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CHARACTERISTIC FUNCTIONS OF LIFTINGS-II

SANTANU DEY, ROLF GOHM AND KALPESH J. HARIA

(Communicated by J. Ball)

Abstract. We prove that the symbol of the characteristic function of a minimal contractive lifting
is an injective map and that the converse also holds, using explicit computation and functional
models. We discuss when the characteristic function of a lifting is a polynomial and present a
series representation for the characteristic functions of liftings.

1. Introduction

Given a Hilbert space .Z, a d-tuple T = (T1,...,Ty), such that Tj € A(ZL) for
j=1,...,d, is said to be a row contraction if Z?:l TJTJ* < Ig. A row contraction
E = (E,...,E;) on Hilbert space % is said to be a contractive lifting of a row con-
traction C = (Cy,...,Cy;) on a Hilbert space .5#¢ if ¢ C #% and Efhc = C’he for
he € H¢,i=1,...,d. The contractive lifting E is said to be minimal if % is the
smallest E -invariant subspace containing .7¢ . The theory of characteristic functions
of row contractions was first studied by G. Popescu in [11]. Motivated by the theory
of characteristic functions of row contractions and by applications to dynamics of open
quantum systems (see [7], [8]), the notion of characteristic functions for liftings of row
contractions was introduced in [3] which completely classify up to unitary equivalence
certain class of liftings called reduced liftings. The notion of reduced lifting has been
shown to be same as the notion of minimal contractive lifting in [4]. The current article
is a sequel to our article [3].

The full Fock space over C4, denoted by I, is the Hilbert space

r=CoC/s(CH)*o..0CH" ...

Fock spaces are very useful for constructing functional models for row contractions.
The element ep := 1 0@ ... of T is called the vacuum vector. Let {e,...,e;} be the
standard orthonormal basis of C?. Let L; : ' — I" denotes the left creation operator

Lix=ej@xforallxel, j=1,...,d.
Our notation also include the case d = oo here and in this case C? stands for a complex
separable Hilbert space of infinite dimension.
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Suppose A is the unital free semi-group with generators 1,...,d and the identity
0.I1fTj € A(L) for j=1,...,d, thenfor oo € A define
S To, ... Ty, fa=oy...00, ope{l,... d}
T 1y if o0 =0.
For o = o ...0p € A WeNdenote the vector e, ® ... ®eq, by eq in the full Fock
space I'. Then {ey : @ € A} forms an orthonormal basis for the full Fock space T'.

The length of o € A is defined to be m if ¢ = @ ... 04, and 0 if a = 0. It is denoted
by |a].

DEFINITION 1. Let & and &, be Hilbert spaces. A bounded operator M : I’ ®
& — T ' ® &, is said to be a multi-analytic operator if

M(Lj®ls) = (Lj®lg)M for j=1,....d. (1)

Characteristic functions of row contractions as well as characteristic functions of
liftings of row contractions are contractive multi-analytic operators. Contractive multi-
analytic operators are noncommutative analogues of operator valued Schur class func-
tions. Let M : T ® & — I'® &, be a multi-analytic operator. The map defined by
O :=M|,es o ®E — T @&, is called the symbol of M and it uniquely determines
M, i.e., if we define the multi-analytic operator Mg : T ® & — T’ ® &, by

Mo (Lo ®1s)(eg® () := (Lo ®1s,)O(eq ® ()

forall £ € &, o0 € A, then Mg =M.

In Section 2 we show that the symbol of any characteristic function of a minimal
contractive lifting is injective. We develop a functional model for contractive multi-
analytic operators (cf. [4]). A complete answer is given for the following question
in Section 3: If C = (Cy,...,C,4) is a row contraction on a Hilbert space % and
M:T® % — T ® 9 is a contractive multi-analytic operator where Z is any Hilbert
space, then which intrinsic properties of a characteristic function of a lifting when as-
sumed for M, guarantee that M is the characteristic function for a minimal contrac-
tive lifting of C? For every row contraction C and contractive multi-analytic operator
whose codomain is I'® Z¢, an associated lifting of C was defined in [3]. It is shown
here that if this contractive multi-analytic operator has injective symbol, then the multi-
analytic operator can be realized as the characteristic function of the associated lifting.
These results were proved previously in [4] using different methods and our approach
here makes use of explicit computation and functional models. An example is worked
out in Section 4 where we illustrate the constructions from the Section 3, viz., for a
given row contraction and a certain contractive multi-analytic operator, the associated
lifting of the given contraction is obtained and the characteristic function of the lifting
is compared with the given multi-analytic operator.

The last section contains a criterion for the characteristic function of lifting to be a
polynomial. Such studies were done for characteristic functions of contractions in [6].
G. Popescu carried out similar investigation in [12] for characteristic functions of row
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contractions and developed notions to detect when the characteristic function of any
row contraction is a polynomial. Later in the last section, we derive a transfer function
type series representation for the characteristic function of any contractive lifting. In
[5] and [9], outgoing Cuntz Scattering systems were associated to coisometric liftings
of row contractions and the characteristic functions of these liftings were shown to
coincide with transfer functions of the scattering systems.
If a row contraction consists of isometries with orthogonal ranges, then it is called
a row isometry. For a row contraction T, a minimal contractive lifting is called a
minimal isometric dilation, if the lifting is a row isometry. Let T be a row contraction
on a Hilbert space .Z. Define defect operators Dy = (I — Z*Z)% el | L —al ¥
and D, 7 := (I—H*)% : L — Z. Denote Y7 :=Range Dr and %, 7 :=Range D, r.
A construction of the minimal isometric dilation V (cf. [10]) of T on L =L Te
Qﬁ)is
Vil® Y eq®do) =Til®[ep® (Dr)il+e;® Y, ea @ dg] @)

acA ochA

where £ € %, dy € Dr,and (Dr);: L — @1.Z is defined for j=1,...,d by the
(Dr) it =Dr(0,...,£,...,0) with £ is embedded at the j” component. This construc-
tion is vital for the analysis done in this article.

