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GRAM MATRICES OF REPRODUCING
KERNEL HILBERT SPACES OVER GRAPHS III

MICHIO SETO AND SHO SUDA

(Communicated by S. McCullough)

Abstract. We study reproducing kernel Hilbert spaces induced by inclusion G| C G, of two
connected graphs having a common vertex set. Under a certain finiteness condition, it is shown
that the dimensions of de Branges-Rovnyak complements associated with inclusion G| C G,
are described by the language of graph theory.

1. Introduction

Let G| and G, be connected graphs with a common vertex set V, where V is
assumed to be at most countable. Throughout this paper, we suppose that G; is a sub-
graph of G,. Further, we assume that every graph appearing in this paper is locally
finite, that is, number of edges connecting with x is finite for every x in V. For unde-
fined terms of graphs, see Section 2. Let L; (resp. AU)) be the Laplace matrix (resp.
the adjacency matrix) of G; for j=1,2. Then we define a densely defined bi-linear
form on ¢2(V), the set of all square summable real functions on V, as follows:

(u, V>(;ij = (u, v)ew)+ Z(Lju,v>,;z(v)

= e s 3 AR ~u0) () (),
X,ye

Let ,%”Gj denote the real Hilbert space induced by (-, '>%Gj . Further, it is well known
that jfg_, has reproducing kernels, that is, for any x in V, there exists a unique vector
k)(cj ) in %”Gj such that

) = 0k o, (W€ H,).

kj(cj ) is called the reproducing kernel of ,%”Gj at x, and

K;= (<k)(fj)7k)(fj)>3fgj )x,er
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will be called the Gram matrix of %J. . It is not hard to see that K| — K> is positive
semi-definite, for example, which is deduced from Lemma 3.1 in this paper. Let T be
the canonical embedding map of .7, into /¢, , andlet 77 (T) (resp. s (T*)) denote
the de Branges-Rovnyak complement associated with 7' (resp. 7). Some details of
these spaces are given in Section 3.

Let Vy be the set of vertices which are not isolated in G, — Gy = (V,E> \ Ey). In
graph theory, G, — G is called the relative complement of G| in G,. Now, we set
G, G = (Vo,E» \ E1). Note that G, © G is the graph obtained by deleting isolated
vertices from G, — G;. The main result of this paper is the following formula holding
under the condition that |E, \ E1| is finite:

dim.#(T) = dim 7 (T*) = |Vo| — 4 (G2 © G1) < o0 (1.1)

(Theorem 4.1 and Theorem 5.1).

We shall mention that there is a large number of researches on graphs from the
view point of electric networks. One of standard references will be Doyle-Snell [3]. For
recent progress, see Jorgensen-Tian [4, 5] and Jorgensen-Pearse [6]. In these papers,
we will find that reproducing kernels play important role for graph theory.

2. Preliminaries from graph theory

In this section, we collect the terminology for graphs, see Bollobds [1] for more
details. A graph G is a pair (V,E), V is called the vertex set (in this paper, we assume
that V is at most countable), and E is a subset of the set of {{x,y} |x,y € V,x # y},
called the edge set. For two graphs G| = (V},E|) and G, = (V5,E;), Gy is called a
subgraph of G, if V| CV, and E| C E; hold. A graph G is said to be connected if for
any distinct vertices x and y, there exist edges {z1,22},{z2,23},... and {z;_1,z} such
that x = z; and z; = y. If G is not connected, then G is a disjoint union of connected
subgraphs of G, and those connected subgraphs are called connected components of
G. For a subgraph G| of G, with a common vertex set, the relative complement of G
in G,, which will be denoted by G, — G|, is defined to be (V,E, \ E}). For two graphs
G, = (V1,E1) and G, = (V,E>), a homomorphism t : G; — G; is a map from V; to
Vy such that if {x,y} € E; then {1(x),1(y)} € E». In this paper, we deal only with
the case Vi =V, and E| C E,, namely the case where G, is a subgraph of G, with a
common vertex set. The degree dy of G at x € V is the number of edges connecting
with x. G is said to be locally finite if d, is finite for every x in V. The adjacency
matrix A and the Laplace matrix L of G are |V| x |V| matrices with rows and columns
indexed by the elements of V' such that for x,y € V,

dy ifx=y,
1 if{x,y} €E, i
Ay = Ly=<¢—-1 if{x,y}€E,
v {0 otherwise, ~ if {x y}
0 otherwise.

