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SPECTRA OF LAPLACIANS ON FORMS ON AN INFINITE GRAPH

HELA AYADI

(Communicated by M. Embree)

Abstract. In the context of infinite weighted graphs, we consider the discrete Laplacians on 0-
forms and 1-forms. Using Weyl’s criterion, we prove the relation between the nonzero spectrum
of Ap and that of A;. Moreover, we give an extension of the work of John Lott to characterize
the 0-spectrum of these two Laplacians.

1. Introduction

In recent years, much attention has been paid to the analysis of discrete Lapla-
cians and elliptic differential operators acting on graphs [13], [5], [6] and [19]. More
precisely, authors have intensively studied the spectrum of the discrete Laplacian on
an infinite graph in various areas, for example, harmonic analysis on graphs (see [16],
[20]), probability theory especially Markov chains (see [8], [12]), potential theory such
as electric networks (see [17], [12]), and so on. In this paper, we define two Laplacians,
mentioned in [1] and [3], one as an operator acting on functions on vertices denoted by
Ao and the other one acting on functions on edges denoted by A;. So, it is a natural
question to characterize the relation between their spectrum in terms of a certain geo-
metric property of the graph and properties of the operators. Especially we show that
the nonzero spectrum of Ay and A; are the same, by using Weyl’s criterion. More-
over, with suitable weight conditions we prove that 0 is in the spectrum of Ay, if the
operator Ay is invertible. This result is inspired from J. Lott’s work [11] (Proposition
9, p. 12') which proves in the case of a simple graph that 0 is either in the spectrum of
the Laplacian on O-forms, or in the spectrum of the Laplacian on 1-forms. In fact, the
major interest of J. Lott concerns the zero-in-the-spectrum question for the Laplace-de
Rham operator acting on L? differential forms of any degree on a complete connected
oriented Riemannian manifold. The article [11] is rather expository and gives some
positive answers, in relation with topology, for small dimensions. We finish the paper
with examples of constructions of Aj-harmonic nonzero square-integrable functions.
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2. Preliminaries

Definition and notation

A graph G is a couple (¥,&) where ¥ is a set at most countable whose ele-
ments are called vertices and & is a set of oriented edges, considered as a subset
of V' x V.

If the graph G has a finite set of vertices, it is called a finite graph. Otherwise, G
is called an infinite graph.

We assume that & has no self-loops and is symmetric:

verY =) ¢&, (vi,nn) €E = (v,v1) €E.

Choosing an orientation of G consists of defining a partitionof &: &TUE™ =&

(Vl,Vz) c&t e (Vz,vl) €& .

For e = (v1,v2), we denote

e =v,et=v; and —e=(vp,v1).

We write vi ~ vy for e = (v1,1,) € &.

The graph G is connected if any two vertices x, y in ¥ can be joined by a path
of edges 7y, that means Y, = {ex}x—1,.., such that

e] =x, el =y and,if n>2,Vj; 1<j<(n—1)z>e}“=el+l
The degree (or valence) of a vertex x is the number of edges emanating from x.
We denote
deg(x) :=t{ee &; ¢ =x}.
If deg(x) < oo, Vx € ¥, we say that G is a locally finite graph.
Weighted graphs
DEFINITION 2.1. A weighted graph (G,c) is given by a graph G = (¥,&) and

weights on the edges ¢ : & — [0, o[ such that

c(x,x)=0,Vxe 7.
c(x,y) >0, V(x,y) € &.

c(x,y) =c(y,x), V(x,y) € &.
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If ¥, rc(x,y) <o foreach x € ¥, we can define a weight on 7" by

é(x) = Z‘c()c,y)7 xev.

y~x

REMARK 2.1. If the graph G is locally finite, the weight ¢ on any vertex is well
defined.

EXAMPLES.

An infinite electrical network is a weighted graph (G,c¢) where the weight ¢ on
the edges are called conductances and their reciprocals are called resistances. This is
the convention used in the study of random walks on weighted graphs, see [12] and
[16]. Then, ¢(x) = X,y c(x,y) is the weight associated to the vertex x.

