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ON THE STRUCTURE OF SPLIT INVOLUTIVE
REGULAR HOM-LIE ALGEBRAS
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Abstract. We study the strucure of arbitrary split involutive regular Hom-Lie algebras. By devel-
oping techniques of connections of roots for this kind of algebras, we show that such an algebra
L is of the form L=U +[ | 2/ Ij;; with U a subspace of the involutive abelian subalgebra H
Jlen/~

and any I[;) , a well described involutive ideal of L, satisfying [[;,j] = 0 if [j] # [k]. Under
certain conditions, in the case of L being of maximal length, the simplicity of the algebra is
characterized and it is shown that L is the direct sum of the family of its minimal involutive
ideals, each one being a simple split involutive regular Hom-Lie algebra.

1. Introduction

A Hom-algebra is an algebra in which the multiplication is twisted by a linear
homomorphism. The notion of Hom-Lie algebras was introduced by Hartwig, Larsson
and Silvestrov to describe the g-deformation of the Witt and the Virasoro algebras [1].
Since then, many authors have studied Hom-type algebras [2, 3, 4, 5, 6, 7]. Recently,
the notion of the involutive Lie algebras was introduced in [8], and their structures of
split involutive Lie algebras were studied in detail.

As is well-known, the class of the split algebras is specially related to addition
quantum numbers, graded contractions, and deformations. For instance, for a physical
system which displays a symmetry of L, it is interesting to know in detail the structure
of the split decomposition because its roots can be seen as certain eigenvalues which
are the additive quantum numbers characterizing the state of such system. Determining
the structure of split algebras will become more and more meaningful in the area of
research in mathematical physics. Recently, in [9, 10, 11, 12, 13, 8], the structure of
arbitrary split Lie algebras, arbitrary split Leibniz algebras, arbitrary split Lie triple
systems, arbitrary split Leibniz triple systems, arbitrary split regular Hom-Lie algebras
and arbitrary split involutive Lie algebras have been determined by the techniques of
connections of roots. The purpose of this paper is to consider the structure of arbitrary
split involutive regular Hom-Lie algebras by the techniques of connections of roots
based on some work in [8, 10].
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Throughout this paper, split involutive regular Hom-Lie algebras L are considered
of arbitrary dimension and over an arbitrary base field K. This paper is organized as
follows. In section 2, we establish the preliminaries on split involutive regular Hom-Lie
algebras theory. In section 3, we develop techniques of connections of roots for split
involutive regular Hom-Lie algebras. In section 4, we show that such an arbitrary split
involutive regular Hom-Lie algebras L with a symmetric root system is of the form
L =U+%[jjea/~1j With U a subspace of the involutive abelian subalgebra H and
any ;) a well described ideal of L, satisfying [I;), 1] = 0 if [j] # [k]. In section 5,
we show that under certain conditions, in the case of L being of maximal length, the
simplicity of the algebra is characterized and it is shown that L is the direct sum of the
family of its minimal involutive ideals, each one being a simple split involutive regular
Hom-Lie algebra.

2. Preliminaries

First we recall the definition of Hom-Lie algebras and give the definition of invo-
lutive regular Hom-Lie algebras.

DEFINITION 2.1. [10] A Hom-Lie algebra L is atriple (L,[-,].,¢) consisting of
a vector space L, a bilinear map [-,-]. : Lx L — L and a linearmap ¢: L — L satisfying

eyl = =yl
[0(), 2] + [0 (), [z,4]] + [#(2), [x, ¥1]] =0, (Hom-Jacobi identity )

for x,y,z € L. When ¢ furthermore is an algebra automorphism it is said that L is a
regular Hom-Lie algebra.

Let L be a Hom-Lie algebra over the base field K, and let —: K — K be an
involutive automorphism, ( we say that — is a conjugation on K). An involution on L
is a conjugate-linear map, * : L — L, (x+ x*), such that (x*)* = x, [x,y]* = [y*,x*]
and (¢(x))* = ¢ (x*) forany x,y € L. A regular Hom-Lie algebra endowed with an in-
volution is an involutive regular Hom-Lie algebra. An involutive subset of an involutive
algebra is a subset globally invariant by the involution.

Throughout this paper we will consider involutive regular Hom-Lie algebras L
being of arbitrary dimension and arbitrary base field K. N denotes the set of all non-
negative integers and Z denotes the set of all integers.