Let us assign an orientation to any edge in the graph G. For anedge e = {x,y} € E,
the oriented edge e is a pair either (x,y) or (y,x). When an oriented edge is (x,y), we
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say x is the initial vertex and y is the terminal vertex. For the orientation, we define the
incidence matrix B by a |V| x |E| matrix with rows indexed by the elements of V and
columns indexed by the elements of E such that for x€V and e € E,

1 if x is the initial vertex of the edge e,
By.= ¢ —1 if xis the terminal vertex of the edge e,
0 otherwise.

3. Preliminaries from operator theory

In this section, lemmas needed to prove (1.1) are given. Although some of them
are quite elementary or have been given previously in our papers [8], [9] and [10], we
shall give full proofs for general readers.

Let 1 : Gy — G, be the homomorphism such that 1 fixes vertices, namely 1(x) = x
forany x in V, and let T denote the embedding map u +— uot = u from g, to 5, .

LEMMA 3.1. The following hold.
@) 1Tullry, < g,
(i) Tk =k,
(ili) T and T* are invertible if |E, \ Ey| is finite.

Proof. First, since

1 2
P, ~ITul3, = 5 X, ASlu) 5 Au() ()P
x,yev xer
1 2 1
=3 2 (A% A ) —u)P
x,yeV

we have (i). Next,
w7 (1 1 1 2
0, THM) sy, = (T k) sy, = (k) sy, = () = (k)

This concludes (ii). If |E; \ Ey] is finite, then %5, = J¢;, as linear spaces. By the
open mapping theorem, we have (iii). [

We note that 7, Ay — T*T and I, A, — TT* are positive semi-definite by (i) of
Lemma 3.1. These two. operators will play important roles in our study. We also note
that K; — K5 is positive semi-definite. Indeed, for any finite sequence (c¢,)yey , we have
that

(K1 = K2) () () = %, exes (kY MY ), — k7 K2 )
xyeV

(=TT Y ek, Y ki) -

xeV xeV
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For a subset 2" of a linear space, span .2~ will denote the linear subspace gener-
ated by 2.

LEMMA 3.2. If |E;\ E| is finite, then
raln(ljgpc2 —-T'T)= span{k,(f) - kﬁz) : A)(cly) < A,(Czy)}
Proof. We set

S = span{k)(cz) - kﬁz) A)(Cly) < A)(Czy)}

Then, since
2 2
(ot =TTt 0) g, = NP, — el

=1 (A% - AD) ) - iy

x,yev

we have that ker(1 gy =T T)=." in #,, and which is equivalent to that ran(/ sy —
T*T)=.7. This concludes the proof. [

REMARK 3.1. We note that the value of inner product ((I My — T*T)u, I/t>(;f62 is
dependent only on Laplace matrices L; and L;.

LEMMA 3.3. If |E, \ Ey| is finite, then
ran(ljfcl —TT") = span{k,(cl) - kﬁl) : A)(Cly> < A,(Czy)}
Proof. Since T : J;, — ¢, is invertible by (iii) of Lemma 3.1 and 7*(/ H, —
TT") = (L, - T'T)T",
T ‘ra“(l'%”cl —TT¥) ran(lfyfc1 —TT") — ran(l{;fc2 —T'T)

is a bijective linear mapping. By (ii) of Lemma 3.1 and Lemma 3.2, we have the
conclusion. [

Now, we shall give another inner product on ran(/ A, — TT*)I/ 2 as follows:

<(Iifcl - TT*)l/zua (I-%”Gl - TT*)1/2V>=%ﬂ(T) = <Pu,PV>,%ﬂGl,

where P denotes the orthogonal projection onto the orthogonal complement of ker(/ A,
—TT*)'/? in A%, . Let #(T) be the Hilbert space with the inner product defined
above, that is, we set

H(T) = (ran(Ly, =TT, () e (r)-

H(T) is called the de Branges-Rovnyak complement induced by T. J2(T*) is
defined similarly. See Ball-Bolotnikov [2] or Sarason [7] for details of general de
Branges-Rovnyak space theory.
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4. Structure of J7(T")

In this section we shall study the structure of .77 (T™). Let Vj be the set of vertices
which are not isolated in G, — G| = (V,E; \ E}), and we set G, © G = (Vy,E» \ E).
THEOREM 4.1. If |E; \ E|| is finite, then
dim .2 (T*) = |Vo| — x(G2© Gy).