A graph G is called a simple graph if the edge weights are equal to 1. In this case,

¢(x) =deg(x), Vxe 7.
All the graphs we shall consider in the sequel will be connected, locally finite and
weights ¢ given in Definition 2.1.

2.3. Functional spaces

We denote the set of real functions on ¥ by:
CO)={f: ¥ >R}

and the set of functions of finite support by %o(7).
Moreover, we denote the set of real skew-symmetric functions on & by:

CUE) ={9: & =R 0(—e) =—0¢(e)}

and the set of functions of finite support by ¢ (&).
We define on the weighted graph (G,c) the following function spaces endowed
with the scalar products.

a)
P(V):= {f eC(V); Y ex)fx) < w},

xeV
with the inner product

(f.8)r = 2 &(x)f(x)gx)

xeV

and the norm

1Ay =S fr
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b)

eel

(&)= {qo €¢(&); % > cle)p?(e) < w} :

with the inner product

(0.w)s =3 3, cle)ple)w(e)
ecé

and the norm

lells = V(o).

Then, [?(7) and [?(&) are separable Hilbert spaces (since 7 is countable).

2.4. Operators and properties
The difference operator
d: (V) — (&),
is given by
d(f)(e) = f(e") = fle7).
The coboundary operator is 0, the formal adjoint of d. Thus it satisfies

(df.@)e = (f.60)» (2.1)

forall f €1?>(7) and forall ¢ € I>(&).
As consequence, we have the following formula characterizing 6 :

LEMMA 2.1. The coboundary operator 8 is characterized by the formula

forall ¢ € ().
Proof. For f € 1>(¥) and ¢ € [*>(&), using (2.1), we get

(Af,0)e = 3 3 ele)df(e)ple)

eed

33 ele) (Fe) ~ fle)) 9le)

ecé

%Zf(x)( Y c@nle)- ¥ c<e><p<e>>-

x€V e,et=x e =x
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But ¢(—e) = c(e) and ¢ is skew-symmetric, so we have

Y, cle)ple)=— Y, cle

e,et=x e.e”=x

Then,

xeV

= <f7 6(P>“1/

Wf.0)s = 3 a0 ( 5 c<e><p<e>>

and the formula for ¢ follows. [
DEFINITION 2.2. The Laplacian on O-forms A defined by §d on [?(7) is given
by
Aof (x) = z—= D, c(x,y) (f(x) = f())-

&) =

In fact, we have

1
- e eﬁqc(e)df(e)
=25 T U -fe)
= S o) (F0) - )
) &

by
Mo =g 3 clevwle iy T cleote
In fact, we have | 2
Ai9(e) = a(50) (¢
= 59(e") ~ 5p(e")
_ 5(61+) X 12_+ - 5(2—) ez,egﬁzec(em(@).

PROPOSITION 2.1. The operator Ay is bounded and self-adjoint.
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Proof. For f, g € 1>(7), we have

[(Aof,g) Zc y%c x,y) (f(x) = f(y) g (x)
< ; )|~ 70Dt)
< zgx (o) @) 601+ 3 X elan) 0l
—Zi ()8 (x \+2261y f ) g()]
<l 2

where I:= 3, ¥y cc(x,y) [f(¥)[1g(x)]-

Using the Cauchy-Schwarz inequality, we obtain

1<y, (E c(x,) f(y)2> (2 C(x,y)> |8 ()]

X \y~x VX

=y <2c<x,y>f2<y>> (@(x))? [g()]

X \y~x

= £l Mgl - (2.3)
Therefore, (2.2) and (2.3) gives

[(Aof,8) v [ <2If1l llglly -

But by the definition of the norm of operator, we have

Aol = sup [Aoflly = sup sup (Aof,g)v
/1= I/1=11gll=1
So [|Ag|| < 2, which shows that A is a bounded operator.
Now, we want to prove the selfadjointess of the operator A defined on I>(7). As
Ay is a bounded operator on [%(7), it remains to show that A¢ is symmetric.
As we have Ag = 6d and § is the adjoint operator of d, we obtain for f and
gelP(¥)

<A0fvg>
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REMARK 2.2.

e The operators d and & are bounded. Indeed, using the inequality (a — b)? <
2(a*+ b*) and the definition of the weights on vertices: &(x) =¥, c(x,y), we
obtain

afl = 5 3 elun) @)’

So d is bounded, and the same is true for the adjoint &.