An involutive subalgebra A of L is a linear subspace such that [A,A] C A and
®(A) = A. A linear subspace I of L is called an involutive ideal if [/,L] C I and
¢ (I) =1. We say that L is simple if the product is nonzero and its only ideals are {0}
and L. From now on, (L,*) denotes an involutive regular Hom-Lie algebra.

Let us introduce the class of split algebras in the framework of involutive regular
Hom-Lie algebras. Denote by H a maximal involutive abelian subalgebra of L. For a
linear functional commuting with the involution

o:(H,x)— (K —),
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that is, o(h*) = a(h) for any h € H, we define the root space of L (with respect to
H ) associated to o as the subspace

Lo ={vq € L:[h,ve] = 0(h)§(vy) foranyh e H}.

The elements o : (H,*) — (K, —) satisfying Ly # 0 are called roots of L with respect
to H. We denote A:={a: (H,x) — (K,—): Ly #0}.
DEFINITION 2.2. We say that L is a split involutive regular Hom-Lie algebra,
with respect to H, if
L=H® (@aeALa)~

We also say that A is the root system of L.

Observe that, we have H* = H . For convenience, the mappings |, (Z>|1,}1 ‘H—
H will be denoted by ¢ and ¢! respectively.

LEMMA 2.3. Forany o, 3 € AU{0}, the following assertions hold.
1. ¢(Lo) C Lyy-1 and ¢~ (La) C Loy

2. [La;L/i] C La¢*'+ﬁ¢*1'

3. (La)* B L_(x.

Proof. 1. and 2. are analogous to [10, Lemma 1.3].

3. Forany h € H and vy € Ly, we have [h,ve]" = (a(R)d(ve)) = () (v5).
From here [h*,v] = —a(h)o(vi) = —o(h*)d(vE,). The facts H* = H and > = %
conclude the proof. [

LEMMA 2.4. The following assertions hold.
1. If o € A then o9~ * € A for any z € Z.
2. Ly=H.

Proof. 1t is analogous to [10, Lemma 1.4]. [J

DEFINITION 2.5. A root system A of a split involutive regular Hom-Lie algebra
is called symmetric if it satisfies that oo € A implies —o € A.

3. Connections of roots

In the following, L denotes a split involutive regular Hom-Lie algebra with a sym-
metric root system A and L = H ® (©gealy) the corresponding root decomposition.
We begin by developing the techniques of connections of roots in this section.

DEFINITION 3.1. Let o and B be two nonzero roots. We shall say that o is
connected to [ if there exists o, -+, 04 € A such that

If k=1, then

l.oye{A¢ " :neNN{£Po " :meN}.

If k> 2, then

1. oy €{0p™":neN}.

2. 000 '+l €A,
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o2+ 2oz €A,
O+ +od+uup ! €A,

T oz o9 €A,

a1¢_k+2+a2¢_k+2+a3¢_k+3+"'+OCi¢_k+i+"'+(Xk,1¢_l cA.
3. a1¢_k+l+a2¢_k+l+a3¢_k+2+---+ai¢_k+i_1+---+Ock¢_1 c {iﬁ(P_m
m e N}.
We shall also say that {o,---, 04} is a connection from « to f3.

Observe that the case k = 1 in Definition 3.1 is equivalent to the fact f = e ¢®
forsome z € Z and € € {£1}.

LEMMA 3.2. The following assertions hold.

1. Forany o € A, we have that 0.9*! is connected to a.p*? for every z1,2o € Z.
We also have that a@*!' is connected to —a.9*? in case —oP* € A.

2. Let {oy,-,04} be a connection from o to B. Suppose oy = a¢™", n€ N.

Then for any r € N such that r > n, there exists a connection {01,---, 0} from o to
B such that o0y = o ~".
3. Let {ay, -, 04} be a connection from o to . Suppose that oy = €¢~"™ in

case k=1 or
R B Y R R T I

in case k > 2, with m € N and € € {£1}. Then for any r € N such that r > m, there
exists a connection {®y,---, 0} from o to B suchthat o) = B " incase k=1 or

al¢7k+l+a2¢7k+1+a3¢7k+2+.“+ak¢71 zgﬂq)fr

incase k> 12.

Proof. They are proofin [10, Lemma 2.2 and Lemma 2.3]. [

PROPOSITION 3.3. The relation ~ in A, defined by oo ~ B if and only if o is
connected to B, is of equivalence.

