 + IX2y).

PROPOSITION 8.2. (The complexification map & Jordan blocks) If U, : R** — Ci
is the complexification map, then the following hold:

(1) U, is a (real) linear isometry mapping R*" onto Cg.
(2) U:Cy(r,0) = Ju(A)U. where A = re'®.

(3) If Aisa (2n) x (2n) real matrix and B is an n x n complex matrix and if U.A =
BU,., then A is convex-cyclic on R¥" if and only if B is convex-cyclic on Cg if
and only if B is convex-cyclic on C". Furthermore, a vector v is a convex-cyclic
vector for A if and only if U.v is a convex-cyclic vector for B.

Proof. Property (1) is elementary. For (2) one may easily verify that U.C,(r,0) =
Ju(2)U, by checking that U.C,(r, 0)é. = J,(A)U.é; for 1 <k < 2n where {&} is the
standard unit vector basis for R?". For (3), A is convex-cyclic on R?" if and only if
B is convex-cyclic on Cy since U.A = BU, holds and convex-cyclicity only involves
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polynomials with real coefficients. Lastly, a set X is dense in C”" if and only if X is
dense in Cf since the two sets C" and Cf, are the same and have the same metric, thus
the same topologies. Thus the convex hull (which only involves real scalars) of an orbit
produces the same set in both C" and Cf, and density in C" is equivalent to density in
Cy. O

THEOREM 8.3. (Real Jordan matrices with complex eigenvalues) (1) If r >0,
0 €R, and A = re'®, then the real Jordan block C, (r,0) is convex-cyclic on
R if and only if the Jordan block J,(A) is convex-cyclic on C" if and only if
A eC\ (DUR).

(2) If C = eaﬁlecnk(rk,ek) acts on R*P where p = Zf{vzlnk, re =0, and 6, € R,
then C is convex-cyclic on R?P if and only if J = EB;CVZI Jn (M) is convex-cyclic
on CP where A = re'® for 1 <k <N if and only if the following hold:

(a) the eigenvalues {lk}szl are distinct;
(0) {dil, € C\(DUR);
(c) forany 1 < j,k< N, A; # Ak
Furthermore, the convex-cyclic vectors for C are precisely those vectors
V= (V1,92,...,Vp_1,Vp)
where Vi = (Vi,1,Vk2,- - Vkon) € R satisfies that for every 1 <k < p, (Ve1,Vk2)

#(0,0).

Proof. (1) This follows directly from Proposition 7.2 and Proposition 8.2.

Q) If C=@BY_, Cpy (r,6;) and J = @Y, Jy, (rre®), then U.C = JU. where U
is the complexification map. Thus by Proposition 8.2, C is convex-cyclic on R?? if and
only if J is convex-cyclic on C?. The theorem now follows from Theorem 7.5. [

THEOREM 8.4. (Real matrices with diagonal complexification) If D = diag(xy,
X2,...,Xy) is a diagonal matrix on RM and C = Echvzl C1(rt,6) acts on R*N | then
T =D®C is convex-cyclic on RM @ RN if and only if the following hold, where
M = e for 1 <k<N:

(1) the complex eigenvalues {lk}i\’: | are distinct;

(2) {A}), SC\(DUR);

(3) forany 1 < j,k <N, Aj # M

(4) The {x; }¥, are distinct and x;, < —1 forall 1 <k < M.

Furthermore, the convex-cyclic vectors for T are precisely those vectors Vv =
(Vi,v2s... v,y i, . . lin) wWhere vi # 0 forall 1 < j <M and ity € R?\ {(0,0)}
forall 1 <k<N.
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Proof. Let V =1® U, be the mapping RY o RN — RM ¢ (Cﬁ‘g. Then V is a
real linear onto isometry and VTV~ = diag(x{,x3,...,%m, A1, ..., Ay) is a diagonal
matrix. Since (1) - (4) hold, Theorem 4.1 produces peaking convex-polynomials for
arbitrary subsets of {xj,...,xy,A1,...,Ay} and thus we may apply the same proof
from Theorem 5.1 to the case at hand and conclude that VTV ~! is convex-cyclic and
its convex-cyclic vectors are all vectors with all nonzero coordinates. It follows then
that T is convex-cyclic and has the stated set of convex-cyclic vectors. For necessity
see Example 2.2 and Proposition 2.3. [

