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SEMIGROUPS OF TRUNCATED TOEPLITZ OPERATORS

AMEUR YAGOUB AND MOHAMED ZARRABI

(Communicated by S. McCullough)

Abstract. We characterise the one parameter families of truncated Toeplitz operators that are
semigroups, uniformly continuous semigroups and Cp-semigroups of contractions. We also
study their generators.

1. Introduction

Let L? denote the Lebesgue space of square integrable functions on the unit circle
T and let H? be the classical Hardy space on the unit disk ID. The model spaces are
the closed invariant subspaces for the backward shift operator §* on H?. These spaces
are of the form %, := H*> © uH?, where u is an inner function. Truncated Toeplitz
operators are compressions of multiplication operators to the spaces %, . Let P, be the
orthogonal projection from L? onto the subspace .#;. The truncated Toeplitz operator
with symbol ¢ € L? is defined by AG(f) = Pu(@f), on the dense subspace .7, N L™
of J%,. The symbol ¢ is never unique. In [10] Sarason explored truncated Toeplitz
operators, thus generating a huge interest in this class of operators (see [1, 7, 13, 14]).

The purpose of this paper is to investigate the semigroups of truncated Toeplitz
operators and their generators. Our interest in this subject comes from the works of
Sudrez ([18]), Seubert ([15, 16, 17]) and Sarason ([11]).

Let S, denote the compressed shift on 7, defined by S,(f) = P,(zf). In [18],
Sudrez characterised the closed densely defined operators on %, that commute with
Sy . Sarason completed the Sudrez result in [11], by showing that the closed densely
defined operators on %, commuting with S, are the truncated Toeplitz operators with
symbols in a certain local Smirnov class related to u (see section 6).

Seubert characterised in [17] the dissipative closed and densely defined operators
on %, that commute with S). Such operators are the generators of semigroups of
contractions commuting with S which are also described by Seubert in [17]. It is
shown that all these operators are TTOs.

In the present paper we establish a necessary and sufficient condition for a family
of truncated Toeplitz operators to be a semigroup, then a uniformly continuous semi-
group, and finally a Cp-semigroup of contractions. The proofs involve the Sedlock
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classes introduced in [13, 14], the Seubert result cited above and the Crofoot transform
(a unitary operator between different model spaces).

The paper is organised as follows. The next section contains preliminary material
concerning model spaces and truncated Toeplitz operators. In section 3 we introduce
the Sedlock classes. Section 4 and section 5 are respectively devoted to semigroups and
to uniformly continuous semigroups of truncated Toeplitz operators. The last section is
dedicated to Cy-semigroups of contractions.

2. Preliminaries

Let D be the open unit disk, T = dD the unit circle in C, m = d0 /2w the nor-
malized Lebesgue measure on T, L? := L?>(T,m) the standard Lebesgue space on T
and C the extended complex plane CU {eo}. Let H? denote the Hardy space on D
and H” the space of bounded analytic functions on . The unilateral shift opera-
tor on H? is defined by Sf(z) = zf(z). Its adjoint, the backward shift S*, is given
by $*f(z) = (f(z) — £(0))/z. To each non-constant inner function u we associate the
model space

Ky =H>©uH>.
The model space %, is a reproducing kernel Hilbert space of holomorphic functions
and the reproducing kernel at A € D is given by
K;(Z)ZM, zeD. 2.1
1-Az
If u has an angular derivative at { € T in the sense of Caratheodory then each function
f in %, admits a nontangential limit f({) at {. In this case the function

K{(z) = %Cz):@ zeD (2.2)

belongs to %, and is a reproducing kernel at (.
The space %, carries the natural conjugation

Cf=f:=uzf (2.3)
which is a bijection from 7, to itself. And a computation shows that
_ —ul) _
K%(z):%7 zeD, AeD. 2.4)

