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INVERSE AND MOORE-PENROSE INVERSE OF TOEPLITZ
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Abstract. For integers s,k with s <0 and k£ > 0, we define a class of lower triangular Toeplitz

)

matrices %(S‘k

Ui(“‘b) . In this paper, we derive a convolution formula containing the Horadam numbers. Us-

ing this formula, we obtain several combinatorial identities involving the Horadam numbers and
the generalized Fibonacci numbers. In addition, we derive the inverse of the lower triangular

of type (s,k), whose non-zero entries are the classical Horadam numbers

Toeplitz matrix “Z/n(o’k) and the Moore-Penrose inverse of the strictly lower triangular Toeplitz
matrix %(S‘k) (s < 0) by utilizing only the Horadam numbers.

1. Introduction

Let " be the set of m x n complex matrices, for every ./ € €"*" the Moore-
Penrose inverse of matrix .27 is the unique n x m matrix <77 with the following four
properties:

AA A =, A AA =, (A =, (A A=A A

where &7* denotes the conjugate transpose of .o/ .

The Moore-Penrose inverse, also called pseudoinverse, is one fundamental con-
cept in matrix theory, and there are several methods for its computation [6, 3]. The
most commonly implemented method in programming languages is the Singular Value
Decomposition (SVD) method, that is implemented, for example, in the “pinv” func-
tion from Matlab. This method although is very accurate, but time consuming when
the matrix is large. There also exist several other well-known means including the Gre-
ville’s algorithm, the full rank QR factorization by Gram-Schmidt orthonormalization
(GSO), and iterative methods of various orders [6].

Up to now, many kinds of generalizations of the Fibonacci and Lucas sequences
have been described and studied in the literature [4, 5, 15, 13]. In this paper, we aim
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to use the classical Horadam sequence {U,Sa’b)}nezv for the generalization, which is
defined as [13],
Un(uvh) :AU(uvh)

n—1

(a,b)

b) o lab
+BUI1—2’ UO )

a,b)

=a, U =p, (1)

where a,b € R and A2+ 4B > 0. Obviously, if we choose A =B =1 in (1), then we
obtain the well-known generalized Fibonacci sequence {G, }nen [14].

For the Horadam sequence {U,Ea7b)}neN, the following generalization of the Bi-
net’s formula for the Fibonacci number holds [13],

U =i+ eop”, )
where
. a(A% +4B) + (2b — aA)VAZ + 4B a(A?44B) — (2b —aA)VAZ +4B
1= =

2(A%2+4B) ' 2(A%2+4B) '

2 T 2

The Toeplitz matrices belong to a family of special matrices of great interests,
they are arised in scientific computing and engineering such as image processing, time
series analysis and the control theory [2, 7]. In recent years, the investigation of some
special Toeplitz matrices attracts much attention. Akbulak and Bozkurt [ 1] found lower
and upper bounds for the spectral norms of Toeplitz matrices with entries the classical
Fibonacci and Lucas numbers. Shen [1 1] generalized the results of [1]. Lee et al. [8, 9]
gave the inverse and Cholesky factorization of the n x n Fibonacci matrix %, = [f; ;]
(i,j=1,2,---,n) whose entries are defined as

. Fiji, if i—j+1>0,
“ o, if i—j+1<0.

a_f4+VA2+4B 3 A—+A?+4B

3)

They also studied the relations between the Pascal matrix and the Fibonacci matrix.
Analogous to the Fibonacci matrix, the Lucas matrix ., = [[; ;] (i,j=1,2,---,n) of
the order 7 is defined as

Lioji, if i—j>0,
hJ:{ o @)

0, if i—j<O.

The authors in [16] investigated the inverse of the matrix %, and the relations
between the Lucas matrix and the generalized Pascal matrices.
Obviously, the matrices given in expressions (3) and (4) are lower triangular Toeplitz

matrices. Further, Stanimirovic€ et al. [13] defined an n x n Toeplitz matrix %}”’h’x) =

[uf‘;hx)} (i,j=1,2,---,n) of type s, where

a,b . . R
u(a',b,s) _ Ui(fjll’ if i—j+520,
7 0, if i—j+s<0.
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When A = B = 1, the matrix %, “*") is the generalized Fibonacci matrix .7,

(a,b,0)

of type s, they [13] also derived the inverse of the matrix % , and considered

correlations between the matrix %n(abo) and the generalized Pascal matrices of the

first and the second kinds. In addition, Shen and He [12] presented an explicit formula
for the Moore-Penrose inverse of the matrix %n(a7b7_l)
results from [10].