Notice that since Aq is the composite operator of 6 and d; this gives another
proof that Ay is bounded.

e It is easy to see that Ag is also positive, since (Aof, f)» = (df,df)s > 0.

COROLLARY 2.1. As the operator A is self-adjoint and positive, its spectrum is
real and lies in [0,2].

2.5. Weyl’s criterion

As our operator is bounded and self-adjoint on a Hilbert space, we can use Weyl’s
criterion [14] to characterize its spectrum.

Weyl’s criterion: Let J be a separable Hilbert space, and let A be a bounded
self-adjoint operator on #’. Then A is in the spectrum of A if and only if there exists
a sequence (f,)nen so that ||f,|| =1 and r}grgo||(A—7L)fn|| =0.

We denote o(A) the spectrum of A and we set

e 0y(A) is the set of A € 6(A) which is an isolated point and an eigenvalue with
finite multiplicity.

® Opss (A) = G(A) \ Oy (A) .

3. The relation between the spectrum of Ay and A

3.1. The nonzero spectrum of Ay and A;

In this section we will prove the relation between the spectrum of A and that of
Ay, by using Weyl’s criterion.
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Following [15] and [18] we have the next lemma.

LEMMA 3.1. Let Ag = 6d and Ay = d6. Then we have

1. dAyp = Ad.
2. 6A1 = Ay6.
LEMMA 3.2.

1. kerAg = kerd.

2. kerA; =keré.

Proof.

1. Clearly, we have kerd C kerAy.
On the other hand, if Agf =0 for f € I>(7) and f # 0, we have

0= (Aof,f)y = (df,df)e.
Then df =0 for f € I>(¥).

2. If ¢ €kerd, then ¢ €1%(&) and §¢ = 0. Thus, d5¢ = 0 and we obtain ¢ €
kerA;.

For the other inclusion, let ¢ € [?(#), @ # 0 such that Aj¢ = 0. Then
0=1(A19,9)s =(5¢,5¢).
We get ¢ =0 and as a result kerA; C kerd. O
We arrive at our main result.

THEOREM 1.

o (A1) \ {0} =0o(Ap) \ {0}

Proof.

e Let A #£ 0 be in the spectrum of Ag. By Weyl’s criterion, there exists a sequence
(fu)n Of I2(¥) such that

[fally =1 and  lim [|(Ag = A) full,» = 0.
We want to find a sequence (¢, ), of >(&) such that

loulls =1 and  lim [[(Ar —A)gull = 0.



SPECTRA OF LAPLACIANS ON FORMS ON AN INFINITE GRAPH 575

We set
dfn

1dfulls”
First, let us check that ||df, ||, # 0. We have

”dan(zS’ = <A0fn7fn>"//

<(AO_A)fnafn>7/+<A’fnafn>“//

= <(AO_A)fnafn>“//+A~
SN—

converges to 0

On =

Then, lim IIs! anfo = A. Thus, by positivity of Ag, there exists A > 0 and an

1nteger no such that for all n > ng, we have ||df,||, > A. This implies that the
sequence (@), is well defined.

Now, we verify that lim |[(A; — 4)@,|| o = 0. By the first assertion of Lemma 3.1
and the fact that the operator d is bounded, we obtain for all n sufficiently large

(A1 =A)@ullo = H den”("
- Al
ldfull e
G0~ MAie
ldfull o
d
< H_” (A0 —A) fully -

But lim ||(Ag —A)fully = 0. Therefore, lim ||[(Aj —A)@,||, =0 and we can
n—oo n—oo
conclude that A is in the spectrum of A; \ {0}.

