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OPERATOR MONOTONICITY OF A 2-PARAMETER FAMILY OF
FUNCTIONS AND exp{f(x)} RELATED TO THE STOLARSKY MEAN

Yoi1CcHI UDAGAWA

(Communicated by S. McCullough)

Abstract. We consider operator monotonicity of a 2-parameter family of functions including the
representing function of the Stolarsky mean, which is constructed by integration of the function

1
[(1— o)+ axP]?, representing the weighted power mean, of o € [0,1]. We also think about
operator monotonicity of exp{f(x)} for a continuous function f(x) defined on (0,0).

1. Introduction

Let .7 be a complex Hilbert space with an inner product (-, ), and B(J) be the
set of all bounded linear operators on 7. An operator A € () is said to be positive
if and only if (Ax,x) > 0 for all x € .. We denote a positive operator A by A > O
and a set of all positive operators in B(°) by B().. For self-adjoint operators
A,Be B(), A< B means B—A is positive. A >0 (A is strictly positive) means A
is positive and invertible. We assume that a function is not a constant throughout this
paper. A continuous function f(x) defined on an interval [ in R is called an operator
monotone function, provided A < B implies f(A) < f(B) for every pair A,B € #()
whose spectra 6(A) and o(B) lie in I. We call f(x) a Pick function if f(x) has an
analytic continuation to the upper half-plane C* = {z € C | Im z > 0} and f(z) maps
from C™ into itself, where Im z means the imaginary part of z. It is well known that
a Pick function is an operator monotone function and conversely an operator monotone
function is a Pick function (Lowner’s theorem, cf. [3]). In this article we consider
operator monotonicity of some functions by using this fact.

A map M(-,-): B(H)2 — B(H)4 is called an operator mean [4] if the oper-
ator (A, B) satisfies the following four conditions for A,B € #()+;

(1) A< C and B < D imply 9MM(A,B) < M(C,D),

(2) C(M(A,B))C < M(CAC,CBC) for all self-adjoint C € B(H),

(3) A, \ A and B, \, B imply 9t(A,,B,) \, M(A,B),

4 Mm(1,1) =1

Next theorem is so important to study operator means;
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THEOREM K-A. (Kubo-Ando [4]) Forany operator mean IM(-,-), there uniquely
exists an operator monotone function f >0 on [0,00) with f(1) =1 such that

SOOI =9M(I,xI), x>0.

Then the following hold:

(1) The map 9M(-,-) — f is a one-to-one onto affine mapping from the set of
all operator means to the set of all non-negative operator monotone functions on [0, o)
with f(1) = 1. Moreover, M(-,-) — f preserves the order, i.e., for M(-,-) — f, N(-,-)
= g,

M(A,B) <N(A,B) (A,Be B(H)1) < fx) <glx) (x=0).
(2) When A >0, (A, B) = A? f(AT BAT )A?.

The function f(x) is called the representing function of 9i(-,-). From this the-
orem, it is enough to consider operator monotone functions when we study operator
means.

The 1-parameter family of operator monotone functions {S,(x)},e(—22 ([3D;

1
px—1)\ 1=
S =| ——7
p(x) ( —1 )
is one of the most famous family of operator monotone functions on (0,e0). §,(x) is
a representing function of the Stolarsky mean, and —2 < p < is optimal for which
Sp(x) is operator monotone [6]. Namely, S,(x) is not operator monotone if p €

(—o0,—2)U(2,0). This family interpolates many famous operator monotone func-
tions, for example,

Si(x) == lim S,(x) = exp (xlogx - 1) ,
p—1 x—1
which is the representing function of the identric mean.The exponential function exp(x)
is well known as a function which is not operator monotone, in contrast with its inverse
function logx is so. But there exists a function f(x) such that exp{f(x)} is an operator
monotone function besides constant, like S;(x). In general, it is so difficult to check
operator monotonicity of exp{f(x)} because exp{f(x)} is a composite function of the
non-operator monotone function exp(x) with f(x). In the following, we will obtain
a characterization of such functions by using Lowner’s theorem and Euler’s formula.
Thanks to this result, it has become easy to check operator monotonicity of exp{f(x)}
by simple computation.
On the other hand, the 2-parameter family of operator monotone functions