Proof. This can be proved completely analogously to [10, Proposition 2.4]. [

4. Decompositions

Proposition 3.3 tells us the connection relation ~ in A is an equivalence relation.
So we denote by
A/ ~={[o]: o € A},

where [a] denotes the set of nonzero roots of L which are connected to . Our next
goal is to associate an adequate ideal /|y to any [a]. Fora fixed o € A, we define

Iy jo) := spang{([Lg,(Lg)"] : B € [a]} CH
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and
Vie) := Opejojlp-

Then we denote by [, the direct sum of the two subspaces above, that is,
Tia) = To.Jo) © Viar)-

PROPOSITION 4.1. Forany o € A, the linear subspace Ijo) is an involutive sub-
algebra of L.

Proof. First, it is sufficient to check that I satisfies [, [o]] C Ijo]- BY lo o) C
H, itis clear that [l [, [o)] =0 and we have

Io,(0) @ Viag> Io,[0) © Vieg] € o ja)> Vieg) + Ve Jo,jeg] + Ve Vi |- (4.1)

Let us consider the first summand in Eq. (4.1). For 8 € [e], by Lemma 2.3-2, one
gets [l (o), L] C Lgy-1, where B¢~" € [a]. Hence

lo,[0> Vieg] € Vi (4.2)

Similarly, we can also get

Moy o,a)] € Viey- (4.3)
Next, we consider the third summand in Eq. (4.1). Given B, v € [a] such that
[Lg,Ly| #0,if y=—P, we have [Lg,Ly| = [Lg,L_g| = [Lg,(Lg)"] C I o) Suppose
y# —B, by Lemma 2.3-2, one gets B¢~ +y¢ ! € A. Therfore, we get {B,y} is a

connection from B to B¢ ! + yd~'. The transitivity of ~ gives that B¢~ ! +y¢~! €
(o] and so [Lg,Ly] C Lgy-1,y9-1 C Vig. Hence

[®peeilp Speloilpl C lo,jo) © Vi-
That is,
Vieg» Vil € fjg- (4.4)

From Eqs. (4.1), (4.2), (4.3) and (4.4), we get [I4],][¢]] C Ijq)-

Second, we have to verify that ¢ (I[a] )= Ij - Itis a direct consequence of Lemmas
2.3-1 and 3.2-1.

Third, we have to verify that I[*a] = ljg). Itis easy to have that /; o] = Io,[¢) and
V[’&] = V|o- Taking into account that /j4) := I [¢] B V|o), We have I[’;x] =Ig. U

PROPOSITION 4.2. If [or] # [B], then [I1),1j]] = 0.

Proof. We have

lo,0) ® Vi Lo, 181 ® Vi) C o eg> Vig)] + [Via) dog1] + Vieys Viy)- (4.5)

Let us consider the third summand [V[a],Vw]} in Eq. (4.5) and suppose there exist
oy € [a] and oy € [B] such that [Ly,,Le,| # 0. By known condition [a] # [B], one
gets o # —0p. So ;¢ +opd ! € A. Hence {0,00,—01¢ '} is a connection
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from o) to . By the transitivity of the connection relation, we have o € [B], a
contradiction. Hence [Lg, ,Lq,] =0 and so

Vi), Vig)] = 0. (4.6)

Next we consider the first summand [107[04,V[ﬁ]] in Eq. (4.5) and suppose there exist
oy €[] and o € [B] such that [[Lg,, (Lo, )], ¢(Le, )] # 0. By Hom-Jacobi identity,
we get either [[(Le,)*,La,],¢(Lo,)] =0 or [[Loy,Ley ], ¢((Ley)*)] =0 for any o €
[o] and o € [B]. Hence, we get [(Ly,)*,Lo,] # 0 or [Ley,Lo,] # 0. From here,
[Vie),Vig)] # O in any case, which contradicts Eq. (4.6). Hence, [l 4], Vig)] = 0. In
a similar way, we get [V[a]»lo,[ﬁﬂ = 0 and we conclude, together with Eqs. (4.5) and
(4.6), that [I[a]7l[ﬁ]] =0.

THEOREM 4.3. The following assertions hold.

1. For any o € A, the involutive subalgebra

lig) = 1o[o) © Vo

of L associated to [¢t] is an involutive ideal of L.
2. If L is simple, then there exists a connection from o, to B for any o, € A
and H = ¥ yeplLa, (La)"].