2. Properties of the characteristic functions of liftings

In this section we discuss some important properties of the characteristic function
of a minimal contractive lifting. Let C = (Cy,...,C,) be a row contraction on a Hilbert
space ¢ and E = (E},...,E;) be alifting of C on a Hilbert space ¢z D . Let

)
BjAj

be the block matrix representation of E; for j=1,...,d with respect to % & .
Now onward we denote .z by ;. Let VE = (VE, ... VF) be a minimal isometric
dilation of E on the Hilbert space % @ (I'® Zg). Since ZE is a row isometry and
(VJE)*hc =E;j*h¢ = Cj*hc for all he € He,j=1,....d, VE is an isometric lifting
of C. The subspace % = span{VEhc : he € A 00 € A} of 5 © (T ® D) is
a reducing subspace for V¥ because (VF)*VF = §;I for i,j=1,...,d. Since any
minimal isometric dilation of a row contraction is unique upto unitary equivalence and
the row isometry VZ ‘ffc is a minimal isometric dilation of C, we can embed the space
A @ (T @ 9c) of the minimal isometric dilation V€ = (VF,...,V{) of C in 4 &
(T'® Zg) as a reducing subspace of VF’s. In other words, there exist a row isometry
Y=(Y,...,Ys) onaspace # and aunitary W : #x B (T'® Dg) — He & (TR Dc) &
J such that with V' := VS @Y; we have

VEW =WV and W = 1|4
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for j=1,...,d. The characteristic function for the lifting E of C is introduced in [3]
as the multi-analytic operator

Mcg = ProgWlreg, : T® Zg =T ® Yc
A row contraction T = (Tj,...,T;) on a Hilbert space £ is said to be
(1) a completely non-coisometric (c.n.c.) tuple if

{te2: Y |(To)"¢)* =||¢|* forall neN}={0}.

o[ =n
(2) apure or +-stable tuple if lim S 1(Te)*¢||* =0 forall L€ Z.
“loj=n
It is easy to verify that if a row contraction T = (T1,...,Ty) is pure, then it is c.n.c.

We recall from Proposition 3.1 of [3] that if E is a contractive lifting of C by A,
then there exists a contraction y: Z, 4 — Z¢ such that B;‘ = (D, ) YD...4 holds for
Jj=1,...,d. The characteristic function Mc g of the lifting £ has the following series
expansion for its symbol ©¢ g : For hc € ¢

Oc£(DE) jhe = o ® [(Dc) jhe — YD aBjhcl = Y, ea @YD a(Aa) Bjhe,  (3)

la|>1

and for hy € 74

Oce(DE)jha = —ep @ YDy pAjha + 261@ Y, ea @ YD, a(Aa)* (8i1 — AjAj)ha (4)

i=1 oeA

where j=1,...,d.

For a contractive lifting E of C, we have constructed the minimal isometric dila-
tion VE on the Hilbert space % @ (I'® Zk) in the introduction. Because V£ is an
isometric lifting of C on ., we obtain the minimal isometric dilation V¢ by restrict-

d
ing VE to & @, VELc. where Lo =span{#e, VE (@D #¢)} © ¢ is a subspace

1
with dimension equal to the dimension of the defect space Z¢ of C and hence can
be identified canonically with . We restate below Proposition 3.8 of [4] in a form
appropriate to the study done in the article:

THEOREM 1. A contractive lifting E of C by A is a minimal contractive lifting if
and only if A is c.n.c. and the contraction y: 2, o4 — Zc is resolving, i.e., for hy € 73
we have

(YD pAfhs = 0 for all o € A) = (D, aAjha = 0 for all a € A).
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Proof. Let hg € % . We have
hg € #% © [span{Eqhc: he € ¢, all words o}
& hg L Py, VERc for all he € ¢, all words o
& hi L Py [ & (DVy Z0)] = e+ Pry P Ve Lo
o o

& he € #50 (DVy Zo)*
o

Therefore #% © [span{Eqhc: he € H#¢, all words a}] = {0} if and only if % N
(B, VE L)+ = {0}. It is immediate that the space %', introduced in the first para-
graph of this section, is embedded in the space 7 &' ® Zg by the unitary W* as
(B VE Zc)+ © H#¢. Thus, the assertion of the proposition follows from part (i) =
(iii) of Lemma 3.5 of [3]. O

‘We have remarked in the introduction that the notion of ‘minimal contractive lift-
ing’ is same as the notion of ‘reduced lifting’ from [3]. Let us assume that E is a
minimal contractive lifting of C. Therefore it follows from Lemma 3.3 (iv) of [3] that

TRZ)VW(I® %) =T ®%c)®H . 5)
Define Ac f = (I—M(’EEMCJ;)I/2 :T® P —T®Pg. Then x € T ® Z5 we have
1P Waxl|> = [[(I = Prage)Wxl|* = |[x]* — | Prag Wxl®
= |[x[I> = IMc £x]|> = || Ac ] (6)
Therefore there is a unitary operator ® , from % onto m defined by
Dy (PyWx)=AcpxforxeT'® Zk.

Since
Wity =[T®%)0 X oWl k), @)

with the unitary ® =18 D : T® %c) B H — T @ %c) B Ace(I ® ZE) we finally
obtain for x e ' ® Y

OWx = ProgWxd D@y PyWx = Mc gx® Ac px
and
‘DW% = [(F® @C) @AQE(I—‘@ @E)] © {MC7EX®AC7EX xel'® @E}

From these observations, a functional model is derived in Section 3 of [3] for the lifting
E of C.

DEFINITION 2. A multi-analytic operator Mg : I'® & — I'® &, is called purely
contractive if its symbol © satisfies

[Peyes OCO)|| < |I2]
forall 0 £/ € &.
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The characteristic function of a row contraction is purely contractive. But we
observe for the following minimal contractive lifting that the characteristic function of
the lifting is not purely contractive:

V3
- Cco
— | 2 _ 2 _ _
EXAMPLE. Let C := . /3 on /¢ =C~ and let E = (BA) on J =

2
He © o, be alifting of C. Let A := M, on J# = H”, the Hardy space, and B :
He — S, be defined by B(x,y)T = fy where the superscript “T” stands for transpose

1
and fy(z) == -
Lo
It follows that D¢ = (I—C*C)% =12 1| and Dia= (I—AA*)% is the orthog-
0 =
2

onal projection onto the space of constant functions inside H>. Here B* : 73 — ¢ is

1
givenby B* f = (0, 3 fO)T where fj is the constant term of f € H?. Define an isometry
Y: @*,A — Yc by
yo:= (0,a)7 for o € .

