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STRONG UNITARY EQUIVALENCE AND APPROXIMATELY
UNITARY EQUIVALENCE OF NORMAL COMPACT
OPERATORS OVER TOPOLOGICAL SPACES

ZHU JINGMING

(Communicated by B. Magajna)

Abstract. Let A and B be compact operators over a topological space X and suppose that these
operators are normal and have same distinct eigenvalues at each point. We establish a necessary
and sufficient condition for A and B to be strongly unitarily equivalent. When X = S', we
also give a sufficient condition for A and B to be approximately unitarily equivalent under some
assumption on their eigenvalues.

1. Introduction

It is well known that every normal matrix with complex entries is diagonalizable.
An immediate consequence is that a normal matrix over C is determined up to unitary
equivalence by its eigenvalues, counting multiplicities. R. Kadison [4] generalized this
fact and gave an example of a normal element of M,(C(S*)) that is not diagonalizable.
In [3], K. Grove and G. K. Pedersen considered diagonalizability of matrices over com-
pact Hausdorff spaces more generally. In that paper, they determined which compact
Hausdorff spaces X have the property that every normal matrix over X is diagonaliz-
able. Such topological spaces X are rather exotic; for example, no infinite first count-
able compact Hausdorff space has this property. Given this failure of diagonalizability
caused by multiplicity of eigenvalues, Greg Friedman and Efton Park considered uni-
tary equivalence problems for normal matrices with multiplicity-free condition, that is
all the eigenvalues are distinct. In [7], they gave a necessary and sufficient condition for
two normal multiplicity-free matrices over a topological space X to be unitarily equiv-
alent with the same set of eigenvalues at each point. This result, in particular, yields a
bound on the numbers of possible unitary equivalence classes in terms of cohomology
invariants of X .

Analogous to the matrix case, it is also well-known that every normal compact
operator is diagonalizable. And two normal compact operators are unitarily equivalent
if and only if they have the same multiplicity function mr (x) : C — C|J{e<} defined by
mr(x) = dimker(T — xI) for a compact operator 7. It would be interesting to inves-
tigate the unitary equivalence problem for normal compact operators over topological
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spaces. More precisely, suppose X is a topological space. Let C(X) be the C-algebra
of complex-valued continuous functions on X and let B(C(X)) be the set of all strong*
norm continuous functions on X with values in B(H) and K(C(X)) be the set of all
bounded norm continuous functions on X with values in K(H). By a slight abuse of
terminology, we will refer to elements of K(C(X)) as compact operators over X . We
call A € B(C(X)) to be normal/selfadjoint/unitary if A(x) is normal/selfadjoint/unitary
pointwise. We can also consider a family of unitaries {U (x) }xex in B(H) s.t. Vv € H,
U(x)v is continuous for x € X. By a slight abuse of terminology, we call this fam-
ily {U(x)}xex as a strongly continuous unitary operator over X and we denote them
as U(SC(X)). Then two operators A,B € K(C(X)) are unitarily equivalent (strongly
unitarily equivalent) if there exists a U € U(C(X)) (U(SC(X))) such that B = U*AU
ie. B(x) =U"(x)A(x)U(x) for all x € X. And two operators A,B € K(C(X)) are
approximately unitarily equivalent if Ve > 0, there exists a norm-continuous unitary
U € I+ K(C(X)) such that ||B(x) — U*(x)A(x)U(x)|| < € for all x € X. One can then
ask the following question:

QUESTION. Given a topological space X, for two normal compact operators A
and B over X, when they are strongly unitarily equivalent and when they are approxi-
mately unitarily equivalent?

Our approach to these questions utilizes the obstruction theory. For Strong uni-
tary equivalence, following Greg Friedman and Efton Park’s paper [7], we only need
to modify their argument to adjust it to the infinite dimensional case with strong oper-
ator topology. But for approximately unitary equivalence, because now the problem is
related to dimension, we can not follow Greg Friedman and Efton Park’s approach di-
rectly. And since the general problem of approximately unitary equivalence of compact
operators over topological space X (even for cell spaces) is too hard, we restrict our-
selves to the case when X is one-dimensional. The case of a segment is simple, so the
general one-dimensional case reduces to that for a circle. For X =S I we also construct
a fiber bundle with finite dimensional fiber that encodes approximately unitary equiva-
lence information for compact operators over S'. Restricting on the compact operators
with the condition that every eigenvalue at each point can be extended to be a continu-
ous function on [0, 1], we then construct two finite rank normal compact operators A,
and B, close to A and B respectively and we associate to A, and B,, a continuous map
from S! to the base space of the fiber bundle. We show that if this map lifts to the total
space, then A and B are approximately unitarily equivalent.

This article is organized as follows: In section 2, we give a sufficient and necessary
condition for two normal multiplicity-free elements A and B in K(C(X)) to be strongly
unitarily equivalent. In section 3, we restrict our attention the normal multiplicity-free
compact operators A and B over S! with condition A.

CONDITION A. For an element A € K(C[0,1]), we say A satisfies condition A,
if for any xo, and any Ay there exists a continuous function A € C[0,1] such that
A(x0) = Ay, and A, € Eig(A(x)) for any x € [0,1], in which Eig(A(x)) is denoted as
the set of eigenvalues of A(x). And we say A satisfies condition A, if A(x) = A(e*™)
(x € [0,1]) satisfies condition A.
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And we give a sufficient condition for A and B to be approximately unitarily
equivalent. Moreover, for two normal multiplicity-free elements A and B in K(C(S'))
with Eig(A(x)) = Eig(B(x)) € C\ {0}, we also prove that if A, defined by A(t) =
A(e™) for t € [0,1], satisfied the condition A, so does B and hence A and B are
approximately unitarily equivalent.

2. Strong unitary equivalence of normal compact operators
over topological spaces

2.1. A useful fiber bundle

We construct a fiber bundle p : E — C, starting with the base space. Let &2, 2 be
the sets of 1-dimensional pairwise orthogonal projections in B(H) s.t.

s— lim p=Ilands— lim qg=1
Fcfinitegzp;‘ Fcfinitegq;‘

in which F is a finite subset in %7 and the limit above is the strong limit in B(H). Set
C={(Z,2,0): o is abijection from & to 2}

We would construct a metric on C. Let ||-|| be the (operator) norm in B(H). For

(£2,2,0),(2,2,6) € C, define

d((2,2,0),(2,2,8))
= inf{sup{||p — t(p)||,||o(p) — 6T(p)|| : p € £} : T is a bijection from & to :@7}

For the definition, since ||p — 7(p)|| < ||p|| + ||7(p)|| < 2 and also [|o(p) —
67(p)ll <2, supllp—t(p)ll,[lo(p) = GT(p)l| : p € ¥} < 2. So

d((2,2,0),(2,2,6)) €0,2]
LEMMA 2.1. With the definition above, d is a metric on C.

Proof. Clearly d((#,2,0), (2,2,6)) is always nonnegative.
If d(£,2,0),(#,2,6)) =0, then there is a sequence of bijections 7, from

P to & sdt. |
lP=m(p)l <, VneN, Vpe P 2.1

1
I\G(p)—ffrn(p)\l<;,vn6N7 Vpe 2 (2.2)

By (2.1),for n,m >2, wehave ||7,(p) —p|| < %, ||Tu(p) — p|| < & and hence ||7,(p) —
Tu(p)|| < 22 <1, Vp e P. If 1,(p) # Tu(p) in P, then 5,(p) and 17, (p) are or-

thogonal and hence ||7,,(p) — 7,(p)|| = 1, which is a contradiction. So 73(p) = 7,(p),
Vn>2, Yp € & and we have ||p—13(p)|| = ||p — T(p)|| < L. which induces p =
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7(p), Vpe Z. Thus & = & and 1, = 13 =id, Vn>2. By (2.2), 0 = 6 and hence
2=0(7)=0(7) = 5(2)- g

Nextlet (#,2,0),(Z,2,6) € C. For any n, there exists a bijection 7, : & —
P s

d(2,2,0),(9,2,6))

> sup{llp— 5 (p)l. Ilo(p) ~ 65(p)| :p e 2} -
> sup{l,(7) ~ Al llow, ' (5) ~ &7l - p e P}
>d(#,9,6),(2,2,0))~

),(Z,2,0)) and the inverse in the same.