COROLLARY 8.5. (Interpolating prescribed values) Suppose that {3 CR and
{Zk}gzl C C and z = rye'% where r;, >0 and 6; € R forall 1 <k <N. Suppose also
that the following hold:

(1) the numbers {zk}iv: | are distinct and not real;

(2) {a}y, CC\(DUR);

(3) forany 1< j,k< N, z; #Z.

(4) The numbers {x; ¥, are distinct and x; < —1 forall 1 <k < M.

Then given any {y ¥, C R and {w}}_, C C, there exists a convex-polynomial p
such that p(xy) =y for 1 <k <M and p(zx) = wi for 1 <k <N.

Proof. This proof is similar to that of Theorem 6.2, but uses Theorem 8.4 instead
of Theorem 5.1 together with the complexification map. [
Notice that in Theorem 8.4 the matrix C was a direct sum of 2 x 2 blocks. In the

theorem below the matrix C is a direct sum of blocks with size 2n; x 2n;.

THEOREM 8.6. (Convex-cyclicity of D& C) If D = diag(x,x2,...,xp) is a di-
agonal matrix on RM and C = @szl Cp (ri, 6) on R where p = Zszl ng and we let
T =D®C on RMT2P  then T is convex-cyclic on RM2P if and only if the following
hold, where Ay = rie'®% for 1 <k <N,

(1) the complex eigenvalues {A}Y_, are distinct;
(2) {M}L; SC\(DUR);
(3) forany 1 < j,k <N, A; # X
(4) The {x;}}, are distinct and x; < —1 forall 1 <k <M.
Furthermore, the convex-cyclic vectors for T are precisely those vectors Vv = (V, V)

where Vi € RM is any convex-cyclic vector for D and v, € R*” is any convex-cyclic
vector for C.
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Proof. We shall use Proposition 3.3 about direct sums of convex-cyclic operators.
Given our hypothesis, we know from Theorem 5.1 that D is convex-cyclic and from
Theorem 8.3 that C is convex-cyclic. Also, by Corollary 8.5, there exists a convex-
polynomial p such that p(x;) = —2% for 1 < k < M and so that p(A;) =0 for 1 <
k < N. Using Proposition 7.1 and property (2) of Proposition 8.2 we see that p(C) is
a nilpotent matrix and thus is power bounded. Also, p(D) is a diagonal matrix with
diagonal entries —2% for 1 < k < M, which is convex-cyclic on RM, by Theorem 5.1.
So, Proposition 3.3 implies that p(T') is convex-cyclic and the convex-cyclic vectors for
T are direct sums of convex-cyclic vectors as described in the theorem. For necessity
see Example 2.2 and Proposition 2.3. [

COROLLARY 8.7. (Interpolating real values & complex derivatives) Suppose that
{1, CR and {z}Y_, C C and that the following hold:

(1) the numbers {xk}kM:1 are distinct and x, < —1 forall 1 <k < M;
(2) the numbers {Zk}i\lzl are distinct;

(3) {a}t; SC\(DUR);

(4) forany 1 < j,k <N, zj # Z.

Then given any set {y;}¥.; C R and any set {w;;:0< j<n,1 <k <N} of complex
numbers, there exists a convex-polynomial p such that pxx) =yp forall 1 <k<M
and p(f)(zk) =wjx forall 0< j<nand 1 <k<N.
Proof. The proof uses Theorem 8.6 and is similar to the proof of Theorem 7.6. [
We are now prepared to show when a real Jordan matrix with real and complex

eigenvalues is convex-cyclic.