{F'?S(x)}r,se[fl,l];
1
}"()CH'S _ 1) ) 5

ot = (D

1
is constructed in [7] by integration the function [(1 — o) + axP]?, which represent-
ing the weighted power mean, of the parameter o € [0,1]. This family interpolates
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many well-known operator monotone functions except {S,(x)} pel-2,2]» for example,
F_i_1(x) =2(x""+1)"'. Moreover, {F,s(x)},e[—1,)] has monotonicity of r and s,
namely, —1 <r <rp <1, =1 <51 <5 < 1imply Fy 4, (x) < F, 5, (x). From this
fact, we can easily get the following inequalities;

2x gxlogxgx%gx—lgexp<xloglx_1><x—2kl' )
r

If we put r=1 and s = p— 1, then F,(x) coincides with S,(x), and we obtain the
fact that S,(x) is operator monotone for 0 < p < 2. But we cannot prove operator
monotonicity of S,(x) for —2 < p < 0 by the same way, because s =p —1 € [—1,1].
So we think that the range of parameter of {F;(x)},c(—1,1) such that F,(x) is operator
monotone is not optimal.

In this article we treat this family as the following form

Spalx) = (M) =3

o(xP —1)

In [5], they have obtained an equivalent condition of (p, o) such that S, o(x) is
operator monotone. However, their characterization have not given any concrete form
of the range of (p, ), i.e., we have not known the complete form of the range of (p, o)
such that S, ¢(x) is operator monotone, yet. On the other hand, we have obtained a part
of the range of (p, cr) such that S, o(x) is operator monotone in [7]. In this article, we
shall extend the range of (p, &) from the results in [7].

In Section 2, we consider the range of parameter of {S, «(x)} in which the func-
tion is operator monotone, and try to extend it by using operator monotonicity of S, (x)
and F.5(x) for p € [-2,2] and r,s € [—1,1], respectively. In Section 3, we give a
characterization of f(x) such that exp{f(x)} is operator monotone, and by applying
this result we get some examples of functions f(x) such that exp{f(x)} is operator
monotone.

2. Extension of the range of parameter (p,a) of {S, o(x)}

In this section we try to extend the range of parameter (p, o) such that S, o(x) is
operator monotone. So far, we have known that S, 4(x) is operator monotone if

p—l<a<p+l, pel[-1,1]

from the operator monotonicity of Fy.s(x) shown in [7]. In [5], they showed that the

following function
o(x? —1)

px*—1)

is operator monotone if and only if (p,a) € {(p, &) ER* [0 < p—a <1,p>—1,and
a < 1}3U([0,1] x [-1,0]) \ {(0,0)}. Also, if (p,a) € {(p,a) € R} [0< p<1,—1<
o <0and a < p—1}, then p%a c [%, 1]. From these results and Lowner-Heinz

hp.,a(x) =
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1
inequality, we can find that S, o(x) = hp o(x)P~@ is operator monotone if (p,a) €
{(p,a) eR?J0<p< 1, -1 <a<0and a < p— 1}. Therefore, we obtain the fact
that S, o (x) is operator monotone if

(p,a)e{(pa)eR* | p—1<a<p+l, pe[-11}U([0,1] x [-1,0]). (%)

Firstly we think about a trivial part and a part to which the range of parameter
cannot be extended.

Trivial part. If oo =1, then S, (x) coincides with S,(x), so that S, ,(x) is oper-
ator monotone if o« =1, —2 < p <2 by operator monotonicity of S, (x). Moreover,
since S, _1(x) coincides with S_,(x~!)~! and S_,(x~1)~! is operator monotone too,

Sp,a(x) is operator monotone if o¢ = —1, —2 < p < 2. We can also find that S, o (x)
is operator monotone if p=1, —2<a<2and p=—1, -2< ax < 2.
If oo — 0, then
. xP—1 »
Spo(x) = il_{I})Sp,a(x) = plogx (0 <x).

It is well known that the set of operator monotone functions is closed in the topology
of pointwise convergence, and if p = 2, then

1
x+1 x—1)\?2
S20lx) = < 2 ” logx> '

It is easy to check that S (x) is operator monotone. Also, if f(x) is operator mono-

tone, then f(x? )% is operator monotone for all p € [—1,1]. So we can find S, o(x) is
operator monotone if ¢ =0, -2 < p < 2.

On the other hand, there is a case where S, o(x) is operator monotone regardless
of the value of p or ¢. If o« = —p, then

Syl = (L) &

()

1
()

= — =xZ.
xP

Hence, we find that operator monotonicity of S, o(x) always holds if & = —p.