So d((& (2,2,6)) > ¢ 2,6
,2,0),(£,2,6),(#,2,6) € C. There exist bijections 1, : & —
S.t.

),
Nextlet (2,2
Padv,: P — P

d((2,2,06),(2,2,6))+d((
> sup{|[p —w(p)ll,l|o(p)
sup{[|p — va(P)I|,16(P) — Gvn(p)llrﬁeﬁ}—%

> sup{||p — w(p)I| + ||%(p) = vaTu(p)I|, |0 (p) — 6Tu(p) ]|

N R 2
+1[6T(p) — 6VaTa(p)|| : p € P} — -

n 2

> sup{||p — vaTu(P)||,l0(p) = 6VuTu(p)|| : p € P} — -
> d((#,2,6),(,9,6)) 2 e N

So triangle inequality holds and d is a metricon C. [

Endow C with the topology induced by the metric d.

LEMMA 2.2. Let (2,2,0),(2,2,6) € C. Suppose there exists a bijection
T: P — P with

sup{||[p = T(p)|l;|lo(p) = 6T(p)l|: p€ Z} < %
Then

A A ~

d((2,2,6),(#,2,6)) =sup{llp—2(p)||,llo(p) — 6%(p)|| : p € 2}

Proof. For a bijection 7 satisfying the condition, ||p — T(p)|| < %, Vpe Z. For
any p € P with p # %(p), we have ran(p) C (ran(p))*-. So Vv € ran(p), (p —
T(p))v = pv—%(p)v = pv = v, which induces ||p — Z(p)|| = 1. Since ||p —T(p)|| <
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1., we have ||p— p|| > 1. Hence any other choice, except for T(p), will not be in
the ball of radius of § with center p. Similar argument works for ||o(p) — 6%(p)||

and hence T : & — & realizes the inf{sup{||p — (p)|.||o(p) — &1(p)[| : p € Z}:
7 is a bijection from & to &} i.e.

d(2,2,0),(2,2,6)) =sup{llp—#(p)ll,llo(p) - 6T(p)l|: p€ 2} O

LEMMA 2.3. If d((#,2,0),(92,2.,6)) < }, d(2,2,0),(9,2,6)) < L,
let T,7 be the bijections which realize the infimums of the distances respectively, then
Ve>0,Vpe P

A _ |

d((2,92,6),(2,2,6)) <£:>{ (2.3)

Proof. By Lemma 2.2, we have

sup{llp— (o)l lo(p) ~62(p)| - p e 2} < 1
and {

sup{|lp —2(p)ll.[lo(p) — 62(p)ll:p € P} < §
So

supfl|p— 7 (p)|1: p € P} < swp{llp— T DI+l ) 1 (P)]  pe P)
<sup{llE(p) — pll +1lp~ ¥(p)ll - p € 2} < 5

Similarly, we have sup{||6(p) — 6%%~'(p)||: p € #} < 4. By Lemma 2.2, 17!
realizes the inf in the definition of d((2,9,6),(#,92,6)). So

{Sup{lﬁ—ffl(ﬁ)l :pe P} <e=Hp) - Hp)l <& Vpe P o
) |

sup{[|6(p) — 61T (p)||: p € P} <& =|6T(p) — 6t(p)l| <&, Vpe P
O
Endow U(H) with strong operator topology in B(H ). Define

E={(2,2,6),U)eCxUH): UpU* = 6(p), Vp € P}

n:E—Cby n((2,2,6),U)) = (2,2,0)

Note that ((&?,2,0),U) € E < U restricts to an isometric vector space isomor-
phism from ran(p) to ran(co(p)), Vp € &.

If (2,2,0),U0),(£,2,06),0)crn '((#,2,0)), then Vp € &, the restric-
tions of U and U from 1-dim vector space ran(p) to ran(c(p)) differs only by an
isometry of C. So we have



422 Z. JINGMING

PROPOSITION 2.4. If ((#,2,0),U) € E, then

(2,2,0),0)en ' ((£,2,6),U)) =U=s— lim Y Z0(p)Up

FCfinite & peF

for some set of {Zp}per of complex numbers of modulus 1, in which the limit above is
the strong limit in B(H).
Furthermore, each such U can be uniquely written in this form.

Proof. <«: Since o(p) =UpU*, Vp € & and {p} ,c» are pairwise orthogonal
projections, Vv € H,

UU*y — lim Z — lim Z,pU*c(p))v
Fcflmte 17;‘ 17 F' Cfl)lIfL }pér'/ P
=(s— lim 7,7 ,6(p)UppU*c v=s— lim o(p)v=nm.
(5=, Jim ,,; »2p0(P)UppU c(p)) Fc,-immp; (p)

So UU* =1. A similar computation shows that U*U = I and hence U is a unitary.

Up/:s—FChm Zzp Upp —Zp/G(P )UP/
ftnllf

peF
=o(p)s— lim Y z,0(p)Up=0(p)U, Vp' € 2,
chlmte peF

so Up'=o(p')U and hence Up'U* = o(p'), Vp' € 2.

=: Suppose ((#,2,06),0) € E. U and U both restrict to isometric vector
space isomorphisms from ran(p) to ran(o(p)), Vp € 2. These isomorphisms are in
the form of 6(p)Up and o(p)Up respectively. The spaces ran(p) and ran(c(p)) are
1 dimensional for any p € &, so we have

o(p)Up = o(p)Up, for some 2, € st Vpe
Since U could be written as s —limpc .. ¥ ,cr 0(p)Up, 50

U=s— _lim Zzl, p)Up O
Fcflnllf pEF

LEMMA 2.5. [7] Let p and p be projections in B(H) and suppose ||p— p|| < 1.
Then I+ p— p maps ran(p) isomorphically onto ran(p).

PROPOSITION 2.6. Fora circle T, let T™ be a topological space with Tychonoff

product topology. The map © makes E into a locally trivial bundle over C with fiber
homeomorphicto T%.

Proof. Fixing any (£, 2,0), let

0={(2.9.6)eC:d(2.2.0).(9.9.5)) < ;1}
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and by Lemma 2.2, let 7: & — P be the bijection which realizes the distance, i.e.
Lo~ . . 1
d((@7370)7(<@7=@7g)) = Sup{Hp_ T(p)‘|7 Ho-(p) _O-T(p)H pe @} < Z

Since ||p —%(p)|| < 1, by Lemma 2.5, I+ T(p) — p maps ran(p) isometrically
onto ran(%(p)). So for any v,(# 0) € ran(p), (I+T(p) —p)vy(# 0) € ran(Z(p)).
Again since ||o(p) — 6%(p)|| < 1, by Lemma 2.5, I + 67 (p )—G( ) maps ran(o(p)
isometrically onto ran(6%(p)). So forany w,(#0) € ran(a(p)), (I+67(p) —o(p))wp
(#0) € ran(6%(p)). Forany ((#,2,6),0) € E with (£,2,6) € O, denote