The second part of the proof follows in the same fashion, with the roles of d and
0 swapped. O

There is a second method to prove Theorem 1 when 0 is not in the spectrum of

LEMMA 3.3. If O is not in the spectrum of Ay, then the operator d defined in

I2(¥) has a closed range.

Proof. Let ¢ € Imd, let us check that ¢ € Imd, that means we look for a function

f €12(7) such that ¢ = df. We have ¢ € Imd, so there exists a sequence (¢,), of
Imd such that ¢, = df,, for f, € [*(#). Moreover, the sequence (¢, ), converges to
@ in [*(&). On the other hand, by assumption 0 is not in the spectrum of Ay which
implies the existence of a positive constant C such that

I£lly < CllAoflly , Vf €P(V).
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But by the definition of the operator norm and Remark 2.2, we obtain

laofll="sup (Aof.g)w <Ildflls sup [dglle < V2ldf]|s-

g llglly=1 g llglly=1
Then
Iflly <V2C|dflle, Vf € B(F).
Thus
1 fo = fully S V2C|dfu—dfmlle s fus fn € ().
And

”fn _me’f/ < \/ECHQDH - q)mH(S'W fn» fm € lz(%)'

As the sequence (¢,), converges, so it is a Cauchy sequence and also (f;,), is a Cauchy
sequence in /2(7') which is complete. Then, (f,), converges to f. By the bounded-
ness of the operator d, we obtain df,, = ¢, converges to df and by uniqueness of the
limit, we have df = ¢. So ¢ isin Imd. [

COROLLARY 3.1. If 0 is not in the spectrum of A, then

0 (A1lima) = 0(Ao).

Proof. By the first assertion of Lemma 3.1, we obtain
Ard = dAg.

But by assumption 0 is not in the spectrum of Ag. Then by the first assertion of Lemma
3.2, the operator d is invertible. So we obtain

Aq ‘Imd = dA()d_l.
Thus,
0(Aifima) = 0(Ap). O
3.2. The O-spectrum of Ay and A

As the nonzero spectrum of Ay and A; are the same, we are interested in char-
acterizing the O-spectrum. We give in the following an extension of a result of John
Lott’s [11] (Proposition 9, p. 12).

THEOREM 2. Let (G,c) be a connected, locally finite and weighted infinite graph
such that the weight on edges c is bounded, i.e., there exists a constant o« > 0 such that
é <c(x,y) <o, forall (x,y) € &. Then

0eo(A) or 0€0(A).

First, we start with preliminary results.
By [17] (page 44) and [9] (chapter 4) we have the next definition.
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DEFINITION 3.1. The graph G verifies the isoperimetric inequality if there exists
a constant C > 0 such that for all finite sub-graphs Gy = (U,&y) of G, we have

|0éy| = C|U|,

where

08y =Y, > clx,y) and |U|= Y &(x).

xeUy¢U xeU

LEMMA 3.4. If Ag is invertible then the isoperimetric inequality holds.

Proof. Let U a finite sub-graph of G. Let us set g = 1y, meaning that g(x) = 1
if x€ U and g(x) =0 if x ¢ U. Then we obtain

U=y éx) =gl

xeU

and

06y =X Y clx.y) = |dg]% .

xeU y¢U

By assumption O is not in the spectrum of Ag. Then by the first assertion of Lemma
3.2, the operator d is invertible, so there exists a positive constant A so that

lelly < A lldglle, Ve € (¥).

Thus, it follows that
. 1
|0éy| = C|U|, with C= re O
DEFINITION 3.2.

e A branch B is a finite sequence of vertices xo, X1, ..., X1 such thatforall j; 1 <
Jj <m, we have deg(x;) =2.

e The length of a branch B, denoted long(B), is the number of vertices in this
branch, here, long(B) =m+2.

o The interior of the branch B is the set of vertices x; of B satisfying the following
conditions:
i) deg(xj) =2.
i) Vye ¥; y~x; =y€B.
See [5] and [19] for the definition of the interior set of vertices.