=

A part to which the range of parameter cannot be extended. If o =2p, then

(@2 —1)\ 77
5t~ (55

(- (1Y)
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This function induces the power mean and is operator monotone if and only if p €
[—1,1] ([2]). So we can not extend the range of paramter () such that S, o(x) is
operator monotone when o = 2p.

If ¢ = p, then

: 1 [/ xPlogx?
Spp(x) = l}zl_{I})Sp.,a(x) = exp{— ( EY _ 1) }

p\ x—1

We will show that this function is operator monotone if p € [—1,1], and is notif 2 < |p|
in Section 3. For example, when p =2, S, ,(x) coincides with

1 [ x*logx? 1/ 2x xlogx
- 1) b= - ~1
eXp{2<x2—1 )} eXP{Z(x—I—lx—l ’

and it is not operator monotone.

Extension from operator monotonicity of {S,(x)},c(_22. From Lowner’s theorem
and operator monotonicity of the 1-parameter family {S,(x)} pe[-22]» 2 € C* implies
Sy(z) € C* forall p € [—2,2], namely, the argument of S, (z) has the following prop-

erty
1
plz=D\"r (1 p(z—1)
0<arg< 1 ) (- 1_parg o <z

(zeCT, —2< p<2). So we get

0<arg<%> <(l-p)m (=2<p<]l),

0<arg (pz(l;j)) <(p-Dr (1<p<2),

respectively. By these inequalities we obtain

“as e (5 (e}
< L{((X—lﬁﬂ—(l—p)n}:n

for the case —2 < p <1, I < o < 2. On the other hand,

Vel 1)\ TP
Sfp(xil)ilz <((xp_)1()_p_ll)) (=p)

()"

1
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is operator monotone for —2 < p < 2 too. So we have

z2(z! — 1)
0< ar,
I+p g<p(z—1)

and get the following relation similarly for the case —1 < p <2, -2< a < —1;

)<7l' (zeCt, —2<p<?2)

“rat () (@)

(I+p)r—(1+a)r}=m.

=

Moreover, since S, (x) is symmetric for p, o, we can extend the range of parameter
(*) symmetrically from the above results. Namely, we have

(2<p<l,l<a<2) — (2<a<l,1<p<2),

(~1<p<2 2<a<—1) — (-l<a<2, -2<p<—1),
(po) € {(p,a)eR?|0<p<], —1<a<Oando < p—1}
— (po)e{(p.a) eR*|0<a<], ~1<p<Oandp < a—1}.

a=-—p

Figure 2: Extended parameter range of

Sp,a(¥)

Figure 1: Parameter range proved in 5], [7]

From the above results, we regard S, o(x) as the representing function of the 2-
parameter Stolarsky mean.
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THEOREM 1. Let
1

Spat0 = (25—)) " >0,

o(xP —1)
Then S, o(x) is operator monotone if (p,a) € o/ C R%, where

o = ([-2,1] x [-1,2])U ([-1,2] x [-2,1])U{(p,) e R* | « = —p}.

3. Operator monotonicity of exp{f(x)}

3.1. Characterization

Here we give a characterization of a continuous function f(x) on (0,e0) such that
exp{f(x)} is an operator monotone function. It is clear that f(x) = logx satisfies this
condition. The principal branch of Logz is defined as

Logz :=logr—+i6 (z:=re"®, 0<6<2nm).

It is an analytic continuation of the real logarithmic function to C. Moreover it is a
Pick function, namely an operator monotone function, and satisfies ImLogz = 6. In
the following we think about the case f(x) is not the logarithmic function:

THEOREM 2. Let f(x) be a continuous function on (0,e0). If f(x) is not a con-
stant or log(ax) (o > 0), then the following are equivalent:
(1) exp{f(x)} is an operator monotone function,
(2) f(x) is an operator monotone function, and there exists an analytic continu-
ation satisfying
0<v(r0)<0,

where .
f(re®) =u(r,0)+iv(,0) (0<r,0<6<m).

REMARK 1. In the above theorem, functions u(r,0) and v(r,0) are real-valued
continuous functions.

REMARK 2. In [1] Hansen proved a necessary and sufficient condition for
exp{F(logx)} to be an operator monotone function, that is, F admits an analytic con-
tinuationto S={z € C |0 <Imz < 7} and F(z) maps from S into itself. A condition
of Theorem 2 is more rigid than this statement.