THEOREM 8.8. (Convex-cyclicity of real Jordan matrices) Let C= @sz1 Co, (re, 6k)
on R?P where p = Zszlnk and J = @klelmk (xx) on R? where q = Eklemk and let
T =C®J. Then T is convex-cyclic on R*P*4 if and only if the following hold, where
M = e for 1 <k <N,

(1) the complex eigenvalues {kk}i\’: | are distinct;

(2) {4} SC\(DUR);

(3) forany 1 < j,k <N, A; # X

(4) The {)ck}ﬁ’lz1 are distinct and x;; < —1 forall 1 <k <M.

Furthermore, the convex-cyclic vectors for T are precisely those vectors Vv =
(V1,¥,) where v € R is any convex-cyclic vector for C and v, € R? is any convex-
cyclic vector for J.
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Proof. We shall use Proposition 3.3 about direct sums of convex-cyclic operators.
Given our hypothesis, we know from Theorem 7.5 that J is convex-cyclic and from
Theorem 8.3 that C is convex-cyclic. Also by Corollary 8.7, there exists a convex-
polynomial p such that p(x;) =0 for all 1 < k <M and such that p(;) = 2%i and
P'(A) =1 and p(X) =0 for 1 <k<N and 2 < j<gq. It then follows from
Theorem 7.1 that p(J) is nilpotent and thus p(J) is power bounded. Also, p(C) is
convex-cyclic. To see this, note that C is similar to the (complex) Jordan matrix B =
@Y, Ji(A) (via the complexification map) and by Proposition 7.1 and the properties
of p we see that p(B) = @}_, Ji(2%i). By Theorem 7.5 we know that p(B) is convex-
cyclic. It follows that p(C) is convex-cyclic. It now follows from Proposition 3.3 that
T =C®J is convex-cyclic and has the stated set of convex-cyclic vectors. For necessity
see Example 2.2 and Proposition 2.3. [

The following interpolation theorem now follows from Theorem 8.8 in a similar
manner as the previous interpolation theorems did.

REMARK 8.9. Itis interesting that the strongest form of the interpolation theorem
comes from understanding the convex-cyclicity of real matrices, not just complex ones.
This is because convex-cyclic real matrices can have both real and complex eigenvalues.
A complex matrix that is convex-cyclic cannot have real eigenvalues.

THEOREM 8.10. (Convex-polynomial interpolation) If S = {x}}", U{z}{_; C
C where {x;}7 | CR and {z}}_, € C\R, then following are equivalent:

(a) for any finite set {y;;:0< j<N,1 <k <m} of real numbers and for any finite
set {wjx:0< j<N,1 <k<n} of complex numbers there exists a convex-polynomial
p such that p\)(xy) =yjx forall 0 < j< N and 1 <k <m and P (%) = wj i for
al0< j<Nand 1 <k<n.

(b) The real numbers {x; }"_, are distinct and satisfy {x}}'_; C (—eo,—1) and the
numbers {zi}i_, are distinct, {z;}{_, CC\ (DUR) and z; # 7% forall 1 < j,k <n.

THEOREM 8.11. (Convex-cyclicity of matrices)

The real case: If T is a real n x n matrix, then T is convex-cyclic on R" if and
only if T is cyclic and its real and complex eigenvalues are contained in C\ (DURT).
If T is convex-cyclic, then the convex-cyclic vectors for T are the same as the cyclic
vectors for T and they form a dense set in R".

The complex case: If T is an n X n matrix, then T is convex-cyclic on C" if and
only if T is cyclic and its eigenvalues {A};_, are all contained in C\ (DUR) and
satisfy Aj # Ai forall 1 < jk <n. If T is convex-cyclic, then the convex-cyclic vectors
for T are the same as the cyclic vectors for T and they form a dense set in C".

Since every matrix is similar to its Jordan Canonical form, the above theorem
follows immediately from Theorem 7.5 and Theorem 8.8. From Theorem 2.4 we know
that a real or complex matrix is cyclic if and only if each eigenvalue appears in exactly
one Jordan block in its (real or complex) Jordan form; which means each eigenvalue
has geometric multiplicity one (where the geometric multiplicity is the dimension of
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the eigenspace and in the case of a complex eigenvalue A for a real matrix is defined
as the complex dimension of the complex eigenspace corresponding to that eigenvalue.

