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ESTIMATES ON SINGULAR VALUES OF
FUNCTIONS OF PERTURBED OPERATORS

QINBO LIU

(Communicated by V. V. Peller)

Abstract. This is a conitunation of [1] and [2]. We prove that if function f belongs to the class

Ao Z {f : ws(8) < const ®(8)} for an arbitrary modulus of continuity @, then s5;(f(A) —
1

fB) <c-o((1+)) 7llA- BHsﬁ,) || flla, for arbitrary self-adjoint operators A, B and all

1< j<I, where o, (x) &y I %dt (x> 0). The result is then generalized for contractions,

maximal dissipative operators, normal operators and n-tuples of commuting self-adjoint opera-
tors.

1. Introduction

In this note we study the behavior of functions of operators under perturbations.
We are going to find estimates for the singular values s, (f(A) — f(B)), where both A
and B are arbitrary self-adjoint or unitary operators. These results are based on the
methods developed in [1] and [3] for estimates of operator norms || f(A) — f(B)]|, in
these papers the authors provedif f belongs to the Holder class Ay (R) with 0 < o < 1,
then || f(A) — f(B)|| < const ||f]|a,]|A — B||* for all pairs of self-adjoint or unitary
operators A and B. The authors also generalized their results to the class Ay, and
obtained estimate || f(A) — f(B)]|| < const || f]|a, @« ||A —B]|.

In [2], it was shown that for functions f in the Holder class Ay (R) with 0 < o < 1
and if 1 < p < o, the operator f(A) — f(B) belongs to S/, , whenever A and B are
arbitrary self-adjoint operators such that A —B € S,,. In particular, it was proved that
if 0 < o < 1, then there exists a constant ¢ > 0 such that for every [ >0, p € [1,0),
f € Ay(R), and for arbitrary self-adjoint operators A and B on Hilbert space with
bounded A — B, the following inequality holds for every j <!:

s5i(f(A) = f(B)) <c [ fllagm)(l +j)_% |A —B||g‘é (see (3.1) for definition).

In section §3, we generalize this estimate to the class Ay, and also obtain some lower-
bound estimates for rank one perturbations which also extend the results in [2]. In
section §4, similar estimates are given without proofs in case of contractions, maximal
dissipative operators, normal operators and n-tuples of commuting self-adjoint opera-
tors.

Necessary information on Space A, is given in section §2. We refer the reader to
[1] for more detailed information.
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2. Space Ay

Let @ be a modulus of continuity, i.e., @ is a nondecreasing continuous function
on [0,e0) such that w(0) =0, @(x) > 0 for x > 0, and

o(x+y) S o)+ o), xye[0e)
We denote by Ay (R) the space of functions on R such that

ar o ) = FO)]
1/l aw(r) = iiry) o(|x—y|)

The space Ay (T) on the unit circle can be defined in a similar way.
We continue with the class A, of functions on T first. Let w be an infinitely
differentiable function on R such that

1
w>0, suppw C [5,2}7 and w(x) = 1 —w(%) for xe[1,2. (2.1

Define a C* function v on R by
v(x)=1 for x€[—1,1] and v(x) =w(|x]) if |x| > 1. (2.2)

Define trigonometric polynomials W,,, an and V;, by

k
Wn<2>=ZW<z_n)Zk7 n>1, Woz)=Z+1+z and W;(z) =Wal2), n

WV
o

Va(z) = 2\)(%)1’2 n>l.

keZ

Vi, is called de la Vallée Poussin type kernel.
If f is a distribution on T, we define f,,, n > 0 by

fo=fWat fxWE n>1, and fo=f*W,
Then f = S,z0fn and f— V=37, 1) fu-

Now we proceed to the real line case. We use the same functions w, v as in (2.1),
(2.2), and define functions W,,, W,,jj and V,, on R by

FWp(x) = w<21) FWE(x) = FWy(—x), nel

and

where % is the Fourier transform:

(F9)0) = [ femax, feLt
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V,, is also called de la Vallée Poussin type kernel.
If f is a tempered distribution on R, we define f,, by

fao=FxWat fxW nel.

‘We will use the same notation Ay, W, W,f and V,, on R and on T in the follow-
ing discussion.