Proof. 1. Since [ljq),H]| = [I|¢],Lo] C V|o), taking into account Propositions 4.1
and 4.2, we have

Uio), L] = [Io), H © (®pefa)lp) © (BygiogLy)] C ljg-

As we also have by Lemmas 2.3-1 and 3.2-1 that ¢(I|y)) = [, we conclude that Ii
is an ideal of 7.

2. The simplicity of L implies /jo) = L. From here, it is clear that [o] = A and
H=Ygella; (L)) D

THEOREM 4.4. Foravector space complement U of spang{[La,(La)*]: 00 € A}
in H, we have

L=U+ Y g
(] eA/~

where any I, is one of the involutive ideas of L described in Theorem 4.3-1, satisfying
lia),11p)] = O, whenever [o] # [B].

Proof. Each I[a] is well defined and, by Theorem 4.3-1, an involutive ideal of L.
It is clear that

L=H® (®qerla) =U+ Y, I
la)en/~

Finally Proposition 4.2 gives us [[jo}, 3] = 0 if [a] # [B]. O
Let us denote by Z(L) the center of L, thatis, Z(L) = {x € L: [x,L] = 0}.
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COROLLARY 4.5. If Z(L) =0 and [L,L] = L, then L is the direct sum of the
involutive ideals given in Theorem 4.3,

L=®gjen/~Ma)-

Proof. From [L,L] =L, itis clear that L = ®|g)cp/~]|¢)- Finally, the sum is direct
because Z(L) = 0 and [I|),[jg)] =0 if [o] # [B]. O

5. The simple components

In this section we focus on the simplicity of split involutive regular Hom-Lie alge-
bras L by centering our attention in those of maximal length. From now on char(KK)=0.

LEMMA 5.1. Let L=H @® (®gealq) be a split regular Hom-Lie algebra. If I is
an ideal of L then I = (INH) ® (Bgea(INLy)).

Proof. We can see L =H @ (©geale) as a weight module with respect to the
split Hom-Lie algebra L, with maximal abelian subalgebra H, in the natural way. The
character of ideal of I gives us that [ is a submodule of L. It is well-known that a
submodule of a weight module is again a weight module. From here, I is a weight
module with respectto L (and H ) andso I = (INH)$ (Bagea(INLy)). O

LEMMA 5.2. Let L be a split regular Hom-Lie algebra with Z(L) =0 and I an
ideal of L. If I C H then I = {0}.

Proof. Suppose there exists a nonzero ideal I of L such that I C H. We get
[[,H] C [H,H] =0. We also get [I,®gecalo] CI C H. Then taking into account
H = Ly, we have [I,®gealo] C HN (DgeaLle) = 0. From here I C Z(L) = 0, which
is a contradiction. [J

Let us introduce the concepts of root-multiplicativity and maximal length in the
framework of split involutive regular Hom-Lie algebras, in a similar way to the ones for
split Hom-Lie algebras (see [10]).

DEFINITION 5.3. A split involutive regular Hom-Lie algebra L is root-multiplicative
if given o, B € A such that ¢~ '+ B¢~ € A, then [Lg,Lg] #0.

DEFINITION 5.4. A split involutive regular Hom-Lie algebra L is of maximal
length if for any oo € A, we have dimLy = 1.

Observe that if L is of maximal length, then Lemma 5.1 let us assert that, given
any nonzero ideal I of L, then

I=(INH)® (®aeaLa), where A; C A. (5.7)

DEFINITION 5.5. A Hom-Lie algebra L is called perfect if Z(L) =0 and [L,L] =
L.
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THEOREM 5.6. Let L be a perfect split involutive regular Hom-Lie algebra of
maximal length and root-multiplicative. If L has all its nonzero roots connected, then
any ideal I of L satisfies I* =1.