The compression of S to %, will be denoted by S,,. Its adjoint, S, is the restric-
tion of S* to %;,. Let P, be the orthogonal projection P, : L[* — %, For each function
@ in L? the corresponding truncated Toeplitz operator (TTO) Ay is the densely defined
operator on %, given by the formula

Ayf =Pu@f), [feH" = HNH".
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Let .7, denote the set of all bounded TTOs on .%;,. Much is known about these opera-
tors (see the Sarason paper [10] for a detailed discussion) but we list a few interesting
and useful facts below:

1. The operators S, and S;, are the TTOs with symbols z and Z, respectively.

2. The operator C : f — f defines an isometric, anti-linear, involution on %, for
which CA{C = (Aj)* = A, whenever ¢ € L and Aj € 7. This makes 7, a
collection of complex symmetric operators [0, 10].

3. If A €D, then
SuKj = LK} —u(A)KY and S;KY = AKY — u(A)Ky
and if A € D\ {0}, then

1

SuKY = = (K} —KY) and S;K} = = (K} —K}).

> =
>

4. We have I —S,S; = Ky @ K§ and I —S;S, = Ki @ K{.

Note that for f,g € %, we let f® g be the rank one operator defined by (f ®g)(h) =
(h,g)f, for h € %,.

By [10], Theorem 5.1, .7, is not an algebra of operators but it contains some
algebras of interest. For example {A}, : ® € H*}, the set of holomorphic TTOs on
oy, and {A% : ® € H*}, the corresponding set of antiholomorphic TTOs. By Sarason
[10], the algebra of holomorphic TTOs is the commutant of the compressed shift S,
on %, and the algebra of antiholomorphic TTOs is the commutant of S};. In the next
section we consider other interesting algebras contained in 7.

3. Sedlock algebras

Studying the product of TTOs, Sedlock introduced the following classes depend-
ing on the parameter o € C by

B = A'(‘pws $+L_€%,<p€%,ce((3}, if o € C,

and
By ={A5: P H™}.
These classes are closely linked to the modified compressed shift defined for o € D by:
a —~
“ 1—au(0) © 0

For oo € T, S¥ is the so-called Clark unitary operator [2, 10] and its spectral measure
is the Clark measure (1, defined by the following formula

m(w)— Ll a(0), zeD.

oa—u(z))  Jr|C—z2 7
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For A € .9, we denote by {A}’ the commutant of A. In the following theorem,
we summarize the main properties of the classes Z% and their links to S%.

THEOREM 3.2. ([14]) Let u be an inner function.

1. If o € T, SY is a unitary operator and
B ={Si}Y ={®(S)), @ € L™ (o)},

where L is the Clark measure. Each operatorin B¢ is unitarily equivalent to
a multiplication operator Mg on L*(ly) induced by a function ® € L (lUy,).

2. If o €D, SY is a completely non-unitary operator and

¢ = {59} = {‘I’(53‘> =l We Hw}'

T—om

iy . o  a-u
Moreover the characteristic function of S is ug = 1, -

3. If a € C\D, then #% = {(S;/a)*}’ and the elements of B may be described
as -
WS = Ay, W EHT,
where W*(z) = ¥ (2).
4. If A,B € 7, then AB € 7, if and only if one of two cases holds:

(a) A or B is equal to cI for some c € C.
(b) A,B € BY for some o € C.
In the last case we also have AB € ZBY .

The following proposition gives us a symbol of operators in classes A .

PROPOSITION 3.3. Let A € Y. Then

1. If || < 1, then @+ S, is a symbol of A, where @ = (1 — owu( ) 'AKY.

2. If ot > 1, then @ + 0.8, @ + ¢ is a symbol of A, where ¢ = = ( TR AKO and

c = (OC u( 0 <AK(I';,KM>

3. If o0 = oo, then m—f—c is a symbol of A, where @ = SuAIf{\Oﬂ and ¢ = (AI?gjfg).

Proof. (1) This is Proposition 3.2 in [13].
(2) By Theorem 3.2 (1), A* € 2L® and therefore has as symbol v+ (1/@)S,

where y = (1 — (1/@)u(0)) 'A*K¢ = (1 — (1/@)u(0)) 'AKY. Thus (1/a)S, ¥+
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is a symbol of A. Define ¢ = (1/a)S,y = (o0 — u(O))_lAkE. Since CS,C =S} and
SuS; =1—Kj ® K, we get

Suf = (1/@)SuSuW = (1/3)S.S3y = (1/3) (y — (W, K§KE).