Observe that B* = DcyD, 4. Thus by Proposition 3.1 of [3] we infer that E is a con-
traction. Because A is the unilateral shift, it is is pure, i.e., for all hy € 5, we have
lim, e [[(A*)"ha|| = O and hence it is c.n.c. Since Y is an isometry, ¥ is resolving.
From Theorem 2.1 we deduce that E is a minimal contractive lifting of C.

Next we show that the characteristic function Mc g for the lifting £ of C is not
purely contractive. Observe that kerB = {(x,0)7 : x € C}. Suppose h¢ = (x0,0)" € ¢
for some xg # 0. Then

IDghc|* = llhe|l> = |Ehc|? = |lhc* = [IChel* + ||Bhcl ]
1
= ||hc|]® = [Che|* = ||Dche > = Z|xo\2 #0.
By equation (3) we have ©c gDehc = Dche and so ||Poyo5.Oc gDehe||* = || Dehe|)* =
|DEhc||?. Hence Mc f is not purely contractive.
In the following proposition, we observe that the defect space Z¢ of any minimal
contractive lifting E of a row contraction C is the span closure of certain subspaces.

This will be vital in proving that the characteristic functions of such liftings are always
injective.

PROPOSITION 1. If Mc g :T'® g — I'® Y is the characteristic function for the
minimal contractive lifting E of C, then

€0 ® Je =M¢ p(eo® D)V AME g (L @ Du+ lim Nep(Li® Ty ueT® 7,
v €ET® Zp,u® lim Ac pvy, L Mcpx®Acpx forallx eT® Pk, j=1,...,d}.
n—>00
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Proof. We denote by .4 the space

M¢ p(e0® D)V AME (L@ Du+ lim AZ g (Lj @ T)vy

u lim Acgvn L Mc px® Ac px forallxeT'® Zg, j=1,...
n—oo

First note that forall j=1,...,d with |ot| > 1, and d¢ € 2 we have

(L @ D)M¢ g(eo @dc) = M¢ g (L; @1)(eg @ dc) =

585

Y.

This implies that MaE(e@@)dc) €Eep®@Dg. Let hg =he®hy € e ® 74 (= A ) and

h € ;. For 1 <i,j <d we observe that
(M¢ g (eo @ (Dc) jh),ep @ (DE) he)
= (e0 @ (Dc) jh,Mc g (eo @ (DE)i(hc ® ha)))
= (ep @ (Dc) jh,e0 @ [(Dc)i hc YD« ABihc — YDy AAiha))
= (ep @ h,ep @ (Dc)[(Dc)ihc — YD aBihc — YDy aAihal)
— (e @ h,e0® (8,1 — CiCi)he — BBic — BiAihy])
= (ep @ h,ep® (Dg);(DE)ihE)
= (ep® (DE)jh,e@ ® (Dg)ihE).

Thus M(*L',E(e@(g) (Dc),h) =ep X (DE)jh for all h € ¢, j=1,....d.

Since Vf reduces .#, the projection Py commutes with VF for j=1,...

For x €e ' ® Y we have

Dy ViPyWx =@ VEP,yWx=® Py VEWx

=@y PyWVix=®PyW(Li®)x=Acg(Lj@I)xfor j=1,...,

Let h € /4 . Because VFW = WVF it follows for all y € T® Z that

(LjD) @Y)Wh,Wy) = (W(A;h) ©W(eg @ (DE) jh), Wy)
= (W(eo® (Dg);h),Wy)
= (eo ® (DE) jh, y)-

d.

d.

®)

Using equations (5) and (7) we write Wh=u @ lim P, Wv, forsome u € I'® Z¢,v, €

n—oo

' ® 9% . Observe that

u® lim AQEV,, 1 MC.’E)C@AQEX forallxe T ® Z.
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Therefore for j=1,...,d

*

((Lj@ ) & Y))Wh,Wy) = (Lj@l)@Y)(uo lim PyWv,), y)

W
WLy @ D, 3) + (W (Y Tim P W), 9)
(L ® D), Brosg W) + (W (lim @7 Ac.p (L@ 1)vy), )
M g (L © D y) + {(lim Ac s (L © 1), @ Py W)
Mg (L; @ D, )+ ((lim Ac £(Ly © D). Ac )

(
=
=
=
=
= (M p (L @ D+ lim AZ g (L @ I)va, 3). )
From equations (8) and (9) we have

e ® (D) jh = Mg g (L @ Du+ lim AZ g (L @1)vy, for j=1,...,d.
~ ’ n—oo 7

By above arguments we conclude that ey ® Zg C 4. For the reverse inclusion we
recall from the remark made at the beginning of the proof that

Mg (eo® D) C eo® D

Let u@limnﬁmAC’Evn 1 MC7EX@AC7EX forall x e T ® Y where u e ' @ Y, v, €
I'® Pg.Fori,je {1,...,d}

(Li @ DME g (L @ Du+ lim AL p (L @ v
=M g (Li @ 1)(Lj@ Du+ lim (L @ 1) (I = M gMc,g) (Lj @ Dva

= &;j[M{ pu+ lim A% pv,] = 0.
EUT M AC,

where the last equality follows from the fact u ® lim,, ... Ac gV, L Mcgx ® Ac gx for
all xeT'® Yg. Hence N CepR@PE. O

PROPOSITION 2. The symbol Oc p = MC,E|60®@E of the characteristic function
Mc g is an injective map.