Instead of the argument of Lott [11] inspired by Gromov [10] (p. 236-237), we
use the following lemma:
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e NS

0 1 m m+1

Figure 1: A branch of length m+2

LEMMA 3.5. We suppose that the following conditions are satisfied:

o The weight on edges c is bounded, i.e., there exists a constant o, > 0 such that
5 <clrny)<a, V(xy) €é.

e The operator Ay is invertible.
e The operator A; is injective.

Then the graph (G, ¢) is a tree which contains branches with uniformly bounded lengths,
that means 3IM > 0, VB branch of G, long(B) < M.

Proof. On the one hand, the operator A; is injective which leads to the absence of
cycles in the graph, so that G is a tree.

On the other hand, the operator Ay is invertible, then the isoperimetric inequality is
checked, by Lemma 3.4 there is a positive constant C such that for all finite sub-graphs
U, we have

[déy| = ClU|.

Let B be a branch with vertices xo,x1,...,Xu,Xnr1. We set U = {x1,...,xp} the inte-

rior of the branch B, then

c(x0,x1) + (X, Xmy1) = C ) E(x;)). (3.4)

s

1

J

For the sake of simplicity, we first prove the lemma for the case of the constant weight
¢ =1, before handling the case of general weights.

e If ¢ =1, then we have ¢(x) =3, . c(x,y) =X, 1 =deg(x), Vx € ¥ (this is J.
Lott’s case [11]). Therefore, the inequality (3.4) and Definition 3.2 gives

m m
2>C) deg(x;) =CY 2=2Cm.
j=1 j=1
We set M := % + 2 (independent of B), then long(B) < M. Thus the lengths of
branches of G are uniformly bounded.

e If ¢ # 1 but ¢ is bounded, that means there exists o > 0 such that 2 < c(x,y) <
o, for all (x,y) € &. And as we have the weight on the vertices is &(x) =
Yy~xC(x,y), we obtain that ¢ is also bounded from below by é .
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By the inequality (3.4) we have

1
200 2 c(x0,x1) + c(Xm, Xmp1) = C ) E(xj) = Cma.

M

Hence,
20 -
— >m.
C
We set M = % + 2 (independent of B), then long(B) < M. Thus, the lengths
of the branches of G are uniformly bounded. [

Now, we arrive to the proof of Theorem 2.

Proof. Taking the arguments from [1 1], we argue by contradiction. Suppose that
both operators Ag and A; are invertible. Then, by Lemma 3.5, the graph G is a tree
which contains branches with uniformly bounded lengths; see Figure 2 for an example.

Figure 2: A branch tree

But the existence of such tree gives a 0 -harmonic nonzero square-integral function
¢. Indeed: we consider a part of the branch tree in Figure 2 as an example to simplify
the understanding of the construction.

For the sake of simplicity, we first prove the theorem for the case of the constant weight
¢ =1, before handling the case of general weights.

First case: ¢ =1, we fix a vertex 0 as the origin of the tree and we set 0~ and 1
its different neighbors. Let us take

?(0,07) =¢(0,1)=1.

Then, we obtain 6¢(0) = 0 (the tree is oriented).

Afterwards on the branch B;, ¢ is constant, in other words, ¢(j,j+1) =1, for
all j, such that 1 < j < 3. And at the point 4, we have @(4,5) = ¢(4,57) = %
It is claimed that d¢(4) = 0. And for the points which are in the branch B;, the
function ¢ is constant and takes the value % And so on to the point §, we have

?(8,9) = ¢(8,97) = 1, to obtain §¢(8) = 0. And for the points which are in the
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Bl11

172172 12 12

Bl11

172172 12 112

Figure 4: Another example of a branch tree

branch Bj, the function ¢ is constant and takes the value ‘l‘ . And we continue in this
way. ..