In [1], it is proved that there exists a constant ¢ such that for an arbitrary modulus
of continuity  and for an arbitrary function f in A4, the following inequalities hold
forall n € Z, in R case, or forall n > 0, in T case:

If = f*Vallee < co27")[| flla, (2.3)

1f * Walle= < co@)If lags 15 Willz= < co@™)]|f I, (2.4)
Let .#/(R) be the space of all tempered distributions on R. Denote by .| (R)

def

the set of all f € #/(R) such that supp Zf C [0,). Put (Ap(R)), = Ap(R)N

def

<! (R) and Cy ={z€ C:Imz> 0}. Then a function in A, (R) belongs to the space
(Aw(R)) . if and only if it has a (unique) continuous extension to the closed upper
half-plance clos C that is analytic in the open upper half-plane C; with at most a
polynomial growth rate at infinity.

3. Estimates on singular values of functions of perturbed
self-adjoint and unitary operators

Recall that if 7 is a bounded linear operator on Hilbert space, then the singular
values s;(T), j > 0, are defined by

s;(T) = inf{||T —R|| : rankR < j}.
For [ > 0 and p > 1, we consider the norm Si, (see [9]) defined by
!

ITllg, % (X (s(7)))

j=0

==

3.1)

It is shown in [13] and [2] that if f is an entire function of exponential type at most ¢
that is bounded on R, and A, B are self-adjoint operators with bounded A — B, then

17(A) = F(B)|| < const o [|f|[~[|A — BI|, (3.2)

and
15 (A) = f(B)ls, < const & || f]|=[|A = Blg, - (3.3)

For the proof and more details, see [1], [2], [8], [10], [11] and [13].
Given a modulus of continuity @, define functions @, and w; by

0 (x) zx/ %dl, x>0
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a)j(x):x/ m(;)dt—i—/ m(t)dt, x>0.
x I 0o t

In this paper, we assume that @; is finite valued whenever it is used.
For example, if we define @ by

and

okx)=x* x>0, 0<a<l,

then @;(x) < const @(x).
It is well known (see [6], Ch.3, Theorem 13.30) that if @ is a modulus of continu-
ity, then the Hilbert transform maps A, into itself if and only if @y(x) < const @(x).

THEOREM 3.1. There exists a constant ¢ > 0 such that for every modulus of con-
tinuity @, every f in Ay(R) and for arbitrary self-adjoint operators A and B, the
following inequality holds for all | and forall j, 1 < j<I:

$i(f(A) ~ (B) < o (1+ )74~ Bllg) | fllaa- (3.4

Proof. A and B can be taken as bounded operators (see [3], Lemma 4.4), then
we may further assume f is bounded. Let Ry = YN (f,(A) — fu(B)), Oy = (f —
S*Vn)(A) = (f — f*Vy)(B). Here f, and the de la Vallée Poussin type kernel Vy
are defined as in §2. Then f(A) — f(B) = Ry + On, with convergence in the uniform
operator topology as shown in [1]. Note that for any integer m € Z, functions f,, and
f — f*V,, are entire functions of exponential type at most 2”1, Thus it follows from
(3.2), (3.3), (2.3), and (2.4) that

lonll < ¢ @27%) - || fllags

and
1R lls1, < Z ([ fn(A B)lls),
N
<c: Z " lfall=) - IA=Bllg,
<c2V-o.27V) A Bllsy - [l/lla  (see [1D)
Then

5i(f(A) = f(B)) < s;(Rn)+ | Qn < (14j)7 /7 1R |[s1, + 1Ol

<o [(14+)77 -2V 0.2 A - Bllg + o) - |f]a,

1
Take N suchthat 1 < (1+j) 7 -2V ||A — Bl <2 and use the fact that (1) < o. (1)
forany t > 0, we get (3.4). [
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THEOREM 3.2. There exists a constant ¢ > 0 such that for every modulus of con-
tinuity @, every [ in Ay(T) and for arbitrary unitary operators U and V, the follow-
ing inequality holds for all | and forall j, 1 < j<I:

si(fU) = f(V)) <c-o.((1 +i)7 1 =Vllg,) - 11l Aa- (3.5)

Proof. If (1+ j)
Ry = SN0 (aU) = fu(U))3 i (14 ) 7 -[[U =V > 2, then

1
p|lU-V]| st, < 2, the proof is similar to Theorem 3.1 with

si(fU)=fV) <IfO)=fV)ll < c-o([U=VI)-[fllap S - @u(2)-[[flla,- O
COROLLARY 3.3. Let @ be a modulus of continuity such that
0y (x) < const o(x), x=0.