Proof. Consider I a nonzero ideal of L. By Lemma 5.2 and Eq. (5.7) we can
write I = (INH) ® (Poea,La) With A C A and A; # 0. Let us fix some oy € Ay so
that 0 # Ly, C . The fact ¢(I) =1 together with Lemma 2.3-1 allows us to assert that

if oo € Ajthen {a¢*:z € Z} C Ay, (5.8)

that is
{Loyp=:2€Z} €1. (5.9)

Let us show that (Le,)* C I. Since og # 0, and taking into account that the facts
L = [L,L] and Corollary 4.5 imply H = Ygca[Lg,(Lg)*], we have that there exists
[6/3,6_/3} #0, erp€Llyp, B € A, such that ao([el;,e_/;]) #0.If Be{xtopop*:z€Z},
as 0% [eqyo,e—ayo:] €1 then e_gy = —o([eayos€—apo:)) " [€apors€—apoc)s€—ap) €1
and s0 Loy = (Loy)* CI. If B & {Low¢*:z€ Z}, as ap and P are connected, the
root multiplicativity and maximal length of L, give us a connection {¢ot, 00, -, 04},
k>2,from o to B satisfying:

op =apd" forsome n € N, and

ap ' +onp! €A,

P2+ +azp ! €A,

o+ ond T o 4 a9 €A,

10 o Lo K4 g T o107 €A

o0 o g b g =B for some m € N
and € € {£1}.

Taking into account that o, 0 € A and o ¢~ + ¢ ~! € A, the root multiplica-
tivity and maximal length of L allow us to assert 0% [Loy, Lay| = Ly 14 gp9-1 - Since
0 # Ly, C I as consequence of Eq. (5.9) we get

0# Lo g14ay91 C1-
A similar argument applied to 0;¢ '+ 09!, oz and

(o' + 09 )+~ =0udp P +onp + o0
gives us 07 Ly, 521 gy024 0501 C 1. We can follow this process with the connection
{061, o, (Xk} to get
0+# Ly o—4+1 4 g+ gy~ poepggp—t C 1

and then
either Lﬁ¢7m Clor Liﬁq)fm cl.
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From Lemma 2.3-1, we now get

LgClorL g=(Lg)" CL. (5.10)

In both case
[Lﬁ,(Lﬁ)*} clI (5.11)

and so [eg,e_pg] € . As givenany e_¢, € L_¢,, We have

e—ay=—00([eg,e_p]) "' [lep.e_pl.e—a,] €1,

we conclude L_q, C I, then we get (Lg,)" C I. Hence, (©gea,La)* = Paea,La-
Finally, the fact H = Ygcx[Lg, (Lg)*] and Eq. (5.11) give us

HCI. (5.12)

As H* = H, we get, in particular, (INH)* = INH . From here, and taking into account
(BoerLa)* = Baea,La. Eq. (5.7) letus conlude I* =1. O

THEOREM 5.7. Let L be a perfect split involutive regular Hom-Lie algebra of
maximal length and root-multiplicative. Then L is simple if and only if it has all its
nonzero roots connected.

Proof. The first implication is Theorem 4.3-2. To prove the converse, write L =
H @ (®geaLly) and consider I a nonzero ideal of L. By Eq. (5.12), we have H C I.
Given any o € A and taking into account o # 0 and the maximal length of L, we have
[H,Lyy1] =Le and so Ly C 1. We conclude I = L, and therefore L is simple. [

THEOREM 5.8. Let L be a perfect split involutive regular Hom-Lie algebra of
maximal length and root multiplicative. Then L is the direct sum of the family of its
minimal involutive ideals, each one a simple split involutive regular Hom-Lie algebra
having all its nonzero roots connected.

Proof. By corollary 4.5, we can write L = @®[qjcp/~1[o] as the direct sum of the
involutive of ideals

L) = lo,jo) ® Vio) = spang {[Lp, (Lg)"] : B € [a]} © (DpejoLp);

where each /iy is a split involutive regular Hom-Lie algebra having as roots system
AI[a] = [a]. To apply Theorem 5.7 to each Ijo), we have to observe that the root-
multiplicativity of L and Proposition 4.2 show that Al[a] has all of its elements Al[a] -
connected, that is, connected through connections contained in A’[a] . We also get that
any of the /4] is root-multiplicative as consequence of the root-multiplicativity of L.
Clearly I|g) is of maximal length, and finally Z , (Ij))=0, (where Z1y (Ij)) denotes
the center of /o) in Ii4) ), as consequence of [/|4),1[g)] = O if [o] # [B], (Theorem 4.4),
and Z(L) = 0. We can therefore apply Theorem 5.7 to any Ij) so as to conclude /[y
is simple. It is clear that the decomposition L = $jyjep/~1[o] satisfies the assertions of
the theorem. [
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