Proof. Let dg € P such that O¢ g(ep @dg) = 0. For dc € Z¢ we obtain

(e0 @ dE,M¢ p(ep @ dc)) = (Mcg(ep @dE),ep @ dc) =0, ie.,

ep R dg J_MaE(E(z)@.@C‘). (10)
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Let u € T ® ¢ and v, € T ® Z¢ be such that (u @ lim, e Ac gvn) L Mc px @ Ac px
forall xeI'® Pg. Thenfor j=1,....d
(o ® dp, M (L @ Du+ lim AZ g (L; @ I)v)
= (e0 @ dp, M¢ g (Lj @ Du) + (eo @ dp, lim AL p(L; @ 1)va)
= (Mc.p(eo@dp), (L ® D) + lim (AL g (eo @ ), (L © 1)va)
:O+}}igl<(l M¢ pMc.g)(eo @dE), (Lj @1)vy)
= lim (e © d, (L; @ I)vn)

= lim ((L; ®@I)(ep ® dE),vn) = 0.

n—00

Hence using equation (10) and Proposition 1 we deduce that dg =0. [

3. Characteristic functions of associated liftings

DEFINITION 3. If M and M’ are multi-analytic operators with symbols © : 2 —
I'e.? and O : 2" - T ®.Z (with the same .#) and there exists a unitary v: 2 — 9’
such that ® ov = @, then we say that M and M’ are equivalent.

The injectivity property of symbols of characteristic functions of liftings is not
only a necessary condition for minimal contractive liftings as seen in Proposition 2 in
the previous section but also a sufficient condition in the following sense:

THEOREM 2. Let C = (Cy,...,Cy) be a row contraction on a Hilbert space F¢¢
and M :T® 9 — T ® D¢ be a contractive multi-analytic operator such that its symbol
0:=M lepw is an injective map. Then there exists a minimal contractive lifting E of
C such that Mc g and M are equivalent.

Proof. We define operators A:T® %2 -T®%2 and W:T® 2 — (T'® Zc) @
AT ® 2) by
A:=(I—M*M)"? and W(x) = Mx® Ax.

Let % denote the Hilbert space .7¢ @ (T'® Z¢) ®A(T ® 2). Clearly W is an isometry.
By adding to the domain of W, a copy %, of the orthogonal complement of W (I'® 2)

in (T® %2c) AT ® Z), we extend W to a unitary
W:#430T292)— (To%2)0AT®2).

Let V€ = (VE,...,VS) be the minimal isometric dilation of C on ¢ & (I'® Z¢).
Define V. = (V1,...,V,;) on JZ by V; := VJ-C@YJ- for j=1,...,d where Y;j is given by

YiAx=A(L;®)xforxe'® 2.
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It is easy to see that Y = (¥1,...,Y,) is a row isometry. Because for x e T ® &
ViMx®Ax) = (L; @ DMx & YjAx = M(L; @ )x® A(L; @ I )x,

the space W(I'® 2) = {Mx® Ax: x € T ® 2} is invariant under V; for j=1,...,d.

Thus ¢ @ 7, is invariant under V;‘ for j=1,...,d and the contraction

E; =V} | o forj=1,....d.

is called the lifting associated to the multi-analytic operator M . It was proved in Propo-
sition 3.8 of [3] that this lifting is a reduced lifting and hence a minimal contractive
lifting.

We write E; in the block matrix form as

Ci 0
5-(50)
! (B.f Aj
for j=1,...,d with respect to the decomposition .#z = ¢ @ ;. Let he,h €
¢ and M@J%Avn,ulea}}iilgoAv; € ) where u =3 50 @Ug,t' =Y ciea®
Uy g, Uy € De, and vy, v, € T @ 2. Then
(Ej(hc ®u® lim Av,), he & u' & lim Av),)
n—o0 n—o0
=(V; (hCEBu@ lim Avn), h'ceau/eanli_l}(}oﬁvb
= (hc®u @ lim n Avy, -(hé@b/@ lim n Avy))
(hc@uea lim Avn, VC(hCGBM )EB lim YiAV,)
<hc@u@ lim Avn, (Cihe ®eg® (D) jhe ® (L @1)u') @'}EQOYJ-A\»;)
= ((Cjhc + (Dc)up) © (L} ®1)u@}}g§oyjmvn, h’c@u’@'}iggcﬁv;y
We conclude that
Bj(u® lim Avn) (Dc)uo,
A% (u lim Av,) = (L3 @ u & lim Y} A,

for j=1,...,d. Because u'® lim AV, € 7 and 4 | W(I'® 2), we have M*u' +
n—oo
lim A%/, = 0. Further

n—00

((1—=MM")(eo® (Dc) jhc) & (—AM" (e0 @ (Dc) jhc)), u' & lim Av)
= (g ® (Dc) jhc — MM* (e9 @ (Dc) jhe),u') — (M*(eg ® (D) jhe), ’112130&2\@
= (eo® (Dc)jhc, u') — (M*(eg ® (Dc) jhc), M*u') + (M*(eg ® (Dc) jhc), M*u')
= ((Dc) jhe, uy) = (hc, B ( &) hm AV)))
=

Bjhc, ' & hm AV))
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Thus, we have

Bjhc = (I—MM")(ep © (Dc) jhc) ® (—AM* (eg @ (Dc) jhc)).-
Observe that

Aj(ue lim Avy) = Py ((Lj @ Du @ lim YjAv,)
= (L@ Du® lim A(L; © 1)v,) ~ (x;® Ax))

where each x; € T ® ¥ is defined by

(Ly @ Du—Wx)) @ (lim A(L; @ 1)y, — Axy), (Mxd Ax)) =0
for x e '® &. The above equation implies

X; :M*(Lj®1)u+}i_lgﬁz(Lj®I)vn

for j=1,....d.
Define y: 2, o — Zc by

YD 4 (u@® lim Avy) = ug

for u@® lim Av, € 7% . Itis not difficult to check that B = (Dc)f;yD*7A forj=1,....d.

n—oo

Next we prove the following three identities for i, j € {1,...,d}:
(I1) {(DE)jhc,(DE)ihg) = (M*(eo @ (Dc) jhc),M*(eo @ (Dc)iht:)) for he, b € At
(I2) ((DEg)hc,(DE)i (u@ hm Av,,)) = (1\71* (ep ® (Dc) jhc),xi) for he € He,u®
lim Av, € 4 andx,— 1 (L ,®I)u—|—1im&2(L,-®I)vn.