)
_p( U£Ep)—p)vp \ _(+6T(p)—0(p))wp
o <U<H(1+f(p)—p)vp\l> (1 +6%(p) — G(p))wp\|>

and we have [zz ,| = 1.
Write T =[],c»S" and define ¢ : 77'(0) — O x [T)e» S' by

0(2,9,6),0)=((2.2.6), T] )
peZ

with the product topology of metric topology and strong operator topology on 7~ !(0)
and the product topology of metric topology and Tychonoff product topology on O x
Hpeﬁa st

Claim 1: ¢ is continuous. o o

For a net {((Zu, Z20,64),Ua)}a With (Py,2a,64),Uq) — (2,2,
we have

6).0),
(P, Lo, 60) — (P,2,6) in metric topology 25)
Uy — U in strong operator topology ’

By Lemma 2.3, the top line of (2.5) implies 7, (p) — T(p) and 64%x(p) —
67(p) uniformly for Vp € &, in which 74,7 realize the infimums of the distance
d((gZ 2,0),(Py,24,64)),d((P,2,06),(P,2,65)) respectively. So for any &£ >
0, for o big enough,

. < ( (I+7%(p)—p)vp ) (I+6%(p)—o(p))wp >‘
for \I+E(p) = p)vpll /" [T+ 6 (p) — o (p))wyl|
- 1+1(p) —p)vp (I+64%a(p) —o(p))wp
“ar <Ua(|\(1+f(p)—p)vp\|>’|\(1+~a~a(p)—6(p))wp|\>
~ (I+7%(p) _P)"p (I+66%u(p) — G(P))WP
+<U&<H(1+N(l’)_p)"p”>7‘|(I+6afa(l7)_0(l7))w17”>
—<U ( (I+7%(p)—p)vp ) (I+6%(p)—o(p))wp >|
\I+E(p) = p)vpll /" [T+ 6% (p) — o (p))wy ||

)
Tu(p) = p)vpll [T+ T(p) —p)vp
(I+6ata(p) —o(p))wp (I+6%(p)—o(p))wy
1Uel H\|<z+~a~a<p>—a<p>>wp\| \|<I+6f<p>—o<p>>wp\|H@8
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By the bottom line of (2.5), for o big enough,

AR P \
H<U°‘<|\<1+ EEDTL H(I:tfff

()T

in which

_ (I+%(p)—p)v (
<U(|\(1+%(i)—§>vi\l>’

So for o big enough, |zz, , — 2z p| < 3€.

Next, we need to define amap y: O x [[°S! — 771(0).

Take ((3573276)71'[1,6@ Cx(p)) € O % [1°S! and for Vp € & and Vv,,w, as
above, by the definition of &2 and 2, we can span the sets

{|(1+f(p)—p)vp 'pe@} {|(I+6f(p)—0(p))w pe@}

(I+%(p) = p)vpll (I+6%(p) —o(p))wpl|

into a same Hilbert space H. So there is a unitary operator U defined by

~( (I+1(p)—p)vp (I+6%(p)—o(p))wp
U<H(I+f(p) p)vpl\) 1) P +6%(p) —o(p))wl|’ A

Therefore U ‘maps ran(f(p)) onto ran(6(%(p))), Vp € & and hence UpU* = &(p).
Thus for ((#,2,6),0) € n~'(0), we can define
v((#

2,2.6), [1 &) =(2,2.6),0)
peEZ

Claim 2: y is continuous. ~
Assuming ((‘@0676@117606)71—11969@‘?@ ) ((‘@ ) HpGJ C‘r ) so

{(,@a, Dy, Gu) — (@,Q, G) in metric topology 2.6)

C%x(p) - C‘f(p) ,Vp € &z

Again by Lemma 2.3, the top line of (2.6) implies T, (p) — T(p) and 64T (p) —
ot(p) uniformly for any p € &2, in which 7, T realize the infimums of the distance
d((2,2,06),(P4,2a,64)),d((P,2,0),(P,2,5)) respectively.

Denote

V((Z4, Za; 6a), H Cfgzp)) = ((Pa:20,64),U04)

peP
in which U, is defined by

~ ( U+Ta(p)=P)vp \ _ o ( I+6aTa(p)—0(p))wp
Ua(l\(IJrfa(p)—p)va)_Cf(”)<\l(1+6afa(p)—0(p)) p\|> e
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So we have, for any € > 0, for o big enough,

(I+Ta(p)—p)vp  (U+T(p)—p
HHHTa pvpll I+ 7%(p) — pvpl\H<8
and hence
4T Py (I+TP) vy
NI +7Fa(p) —p)vll UO‘\I(IJrf(p)—p)vaH<8

for ||Uy|| = 1. Similarly, for o big enough,

H (I+6aTa(p) —0(p))wp  (I+6%(p) —0(p))wp H<£
I+ GaTa(p) — o (p))wpll [T+ 6%(p) — o(p))wpl|

Since C;"(p) — Cf(p),Vp € &, for a big enough,

425

’Cg (1+6%(p) —o(p))wp e (I+6%(p) —o(p))w H<8
)T+ 62) —o(p)wel T+ 67() o)yl
in which
(o U3 —o(p)wy 0 (T0)=p)y |
W52 o)l A=) = p)v,l]
So Vp € &2, for o big enough
~ ( I+T(p)—p)vp ~( U+T(p)=p)vp
O(arzm =) = (T =) |
~ ( (U+T(p)—p)vp ~ ( (I+7a(p)—p)vp
<|(rmmm=rmen) ~ Oz =)
o U+8ut(p)— 0wy ¢ (U+E(p)—p)vy
0 T gerator—otom 2 (Tarm =)l <2¢

and hence U, — U in strong operator topology.

It is easy to see the map ¢ and y are inverses of each other and hence ¢ is a

homeomorphism. Therefore E is a fiber bundle over C. [J

2.2. Back to operators

For a compact Hausdorff space X, let A € K(C(X)). We say A is multiplicity-
free if any A(x) in the eigenvalue set Eig(A(x)) has multiplicity one. Let A,B be
two normal multiplicity-free elements in K(C(X)) with Eig(A(x)) = Eig(B(x)), Vx €
X. For any fixed x € X, given an element A(x) € Eig(A(x)), we can associate to
A(x) the eigenprojection P(x); () of A(x). Similarly, we can associate to A(x) the
eigenprojection Q(x); () of B(x). Thus, Vx € X, let & be the eigenprojection set
of A(x) and 2 be the eigenprojection set of B(x), then we can define a bijection o
from & to 2 s.t. 6(P(x)y(y) = Q(X)r(x)> YA (x) € Eig(A(x)) = Eig(B(x)), Vx € X,
which determines an element in C. Since the eigenprojections of A(x) and B(x) vary

continuously, we can assign to the pair (A,B) a continuous map @y p: X — C.
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THEOREM 2.7. Let A,B be two normal multiplicity-free elements in K(C(X))
with Eig(A(x)) = Eig(B(x)), Vx € X, then A,B are strongly unitarily equivalent <
the map @4 g : X — C lifts to a continuous map ®pp: X — E.

Proof. If UAU* = B for some U € U(SC(X)), then U (x)A(x)U (x)* = B(x), Vx €
X. So unitary U(x) conjugates each eigenprojection of A(x) to the corresponding
eigenprojectionof B(x), Vx € X i.e. U(x)P(x)3 U (x)" = Q(x);(x) - Therefore (P4 p(x),
U(x)) € E, Vx € X and hence the continuous map @, p(x) = (@4 p(x),U(x)) is a con-
tinuous lifting of @, .