In a general way, G is a tree which contains branches with uniformly bounded
lengths and we construct a functions ¢ in a part of G by selecting always two branches
at bifurcation points and at all edges that occur on other branches, ¢ is set to zero, as in
Figure 4. In the Figure 3, the construction of ¢ is done in the following way: on By the
function ¢ is constant and equals to 1. Then we add a generation, we get two branches
By,1 and By such that the function ¢ takes the value % . And to the generation m, we
have B, ; branches, where 1 <k < 2", then the function ¢ is equal to % . As aresult,
we show that this construction of ¢ is in 2(&). Using the fact that the lengths of the
branches of the tree are uniformly bounded by a constant M > 0, we obtain

§=—ZZZ y

m>0k 1e€B,, k

—zimz( )2

m=0k=1e€B,,
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Second case: ¢ # 1 but ¢ bounded by a positive constant. That means there exists
o > 0 such that é < ¢(x,y) < a, Y(x,y) in &. As in Figure 2, on the branch By,
the vertex 0 has two neighbors denoted 0~ and 1. We want 6¢(0) = 0, so we

choose the function ¢ in the following way ¢(0,1) = CL(_E)(;O;)) ©(0,07). And in the

Cc((jf)}(:l))(p(qoj Vj, 1 < j<3. Next, we look at

the point 4 which has two neighbors 5 and 57, to obtain §¢(4) =0 and as we

have ¢(3,4) = <25 9(0,07). We choose ¢(4,5) = 55751 ¢(0,07) and ¢(4,57) =

26(( 75 )) ©(0,07). Therefore, in the interior of the branch B,

interior of By, we set ¢(j,j+1) =

. c(0,0™ . )
@, j+1)= ( ))(P(an)vj, 5<j<T.

2¢(j,j+1

And for the vertex 8, which has two neighbors 9 and 9~ . To have 0¢(8) =0

and by using that ¢(7,8) = 2(0(7 8))(p(0 07). We choose ¢(8,9) = Z(C(z’é);))(p(O,O’) and

0(8,97) = 45(8 5 )) ¢©(0,07). And in the interior of the branch Bj,

¢(0,07)

= _(0,07) for j=10.
4c(j7j+l)(P(0’0) or 0

@, j+1)=

And so on. .. In a general way, see Figure 3, on By the function ¢(ep) = C(C(E;(:,;) 0(0,07),

where ¢ is an edge of By. Then we add a generation, we get two branches B; ; and
¢(0,07)
20(6’1‘)
the edges of By for 1 <k < 2. And at generation m, we have B, ; branches, where

B > such that the function ¢ has a value @(ek) = ©(0,07), where X denotes

1 <k < 2™, then the function ¢ equals to @(eX,) = 2,5, o ))(p(O 07), where ef, denotes

the edges of B, x. And to simplify the formulas, we can suppose that

1
0,07)= .
700 =007
Then, we obtain
1

k m
=——— Vm=0 d 1<kg2™

(p(em) ch(e]r(n)7 an

Therefore, this construction gives ¢ € [>(¢&"). Using the fact that the lengths of the
branches of the tree are uniformly bounded by a constant M > 0 and the weight ¢ on
the edges is bounded by a positive constant, we obtain

1

3 Sele)o(e))?

o
<Y Y Y cle)ee)?

m=0k=1e€B,,

2
lolle =
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AP c<e>(2mj(e))2

m=0k=1e€B,,
2’71 l

1
< oM —
néo 2m
=2Mo < oo.

Finally, we have ¢ in [?(&) and §-harmonic. So, 0 € o(A;), which contradicts the
assumption that 0 is not in the spectrum of A;. [

REMARK 3.1. Any point of the graph can play the role of the first vertex 0 in
the previous construction. It is then clear that we can construct an infinite family of
independent functions ¢ which are in /?(&") and &-harmonic. Then 0 is an eigenvalue
of A} with infinite multiplicity, so 0 € Ous5(A7).

4. Examples

In this section, we will construct a §-harmonic function ¢ in different examples
of trees.
1) Symmetric tree: Following [7] we introduce the next definition:

DEFINITION 4.1. Atree 7; is symmetric around o with branching numbers {m;}
if the degree of each vertex depends only on its distance from o, namely, for each
x €Ty, deg(x) =m; if d(o,x) =1i.