n—o0

(I13) (D )-(u@limAvn) (Dg)i(u ’@hmAv’)) (xj,x >f0ru€ma Avy,u' ®
lim Av), € 5 and x, = M*(L; @ )u' + hmA (Li®1)V,

n—o0

Proof of 11

((DE) jhe, (DE)ihc) = ((DE); (DE) jhe. he) = (81 — E{ Ej)he, he)
= (8ijlhc, he) — (Ejhe, Ejhe) = (8ijlhc, he) — (Cihe @ Bjhe,Cjhe @ Bjhe)
= (8ijlhc, he) — (C; Cihc,he) — (B Bjhc, he)
= ((8ij1 = C{Cy)he, he) — ((Dc); YD« aBjhc, he)
= ((Dc); (Dc) jhe; he)
— (YDA ((I = MM*)(eg @ (Dc) jhe) @ (—AM* (eg @ (Dc) jhc))) , (Dc)ibic)
= ((Dc); (Dc) jhe, he) — ((De); (De) jhe s he)
+ (Poyeac MM (9 © (Dc) jhc)  e0 @ (Dc) he)
= (M* (e ® (Dc) jhc),M*(eg @ (Dc)ihc))-
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Proof of 12:
((DE) jhe, (De)i(u® lim Avy)) = ((Dg); (DE) jhc, u @ lim Av,)
= (8,1 — E7Ej)hc, (u® lim Avy)) = —(Ejhc, Ei(u @ hm n Av,))
—(Cjhc ® Bjhc,Ai(u @ng;o Avn)) = —(hc, BjA; (uEB lim Av,))
= —(hc,(Dc)5yDen (((Li @ Du — Mx;) © (nlgrgoA(L,- @1)vy —Axy)))

= (eg ® (Dc) jhc, Poyog -Mxi) = (M*(eg ® (Dc) jhc), xi).

Proof of 13:

(D) j(u® lim Avy), (Dg)i(u’ & lim Avy,))

= ((8jl —E[E; )(u@nli_IEQAvn),u/@nli_I&Av;)

= ((&jI —AjA; )(u@}}EI(}QAvn),u/@nli_I&Avw

= zjl(bt@}qli_l}goAvn)—A;FAj(MEBJE‘I}cAVn),M/@}EI'}QAVQ

— (811 Yim Bvy) — A7 (L D~ 1) © (tim A(Ly @ 1), — K)o ® lim Av)
— (8,1 lim Av,) — [((LFLy @ Du— (L @ D)) & (1 (1im A(L; @ v, — Ay,

u @}}LII‘}OA\/;)
= (L} ®I)1\7qu,'@1’i*ﬁxj,u/@}}iﬁngoAv;>
= <xj,M*(L,-®I)u/+}}E§°A2(Li®I)v;> = (xj,x}).
Using I1, 12 and I3 we conclude that for i,j € {1,...,d}
(D) (e (e lim Av,)), (D) (e (' & lim AY,))
= (M*(ep ® (Dc) jhc) +xj,M* (eg @ (D¢)ihc) + x7). (11)

It follows that there exist an isometry v : Zg — & defined by
: d
V(Dg(hy,....hq)) = M*(ep@Dc(h§,...,h9)) + Y x;

where hj = h§ & (uj & lim Av,, ;) € A5, hS € Hp,uj@ lim Av, ; € A3 and xj =

Nn—soo E Nn—soo

M (L@ Iu;+ lim A*(L; @ Iy, j for j=1,....d.

We claim that v : g — & is surjective. To prove this claim it is enough to show

e0® 9 =M*(eg® D) V{M* (L; @ Iu+ lim A*(L; @ vy :

Nn—oo
u® limAv, L Mx@®AxforallxcT® 2, j=1,....d}, (12)
n—oo
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because the space on the R.H.S. is already contained in the Range v. Let f € & be
such that
eo@f LM (eg® Pc)V{M* (L@ Du+ lim A*(L; @), :u€T® De,vy ETR P,
Nn—o0
u® lim Av, L Mx@AxforallxeT® 9, j=1,...,d}.

n—os
Clearly eg ® f 1| M*(ep ® c) implies
PoywacM(eq® f) = 0. (13)
For u®lim, .. Av, | {Mx@AxforallxeT® 2} and j=1,...,d we also obtain
(L & DM (eo® ) & ¥fAleo® £), u® lim Av,)
= (L@ DMy ® f), u) + (¥;A(ey @ f), lim Avy)
= (ep® f, M*(L; ®I)u+gi£}oAYjAvn>
= (ep® f, M*(Lj®I)u—|—r}iﬁngoﬁz(Lj®1)vn> =0. (14)
Butfor j=1,...,d and x € '® Z we observe that
(Li@D)M(eo® f) &Y A(ep® f),Mx & Ax)
= (M*(L; @ )M(e9 @ f) + (AY})A(eg ), x)
(Ls@D)(M* M+ A%)(ep® f),x)
((Lj@I)(ep® f),x) = (0,x) =0. (15)
So from equations (14) and (15) we infer that
(Li@DM(ep® f) EBY;‘A(e@ ®f)=0

for j=1,...,d. Thus (L @I)M(ep® f) =0 for j=1,...,d and this together with
equation (13) imply that M(ep® f) =0, i.e., O(ep® f) = 0. Since O is an injective
map, it follows that f = 0. So equation (12) holds and v is surjective. Hence, v is
unitary. 5
Finally we claim that ©c g = ©v. For hc € ¢ and j=1,...,d
€0 @ [(Dc) jhc — YD+ aB jhc]
= e9®[(Dc) jhc — YD+ a((I— MM*) (e ® (Dc) jhc) © (—AM*(ep @ (Dc) jhc)))]
= PoyogcMM* (e ® (Dc) jhc) = Poyo 7 OV((DE) jhc) (16)
where last equality of the above equation array follows from the definition of v. For
o € A with |a] > 1
o ®YD;(Aa) Bjhe
= eq @ YD:a(Aa)" (1= MM")(eo ® (Dc) jhc) ® (—AM* (eg @ (Dc) jhc)))
= eq @ YD. a((Ly @ I)(I— MM*)(e9 @ (Dc) jhc) & (—YoAM* (eg © (D) jhc)))
= —PoyogMM*(e9 @ (Dc) jhe) = —Peyo9.0V((DE) jhe). (17)
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Combining equations (3), (16) and (17) we obtain
Oc £((Dk)jhe) = OV((DE) jhc)

for hc € ¢ and j=1,...,d.
It follows from the definition of 7y that for j=1,....d