Conversely, suppose nd)A,B = @4 p for some continuous map ﬁ)A’B :X—E.So
Vx € X, ®4p(x) = (®ap(x),U(x)), for some U € U(SC(X)). So for any A(x) €
Eig(A(x)) = Eig(B(x)), we have U (x)P(x); (U (x)* = Q(x)1 (v » thus U (x)A(x)U (x)*
=B(x),WxeX. O

3. Approximately unitary equivalence of normal compact operators over S'

3.1. A useful bundle

We construct a locally trivial bundle p : E — C,, starting with the base space.
Let &,, 2, be the sets of n rank-one pairwise orthogonal projections in B(H) s.t. 3
rank-n projections 1(4?,) and 1(2,) satisfies

Y p=1(Zy)and1(2,)= ) q

pPEP, qe2y,

We do not assume any ordering of the elements in &, and 2,.
Set
Ch ={(P,2,,0y) : 0, is a bijection from &, to 2, }

For (P, 2,,64),(P0, 2,,6,) € Cy, define
d((’@lﬂglﬂan)? (@nagnaén))
=min{max{||p—t(p)||,||on(p)—6,T(p)||: p € P} : T is a bijection from &, to 2, }

By Proposition 2.1 in [7], C, is a metric space with the metric defined above. Endow
the unitary operator set U(ran(I(%,)),ran(1(£2,))) with its standard topology and let
U(Py, 2,) be an element in U(ran(I(Zy)), ran(1(2,))) s.t.

U(Pn, 2n) U(Pny 2n) = 1H(Pn) and U(Pn; 20)U(Pn; 2n)" = 1(2)
Define
={((Pn,2n,00),U(FPn, 2n)) € Co x Ulran(I(Z)),ran(1(2n))) :
U(Pn, 2n)pU(Pn; 2n)" = 0(p), Vp € Pn}
and amap r: E, — C, by
(P, 2y 00),U( P, 2n)) = (P 2ns On)y V(Puy @iy 00),U( P, 2n)) € E
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Note that ((P, Zn,0n), U(Pn, 2y)) € En = U (P, 2Z,) restricts to an isometric vec-
tor space isomorphism from ran(p) to ran(c(p)), Vp € &,.

PROPOSITION 3.1. If (P, 20, 0,),U(Pn, 2y)) € E,, then
((@naa@nao_n%lj(@nagn)) 6 n_l((@ma@nao_n))
< U(2,2,) = 2 20 (P)U(Pn, 2n)p
pEPy

for some set of {2} pep, of complex numbers of modulus 1.
Furthermore, each such U(2,,2,) can be uniquely written in this form.

Proof. The proof is similar with the proof of Proposition 2.1 in [7]. [

As a consequence of the proposition above, we can identify 7=!'((#,,2,,0,))
with T" ~]],c o, S'. In fact, we will prove that E, is a T" -locally trivial bundle over
Cy.

PROPOSITION 3.2. The map m makes E, into a locally trivial bundle over C,
with fiber homeomorphic to T" with standard topology.

Proof. Fixing any (£2,,2,,0,), let
01 ={(P1. 91,6 € C1d(( P2, 20,0),(P1, 1,6) < 7 )

and by Lemma 2.2 in [7], let T: &, — 97” be the bijection which realizes the distance,
i.e.

d((Pn; 2n,04),(Pn, 2, 61)) = max{||p — T(p )II,IIGn(p)—anf(p)H¢p€%}<%
2,

Taking (., 2,,6,) € O,, since ||[p —%(p)|| < 1, by Lemma 2.5, I+ %(p) —
p maps ran(p) isometrically onto ran(Z(p)). So for any v,(# 0) € ran(p), (I +
T(p) — p)vp(#0) € ran(%(p)). Again since ||o,(p) — 6,%(p)|| < 1, by Lemma 2.5,
I+ 6,%(p) — ou(p) maps ran(o,(p)) isometrically onto ran(6,%(p)). For each p €
P, Ywp(#0) € ran(o,(p)), (I+6,T(p) — 0u(p))wp(#0) € ran(6,%(p)), we denote

i oo I+EP) =Py (I+6,T(p) — ou(p))wp
tp < (& °@><|\(1+%(p)—p)vp\|> \|(1+6nf(p)—6n(p))wp\|>

and we have |zz ,| = 1.
Write T" =[] ,c», ' and define ¢ : 771 (0,) — Oy X [Tje 2, S' by

(P 90,61).0(Pn. 9) = ((Pn2u6n). T1 22)

with the product topology on O, X [Ipc 2, S L
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To show that ¢ is continuous, it clearly suffices to prove that the map
((@nagnaa_n%lj(@nagn)) _>ZT,p
is continuous for each p € &2, Define @, : 71(0,) — H by the formula

q)p((@m,@m&n)ﬂ(@n,gn)) = (1+%(p) —p)vp

A A A A

Suppose that ((@n,gn,ﬁn),ﬁ(@n,gn)) and ((2,,2,,6,),U(P,,2,)) are in
n~1(0,) and o o
d((@nagnaa_n%(@ma@mén)) < £

By the definition of the distance, we obtain

22 Py 60), U( P, 20)) = ®p (P, L,
)— ) —(I+%(p) = p)vpll =1I(Z(p) —
in which 7: %, — 9?" is the bijection that realizes the minimum of the distance

d((ﬁn,e@n,cn),(@n,gn,én)). Therefore @, is continuous, Vp € &, and by the
similar argument the map ¥, : 71(0,) — C" defined by the formula

Tp((@n»gnvén)»ﬁ(@mgn)) = (I+6,T(p) — ou(p))wp

19 ((Fn, 2
=|l(+7(p

is also continuous. So by the definition of zz ,, ((Pn, Zn,6,),U(P, Dn)) — Zep is
continuous for each p € &,.

Next, we define a map v : 0, x T" — n~1(0,). For (%,,2,,6,) in n71(0,)
and 7, v,, w, as above, we span the sets

{ |E§I;EZ; :i;:ﬁ ‘pE€ @n} to ran(I1(%,)) with I( 2, pg,]’lp
and
{|gif"f D) =GPy . g, b0 ran(1() with 12,) = ¥ q
6, T(p) — ou(p))wpl| - 4e 3

So for {CT (p) Y pe 2, € T", we can define an element U(2,,2,) in U(ran(1(2,)),
ran(1(<2,))) by

0(@}179@”)( (I+7(p)—P)vp )sz(m( I+ 6nf(p)—6n(p))xp ),Vpe @,

S.t.
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Therefore (( 2y, 2n,6,),0(%,,2,)) € x71(0,) and we can define

W(((ﬁnvéﬂv&n% H] C‘f(p))) = ((@mgnv&n%lj(@mgn))
PEDn

Similar with the argument in the proof of Proposition 2.6, y is continuous. It is
easy to see ¢ and y are inverses to each other, therefore ¢ is a homeomorphism and
hence E, is a locally trivial bundle. [

3.2. Back to operators

For two normal multiplicity-free elements A and B in IK(C(S')) with the eigen-
value sets Eig(A(x)) = Eig(B(x)) C C\ {0}, ¥x € S'. For any n € N, we will give
a sufficient condition for the existence of continuous operator-valued function U €
I+ K(C(SY)) s.t.

37
U )" AU (x) = Bx)l| < —~
and
Ux)'U(x) =1=U(x)U(x)*, VxeS§!

under some assumption on the eigenvalue sets of A and B.
Let A,B € K(C([0,1])) defined by

A(x) = A(e*™) and B(x) = B(e*™), Vx € [0,1]

So we have A(0) =A(1) and B(0) = B(1). Itis easy to see that A, B € K(C([0, 1]))

are still normal multiplicity-free and Eig(A(x)) = Eig(B(x)) C C\ {0}, Vx € [0,1].
From now on, we will restrict our attention to the elements in K(C(S')) with the
conditions above which also satisfy the following condition.

DEFINITION 3.3. For an element A € K(C[0,1]), we say A satisfies condition
A, if for any x € [0,1], VA, € Eig(A(x)), 3 a continuous function A(x) € C[0,1] s.t.
A(x) = Ar and A (x) € Eig(A(x)), Vx € [0,1]. We say A € K(C(S")) satisfies condition

A, if A satisfies condition A.