We organize this paper as follows. In Section 2, A convolution formula containing
the Horadam numbers Ul-(a’b) is given. Using this formula, we get several combinatorial
identities involving the Horadam numbers and the generalized Fibonacci numbers. In
Section 3, we define a class of lower triangular Toeplitz matrices %(s’k) of type (s,k),
whose non-zero elements are the Horadam numbers. Afterwards, we derive the inverse
of the lower triangular Toeplitz matrix %(O’k) and the Moore-Penrose inverse of the
strictly lower triangular Toeplitz matrix w4 (s < 0), which are only related to the
Horadam numbers. As the special cases of our main result, we obtain several results

from [12, 13, 14] as corollaries.

, which generalized the main

2. Combinatorial identities based on the convolution

In this section, we first introduce the notion of the convolution, then obtain a con-
volution formula containing the Horadam numbers Ul-(c“b) . Using this convolution for-
mula, we obtain some known combinatorial identities involving the Horadam numbers
and the generalized Fibonacci numbers from [13, 14].

Let u={uj,up, - ,u,} and v={vy,va, -+, v,} be two lists with n elements, then

the convolution * of u and v is

n

u*xy= 2 UiVp—j+1-
i=1

In the next theorem, we present a convolution formula of a list containing the
b (a.b)
Horadam numbers Ul-(a’ ) with corresponding powers of Iljli @h—» Where m > 0 and

m+1

U, +1 ;é 0. For convenience, we use the following notation

(a,b) (a,b)\ r—2
L (a,b) (a,b) —BU,, —BU,,
Con(r,m) := {Umﬂ7...,Um+r_1}*{l,w,...7(W .
m+1 m+1

THEOREM 2.1. Let m, r be two lntegers with m >0 and r 2 and {U },,eN
be the Horadam sequence. If B # 0, m+1 7é 0 and o, # _5 25—, then we have

nH»l

U(aab)U(%b) _ U(aab)U(%b)

Con(r,m) = Ulh) . I —mr il ] (5)
U - WA
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Proof. Obviously (5) is right if U( ) — 0. So we consider the case U (a,b) ;é 0
(al
in the sequel. Since o, # — G “5—» then applying (2) and simple transformations, we
m+1
obtain

(a,b) r—1-2
BU,
Con(r,m) 2U1+m+1 (7;;) )

Um+ 1

= I+m+1 I+m+1 _BUVEIQJJ) T
= (e 4B ) — @

=0 m+1
(a,b) - (ab) "= = (a,b) !
—BU,; —BU, BY,
o m+1 m+1 m+1 m m+1
o ued 2( BUY ) el ot 2( B! )
1 =0 m m+1 =0 m
—au,%)} [ )]
— gylad) BUm m+1 su”) 505"
m rlab) | (ab) )
m+1 —I—OCU +ﬁ m+1
BUm b b)
1 |:( l)r 2mtl. (U(abl)), S m+rU a, ):| (BU a, +ﬁ m+1)
(BU,Ef7 )+OCU(£3_1))(BUm ﬁ m+l)
r—2am BU( m+r ab ab
cz[(_l) 2gmit. (( w)), L preryh)] Bue? 1 au®h)

+
BULS" + aU ) (BUNY + BULT)

From of = —B, oo+ =A, we get

(Bus® + v ) (BUS + BU) = B (Ui Uy — 01R).