(18)

0 ® YD aAj(u® lim Avy) = €9 ® ¥D: A (((Lj @ D — M) @ (lim A(L; @ I)v, — Ax;))

= _PE(])@@CMXJ' = —Pew®gcéxj
= _Pff@®@c®v((DE)j(u D JE}ECAV"))

Moreover, for u@® lim Av, € 7 and i,j=1,...,d

(8,1 AiA,) s Jim A
- 6ij1(u€9,}i330&’") _A?A.f(“@;}iﬂoﬁvn)
N 51-1-](14 @Y}LII(}OAV") —A?(((Lj ®Du— ij) S2) (JEIOICA(L/ QI)v,— AXJ))

(19)

= 8y1(u® lim Avy) — [((L{L; @ Du— (L] @ D)¥xj) @ (8 (lim A(L; © 1)y, — Axy))]

= (L; @ )Mx; ® Y/ Ax;
and so using the definition of ¥ we deduce that for a € A and i,j =1,...,d

¢i® e ® YD 4(Aa)" (81 — AJA}) (u@® lim Avy)
= ;@ eq®YD. a(Ag)* (L @ 1)Mx; ® Y; Ax;)
= ;@ eq @ YDua((LiLi @ )Mx; ® Y, Y/ Ax;))
= Pffi@%z@.@chj = P€i®€a®_@c(:)xj
= P€i®6a®9C®v((DE)j(” D r}i_l}'}cAvn))'
Comparing equations (4), (19) and (20) we obtain

Oc £((Dr)(u® lim Av,)) = OV((D) ;(u ® lim Av,)

(20)

21

for u@® lim Av, € #, and j=1,...,d. This proves the claim that Ock = Ov. O
Nn—oo

Combining Proposition 2 and Theorem 2 we obtain the following:

COROLLARY 1. Suppose C=(Cy,...,C,) is arow contraction on a Hilbert space
e and M T ® 9 — T ® YD is a contractive multi-analytic operator. Then M is
equivalent to the characteristic function for a minimal contractive lifting of C if and

only if the symbol of M is an injective map.



CHARACTERISTIC FUNCTIONS OF LIFTINGS-II 593
4. Example

We discuss an example where we do constructions from the previous section for an
injective Schur class function © and verify Theorem 2. In this example, the function ©
which is not an inner function and so the associated lifting obtained here for the given
contraction is not subisometric (cf. Definition 1.1 of [3]).

1
Let C = 5 be a contraction on a Hilbert space .7¢ = C. Assume that 2 = C.
o MSf
2

Set O(z) = % and thus Mg : J¢% — 7 is given by Mef = = = - where M, :

H? — A7 is the shift operator. Note that this is the same setting as Example 5.3 of
[4] and we illustrate the new constructions of Section 3 for this example. As noted

M*
there, 7% = {g@ <— \;35) (g € %”2} and we obtain the lifting £ of C where the

operators B : ¢ — 54 and A : 564 — I, are given by

V3
Ba—éa@ —M7;<Ta> —éa@O'
2 V3 2 ’

*

Mo (<5F)) =ae (-5

*

M ) - 3 S »
where o € ¢, gD (— \/%g) € 4 with g(z) =X (gn2" and g4 = Zgoz—i- Egn_lz .
n=2

Since

(s (- 22 =0

A is a pure operator and hence it is c.n.c.

M*
For g ® (— \/%g) € with g(2) =X, 8n"
Mg Mg
Pa(se (- T5)) =-a(ee (- T3))
A 8 \/5 ( ) 8 \/§
( gl M; (g()+ %Z)
= +—z>® -
g0+ 7
The defect operator D, 4 : J4 — 4 is given by
* 8
Mg gl M (20+%2)
Doa(e® (- 2E2)) = oo+ Lo [0
Al8 \/g (80 ) ) \/§
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Because

M*
the defect operator Dy : 544 — 57} is given by Dy (g@ (— Zg)) = %0 @ 0. Define

a contraction y: Z, 4 — Yc by

D.a(g® (- =2)) = 0. (22)

M*
Observe that B* = DcyD.. 4. We show that 7 is resolving. Let g® <— \/Z;) ) € 4
Mg .
3 )) =0 for n > 0. Using the formula of A* and

such that YD, 4(A*)" (g @ ( -

equation (22), we conclude that g = 0. Thus we have

7D*,A(A*)"<g@ (-A\%g)) =Oforn>0:>D*7A(A*)n<g® <_A§‘§

i.e., ¥ is resolving. So by Theorem 1 it follows that £ is a minimal contractive lifting
of C. For o € 7 we have

)) =0forn>0,

IDpe|® = o —||Ea|f* = |af® — |Co e Bo||?

2 2
3
~ la? - o>+ B = | - [[45 1 219E) _o,

4 4
Therefore Ik :Fin{DE (gEB (—A\/I/;‘;» ;g@ <—A§?)g> € 4 }. Itis easy to check
that Dg <g€B <— A:I/Z;» =Dy <g® (— A\/I/%g» = %0 which implies Span{DE (g@

M M
( — Zg)) 1g® ( — Zg) € ,%ﬁ} is a one dimensional closed vector subspace. So
V3 V3

Dg = Span{DE (g@ (— A:I/%g

V: Y5 — 2 by the relation
v(pelee (-74))) =%

) € with g(2) =X o gn".

M*
) ) 1g® < - \/13ig> € %’A} . Define the unitary operator

*

Mg

V3

for g® (—
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M* . 3 i
For g® (— \/Z§g> € 4 with g(z) =27 (gq2" and g4 = Zgoz—i- Z gn_17" we
n=2
have
M*
0cs (@) (Pe (¢ (- 5)))

*

(-
——yD.4A (g (- Mzg)) + ;YD*,A(A*)H_l(I_A*A)<g® (- %))Zﬂ
(-

&

PE0)) s st e (- 8)):

+n§,2YD*,A(A*)n—1([_A*A) <g@ (_ Agg))zn
— 0+ %‘)Hoz@(z)v(z)E(g@ <_A\4/§>>>

Thus O¢ £(z) = ©(z)v. Hence the symbol O¢ £ is equivalent to ©.