DEFINITION 3.4. For a sequence of continuous matrix-valued functions {A,(x)},,
in which A, € M1 (C[0,1]), we say that {An(x)}n satisfies condition B, if Vn € N,
3F, € Myn(C[0,1]) s.t.

M. Fa(x)An(x)F(x)" = Ap(x), Vx €[0,1]

an. 2" x) =2 (x), Vi<n, Vxe[0,1]
in which
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and 2" (x) € C[0,1].
Let B
Ac({An(x) 1) = {4 (x) :n e N}, Vx € [0,1]

We say that A € K(C[0, 1]) satisfies condition B, if 3 a sequence {A,(x)}, with
condition B s.t.

A, — Ainnormas n — e and Eig(A(x)) = Ac({A,(x)}n), Vx€[0,1]
We say that A € K(C(S')) satisfies condition B, if A satisfies condition B.

For an element A € K(C[0, 1]) satisfying condition B, let A;(x) = li(i) (x), for any
i € N. Since Eig(A(x)) = Ac({An(x)}4), for any A, € Eig(A(x)), there exists i € N
s.t. i(x) = 4. So A € K(C[0,1]) satisfies condition A.

If Eig(A(x)) C C\ {0}, Vx € [0,1], for an element A € K(C[0,1]) satisfying
condition A, there is a sequence of continuous functions {A;(x)}; s.t. {Ai(x)}; =

Eig(A(x)), Vx € [0,1]. Let A be normal and have multiplicity-free condition i.e.
Ai(x) # Aj(x),Vi# j € Nand Vx € [0,1]
Let res(A(x)) be the resolvent set of /{(x), so we can choose 6;(x) > 0, Vx € [0,1] s.t.

x))(\B(4; =0, Vi£jeN,Vxe[0,1]

and B(Ai(x), &:(x)) \ {Ai(x)} C res(A(x)).
For any fixed x € [0, 1], because B(2;(x), 3

), =52 ) \ B(Ai(x), #) is a closed subset
and (A —A(x)) ! exists VA € B(Ai(x), 22)\ B(;(x), %), we have
)

inf{14 ~ A() ]| 2 € Bk (), 2

)\ B(Ai(x), 1 )} =ris >0
So
(A—=A@0) "= (A -AR) (1 (A) —A(X))(/l —A@)H!
exists for ||A(x) —A(1)]| < ri500 » VA € B(i(x), 20\ B(Ai(x), 2.
Since A(t) is continuous, (7L A(1))~! exists for re(x— a,73i(x),x+oc,-75i(x)) for
some 0 5,y > 0 and VA € B(A(x), a’éx) )\ B(Ai(x), %) Therefore

B ). 2 Eig(A(0) = (1)) € (6 04505+ 01500

> (Ai(2), %) is a closed subset
and (A —A(r))~! exists VA € B(?L,-(t) 51‘5“)\3@,-@), () we have

4
B0, X)) = 50> 0
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So
(A—AWX) "' =A-A0)"'(1- (A —A(t))(7L —A@0)H!

exists for [|A(x) —A(1)|| < r; 500 () . VA € B(Ai(r), )\B( ( ), f‘x)).
Since A(x) is continuous, (A —A(x))~! exists for X E (1= 050 (1)1 + 0 5 (1))
5

for some 0450 (1) > 0 and VA € B(Ai(r), 28)\ B(A(r), £ ) Therefore

i(x)

= { ()}, Vx € (1 — 0,5, (1)1 + 04 5,() (2))

and by (4.1) in [1] and the continuity of A(z), for ¢ € [0,1], we have
LEMMA 3.5. If Eig(A(x)) C C\ {0}, for any fixed x € [0,1], let A;(x) € Eig(A(x))
and 6;(x) as above, then the Riesz projection

PHA() = o [, sy A0

2mi

depends continuously on t, when |t — x| < 1;(x) for some small enough 1n;(x) > 0.

For any fixed 7 € [0,1], let w;(z) be the eigenvector for the eigenvalue A;(r) of
A(t), then by the multiplicity-free condition, {w;(¢)}; forms a base for a Hilbert space

=

For any fixed i, without loss of generality, we can assume that |4;(1) — A;(x)] <
% when |x—7| < n;(x). So, for ¢ € (x — n;(x),x+ N;(x)), we have

PR W) = 5 /M o (= A0 @)

_ /
27 |2~ hil)|=

PHA())wj(r) = L /|/1—/1~(x)

2mi

1 _
=3 fo i (2~ A0 @A) =0

2700 J1a—2(x)| =28

5:(x) (A= X(2)) " dA -wir) = L) i)

i
2

s (A —AW) A wi(1)

Since {w;(¢)}; forms a base of H, Vt € [0,1], then P*(A(t)) is the continu-
ous A;(¢)-eigenprojection-valued function of A(z) for |t — x| < n;(x). For xj,x; €
[0, 1] with (s — Mi(ox1),21 + Mix1)) N(x2 = Mix2),x2 + Mi(x2)) # 0, taking y € (x1 —
M), x1 1)) (2 = Mi(x2),.x2 + M (x2)) then both P (A(y)) and P (A(y)) are
the A;(y)-eigenprojection of A(y) and hence P! (A(y)) = P2(A(y)).

So for any i € N, we have a continuous eigenprojection-valued function P;(A(x))
S.t.

A)P(A(x)) = Li(x)P(A(x)), Vxe[0,1],VieN
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Since P;(A(x)) defines a 1-dimensional Grassmann bundle over [0,1] and [0,1]
is contractible, there exists a continuous section w; : [0,1] — H s.t. ||w;(z)]| =1 and
Pi(A(x))wi(x) = Ai(x)wi(x), Vx € [0,1].

Define a family of unitaries {U(x)} by

U(x)e; = wi(x), ¥x€[0,1]

Since w;(x) is continuous for each i, U(x) is a strongly continuous unitary-valued
function over [0,1]. And so we have U (x)*A(x)U (x) = A(x), in which

Since A and B are the norm-limit of a sequence of matrices over C[0, 1], we have
the following obvious Lemma.

LEMMA 3.6. For the eigenvalue functions {A;(x)}ien and operators A and B as
above, Y€ >0, IN >0 s.t. |Li(x)| <e, ||P,AB,—A|| < € and ||P,BP, — B|| < &, when
i,n>N.

Without loss of generality, we can also assume ||P,AP, —Al|| < €, if n > N. There-
fore for any n > N and Vx € [0, 1],

[|BU (x)PA(x)P,U (x)* P, — A(x)||
<||PU (x)PoA(x)PU (x)* By — ByA(x)P|| + | |[PA(X) P, — A(x)|| < 26

Let F, = B,UP, and A, = P,AP,, so we get HF,,KH (xX)E; —A(x)H < 2¢ hence we
have the following.

THEOREM 3.7. For a normal and multiplicity-free element in A € K(C[0, 1]) with
Eig(A(x)) € C\ {0}, A satisfies condition A if and only if it satisfies condition B.

In the following, we would give an example with condition A and one without
condition A.

EXAMPLE 3.8. Let H be a Hilbert space spanned by {e;:i € Z}.
Let A;(x) € C[0,1], Vi € Z defined by

An(x) = —#x—k% ifn>0

Aa(@) = (G- Dy
Ap(x)=—=2"x—=2" ifn<< -2
L Ax) 0 0 ... 010
Let A(x) = 0 Xkx) 0 ...|landU= 0 01
0 0 A .. 000
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Let U(x) be the continuous path of unitary s.t. U(0) =1 and U(1) = U, so
U(0)A(0)U(0)* = U(1)A(1)U(1)*. Since unitary does not change the spectrum,
U (x)A(x)U (x)* = A(e*™) is a normal and multiplicity-free element in K(C(S')) with

Eig(A(x)) C C\ {0} and has the condition A.