Thus ¥ = o0S, o + (K4, w)KY and then ¢ + oS¢+ (K§,y) is a symbol for A.

(3) We have A* € 2,50 A= (AZ*K(‘)‘)* = AZTK;;' Again, since CS,C =S, and

I=S8,8; + Kj ® Ky we obtain A* = §,CS,CA* + (KO“ ® KO”)A* . Therefore
A*Ky = S,CS,CA* Ky + (A*Ky, K K -
Using that CA* = AC, we get
A*KY = S,CS,AKY + (AKY, KU KY

and

KK = S+ KL,
which finishes the proof. [
The next corollary follows immediately from Proposition 3.3. It gives a necessary

and sufficient condition for two TTOs in Sedlock classes to be equal.

COROLLARY 3.4. Let A,B€ A%, a € C. Then
1. If a €D, then A =B if and only if AK! = BKj.

2. Ifae@\ﬁ, then A=B ifandonlyifAf{v”:BkE.

4. Semigroups of truncated Toeplitz operators.

For the definitions and properties about semigroups we refer to [9]. Using func-
tional calculus we give a first characterization of semigroups.

PROPOSITION 4.1. Let (T;)i>0 C Ju. Then (T;)i=o is a semigroup if and only
if there exists o € C such that for every t >0, T, € BY and one of the following
conditions is satisfied:

1. |a| =1 and for every t > 0, there exists ®; € L”(Uy) such that T, = D, (ST),
t>20, &g=1 ug-aeandforallt,s >0, OO =D;; Ug-a.e.

2. |a] < 1 and for every t > 0, there exists ®; € H” such that T, = ®,(S%), t >0
and for all t,s > 0, the inner function uy, divides @5 — D15 and Py — 1.

3. |at| > 1 and for every t > 0, there exists ®, € H* such that T, = (I)t(S,i/a)*, >
0, with ®, € H” and the inner function Ui /g divides @53 — D1 and Py — 1.
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froof. Since forall 7,5 > 0, T, Ty = T,+s € 7}, by Theorem 3.2 (4) there exists an
o € C such that for each # > 0, T; € % . Then we have the following cases:

(1) If |a| =1, then T, = ®,(S¥),r > 0, with &, € L”(uy) and P,D(SY) =
D, (SH)D(SY) = Dy y(SY) which implies that O, Py = Oy Ug-ae. Also Ty =
D)(SY) =1 implies that Dy =1 ug-a.e.

(2) If || < 1, one should note that if (©,®;— D) € H™ then (O, Dy — D) (SY)
=0 if and only if u, divides @, ®; — D, ;. This follows from the fact, noted above,
that the characteristic function of S% is u,.

(3) If |e| > 1, then the result follows as in (2) by considering (7,*);>0. O

We have also the following characterization of semigroups.

THEOREM 4.2. Let (T;);>0 C Fy. Then (T;);>0 is a semigroup if and only if there
is o € C such that forallt >0, T, € BY and one of the following condition is satisfied

1. |o| <1 andforall t,s >0

TopsKY = TT,KY and TyKY = K. (4.3)
2. |la|>1 andforall t,s >0,
T4 Ky = TTKY and ToKy = K. (4.4)

Proof. Let (T;)i>0 C 7. Suppose that (T;),>¢ is a semigroup. Then there exists
o € C such that for every t >0, T, € 8%. The conditions (4.3) and (4.4) are clearly
satisfied.