The numerator of Con(r,m) can be transformed after simple algebraic transforma-
tions in the form

(a.b)\r (a,b)\r—1
BUm BUm m-+r a,
(—1)r2clam+l<((U(a,b))22+ﬁ ((U(a,b)))r_3 >+CIO‘ " (BUrEHrl) o +ﬁ[ m+1]2>
m+1 m+1
(a.b)yr (a.b)yr
— m BUm BU m-+r a, a,
+(_l)r 2C2ﬁ +1<( ) rzz_’_a( P ) >+C ﬁ + (BUIEH-I)U( h)+(X[U’£1+}71)]2>.
(Uerl ) (Um+l )
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Applying Binet’s formula (2), then we obtain

1
Con(r’m) = a,b a,b a,b
B0, ~ U, P)
(a’b) (uvh) r—1
r— a,b) (BUm ) ab) (BUm )
x (_1) 2<U"(1+1 (ab)\r—2 _BU( (ab)\r—3
(Um+l ) (Um+l )
R s U
(a,b)y,(a,b) (a,b)4,(a,b)
_ U( 1) . Un Um+r B Um+l Um+r—1
m+ a,b a,b a,b
PO

Thus, the proof is completed. [

If we take m = 0 in Theorem 2.1, then we obtain

COROLLARY 2.2. [13] Forthe Horadam sequence {U,Ea’b)}ngv satisfying b # 0,
o, f# _T“B, and for two arbitrary integers i, j satisfying i > j+ 2, we have
i gk—i—2pk—i-1
(@B+abA—b?) Y (—1)2
k=j+2

(a,b)
Pkt i—k+1 = b2

(a.b)

Ul (©)

<>§
U b

Proof. Obviously, (6) is valid for B = 0. In the case B # 0, we select m =0 in
Theorem 2.1, then it follows that

- (a.b) (a.b)
3 yed) <—_“B>r v b(au -y

T @BtabA—b?

If r =i— j, then together with some simple transformations, the result can be
derived by applying identity

" —aB / (ap) [ —aB k=j=2
2 = 2 Uik b :
1=2 k=j+2
So we complete the proof. [
If we take A =B =1 in Theorem 2.1, then we obtain the following combinatorial

identity involving the generalized Fibonacci numbers G;.

COROLLARY 2.3. [14] Let m, r be two integers with m > 0 and r > 2, and
{Gp}nen be the generalized Fibonacci sequence. If Gpy #0 and o, 3 # G’” , then

Gt
we have

—Gp ! Gme+r - G1n+1Gm+r—1
Grim— =Gt .
z -l < m+1 ) i Gme+2 - (Gm+1)2
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. . sk
3. Inverse and Moore-Penrose inverse of matrices %(" )

In this section, we will study a class of lower triangular Toeplitz matrices %n(s’k)

of type (s,k), whose non-zero entries are the Horadam numbers satisfying U,gi’f) #0.

DEFINITION 3.1. Let s, k be two integers with s <0 and k> 0, and {U (a,5) },,GN
&)
= [u]

be the Horadam sequence satisfying Uk ;é 0. The n x n matrix %," (k) — if

(i,j=1,2,---,n) of type (s,k) is defined as

a,b . . .
u(s K, { Ui(—/j-i)-s+k+l7 if i—j+s20,

b 0, if i—j+s<0.

Obviously, if A =B =1, the matrix %(S’k) is just the generalized Fibonacci matrix
%('Y’k) of type (s,k) reported in [14]. If s = 0, we use notation %(k) = %(O’k). Bearing
this in mind together with the specific structure of this matrix, %(S’k)

as the following block form

2 — (@—s)?k()nﬂ) ﬁ(—s)x(—w)
%-‘rs ﬁ(nJr.\') X (—s)

can be rewritten

where 0, denotes the p X g zero matrix, and

(a,b)
Uk(i}a) o
U U 0
2= T @
(a-,b) (u,l;) - (;,h)
Uk+n+s Uk+n+s—1 Uk+1

LEMMA 3.2. Let r be an arbitrary positive integer {U,Sa’b)},,eN be the Horadam
(a.b) (a b)

sequence with Uk(i’f) #0. If a = B[{I 5= or B= Th)’ then we have
7R Uit
(ab)y;(ab) (a.b)y (ab) _
U1 U5 — UL U5 =0. ®)
Proof. Obviously (8) is valid for B = 0. In the rest we consider B # 0. If o =
—By*?
W then we have
U,
k+1

A+VATra  —BUY

N (ab)
2 Ups
After applying simple algebraic transformations, we get
a,b a,b a,b) a,b) a,b a,b a,b
L B(U*"))2 +AU,§ Lyt mu v aul)  utusd

a,b a,b ab ab
et vy ()2 ()2
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a,b a,b a,b
Hence Uk( ’ )Uk(+’2) = (U,{(+1))2.