EXAMPLE 3.9. Let

S

=

-

N—

I
PO o
D or—O -
o= O O

For any n € N, let

Unlx)=1,ifx ¢ [2n3+2 an}
I, . ..
Un(x) . cos(2" (4 —x)) sin(2" (4 —x)) ..
n\X) =
sin(2" 17 ( 5 —x)) cos(2" (5 —x)) ...
1
ifxe [2,112,2%,}
and
Iy ... ... ...
3 0 1.
U”_U”(an)_ 10 ...
......... 1
For any n € N, let
Va(x) =1, ifx ¢ [#7#}
I
14— 2n+2 ) 27t(372"+2x)i 0
|l
Va(x) = V2 ,—2m(3-2" )i
4-2nt2Zx
1
lf'x € [2n+1 ) 273»2}
and
) S
1 V2 0 L
bz |0
......... 1
Let
AX) = Up()Va1Up—1 ... VOUA(MUG VG . Uy Vi [ Un (%), if x € [557, 5]
AX) = Va(X) Uy ... VoUoA (DU Vg ... UpVu (x)*, if x € [5757, 557
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It is easy to see A(x) is normal multiplicity-free and norm continuous at x = 0.
Moreover A(x) € K(C[0,1]) and Eig(A(x)) C C\ {0}, Vx € [0,1]. So we have a unit-
vector-valued function

wi (x) = Un(x)Vy—1Up—1 ... VoUpey, lfxe[
Va(X)Uy ... VoUger, if x € [557, 507

o 7]
]

which satisfies the condition A(x)w; (x) = A; (x)w; (x), ¥x € (0,1]. Therefore

But if A(x) had the condition A, then A, (x) could be continuously extended into
an element in C[0,1] with value 4;(0) = 0. It is a contradiction with the fact 0 ¢

Eig(A(0)).

So for two normal multiplicity-free A and B € K(C(S')), as in the argument above
Lemma 3.6, there exists a norm continuous diagonal operator-valued function A(x) and
strongly continuous unitary-valued functions U (x) and U, (x) s.t

Uy (x)*A(x)U; (x) = A(x) = Up(x)*B(x)Us (x), Vx € [0,1]

in which
B Mx) 0 ...
Alx) = 0 A(x)...

Since A(0) = A(1 ) and hence {4;(0)}; = {Ai(1)};, there exists a permutation
0:N—N st 24;(0) = 2A6(;(1),¥i € N. By the multiplicity-free condition and com-
putation

AU (Neo() = Ur(1)A(Deg(y = Aoy (1)UL (1egs) = 4i(0)Ur (1eq;

we can get

{A(O)U1 (0)e; = U1 (0)A(0)e; = A;(0)U; (0)e;

U](O) U]( ) o(i) VzeNandmmllarlyUg( ) Uz( ) oli) ,VieN 3.1

Forany fixed n €N, let $7 = {i e N:|A;(x)| > 1} and S, = {i e N: max,eo, 1 | Ai(x)|
}.

By Lemma 3.6, S, is a finite subset of N. Let s(n) = S, and, without loss
of generality, we can assume S, = [1,s(n)]\N. For S? at x =0 and 1, we have
o(Sg) = S7, but 0(S,) may not equal to S,. So we choose a permutation

>

==

o :S,—S,

S.t.
cf/|S,1ﬂcr*1(S,1) = G‘S,,ﬂcfl(sn) and 6’ (S, \ G_I(Sn)) =8.\ 6(Sn)
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PROPOSITION 3.10. Given A and any n € N, there exist A, € K(C(S")) s.t.

ggg{ti(Eig*O(/Kn(x)))} =s(n), [|An—All < % and Ax(0) = A, (1)

Proof. The proof would be divided into 3 steps.
Step 1: Since S, is finite, there exists o(n) > 0 s.t.

1
Ai(x) = (1) < =, Vx € [ar(n), 1], Vi €S,
Soif i ¢ 87, |A:(1)| < 1 and hence
A0 < 2, if i €5, \ ST and Vi € [a(n), 1] (32)
n

We define a sequence of functions A/(x) as follows. Let

Ai(x), ifi € S,No(Sy)
. Joitigs,
Aix) = {li(x), forx € [0, 0(n)]

fi(x), fOI'xE [a(n),l] leGSn\G(Sn)
in which fi(x) satisfies

fia(n ))=/1i(a(n))
fitx) = § fi(1) = Agr-1( (0)
0 <[fi(¥)| < max{|Ai(ex(n))|; | A1) (0)[}

Forany i ¢ S, 0(S,) and hence i ¢ St and o'~!(i) ¢ S, by (3.2), we have

max {\ j()l} = max {Iﬁ( )} < max{|i(e(n))]; [Ag-1 (0)[} <

x€lo(n),1] x€lo(n

(3.3)

S

Again since S, is finite, by the multiplicity-free condition, we can assume f;(x) #
fi(x) and fi(x) #0, Vi# j € S,, Vx€[0,1]. So we have a new continuous diagonal

operator-valued function
x) 0 ...
0 Ax) ...

s.t. A/(x) =0 when i ¢ S, and A/(x) # A}(x) when i # j € S,, Vx € [0,1] and

ll-/(()) = G/( )( ) Vie S (34)
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Step 2: Let H(n) = span{e;:i € S,} and L(n) = span{e; :i € S,Uo(S,)} and let
V1 be a partial isometry defined by

Viei=e;, ifi € S,No(Sy) =o' (S,No"1(Sy))

Vie; = €o(a’=1(i))s ifies, \ G(Sn) ie. Vleo-/(i) = €5(i)s if G/(i) €Sy \ G(Sn)

Vle,- = 07 if i ¢ Sn

and hence

Viei= e, ifi € SyN0(Sy) = 0/ (SuNo~1(Sn))
Vl*e,- = 60-1(671(1-))7 ifi e G(Sn) \Sn ie. Vl*eo(i) = ec/(,-), if G/(i) € Sn \ G(Sn)
Viei=0,if i ¢ o(Sh)
Let
PH(n)a if xe [0,0l(n)]
Vi(x) = ¢ Wi (x), if x€ (a(n),1)
V17 if x=1
in which Wi (x) is a continuous path of rank-s(n) partial isometries connecting Py,

and Vi s.t. Wi(x) € PrB(H)Py(n) and Wi(x)e; = e;, Vi € Sy(10(Sy). Therefore
Vi (x)e,- =e¢,Vie SnﬂG(Sn) and

Vi(x) € PruyB(H) Py
Since Vi (x)*e; € ran{e;:i ¢ S, o(Sn)} , Vi ¢ Sy 0(Sy), by (3.3)

max {|IVi()A )V (W)ei]| 1 ¢ S0 (Sn)}

x€lo(n),1]

SN

< max {|A/(x)]:i¢Sa[)0(Sn)} <

xela(n).1]

(3.5)

By the definition of V) (x), we have

{U1 (O)V] (0)1{;(0)‘/1 (0)*U1 (O)*Ul (0)6,‘ = A,;(O)Ul (O)ei,Vi € Sn
U1(0)V1(0)A' (0)V; (0)*Uy (0)*Uy (0)e; = 0,¥i ¢ S,

and by (3.1),(3.4) and the fact 6(i) = ¢’(i),Vi € S,N(S,)
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and .
Uy()Vi(D)A (1)Vy (1) U (1)* U (0)e; = 0,Yi ¢ S,

Let A, (x) = Uy (x)Vi (x)A (x)V1(x)* Uy (x)* € K(C[0,1]) and we have A,(0) = A,(1),