For the converse suppose that for every ¢ > 0, T, € % with || < | and that
condition (4.3) is satisfied. Then by Theorem 3.2 (4), T;T is also in £%, and by
Corollary 3.4 (1), T,15 = T;T;. Similarly if |oz| > 1 and condition (4.4) holds, we
obtain that (7;),>0 is a semigroup. [

EXAMPLE 4.5. It is well known that the model space ., is finite dimensional if
and only if u is a finite Blaschke product. If n is a positive integer and u(z) = 7", then

2 -1
%n:Span{LLZ 7"'7Zn }7

ng =1and K =7""".

Note that for ¢(z) = Zz>é P(k)ZF € A we have S = ¥)- 1(p(n— k)zk. Then
it follows from Theorem 4.2 that a family of operators (7;);>0 C -7, is a semigroup if
and only if there exists o € (E such that for every r > 0, T, € Y and one of the two
cases holds :

(1) oo € C and T; has a symbol of the form

n—1

nil o)+ o Z o(n—k)z*

k=0 k=1
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such that
®(0) =1, (1) =...=o(n—1)=0
and forall 1,s >0,0<k<n—1,
k n—1
Gris(k) = D, a(m)@s(k—m)+ o Y, @ (m)@s(n—m+k)
m=0 m=k+1

such that

and forall £,s >0,0<k<n—1,

5. Uniformly continuous semigroups

We start this section with an elementary result which characterizes the generator
of a semigroup of TTOs.

PROPOSITION 5.1. A bounded operator A on %, is a generator of a uniformly
continuous semigroup of TTOs if and only if A € BY for some o € C.

Proof. Let (T;);>0 be a uniformly continuous semigroup of TTOs and A its gen-
erator. Then there exists o € C such that for each + >0, T, € Y. Since A% is a
closed algebra and A = lim, o+ Ll i the operator norm, we get that A € B¢

t

For the converse suppose that A € Z% for some o € C. Again, since ZA¢ is
a closed algebra, for every t > 0, ét e PBE. So A is the generator of the TTOs
(etA)[>O . D

The following theorem characterizes the uniformly continuous semigroups of TTOs.
It gives also the relationship between the symbols of the elements of the semigroup and
the symbol of its generator.

THEOREM 5.2. Let (T;);>0 C F; be a semigroup of bounded TTOs. Then (T, );>0

is uniformly continuous if and only if there exists o € C such that for every t > 0,
T; € BY and one of the following conditions is satisfied:
1 . TK-KS ..
1 o<1, ¥:= Fso lim,_,o+ —C—=2 exists in the norm of ¢, and the operator
A=A"

_ is bounded.
Y+as, ¥




610 A. YAGOUB AND M. ZARRABI

. I
2. o) >1, ¥y:= a+u(0) lim, o+ —2—L exists in the norm of £, and the opera-
torA=A" — is bounded, where
Wt as, Pre

LKY — Ky ;{u>

(04
¥=S5% and c=—— i <7 :
O T () o\

. TKY-K{
3. =00, ¥y := 11II1,H0+ ! Ot L
AL is bounded, where
SuWV+c

exists in the norm of &, and the operator A =

. TK{—KY —~
¥ —S,¥ and c= lim <f1<0>

1—0t

In all cases A is the generator of (T;);>0.

Proof. Let (T;);>0 be a semigroup of bounded TTOs. Then there exists o € C
such that forevery 7 > 0, T; € % . Suppose that (T;);>¢ is uniformly continuous with

generator B = lim,_,+ ?, which is a bounded operator. As ? ePB¥ t>0,and

A is closed for the operator norm, B € % . Then one of the three cases holds:
(1) |a] < 1. In this case we have

T.KY — K} —
BKY = lim =00 — (1 — qu(0))¥.