Proof. If |E>\ Ey| is finite, I 5, —T*T is a finite rank self-adjoint operator by
Lemma 3.2. Then, by elementary spectral theory, we have that ran(l Ay ~ T*T)1/2 =
ran(l. Mgy — T*T). Hence it suffices to show that

dimran (L, — T°T) = |Vo| — x(G2©G)).

Let S be the linear operator induced by the canonical embedding map of G, © G into
G>, and j, denote the reproducing kernel of J7G,-¢, . Then, by (ii) of Lemma 3.1, we

have that S*j, = k)((z) for any x in V. Hence we have that

S*span{ jx — jy A)(Cly) < A)(Cz)} = span{k)(cz) — kﬁz) A,(cly) < A)(Czy)}

2,

Since kerS* is trivial, it suffices to show that
dimspan{j: — jy : ALy < AZ} = Vol - x(G2© G1).
Howeyver, this is trivial, because

dim(,06, © span{js — jy : ALY <AL} = x(G2©G). O

Here, the authors would like to state another proof of Theorem 4.1. Although this
second proof having graph theoretical flavor is slightly complicated, it seems to give us
further information on the structure of .72 (T%).

Proof. We fix an orientation of H = G, © G = (Vo,E> \ E1). Let B be the in-
cidence matrix of H. Since H = G, © G is a finite graph, setting Vo = {x1,...,x,},

E>\E; ={ey,...,em}, B can be written as follows:
bxhel bx1~,em
bx27€1 bxzaem

B =
bxmel T bxn:em
o

Then, the space span{k)(f) — kﬁz) A,(clv) < A)(fy) } coincides with the column space of

Xp.ep T bx27em

K)o k) £ [ e

F2 = K2B = ) : 2 :
k,(vn)()Cl) k,(vn)(xn) * bxn ep "7 bxn em

* * 0
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Moreover, for ¢ = (cy,...,¢n,0,...) in keer\Rn@{o}, K>e =0 is equivalent to that
S 2)
2 Cjkx ()Cj) =0 ()C S Vo)

and

Hence we have that

Zc kxj i =0 (zeV).

Since reproducing kernels k,(c?), . ,kg) are linearly independent, the dimension of the

range space of F> = K»B is equal to rank B, and we have
dim span{k)(cz) - kﬁz) : A)(Cly) < A)(Czy) } =rank F> = rank K, B = rank B. 4.1)

Moreover, it is known that the kernel of B coincides with the cycle space Z(H) of H
(see p. 55 of [1]). Then by Theorem 9 in Section II of [1], we have that

rank B = |E(H)| —dimZ(H) = |E(H)| = (|[E(H)| = [Vo| + x (H)) = |VO|_X(H24 ”

Combining the equations (4.1) and (4.2), we have
dimspan{k)(cz) —k§ ) A(7y) <A 7y} Vol — x(H).
This concludes the proof. [

Next, we shall see that k,(f) — k§2> plays remarkable role in 57°(T*). Fixing an

orientation of G, © G| = (Vp,E» \ E1), we set fe(2) = k)(cz) - k§2> for e = {x,y} in Es.