Vies,.
Step 3: By the definition of V;(x) and S,,S!,8% and (3.2), (3.4), (3.5), we have

the following estimations:

If i ¢ S,Uo(S,), [[Vi(x)A @) ei = A@)eil] = IA@)eil| = [Ai(x)] < 5
VA (VA ()" e — AQw)er] | < [[Aei]| = ()] < &
when x € [0, a(n)]

Ifi€o(Sn)\Suq [Vi(x)A /({)Vl(x)*ei—K(X)eiH

< |IVi@A Vi) el + 4] < 2 +7 =3

when x € [o(n),1]

Ifi € S,No(S), [[Vi(x)A ()Vl(x)*ez Aeill < 14/(x) = 4i(x)] =0
[IViOA (VA ()" ei — AQw)el| < A/ (x) = Aafx)] =0

whenxe[ ,o(n)]

Ifi €Su\o(Sn) HVl(X)_( JVi(x)"ei — A)eil|

<V (Vi (el + [ A4(x) | < 2+ 2= 4

when x € [o(n), 1]

Therefore we have

H%()(>%()—K@m<%

and hence 4
U1 VL (@)A (Vi () Us ()" — A0 < -

So for Ay(x) = Uy (x)Vi (x)A (x)V1(x)* Uy (x)*,

1Au) Al < 5, Ve f0,1] O 6.6

By similar argument, for Us (x)A(x)Us (x)* = B(x), Vx € [0,1], we can find a con-
tinuous family of partial isometries V5 (x), x € [0,1] s.t.

_ _y . _ _ 4 _
B, = Uy (x)Va(X)A (x)Va(x)"Ua(x)*, ||B.—B|| < o and B, (0) = B,(1)
Since, by the definition of Vi (x), Vi(x)e; = e;, Vi € S,, then

A (¥)e; = Ai(x)es, Vi € S,
A (x)e; =0, Vi ¢S,
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implies

—!

Vi(x)A (x)Vi(x)*Vi(x)e; =0, Vi ¢ S,
And we have
(M (0)}ies, = Eig” (K (x)) = Eig" (Vi ()R (1)1 (x)")
= Eig™ (U, (x)Vi (0)A (x)V1 (x)* Uy (x)7), Vi€ Sy

{Vl (x)/(/(x)Vl (x)*Vi(x)e; = Ai(x)Vi(x)e;, Vi€ S,

Because conjugation by unitaries keeps eigenvalues, we have

{4/ () }ies, = Eig”(An(x)) = {A € Eig(Au(x)) : 1 # 0}
= Eig”"(By(x)) = {2 € Eig(Bu(x)) : 4 # 0}

Since the nonzero eigenvalues vary continuously as functions, the eigenprojec-
tions, corresponding to nonzero eigenvalues, {p;(x)}ies, of Ay and {g;(x)}ics, of
B, also vary continuously, in which {p;(0)}ics, = {p;(1)}ics, and {g;(0)}ics, =
{g;(1)}ies, - So we have

Ps,(0)= >, p;(0) = X, pi(1) = Ps,(1)

i€Sy i€Sy
an 2 ai( 2 a;( QS,, 1)
€Sy €Sy

Since A,(0) = A,(1) and B,(0) = B,(1), then we have A,, B, € K(C(S")) de-
fined by A, (e?™) = A, (x) and B,(e*™) = B,(x), Vx € [0,1]. By (3.6) and its analogue
for B, we have

4 4
||A_An‘|<_and”B_BnH<_ (3.7
n n
Since {A/(0)}ies, = {A!(1)}ies, . we have
Eig?(By(e’™)) = Eig”*(As(e*™)) = {A](x) }ies,, Vx € [0,1]
and

HEig7 (An(1)) = 4Eig”° (Bu(t)) = s(n), V1 € S (3.8)
Let

{Pi(e™) }ies, = {Pi(0) }ies, and {qi(e™ ) }ies, = {4;(x)}ies,» Vx € [0,1]

and
P, (t) =Y pi(t)and Qs,(t) = Y qi(t), Vt €S
icSy icSy

So, Vt € SY, {pi(t)}ics,. {qi(t)}ics, are the eigenprojection sets, corresponding
to nonzero eigenvalues, of A,, and B,,, both of which, vary continuously as a set. By the
same reason, Ps, (1) and Qs, (1) are continuous rank-s(n) projection-valued operators
for + € S'. Similar with the argument above Theorem 2.7, there is a continuous map

d)j‘(n’ign from S' to the base Cy,) of locally trivial bundle E.
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THEOREM 3.11. Let A,B be two normal multiplicity-free elements in K(C(S'))
with Eig( (t)) = Eig(B(t)) C C\ {0}, Vt € S', which satisfy the condition A. If the

map P An ") S L Cy(n) lifts to a continuous map d A( 33" S' - E; s(n)» then there exists
an operator U € I—|—K(C(S1))

7
[|lU@®A@U (1) —B(1)]| < %’VI eStandU*U =1=UU"

Proof. Suppose nﬁ)i(:gn = (I)Z(:'};n for some continuous map Cf)i(’jgn :S'—Ey,.

So forany 1 € §*,
B, (1) = (@5, () W 1)

in which W;(,(t) is a norm continuous rank-s(n) isometry on S . Similar with the
argument in the proof of Theorem 2.7, V¢ € S!

and hence
1= W (OWo (6) = (1= W, (Wi (1))
Ws(n)(t)An (t) =By (I)Ws(n)(t)
A (t)W:En)(t) = W_y*n) (t Bn(t)

By a standard argument on compact space, we have Vn € N, Im(n) € N with P, e; =
0, Vi >m(n)+1 and P, e; = e;, Vi <m(n) s.t. Vi € S!

Py W) (8) P An () Py W)= () Pos(ny = Ponny B (1) Py || <
|1 Pon(nyAn (£) Pty = An(0)]] < &
Hanmmn ~B(1)l| < ;
(X = By W) ) By W) () B
— (1= Py W,y (O Posny Wt () Pao) 21| < e

1Py W) () P A () P )

_Pm(n)W\'(n) (0 P An () Py Wity (6 Py W) (6) ooy || < 5
By An () By W) () Prin)

B Wiy () B W) (1) Py An () Py Wiy () Py | | < T

~

n
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and hence

| ‘Pm(n)W Py n)A(t)Pm(n)Ws(n)* (I)Pm(n) - Pm(n)B(t)Pm(n) | | < %
|
|

. ) !
_(1 - Pm(n)WS n) (I)Pm(n)Ws(n) (I)Pm(n)) 2 | ‘ < W (3.9
_Pm(n)Ws‘(n) (t)Pm(n)A(t)Pm(n)Ws?n) (I)Pm(n)Ws(n) (t)Pm(n) | ‘ < %

By A () By Wiy (1) B
_Pm(n)W;k(n) (I)Pm(n)Wv(n) (I)Pm(n)A(t)Pm(n)Wj(n) (I)Pm(n) | ‘ < %

Without loss of generality, we assume ||A||+|[B|| > 1. Let U/, () (1) = By Wi () Prn)
for any ¢ € S', the last 3 inequalities in (3.9) are replaced by

() = Upty 00Uy () = (I U,',f(,,)(t)U,',,(,,)(t))%|| <1
U ) () Py At )P (n )(Im(n) U’*( YUy O < 3
Tty = Uiy U () Py A ) Bonioy Uy O] < 3

which induces Vr € S!