1—0t t

Since B € A, it follows from Proposition 3.3 (1) that B = Af‘P 5 This implies in

+aSy

particular that the operator A” — is bounded.
oS, P
(2) || > 1. As in the above case, B € % and by Proposition 3.3 (2) ¢ + oS, +
¢’ is a symbol of B, where ¢ = mSMBKg and ¢ = W@K&Kg). Since

TiKG K

Bf{v’g = lim,_o+ we see that 0 =¥, ¢/ =c and B=A.

(3) || = eo. The proof of this case is similar to the above one.

For the converse suppose that (7;);»0 C 4% and that (1) holds. We set ¢ =
- ;W T’Kg;Kg . By Proposition 3.3 (1), the function ¢; + oS, ¢, is a symbol of # .
Thus for every function f € JZ,,

. =1 . =

Jim f—tgglpu((%+asu¢l)f)
o 7 AU
_P,,((‘P+aSu‘P)f)—AT+aS7¥, :

As ¢ is dense in .7, Af‘P 5 is the generator of the semigroup (7;);>o. Since the
+oSy

generator is bounded (7;),>¢ is uniformly continuous.
The proofs of cases (2) and (3) are similar to case (1). [
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EXAMPLES 5.3. .
(1) Let A € D and consider the rank one operator A = Ky @ K} . By [14], Exam-

ple 4.2.12, A is a TTO of type u(1), A :A@«Jm(l)m. Then by Proposition 5.1, A

generates a uniformly continuous semigroup of TTOs (¢"4);~o. We have
tA wu 2= 2 P 3
u u u
€t =1+t(K} ®Kj)+ E(K; ®K})"+ §(K; RK}) ...
2 3

—~ t —~ t —~
=I1+1(Ky ®K})+ 2—!u’(x)(1{; ®KY) + 5u’(/l)z(lq QKY)+...

If /(1) =0, then
A =T+1(Ki@KY),
and if u/(1) #£ 0, then

“_ S

Notice that K} ®I’(VX is the adjoint operator of If(\g ®Kj. So K ®If(\}f is the gen-

erator of the uniformly continuous semigroup of TTOs

T, = I1+1(K{ ®KY) if u'()=0,
S

W( YQKY) if u'(A)#0.

=1+

(2) Suppose u has an angular derivative in the sense of Caratheodory at { € T,
that is, the nontangential limit of u and u’ existin { with the limit of # in { of module
1. Consider A = Kg ® K%. By [14], Example 4.2.12, A is a TTO of type u({), with

R
symbol K +u(8)S,K¢ . We have A= KE(8)A. Since [u'(§)| = KE(§) = HKgH2 £0,
we see as in (1) that
1 (©)] _ 4
A =1+S  (K'®KY).
W@ T

(3)Let o €D and let Ay, A3, ..., A, be n distinct solutions of the equation u(2) =
o.Let 9 =3%"_,a;K} , where the a; are complex numbers. Notice that if u is a finite
J

Blaschke product of order n then {127 , 1 < j<n} isabasis of %, and every function
]

¢ in %, has the above form.
We have

n n
A=A" ——= AL = K @KY .
P+0S,p j;a,, K} +u(A))SuKG, Zlaf 3 O R
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The operators K” ®K”_ are of type u(A;) = o and for every j,k,
(K;j ® K%j)(K;k ® KZ) = Sjku’(kj)Kfj ® KKJ_.

Then A generates the semigroup of TTOs

n —
ta; K% QK4
7’; — elA — I I e J )Lj 7Lj

j=1
_ Jaji (4) .
_,g [1+m,(K K )}j];[v I+ g Ky oK)
elaj "(A) 1
= I—|—tj§/[a K"_ DK +,§‘v ) (K @K3.)

where M = {j, u'(2j) =0} and N = {j, u'(A;) #0}.
(4) Let u be a finite Blaschke product of order n and |oz| = 1. Using the fact that

u’' never vanishes on T, the equation u({) = & has n distinct solutions 1,8, ..., &,
which are in the unit circle. The family { g Jj < } is an orthogonal basis for
o))

Hu. Forevery ¢ € Ay, ¢ =% ang,whereaj W) and we have
J

A=A aiK} @ K}
P+oS.p gf Ku +u(g])5u g g Ok
Since the operators K g ® KZ‘_ are of type o and for every j, k,
J J
(K¢ ©KY)(KY ©KY) = 8ulul (5)|KE @KL,
we obtain, as in the above example, that A generates the following semigroup of TTOs:
el ()1 1
=1+ —————(K? ®K})
Z W@l e

Using these examples we can now describe all the uniformly continuous semi-
groups of finite Toeplitz matrices.