Then for an arbitrary function f € Ay(R) and for arbitrary self-adjoint operators A
and B, the following inequality holds for all | and forall j, 1 < j<I:

i (f(4) — £(B)) < const o((1+ ) 74— Bllgy) | £,

Let H, 7 be the Hankel operators defined in [2].

THEOREM 3.4. Let @ be a modulus of continuity on T. There exist unitary op-
erators U, V and a real function h in Ae,((T)) such that

rank(U —V) =1 and sm(h(U)—h(V)) = o((1 +m)~1).

Proof. Consider the operators U and V on space L,(T) with respect to the nor-
malized Lebesgue measure on T defined by (see [2])

Uf=7zf and Vf=2zf—2(f, 1)z, felL>
For f € C(T), we have

fG—k), if j=0,k<0;

(FU) = f(V), ) = =28 F(i—k), if j<O0, k>0;
0, otherwise.

Define function g by

=

g0)=F 0@ +T ), CeT.

n=1

Then we have

g % Wpllz~ < const @(27"), |lg* Wi~ <constw(27"), n>0.
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Let &, N be two arbitrarily different fixed points on T, choose N > 0 such that %

2 N
E=a S < 1, then

18(& Z\gn M+ 1(g—gxWw)(&) — (g —g+Vw)(n)l

E\gn nl+2 Z gnllz=

n=N-+1

c0nst22n||gn||L°°\§ n|+2 Z | gnll =

n=0 n=N+1
constZZ ®(27)|E — |+ const 2
n=0 n=N-+1

)
<consta)*(|§—n|)+const/ Tdt
0

< const @ (|€ — 11]).

Consider the matrix Fg = {g(—] — k)}j}l,k}O = {gA(j+k)}j>17k>0.
Let n > 1. Define matrix 7, = {g(j +k+4""1 + 1)}0<j’k<3,4,171 , then

(4™

If R is any matrix with the same size of T, such that rank(R) < 3-4"~!, then ||T, —
R|| > o(4™"). It follows that s;(T,) > w(4™") for j < 3-4""!. For each T,, there is
some orthogonal projection P, such that T, = P, T’y P, , hence s;(I'y) > 5;(T,) > 0(47")
for all n and forall j, j < 3.4~ Thus for all j =0, we have
3 3
Tz o= (+1)7") >3 1
5iTg) Z 0 16- G+ D)) = -0((+ 1)),

To complete the proof, it suffices to take 7 = ? 2o, [

COROLLARY 3.5. Let @ be a modulus of continuity such that
;(x) <const w(x), 0<x<2.
There exist unitary operators U, V and a real function h in Ay(T) such that

rank(U—V)=1 and  s,(h(U)—h(V)) > o((1+m)"").

THEOREM 3.6. Let w be a modulus of continuity on T and f be a continuous
function on T. If for all unitary operators U and V, we have

sa(F(U) = F(V)) < const o((1+n) 7|U—V]|s,), forall n>0,
then f € Ap(T).
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Proof. Let {,n € T, we can select commuting unitary operators U and V such
that so(U—V)=s51(U—-V)=...=5,(U-V)=|{—1n| and sx(U—-V) =0, k>n+1.

Then s,(f(U) = f(V)) = [£(E) =f()]. U =Vls, = (1+m)7-|g—n]. O

THEOREM 3.7. Let w be a modulus of continuity on R and f be a continuous
function on R. If for all self-adjoint operators A and B, we have

52(F(A)— £(B)) < const @((1+n) 7||A—B|s,), forall n>0,

then f € Ap(R).
Proof. Similar to Theorem 3.6. [

THEOREM 3.8. Let w be a modulus of continuity over R. There exist self-adjoint
operators A, B, and a real function f in Aw,(R) such that

rank(A — B) = 1 and su(f(A)— f(B)) = o((1+m)™"), forall m>0.

Proof. WLOG, we assume ©(¢) = o(2), forall 7 > 2, that is, ® can be regarded
as a modulus of continuity on T.

We then choose a function (see [2], Lemma 9.6) p € C~(T) such that p({) +
p(il) =1, p(&) =p(L) forall { €T, and p vanishes in a neighborhood of the set
{—1,1}. Note that p € Ap(T), since w(st) > jw(t), forallz >0 and s, 0 <s < 1.