{ | ‘Uy/n(n) (t)Pm(n)A(t)Pm(n)(Im(ln) - U,;f(n) (t)Uy/n(n) (t))% |
H(lm(n) - U,/:(n) (I)U,;(n) (t)) jPm(n)A(Z)Pm(n)U,/,,(n) (t)|

By the exercise 9.3 in [8],

Uzl/ (t) = ( 1 *
) ~ (i) = Uy (1) Ul () 2 Up iy ®)
is a unitary for any # € S! and then

| |UN ( ) (n)A(t)Pm(n)U2/::(n) (t) - Pm(n)B(t)Pm(n) | ‘

10 .
_ + HPm (n) Uzlgn(n)( )Pm(n)A (t)Pm(n)Uz//m(n) (t)Pm(n) - Pm(n)B(t)Pm(n) ||
10 19

= _+ HU/ ( )A(t)U;;:‘(n)(t) _Pm(n)B(t)Pm(n)H < 7

Let
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and by the second and third inequalities in (3.9), we have, for any ¢ € S!

@A @)~ BO)|
<1V Buap A1) B U* (1)~ B B0 B |+

% 18 37
= |‘U2/:n(n) (t)Pm(n)A (t)Pm(n)UZNm(n)(t) - Pm(n)B(t)Pm(n) H + 7 < 7 U

By the same argument in section 3.2 of [7], let CI);“M 5, Es(n) be the pullback bundle
of @y, B, R E,) over S!. Because the fibers of E(,) are homeomorphic to QON
so are the fibers Fy of d)jgmBnEs(,,) and 7 (Fy) & 75 . Therefore we have a bundle
of groups 7 (Fy), which would be denoted as Il4, 5,. As S! can be treated as a cell

complex with no cells of dimension greater than 1, similar with the argument in section
3.2 of [7], we have:

COROLLARY 3.12. Let A, B be two normal multiplicity-free elements in K(C(S'))
with Eig(A(t)) = Eig(B(t)) C C\ {0}, Vr € S', if A, B satisfy the condition A, then A
and B are approximately unitarily equivalent.

For A, B be two normal multiplicity-free elements in K(C(S')) with Eig(A(t)) =
Eig(B(t)) C C\ {0}, Vt € S', since the condition A ensures the approximately uni-
tary equivalence, next question is what happen without condition A? Firstly, we need
a lemma, which ensures that any nonzero eigenvalue A, € Eig(A(xp)) can be ex-
tended locally to be a continuous function Ay, (x) € Clxg — ax,, X0 + ax,| s.t. Ag(x) €
Eig(A(x)), Vx € [xo — @y, %0 + ay,) and Ay, (x0) = Ay, , for some ay, > 0, in which
A(x) = A(e*™) for x € [0,1].

For any fixed xo € [0,1], A;(x0) € Eig(A(xp)) C C\ {0}, since |Ai(xo)| > 0 and
zero is the only accumulating point of Eig(A(xo)), there exists 8;(xp) > 0 s.t.

B(2i(x0), 8(x0)) [ |B(Aj(x0),8;(x0)) =0 Vi# j €N

B(i(x0), 8(x0)) () B(0, 8i(x0)) = 0 Vi € N

With all the notation above, we can get a lemma with standard argument.

LEMMA 3.13. Forany fixed xo € [0,1] and any A(x), Ai(xo) and &;(xo) in Lemma
3.5, V0< B < 5,'()60), E|OC,-7/3 ()C()) >0, s.t.

£(B(Ai(xo), g)ﬂElg(A(x))) =1, x€ (xo — & p(x0),x0 + @ g(x0))

So for a normal multiplicity-free A(x) € K(C[0,1]) with nonzero eigenvalues at
each x but without condition A, the lemma gbove ensures the locally continuous exten-
sion of the nonzero eigenvalues. Then, for A € K(C[0, 1]) without condition A, we can
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assume that 34y € Eig(A(0)) s.t. its locally continuous extension Ag(x) satisfies the
following condition

lim Ay(7) does not exist or lim Ay(r) =0

—o —a

in which
o = sup{y: Fo(r) € C[0,7] 5.4.20(0) = Ao and Ao(r) € Eig(A(1)), ¥ € [0.7]} <

Since ||A]| < oo, lim,_q Ao(¢) can not be infinite. So if lim,_,,- Ao() does not
exist and we can assume that there exists an increasing sequence {x; }x(xx — o0~ as k —
o) 8.t

lim 2o (x2,) = a# b = lim Ao (x20+1)

Without loss of generality, we can assume a # 0. If a ¢ Eig(A(at)), we can find
(4 >)e>0st
B(a,e)("\(Ne(Eig(A(a))) | B(0,€))
in which Ng(E) = {x:d(x,E) < €}, then

Eig(A(XZn» 5 Ao(x2n) & Ne( Elg UB (0,¢€)

for n big enough, which is a contradiction with Lemma 3 in page 80 of [1]. So we
have a € Eig(A(c)) and by Lemma 3 in page 80 of [1], 3(min{ 4 la] las bl} >)6 >0 and
Ng >0 s.t.

_ 5 o

(B(a,8)\ B(a, E)) ﬂElg(A(x)) =0, Vx € [oo—ng, ]
which is a contradiction with the existence of a path of value in Eig(A(x)) from Ag(x2,)
to Ag(x2n+1) for n big enough.

PROPOSITION 3.14. For a normal multiplicity-free A(x) € K(C[0,1]) with con-
dition Eig(A(x)) C C\ {0}, which does not satisfy condition A, we can assume I €
Eig(A(0)) s.t. its corresponding locally continuous extension Ay(x) € C[0, ) satisfies
the condition lim,_. Ao(t) = 0.

THEOREM 3.15. Let A,B be two normal multiplicity-free elements in K(C(S'))
with Eig(A(x)) = Eig(B(x)) C C\ {0}, Vx € S, if A satisfied the condition A so
does B. Similarly for two normal multiplicity-free elements A,B in K(C[0,1]) with
Igig(g(x)) Eig(B(x)) C C\ {0}, Vx € [0,1], if A satisfied the condition A, so does
B.

Proof. We only prove for A and E_. If not, we have two normal multiplicity-free
elements A, B in K(C[0,1]) with Eig(A(x)) = Eig(B(x)) € C\ {0}, Vx € [0,1] and
A satisfies the condition A while B does not. We can assume that Jor € (0, 1],34 €
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Eig(B(0)) s.t. its corresponding locally continuous extension Ag(x) € C[0, o) satisfies
the condition limy_.¢ Ag(x) = 0.

Since Eig(A(x)) = Eig(B(x)), there exists po € C[0,1] s.t. pp(0) = A9 and
to(x) € Eig(A(x)), Vx € [0,1]. Because uo(ax) # 0, then b = sup{a € [0,1] : uo(a) =
Mo(a)} < a and by the continuity of Ag(x) and uo(x), uo(b) = Ap(b) > 0. Since
Eig(A(x)) = Eig(B(x)), Vx € [0,1], so Ve >0, 3 a decreasing sequence {x;}; with
Xx > b and limy_..x; = b s.t. for k big enough, we have Ly(x;) # Ao(x;) and

Ho(xx), Ao (xi) € B(Ho(b),€) () Eig(A(xk)) = B(uo(b), &) () Eig(B(xx))

which is a contradiction with Lemma 3.13. [

COROLLARY 3.16. Let A, B be two normal multiplicity-free elements in K(C(S'))
with Eig(A(x)) = Eig(B(x)) C C\ {0}, Vx € S, if A satisfies the condition A, then A
and B are approximately unitarily equivalent.

QUESTION. For two normal multiplicity-free elements A,B in K(C(S')) with
Eig(A(x)) = Eig(B(x)) C C\ {0}, Vx € S! without condition A, whether they are ap-
proximately unitarily equivalent? Or whether there exists a pair of normal multiplicity-
free elements A,B in K(C(S')) with Eig(A(x)) = Eig(B(x)) C C\ {0}, which neither
satisfy condition A while A and B are approximately unitarily equivalent?
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