=—YD. s (gA &)

5. Series representation for characteristic function

We first address the natural question as to when the characteristic function of lifting
is a polynomial.

DEFINITION 4. A row contraction N = (Nj,...,N;) on a Hilbert space ¢ is
called nilpotent if there is an element n € {0,1,2,...} such that N, = 0 forall o € A
with |a| = n. The order of a nilpotent d-tuple N is the smallest n € {0,1,2,...} with
the above mentioned property.

Recall that a pure row isometry is called a row shifft.

THEOREM 3. Let C = (Cy,...,Cy) be a row contraction on a Hilbert space ¢
and E = (Ey,...,E;) be a minimal contractive lifting of C on a Hilbert space H#E O
. If the symbol Oc for the characteristic function of the lifting E of C is a
polynomial of degree < n where n € {0,1,2,...}, then there exist subspaces ¢, and
il of Hy = Hg © H¢ such that ) = I, Ay and each Aj = Py Ej| », has
the block matrix representation

_(S) * .
we(5), imta

where S = (S1,...,84) is a row shift on %, and N = (Ny,...,Ny) is a nilpotent row
contraction on ,;; of order < n. In particular, if n =0, then Hy; = {0} and A; =
Sj,i=1,---,d.

Proof. Assume that the symbol O¢ g for the characteristic function of the mini-
mal contractive lifting E of C is a polynomial of degree < n where n € {0,1,2,...}.
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Therefore, the series representation given by equation (4) for ©¢ (Dg)jha is also a
polynomial of degree < n where hy € 54,j=1,...,d. Then

YD, A(Ag)*PDy =0, for|o|>n>0,i=1,....d

where P; denotes the orthogonal protection of @‘1{%’2 onto the i-the component of
@ff,%ﬁ. Since E is the minimal contractive lifting of C, the contraction y: Z. 4 — Z¢
is a resolving map and A is a c.n.c. tuple. So D, 4(Ag)*PiDy =0, for|o| >n >0, i=
1,...,d which implies that the characteristic function ®4 for the tuple A (cf. [11]) is
a polynomial of degree < n. Thus, the theorem follows from Theorem 1.1 of [12] on
using the fact that A is c.n.c. [

Though the next theorem is not the converse of the previous theorem, it is a result
in that direction.

THEOREM 4. Let C = (Cy,...,Cy) be a contraction on a Hilbert space ¢ and
E = (E,...,Ey) be a contractive lifting of C on a Hilbert space #x D ;. Suppose
G = A © A has the decomposition 4 = F4 & Ay ® - where F{,76) and
S| are subspaces of Ay such that A; := Py, Ej| 5, has the block matrix represen-
tation

SJ' *
Aj=[oN = |, j=1,....4 (23)
00
where S = (S1,...,S4) is a row shift on 74,N = (Ny,...,Ny) is a nilpotent row con-
traction on 6 of order n for some n € {0,1,2,...} and W = (Wy,...,Wy) is a coisom-
etry on 1. Then the symbol Oc g of the characteristic function of the lifting E of C
is a polynomial of degree < n.

Proof. We assume that A as defined using the lifting £ has the form (23). By the
proof of the Theorem 1.2 of [12] it follows that

D, a(Ag)*PDs =0, for |B|>n>0,i=1,....d (24)

The symbol O¢ g is a polynomial of degree < n if and only if series representations
given by equations (3) and (4) of Oc £(Dg) jhc and Oc g(Dg) jha, resp. are polynomi-
als of degree < n where he € J¢¢,hy € F4,j = 1,...,d. Using equation (24) it easy
to see that the series representation of Oc g(Dg);ha is a polynomial of degree < n
for hy € 7, j=1,...,d. To prove that the series representation of ©¢ g(Dg) jhc is a
polynomial of degree < n for he € ¢, j=1,....d, itis enough to show that

YD, A(Ag) Bi =0for o) >n+1,i=1,....d.
Here B} = (D¢);yDs s where (Dc); : ¢ — @%#¢ is defined by

(Dc)ihc = Dc(0, ... ,hc,...,0)
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with h¢e € % embedded at i’ place. Note that
AIDI,=PDjA", i=1,....d.

For any o € A with |ct| > n+ 1, there exist B € A with || >n and a = jB for some
j€{L,....d}. Therefore, from equation (24) we have
0=D. A(Ag) PIDRA" = D, A(Ag)“ATD2 = D, a(AjAg) D, =
=D, A(Aa)*D* AT =D.a (Aa)” Di .

The last equality in the above equation array follows using the fact that orthogonal
complement of kerD, 4 is Z, 4. Hence

YD a(Aa)"Bj = YDs a(Aa)"Dia¥ (Dc); = 0.
Thus, we have shown that

YD A(Aq) Bi=0for o) >n+1,i=1,....d. O

Let C be a row contraction on a Hilbert space .7¢. Let Oc g be the symbol of
the characteristic function of a contractive lifting £ of C by A on a Hilbert space
Hy = He @A, For i€ {1,...,d}, the element O¢ g(Dg);h has two different series
expansion, namely those given by equations (3) and (4) for h € ¢ and h € 7, resp..
It is always preferable to have a single series expansion for ©¢ g (Dg);h for all h € %
for carrying out further investigation about the properties of O¢ g. In the next theorem
we establish a single series expansion for the characteristic function of the lifting E.

THEOREM 5. Let E be a contractive lifting of a row contraction C by A and
Oc g denote the symbol of the characteristic function of the lifing E. Set

Mn.

d
C:= Y (Dc)jPmE; : #& — De, D= (Dc)iPwn(DE); : e — Dc
j=1

1

J

where Py, be the orthogonal projection of g on to . Then for h € g and
i=1,....d

(I@D%)@C’E(DE),'}I = ep@D(Dg)ih + 2 ejQep
BeA,j=1,...d

®CPy (Eg)"(DE);(DE)ih (25)

where Py, is the orthogonal projection of g onto 7).