THEOREM 4.2. If |Ey \ Ey| is finite, then {fe(z) te € Ey\ E\} is a Parseval frame
Sfor FC(T*), that is,

lulPpiry = 3 N f ) el (e 2(T)).

e€E2\E1
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Proof. For u= (l;fcz —T*T)a, we may take this a from (ker(lfyfc2 —T*T))*.
Then we have that

ul2pirey = (L, — T*T)a,a)
(T*) 2 2
2 2
= llall%, — llal,

= Y la)—ak)P

{xy}EE\E]

= 3 [afP)a,

eEEz\El

> W, — T T)a £2) oo
eEEz\El

= 3 NP O

eEEz\El

5. Structure of 7 (T)

In this section, we shall study the structure of 5#°(T). Let dom(K; — K3) be the

set of finite sequences in EZ(V), and we set h, = k)(cl) — k)(cz)

spaces as follows:

. We define two linear

V= {Z cxhy (Cx)er € dOIIl(K] _K2)}7

xeV
W:{Zcxhxeﬂj/: Z CxcyhX(y):O}'
xev x,yev

We note that
(Ki —=K2)(cx), () vy = D exeyla(y)

x,yeV

for any (cy)rev in dom(K; —K>). Then ([h], [hy]) = h.(y) defines an inner product
on ¥ /A, where [-] denotes an equivalence class in #'/.4". Taking the completion
of ¥/ with respect to the norm induced by the above inner product, we obtain
reproducing kernel Hilbert space %k, x, .

THEOREM 5.1. If |E; \ E|| is finite, then
(i) dimZ(T) = [Vo| — x(G2© Gy),

(ii) €(T) is isomorphic to Ak, —x,.

Proof. By Lemma 3.3 and Theorem 4.1, we have (i). We shall show (ii). Here, we
note that 7 (T) has also a reproducing kernel Hilbert space structure. Let P denote
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the orthogonal projection onto the orthogonal complement of ker( Ay — TT*)I/ % in
K, M u= (L, —TT*)?v, then

(u, (L, =TT WD) ooy = (PY, P(Lgy, =TT V)
* 1
= (L, —TT")" 20, k") g,
= u(x),

that is, (I s, — TT*)k)(Cl) is the reproducing kernel of 7°(T). Then the Gram matrix
of J#(T) is given as follows:
(g, — TTOY, (L, — T )
= (P(Lug,, — TT*) 'Y P(L, —TT*)V2KY) s,
(
= (Y K)o, — (T 1Y)
= (YY), — D D),

Hence the Gram matrix of #(T') is equal to K| — K> . It follows from this that J¢%, _k,
is isomorphic to J#(T). O

COROLLARY 5.1. For finite graphs,

dimker(K; — K;) = (G2 — Gy).

Proof. 1tis easy to see that ¢, _k, = #'/.4 as reproducing kernel Hilbert spaces
and
dimker(K; — K») = dim.4".

Therefore, by Lemma 3.3, we have that
|V| —dimker(K; — K7) = |V| —dim A" = dim 5%, _g, = dim 57(T).

Further, since
V| = x(G2—Gy) = [Vo| — x(G2© Gy) (5.1

for finite graphs, we have the conclusion by (i) of Theorem 5.1. [

COROLLARY 5.2. Let G| C --- C Gy, be a chain of connected graphs having a
common vertex set. If |E, \ E1| is finite, then

n—1

n—1
V(G,©G1)|— Y IV(Gj11©G)| < x(Ga©G1)— Y x(Gjr1©G)).
=1 =1
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Proof. Let 111 :G; — Gjy1 and 1; : G| — G; be canonical embedding maps,
and let T} j : HG,,, — HAg; and T;: HgG, — HG, be operators corresponding to
1j j+1 and 1;, respectively. Since 1; =11 jo---0o1y 2, itis trivial that Tj | = T;Tj ;1.
Further, we note that every T; is invertible by (iii) of Lemma 3.1. Hence, by the fol-
lowing decomposition of 1 A, — T.T;:

n—1
Litg, = Taly = 2 Tt =T i T )T} (Thi= L)
=1

(see also Theorem A 140 in Vasyunin-Nikol’skii [11]), we have that

n—1
dim2(T,,) < Y, dim (T j41).

j=1
Therefore, by Theorem 5.1, we have the conclusion. [

REMARK 5.1. For chains of finite graphs, from (5.1) and Corollary 5.2, we have
the following inequality:

n—1
D x(Gjr1 = G)) < x(Gy = G1) + (n=2)|V]. (5.2)
j=1

(5.2) should be known and elementary among graph theorists. However, it might be
worthwhile mentioning that (5.2) means a dimension inequality for reproducing kernel
Hilbert spaces over graphs.
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