9. Invariant convex sets

If T is a continuous linear operator on a locally convex space X and E is a subset
of X, then E is invariant for 7 if T(E) C E. In this section we determine when the
nonempty invariant closed convex sets for a matrix are the same as the invariant closed
subspaces for the matrix. This happens exactly when each cyclic part of the matrix
is convex-cyclic and the convex-cyclic vectors for each part are the same as the cyclic
vectors for that part. A part of an operator T is an operator of the form T|.# where
A is a closed invariant subspace for T'. So the parts of T are all the operators obtained
by restricting 7 to one of its invariant subspaces.

PROPOSITION 9.1. If T is a continuous linear operator on a locally convex space
X, then the following are equivalent:

(1) Forevery x € X, the closed convex hull of the orbit of x is a subspace.
(2) Each nonempty closed invariant convex set for T is an invariant subspace for T .

(3) Every cyclic part of T is convex-cyclic and its convex-cyclic vectors are the same
as its cyclic vectors. In other words, if A is a closed invariant subspace for T
and T| A is cyclic, then T|.# is convex-cyclic and the convex-cyclic vectors for
T|.# are the same as the cyclic vectors for T |4 .

Proof. First notice that a convex set is a subspace if and only if it is closed under
scalar multiplication.

(I) = (2). Suppose that (1) holds and let C be a closed invariant convex
set for 7. To show that C is closed under scalar multiplication, let x € C and let
K =cl[co({T"x :n > 0}]. Then K is a closed invariant convex set for 7 and by (1) K
is a subspace, hence closed under scalar multiplication, thus F-x CF- K C K CC. It
follows that C is closed under scalar multiplication and hence is a subspace.

(2) = (3). Suppose that (2) holds and let .# be a closed invariant subspace
for T and assume that T|.# is cyclic and we will show that 7|.# is convex-cyclic
and has the appropriate set of convex-cyclic vectors. Let x € .# be a cyclic vector
for T|.# . Then the smallest closed invariant subspace for T that contains x is . .
Now let C be the closed convex hull of the orbit of x under T'|.# . Then C is a closed
invariant convex set for 7 and thus by assumption (2) it follows that C is a subspace.
Thus C is a closed invariant subspace for 7' that contains x and hence must be equal to
A . Thus C = .# which implies that x is a convex-cyclic vector for T'|.Z .

(3) = (1). Assume that (3) holds and let x € X and let C be the closed convex
hull of the orbit of x under 7. We must show that C is a subspace. Let .# be the
closed invariant subspace generated by x; that is, the closure of the linear span of the
orbit of x under 7. Then x is a cyclic vector for T|.# and thus by property (3) T|.#
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is convex-cyclic and x is a convex-cyclic vector for T'|.7 . It follows immediately from
the definition of a convex-cyclic vector that C = . , hence C is a subspace. [

THEOREM 9.2. (Invariant convex sets for matrices)

The complex case: A matrix T acting on C" has the property that all of its
nonempty invariant closed convex sets are invariant subspaces if and only if the eigen-
values {X}1_, of T are contained in C\ (DUR) and satisfy Aj # Ay for all 1 <
Jok<n.

The real case: A matrix T acting on R" has the property that all of its nonempty
invariant closed convex sets are invariant subspaces if and only if all of its (real and
complex) eigenvalues are contained in C\ (DUR™).

Proof. Since items (2) and (3) in Proposition 9.1 are equivalent it suffices to verify
that condition (3) in Proposition 9.1 is equivalent to the condition on the eigenvalues
stated in this theorem; and that is exactly what Theorem 8.11 says. [J

10. Questions
1. Is there a way to explicitly construct interpolating convex-polynomials?

2. If an Abelian semigroup of matrices is convex-cyclic, must it contain a convex-
cyclic matrix?
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