Example of a symmetric tree: We fix a vertex o as an origin of the tree. We
set S, = {x € Ty; d(o,x) = n}. T is symmetric around o with branching numbers
{m,};_o. In Figure 4, we choose m, = 3 +n for all n € N which is an increasing
sequence. So, we have my = 3 that means deg(o) = 3. And for x € S|, we obtain
deg(x) =m; = 4. In the same way, if x € S, we have m; =5 and so on.

PROPOSITION 4.1. Ifthe symmetric tree Ty is simple ( the edge weights are equal
to 1) with deg(x) > 2 for all x € T, then there is a & -harmonic function ¢ € 1>(&).

Proof. We fix a vertex xy as an origin of the tree T, we can find an increasing
sequence of finite subgraph {S,}, such that S, = {x € T}; d(xo,x) =n} and Ty =U,S,.
By the definition of the symmetric tree, we have for all n deg(x,) = my,, VYx, € S,.
First, we construct a function ¢ so that §¢ = 0 as follows: Let ¢ and by denote two
distinct outward edges connecting to the vertex xo. We define ¢ to be 0 excepted on
these edges where ¢@(ep) = 1 and ¢(by) = —1 which gives d@(xo) = 0. And denote
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Figure 5: Symmetric tree

e’,j, n>1,1<k< H?zl(mj— 1), resp. b’,j, n>1,1<k< Hy-:l(mj— 1), the outward
edges emanating from e, resp. bg, of generation n. We define

(p(eﬁ) = ;11(:", 1)()0(60)7
00 = f 1y 2

and ¢ takes value O on all edges other than e and bk .
Second, through this construction, we look for ¢ € I>(&). Using the fact that
deg(x,) =m, >3, Vx, € Sy, Vn, we obtain

1
lolls = 5 X, 9*(e)

ecé
1 [T (m;—1)
=522 X oM +o't)
n>1 k=1
ITj= (m;—1) | )
=1+ ( )
g'l kgll (my—1)(my—1)...(m,—1)
1
,gtl (my—1)(mp—1)...(m, — 1)
<14y 4
n}l2

<eoo. [
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2) Triadic tree with weights bounded from below: As [2] (p. 19), we have the
following definition of a triadic tree.

DEFINITION 4.2. A tree is a connected graph containing no cycles. The triadic
tree is a tree such that all the vertices have degree 3.

PROPOSITION 4.2. If the triadic tree has weights on the edges bounded from be-
low by a positive constant A, then there is a §-harmonic function @ € [*(&).

Figure 6: Triadic tree

Proof. We fix a vertex o as the origin of the tree 7. Define the increasing se-
quence of finite subgraphs {G,},, G, = {x € ¥; d(0,x) < n} and let G = J,G,.
Denote S, = {x € T; d(o,x) =n}.

We set x}, x7 and x] the different neighbors of o which are in S;. We suppose
that ¢(o0,x}) =0 forall i € {1,2,3}, so we have §¢(0) = 0.

We fix one vertex of S; for example x| := x{, let ey and by be the two outward
edges of x; and define inductively ef;, m>=1,1<k<2™, resp. b’,‘n, m=>1,1<k<
2™ to be the outward edges emanating from eq, resp. bg, of generation m (the edge
are oriented outward). For m > 0, we define ¢ to be 0 excepted on these edges where

peh) = — Yk 1<k<2n
n) = 20 k)
and
-1 1
Qby) = o ——, Vk; 1 <k<2"™
n) = 2 k)

With this construction, we obtain for each x, € S,,, 6¢(x,) =0, Vi > 1. Moreover,
¢ €1%(&). Indeed: by using the assumption that the weights on the edges are bounded
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from below by a positive constant A, we obtain

|M@=—Z

e€((7

y
(zzc m+MMﬂm>

m=>0k=1
m
z 1

:_ZZC szc(ek)

m>0k 1

om l om l l

:_Zzzmc( )+2222Wc(b§;)

m=0k=1
2777

YT o

m=0k=1

=1 Z 2m22m

m=0

where A/ = % O

REMARK 4.1.

e The construction of a & -harmonic nonzero square-integral function depends on
the edge weights.

e In the simple triadic tree, O is both in the spectrum of Ay [4] and in the spectrum
of A; [2].
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