Proof. (1) = (2). Since exp{f(x)} is operator monotone, log{exp{f(x)}} =
f(x) is operator monotone, too. Also exp{f(x)} is a Pick function, so there exists an
analytic continuation to the upper half plane C* and z € C* implies exp{f(z)} € C".
For z=s+ite C* (seR, 0<1),let f(z) = f(s+it) = p(s,t) +ig(s,t). Using Euler’s
formula, we obtain

exp{f(2)} = exp{p(s,1)} (cos{g(s.1)} +isin{q(s.1)}).
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So we have Imexp{ f(z)} = exp{p(s,t)} sin{g(s,7)}, and hence 0 < sin{q(s,#)}. Also,
q(s,t) belongs to C!, so g(s,t) is continuous on its domain. From these facts, we can
find that 2n7 < g(s,1) < (2n+ 1)7 holds for the unique n € NU{0}. Here by putting
z=re® (0<r,0<0<m), f(z) = f(re’®) = u(r,0) +iv(r,0) again,

2nw <v(r,0) < 2n+1)m
holds for the unique n € NU{0}. On the other hand, from the operator monotonicity

of exp{f(x)} and the assumption of Theorem 2, x[exp{f(x)}]~! is a positive operator
monotone function on (0,e°), too. So we get

zlexp{f(2)}] " = exp{Logz— f(2)}
=exp{(logr—u(r,0))+i(6 —v(r,0))}
= exp{logr—u(r,0)}(cos{6 —v(r,0)} +isin{0 —v(r,0)}).
From the above,
2mr < 0 —v(r,0) < 2m+1)n

holds for the unique m € NU{0}. Moreover, 0 < v(1,0) and 0 < 6 < 7 are required
from the assumption, and hence

0—v(r,0)<6<m.
From these facts, v(r, 0) must satisfy
0<0—v(r0)<m, (%)

so we get
0<v(r0)<6

by the left side inequality of ().

(2) = (1). Since f(x) is a Pick function, and the set of all holomorphic functions
is closed under composition, exp{f(z)} is a holomorphic function on the upper half
plane C*. Let z = re’® € C*. From the assumption 0 < v(r,0) < 7,

0 <sin{v(r,0)} < 1.

So we have
0 < exp{u(r,0)}sin{v(r,0)} = Imexp{f(z)}
and find
z€Ct =exp{f(z)}eC*. O

COROLLARY 1. Let f(x) be a continuous function on (0,0), and assume f(x)
is not a constant or log (ax) (o > 0). If f(x) is not an operator monotone function or
is an operator monotone function which does not satisfy

v(r,0) <m,
then exp{f(x)} is not operator monotone, where

f(re®) =u(r,0) +iv(,8) (0<r,0<6<n).
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3.2. Applications

By Theorem 2, we can check numerically that exp{ f(x)} is operator monotone or

not if the imaginary part of f(z) can be expressed concretely. Now we apply Theorem
2 and get some examples by “only” using simple computation.

EXAMPLE 1. (Harmonic mean)

_ 2x
Cx+1

H(x)

is an operator monotone function on [0, ), but exp{H (x)} is not operator monotone
Actually, by putting z=re’® (0<r, 0< 6 < 1), we have

H(z) = 2(r* 4+ rcos Q) +i(2rsinh)
o= r?+1+2rcosf

and
2rsin 6

0)=ImH(7) = ————.

v(r,6) m H(z) r2+142rcosf

5 5

Whenr=1,0=—-m,wegetv|1l,—-x

5
5 =243> ¢ hence we can find exp{H (x)}
is not an operator monotone function by Theorem 2.

EXAMPLE 2. (Logarithmic mean)

x—1
Lx) = logx

is an operator monotone function on [0,), but exp{L(x)} is not operator monotone
Actually, by putting z = re’® (0 <r, 0 < 8 < 1), we have

L(z) = {(logr)(rcos6 —1)+rfsin6} +i{(rlogr)sin® — O(rcos6 — 1)}

(logr)?+62
and
(rlogr)sin® — 0 (rcos6 — 1)
0):=ImL(z) =
B T n my m _ exp{f7}+1 =&
Whenr—exp{z},e—2,wegetv(exp{2}72)— p >2from

7r2<IO:2><(4+1)<2><(exp{g}—f—l).