Define function g; by

=3

a@) =Y 0@+, CeT

n=1

Then g1 € Aw,(T). If go = Cpg for a sufficient large number C, then g € A, (T),

vanishes in a neighborhood of the set {—1,1} and go(§) = go(§) forall { € T, and
sm(Hgy) = @((1+m)~") forall m > 0.

Define ¢(x) = (x> +1)~!(as in [2], Theorem 9.9), then there exists a compactly
supported real bounded function f such that f(¢(x)) = go(i‘fﬁ) and a simple calcula-
tion shows that f belongs to A, (R). Denote L2(R) the subspace of even functions
in L*(R). Consider operators A and B on L2(R) defined by A(g) = H 'M,H(g) and
B(g) = ¢g, here H is the Hilbert transform defined on L*(R) (see [2]) and M, is the
multiplication by ¢. Then rank(A — B) = 1, and we have

sm(f(B) = f(A)) = V2su(Hfop) = V2sm(Hyy) = V20 ((1+m)""). O
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4. Estimates for other types of operators

The following estimates are given without proofs in case of contractions, maximal
dissipative operators, normal operators and n-tuples of commuting self-adjoint opera-
tors.

THEOREM 4.1. There exists a constant ¢ > 0 such that for every modulus of con-
tinuity , every f in (Aw(R)) N and for arbitrary contractions T and R on Hilbert
space, the following inequality holds for all | and forall j, 1 < j<I:

i)~ F(R) < c o ((1+)) 77 1T = Rllg, )11l A0

To prove this result, the following result is important (see [1], [2] and [12]):
There exists a constant ¢ such that for arbitrary trigonometric polynomial f of
degree n and for arbitrary contractions 7" and R on Hilbert space,

I(A(T) = F(R)Is, < e nllfll=IIT = Rlls,-

Denote .# the Fourier transform on Li(R"), n > 1 by:

(FN0) = [ e ax,

where
X=(X1,.00,%0), 1=(t1,---stn), (x,t)gx1t1+...+xntn.

THEOREM 4.2. There exists a constant ¢ > 0 such that for every modulus of con-
tinuity @, every f in (Aw (R)) N and for arbitrary maximal dissipative operators L
and M with bounded difference, the following inequality holds for all | and for all j,
1<j<l:

_1
si(F(L) = f(M)) < c 0. ((1+7) 7 IL—=Mllg) 1| a0-
To prove this result, the following result is important (see [4]):
There exists a constant ¢ > 0 such that for every function f in H*(C,) with

supp -Z f C [0,06], 6 > 0, and for arbitrary maximal dissipative operators L and M
with bounded difference,

1F(L) = fM)]ls, <c ol fll=[IL—M]s,.
THEOREM 4.3. There exists a constant ¢ > 0 such that for every modulus of con-

tinuity ®, every f in Ay(R?) and for arbitrary normal operators Ny and N,, the
following inequality holds for all | and forall j, 1 < j<I:

$i(F(ND) = F(N2)) < e 0, ((1+) 7 N1 = Nallg ) 1 -
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To prove this result, the following result is important (see [5]):
There exists a constant ¢ > 0 such that for every bounded continuous function f
on R? with
supp Zf Cc{{eC:|{|<oc}, 0>0,

and for arbitrary normal operators N; and N;,
[(f(N1) = f(N2)ls, < ¢ ol flle=[[N = N2[s,-

THEOREM 4.4. Let n be a positive integer and p > 1. There exists a positive
number ¢, such that for every modulus of continuity @, every f in Ay(R") and for
arbitrary n-tuples of commuting self-adjoint operators (Ay,...,A,) and (By,...,By),
the following inequality holds for all | and forall j, 1 < j<I:

_1
AL sdn) = F(BrseeB) < 0 max (1) 714, =Byl 1 -

To prove this result, the following result is important (see [7]):
There exists a constant ¢, > 0 such that for every bounded continuous function f
on R" with
supp # f C{ eR":[{|< 0}, 0>0,

and for arbitrary n-tuples of commuting self-adjoint operators (Ay,...,A,) and (By,...,
B}’Z) i)

(AL An) = f(Bro- s Bu)lls, S e 0l flle- max 1A= Bils,.
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