On the other hand, since ot + 8 = A and o — B = VA2 + 4B, we obtain
o=y 2b—aA 2b—a(a+pB) b—aP
' 27 2/A%14B 20@-B)  oa-p’
_a 2b—aA  a 2b—a(a+B) ao—b
@2 2vATiaB 2 20@-P)  a-B

By applying Binet’s formula (2), one has

)

2
vy = (US)) = crea(aB) (e — B)? = (~B)(a®B+abA — b?).

Therefore it follows that

UL - U0 = crea(@B) e ) (e = )
_ <—B>’<+1<ff++4zzm ) gty g,
Similarly, we can verify the validity of (8) for f = %ﬁ;w Thus the proof is com-
pleted. O

THEOREM 3.3. Let {Un(u’h)},,e;v be the Horadam sequence satisfying Uk(i’f) #0.
Then the inverse of the matrix %(k) is the matrix %, = [r,-h,']nxn defined by

ab)\ i—J=2
—1)*BH (@2B+aba—b?) [ ~BUS” o
( ) (([jﬁh) 3a ) ( (a]fb) ) l_f 1> ] + l,
(WUeh') Uih
e R
riji=19§  ,(ab if i=j+1,
O W
SICON if i=j]
k+1
0, otherwise,

where k is an arbitrary integer satisfying 0 < k < n.

Proof. Letus denote %(k) = [ul(];)] ,and 77, = [h; ;] as the matrix product %(k) 7
Clearly h; j =0 for i < j.
For the case i = j, we get

1
hi,j = Mgf;)ri,i = Uk(if) ’ (a,b) =1

k+1
For i=j+ 1, we have
(k)

ok L
jt,Tid T UL T

a,b
B Uk(+’2) ]

hij = u

_ p/lab) (a,b)
=Ur T (ab) U1
k+1

a,b
(U2

=0.
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For i > j+ 1, we obtain

i
o k) (K) (k)
hij = wijrjj+u; i+ 2 Wi goli—l+2,
1=2

U
L e
VBN @BrabA ) ( —BU\*? ) =il
) =N

(a,b)

Let r =i— j. Then we have WP =u and u® = U"Y hence

i,j k+r+1 i,j+1 k+r ?
(a,b) (a,b)
b — Ui B Uiin (a,b)
ij = b ) ktr
Uiy )y
(—1)*B Y (a?B + abA — b?) 2 ( —BU“ >) -
(a.b) l+k 1 —b
) = Uty
a,b a,b
U]<(+/1)Uk(+r3-1 UI<(+2)UI<(+}) (—D*B*"! (@B +abA — b?)
= @ + @ Con(r,k).
Uiir) Uiir)
_prslab) _prslab)
Obviously h; ;=0 for B=0. If o = 531%) or = %, by applying (8), one
k+1 k+1
can verify h; ; = 0.
yed)
If B#0 and o, 38 # — £, using the result of Theorem 2.1, we obtain
A+l
(a,b) 1 (ab) (a,b) 1 (ab)
b — Ukil Uk+r+1 Uk+2 Ukir
. 0))?
(a.b) ryr(ab)y,(ab) a,b a,b)
+(_1)k3k+1(a23+abA_b2)_ U U U _Uk(+1)Uk(+r—1}
U(ll.,b) 3 U(a’b)U(mb) U(ll.,b) 2
( k+1 ) k k+2 _[ k+l]
(a,b) 1 (ab) (a,b) p 1 (ab) (a,b) 1 (ab) (a,b) 7 ;(ab)
UUS -0 BOSTUE U O )
- (a,b) a,b
NP )2
(a,b) iy;(a b
_ Ukil (Uk+rll _BUk(+r)1) Ulgir)(Uk(JrZ) BU( ))
- a,b
)2
=0.