So we find that exp{L(x)} is not an operator monotone function by Theorem 2.
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EXAMPLE 3. (Dual of Logarithmic mean)

1
DL(x) = xlogx

x—1

is an operator monotone function on [0, ) and exp{DL(x)} is operator monotone, too.
In the following we verify that DL(x) satisfies the condition of Theorem 2:
By putting z = re® (0 < r, 0< 6 < ), we have

r{{(r—cos@)logr—i— Osin6} +i{6(r—cosb)— (logr)sine}}

DL(z) =
(2) r24+1—2rcos@

and
r

0):=ImDL(z) = 5
v(r,0) :=Im DL(z) r2+1—2rcosO

{6(r—cos0) — (logr)sin6}.

In the following we show 0 < v(r,0) < 6.
(1) Proof of v(r,0) < 6; v(r,0) < 6 is equivalent to r{0cos @ — (logr)sin6 }
< 0. By using the following inequalities

Ocosf <sinf <O (0<OB<m), r(l-logr)<l (0<r),
we obtain
r{6cos6 — (logr)sin6} < r{sin® — (logr)sin6 }
=r(1—1logr)sinO
<sinf < 0.

(2) Proof of 0 <v(r,0); 0<v(r,0) is equivalent to (logr)sin < 0(r—cos9).
When 1 < r, since OcosO <sinf <0 (0< 6 <m),0<logr<r—1,wehave

(logr)sin® < (r—1)0 < 6(r —cos9).
When 0 < r < 1, since 6cos0 <sinf <6 (0<0 <), logr<r—1<0,wehave

(logr)sin® < (r—1)sin 6
< (r—1)6cos6
=0(rcos® —cos ) < O(r—cos9).

From (1) and (2), we have 0 < v(r,0) < 6.

EXAMPLE 4. |
_ 0gx
IL(x) := —L(x)"' = - —=
() =~ = 2
is a negative operator monotone function on (0,e0) and exp{/L(x)} is operator mono-
tone, too. In the following we verify that /L(x) satisfies the condition of Theorem

2:
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By putting z = re?® (0<r, 0< 6 < 1), we have

{(logr)(rcos® — 1) +r0sin0} +i{O(rcos6 — 1) — (rlogr)sin 6 }

IL(z) = —
(2) r24+1—2rcos6

and
(rlogr)sin® — 0 (rcos6 — 1)

v(r,0) :=ImIL(z) = r2+1—2rcosO

In the following we show 0 < v(r,0) < 6.
(1) Proof of v(r,0) < 6; v(r,0) < 0 is equivalent to (logr)sin®+ 6cos0 < ro.
By using the following inequalities

Bcosf <sinB <0 (0<O<m),logr<r—1(0<r),
we obtain

(logr)sin @+ O cos O < (logr)sin 6 + sin 6
=sinO(logr+1)
<rsinf < r6.

(2) Proof of 0 <v(r,0); 0 <v(r,0) is equivalent to r{ 6 cos 6 — (logr)sin@} <
0. Since OcosO <sinf <O (0< O <), r(l—logr)<1 (0<r), wehave

r{6cos® — (logr)sin6} < r{sin® — (logr)sin6 }
=sin@{r(1 —logr)}
<sinf < 0.

From (1) and (2), we obtain 0 < v(r,0) < 6.

Results of Example 3 and Example 4 are extended as the following;

THEOREM 3. Let ’l
xP'logx

DL = .
p¥) xP —1

Then exp{DL,(x)} is an operator monotone function for all p € [—1,1]\ {0}.

Proof. Firstly we show that DL, (x) satisfies the condition of Theorem 2 for the
case p € (0,1]: ‘
By putting z =re® (0<r, 0< 6 < 1), we have

P [{ (rP—cos(pB))logr+0sin(pB) }+i{ 6 (r"—cos(p8))—(logr) sin(p6) }]
DLP(Z) =

r2P+1-2rP cos(p0)
and

rp
— 0(r?
r2P + 1 —2rPcos(p0) {6(r

v(r,0) :=Im DL(z) —cos(p@)) — (logr)sin(pB)}.
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In the following we show 0 < v(r,0) < 6.

(1) Proofof v(r,0) < 6; v(r,0) < 0 is equivalentto 60 cos(p0)—(r’logr)sin(p0)
< 0.

rP@cos(p6) — (r’logr)sin(pO) < rP (%) sin(p0) — (r’logr)sin(p0)
1

=sin(p0) (;) (rP —rPlogrP)

<sin(p0) (117) < (p9) (117) =0.