Proof. For hy € 5¢; we obtain

d d

Cha = Y (Dc)jPaEjha =Y, (Dc)iPr(Biha ® Asha)
j=1 j=1
d

E(D(;) B hA = DcB hA = DC)/D* AhA (26)
J=1
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‘We consider two cases:
Case 1. For hc € ¢ and i=1,....d

d d
D(Dg)ihc = Z(DC) Pt (DE )5 (DE)ihc = Z(Dc) P (8ij1 — EE;)h¢
Jj=1 Jj=1
d ~
= (Dc¢)ihc — (Z(Dc) P j)E he = (D¢)ihe — CEihe
j=1
= (D¢)ihc — C(Cihe @ Bihc) = (D¢ )ihc — CCihc — CBihe
d
= (DC)'hC — (E(DC) Pj;ﬂc j )C hc — CBihe
j=1
d
= (D¢)ihc — Y, (Dc) jCiCihc — CBihc
j=1
d ~
= Y (Dc)(8ijhc — C;Cihc) — CBihe (27)
j=1
Observe that

DZ(Dc)ihe = DEDC(0,.. . he, ... ,0) = DeDE(O, .. ke, .. .,0)
= DC(—CTC'hC, e, I =C{C)he,...,—CiCihc)

2 ) (8i5he — CiCilc) (28)

for i=1,...,d. From equations (26), (27) and (28) it follows that
D(Dg)ihc = D¢((Dc)ihc — YD aBihc) (29)

for hc € ¢ andi=1,....d.
Further, for i, j =1,...,d and B € A we have:

CPy, (Eg)" (D)} (DE)ihc
= CPy;, (Eg)*(8ij1 — EjEi)hc = —CPy;, (Eg)*E; Eihc
= —CPy, (Eg)"((C;Ci+ BjBi)hc © A3Bihc)
—C[Pw#,(Eg)*(C;Ci+ B;Bi)hc + Py, (Eg)* A Bihc]
—C[0+ (A)*A3Bihc]
= —DgYD.a(A;p) Bihc (30)
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where last equality follows from equation (26). Combining the equations (4), (29) and
(30) we conclude thatfor i =1,...,d

(1®Dg)Oc (Dg)ihc
= e9® D¢[(Dc)ihc — YDwaBihc) — Y, eq @ DEyDya(Aq) Bihe

la|>1
= ey ®D%[(Dc)ihc — ’]/D*7ABihc] — Z ej ®€ﬁ ®D%~']/D*7A(Ajﬁ)*Bihc
BeA,j=1,...d
=e®D(Dp)ihc+ Y, ¢j®eg@CPy, (Eg) (DE);(DE)ihc.
BeA,j=1,...d

Case 2: For hy € ¢4 and i=1,...,d we have

™M=

D(DE)ihA = (DC) Pffc(DE) (DE)iha

1

J

Il
M=
M&

(Dc) jP#(8ij1 — EjEi)ha = —( Y, (Dc) jP#-E} ) Eiha

1

~.
Il
-

J
= —CAihy = —DEyD. sAihs (31)

R

where last equality follows from equation (26). Also for i,j =1,...,d and B € A, we
have

CPy, (Eg)*(DE)3(DE)iha = CPy;, (Eg)* (8;j1 — EEi)ha
= C(8ijP; (Ep)"ha — Py (Ep)E;Eiha)
= C(6ij(Ap)"ha — (Ag)*AjAihy)
C(A g)" (SijI—Af;Ai)hA
= DgYD. a(Ag)* (81 — A5A))hy (32)

where last equality follows from equation (26). Finally, equations (4), (31) and (32)
yieldfori=1,...,d

(I®D%~)®C’E (DE)iha
= —ey ®D%’]/D*7AAihA + Z e ®€ﬁ ®D%~’)/D*7A (Aﬁ)*(&jl —A;Ai)hA
BeA,j=1,....d

=ep@DDp)iha+ Y, ¢;@eg®@CPy,(Eg)* (DE);(DE)iha,
BeA,j=1,...d

and this proves the theorem. [

As an application of the series representation obtained in Theorem 5 we show
that certain expression involving the characteristic function of any contractive lifting
can be realised as a transfer function of a linear system. Let C be a row contraction
on a Hilbert space ¢. Let ©¢ g be the symbol of the characteristic function of a
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contractive lifting E of C by A on a Hilbert space .#% = .#¢ @ #4. Let C and D be
defined as in Theorem 5. Define a colligation of operators (cf. [2]) by

E7 (De)j
. . d
%C,E = :* : . '%:"@@E_)@%@@C
~Ed (Dlj)d Jj=1
CP% D

From the colligation 4¢ r we get the following A-linear system 2CE:

x(jo) = E}‘x(a) + (DE);‘-u(a), (33)
y(@) = CPyx(at) + Du(ar) (34)
where j=1,....d and «, jo. are words in A, and

)CIZ\—M%, u:1~\—>:@E, y:]\—>9c.

This A-linear system is a noncommutative Fornasini-Marchesini system (cf. [1]). In
this A-linear system, u takes values in the input space Yg and y takes values in the
output space YDc¢. Let z = (z1,...,z4) be a d-tuple of formal noncommuting indeter-
minates. Define the Fourier transforms of x,u and y as

£z) = Y, x(e)z%, d(z) =Y u(x)z” and H(z) = Y y(a

TN acA oA

respectively where z% = z4, ...z, for o0 = o,... 04 € A. Suppose that z-variables
commute with the coefficients of equations (33) and (34). Then, the input-output rela-
tion

9(z) = Yc e (2)i(z)

is obtained on assuming x(0) := 0 with

Yep(@)i= 3, Y =D+CPy Y (Ep)(De)jd. (35)
ach BEA,j=1,....d

Here B = PB;...B, is the reverse of B = f,...B; € A. The formal noncommutative
power series Yc g is called the transfer function associated to the colligation matrix
GCE-
For y(ot) € % with ZaeA [[y(e a)||? < o, the series Y gery(o)z” stands for a series
convergmg to an element of (*(A,%). Deﬁne unitaries M : (*(A, D¢c) — F @ D¢ and
: (@E)Z — eg ® YE by

M(Y yaz®) = ez ®@yq and ®(u’) :=ep@u.

acA ochA

It follows that
MYcp(z) = (1@ Dg)Oc p®.
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Hence, (I®DZ%)Ocf is identifiable with the transfer function Y¢ g which is associated
with the colligation matrix 6¢c k.
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