So we prove that 77, is the n x n identity matrix. Similarly, one can verify %n%(k) is
also the identity matrix. Thus, the proof is completed. [J
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If we take k = 0 in Theorem 3.3, we obtain the inverse of the nonsingular matrix
%, (a,0,0) )

COROLLARY 3.4. [13] Let {U,Sa’b)},,ezv be the Horadam sequence satisfying b #
0. Then the inverse of the matrix %(u’h’o) is the matrix 2, = [x,-7 j]an defined by

(_1)i—j.uzB+ubA7h2ai—j—2Bi—j—17 ifi>j+1,

pi—j+1
B bA . . .
_%7 lf‘ 1=] + l!
Xij = 1
b’ lf =1
0 otherwise.

b

If we take A =B =1 in Theorem 3.3, we get the inverse of the matrix %(k)
involving the generalized Fibonacci numbers.

COROLLARY 3.5. [14] Let {G, }nen be the generalized Fibonacci sequence sat-

isfying Gyy1 # 0. Then the inverse of the matrix %(k) is the matrix %, = [Vi jlnxn
defined by

i—j—2
7“%(“2””2)(‘0") s,

(Geg1)? Grr1
Vij= _(GGAT?)Z’ ifi=j+l
G if i=],
0, otherwise,

where k is an arbitrary integer satisfying 0 < k < n.

At last, we derive the Moore-Penrose inverse for the singular matrix %n(s’k) (s<0)
given by Definition 3.1.

THEOREM 3.6. Let s <0, k> 0 be arbitrary integers, and {U,Ea’b)},,eN be the
Horadam sequence satisfying Uk(i’f) #0. Then the Moore-Penrose inverse of the matrix
%(S’k) is the n X n block matrix 2, given by

9, — <ﬁ<n+s>x<—s> Ronss )
n — 9’
ﬁ(fs) X (—s) ﬁ(fs) X (n+s)

where Xpis = [rij] is an (n+s) x (n+s) matrix given by

i
Cykpktl 2 2y [~y "/ o
(—1) B (2B-abA b)( 24 sl

ab
) Uy
£

) = if i=j+1,
rij = (Uliill)))27 ‘f J

1 o

(ab) » l.f 1=

Uk+1)

=}

otherwise.

)
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Proof. Since the matrix %n(s’k) can be expressed as

%(s,k) _ < ﬁ(fs) >(<k8n+s) ﬁ(fs)x(fs) )

%-‘rs ﬁ(nJrs) X (—s)
where %H(JM is given by (7). Hence the Moore-Penrose inverse of the matrix %;," () has
the following representation
; Vi gy k-1
[%n(&k)]l' _ (n+s)x(—s) [ n+s] .
O(—s5)x(=5) O(=s)x(nts)
Thus, we get the desired result by using the result of Theorem 3.3. [
If we take s = —1, k=1 in Theorem 3.6, we obtain the Moore-Penrose inverse

of the matrix %, >V,
COROLLARY 3.7. [12] Let {Un(u’h)}ng;v be the Horadam sequence satisfying
aB+ bA # 0. Then the Moore-Penrose inverse of the matrix %n(a’b’_l) is the matrix

Y = Vi jlnxn defined by

2.2
—(—bByi~iV BB e s i, AL,

(aB+DbA)—
AB+(A%+B)b
Vi = —4 (aBSrhA)z) ) if i=]j, l¢{l7n}’
ij =
T if i+1=}
0, otherwise.

If we take A = B =1 in Theorem 3.6, we get the Moore-Penrose inverse of the
singular matrix g >h) (s<0).

COROLLARY 3.8. [14] Let s <0, k >0 be arbitrary integers, and {Gy}nen be
the generalized Fibonacci sequence satisfying Gy # 0. Then the Moore-Penrose of

(s,k)

the matrix 4, is the n x n block matrix #, given by

% _ (ﬁ(n+s)><(—s) g/nJrs >,
O(—s5)x(=5) O(=s)x(nts)

where %,y = [y ;] is an (n+s) x (n+s) matrix defined by

i—j—2
7“%(“2””2)(‘0") s,

(Gig1)? Gy1
_ GI\+2 . .
Yij = (Giy1)?? if i=j+l
1 .
[l ifi=j

0, otherwise.
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