(2) Proofof 0 < v(r,0); 0 <v(r,0) equivalentto (logr)sin(pB) < 0(r’—cos(ph)).
When r = 1, the inequality holds clearly.
When 1 < r,

(logr)sin(p8) = (é) (log ") sin(p8) < (%) (" — 1)sin(p®)

< (%) (r? —cos(pB))sin(p@) < (r” — cos(p0))6.

When O0<r<1,

(logr)sin(pB) = ) (logr?)sin(pB) < <l> (r’ —1)sin(p0)
p

=T

( ) —1)(p6)cos(pB) = 6 (r” cos(pB) — cos(p0))
< 0(r” —cos(ph)).
When p € [-1,0),

_ z’Logz 7 Pz’Logz  Logz
DLP(Z) - 7P — 1 - Z_p(Zp_ 1) B 1 —le‘

and

0(1 —rlPlcos(|p|0)) + (rPllogr) sin(|p|6)
2Pl +1—2rlrlcos(|p|6)

V' (r,0) :=Im DL, (re'%) =

In the following we show 0 <V/(r,0) < 6.
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(3) Proof of v/(r,0) < 6; V' (r,0) < 6 is equivalentto 6 cos(|p|0)+(logr)sin(|p|0)
< orll,

N

(4) Proof of 0<V/(r,0); 0<V/(r, ) is equivalentto /(6 cos(|p|6)—(logr)sin(|p|6))
<0.
When r = 1, the inequality holds clearly.

When r# 1,
r7(6 cos(|p|) — (logr)sin(|p|6)) < r” (% — (logr) sin(l?|9)>
= rIPl(1 —1og Pl (%)

< 7SIH(\p|9) <0. O
Pl

REMARK 3. DL,(x) doesn’t satisfy the condition of Theorem 2 if % <|p|. If
p =2, for example, then
2x  xlogx

X .
x+1 x-1

1
DLQ()C) = E X

From the inequality (x) in Section 1, we have

2x xlogx 1 1
— X X2 XX2 =x.
x+1 x-—1

Since a positive operator monotone function on (0,e0) with f(1) = 1 must satisfy
x<fx)ifo<x<1,
2x  xlogx
— X
x+1 x-—1

is not an operator monotone function. And hence, DL, (x) is not operator monotone.
Next we will see more general case % < |p|. From a proof of Theorem 3, we have

rp
— 0(r?
r2r +1 —2rl’cos(p9){ (r

v(r,0) :=Im DL)(z) —cos(p@)) — (logr)sin(pB)}.
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By simple computation,

v(r,0) < 6 <= (I(p,r,0) =)r"cos(ph) — (r’logr

)sin(epe) <l

U

T

If 6 = Z—Z and r = e (= €?9), then

1 1
I(p,r,0) = 7 (—62”9 + rie 0 x loge2e>

L (~e +2°)

V2
:%exp{sg} > 1.

Therefore DL,(x) is not operator monotone if % < p from Theorem 2. We can also
show the case p < —% similarly.

[1]
[2]

[3]
[4]
[5]

[6]

[7]

REFERENCES

F. HANSEN, Selfadjoint means and operator monotone functions, Math. Ann. 256 (1981), 29-35.

F. HIAI AND H. KOSAKI, Means for matrices and comparison of their norms, Indiana Univ. Math. J.
48 (1999), 899-936.

F. HIAT AND D. PETZ, Introduction to Matrix Analysis and Applications, Universitext, Springer, 2014.
F. KUBO AND T. ANDO, Means of positive linear operators, Math. Ann. 246 (1979/80), 205-224.
M. NAGISA, S. WADA, Operator monotonicity of some functions, Linear Algebra Appl., 486 (2015),
389-408.

Y. NAKAMURA, Classes of operator monotone functions and Stieltjes functions, The Gohberg an-
niversary collection, vol. II (Calgary, AB, 1988), 395-404, Oper. Theory Adv. Appl. 41, Birkhiuser,
Basel, 1989.

Y. UDAGAWA, S. WADA, T. YAMAZAKI AND M. YANAGIDA, On a family of operator means involv-
ing the power difference means, Linear Algebra Appl. 485 (2015), 124-131.

(Received July 7, 2016) Yoichi Udagawa

Department of Mathematical Science for Information Sciences
Graduate School of Science, Tokyo University of Science
Tokyo 162-8601, Japan

e-mail: 1414701@ed. tus.ac.jp

Operators and Matrices
www.ele-math.com
oam@ele-math.com