THEOREM 5.4. Let u(z) = 7" and o = e, The uniformly continuous semi-
groups of TTOs on %, are:

o J tc; —ra
Tt_l+nr” letn 16 Z(D ' e’9w1®K €%/’
1 n—1 o
/] ic; _ M_ . u
L=I+ l’lrnflel(l—n)G 26(0 (e ' I)Kre'ew/ ®Krei9wj’
J=
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n—1
E_I+ 2 IL] _1)( elgw/® glewl)
j=o
T, =A% and T; = Ae,q,,

where 0 <r<1, 0 eR, (cj)’;;é eC" and ¢ € X,.

Proof. Let (T;)i>0 be a uniformly continuous semigroup of TTOs on %, and let
A be its generator. There exists o € C such that all the operators 7; and A are in A% .
We have one of the following cases:

(1) 0< || < 1: We write o = (re®)", with 0 < r < 1 and 6 € R. The solutions of
the equation u(z) = & are A; =re®w/~!, j=1,...,n. The family {I/(;ﬂ j=1,...,n}

is a basis of .%,. Therefore A = A" _,
o+oS, @
(aj)i_; € C". Asin Examples 5.3 (3),

where @ has the form ¢ = 2;?:1 a ,’I’(z ~with
: 7

elaji ()L,) 1
7}—1—1—2 (K” KL

which gives
_ j( tc;
L=I+ ni—1ei(n—1)0 2 o’ (e — l)Kue'@co! ®K el® >

for some complex numbers cy,...,cp—1.
(2) 1< |0 < oo: Applying the above case to (T7*),»0, we get that 7; has the form

1 n—1 —~
=Jj(tCi _ u
L=l nr—lei(1-n)0 26(0 (e I)Kreiewf®K:ei9a)j'
Jj=
(3) || = 1: Let & = ¢™®. The solutions of the equation u(z) = o are §; =
e®w/~', j=1,...,n. As in Examples 5.3, (4),
ta/l” (C/)‘ —1
1+2 — e (KE @KE)

which shows that
n—1

’Tt_1+ 2 [L]_l)(K:iewJ®K19wj)
=0
for some complex numbers cy,...,c,—1.
(4) o =0: There exists ¢ € %, such that A = Af. Note that ¢ is a bounded

holomorphic function. Therefore 7; = o = AZ,(,,.

(5) |0t = o=: We apply case (4) to (T*);>0, we get then that T; = Al%.

On the other hand it is a straightforward calculation that all the families (7;);>0
cited in the theorem are uniformly continuous semigroups [J
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6. Cy—semigroups
Recall that the Nevanlinna class ./ is the set of holomorphic functions ¢ = %,
where v, y € H” and y not identically zero.

The Smirnov class .4/ consists of all members of .4 having a denominator
that is an outer function. It is well known that each nonzero function (p in 4" hasa
canonical representation, that is a unique expression of the form ¢ = 2, where a and
b are in H*, a is an outer function, a(0) > 0, and |a|> + |b|* = 1 almost everywhere
on T.

As defined in [11], the local Smirnov class .4, " consists of all ¢ € .4~ for which
u,y are relatively prime. Any ¢ € .4, has a unique canonical representation @ = V%,
where a,b € H*, a is an outer function such that a(0) > 0, |a|?+ |b|*> = 1 almost
everywhere on T, v is inner and GCD(v,b) = GCD(v,u) = 1.

In [11], Sarason extends the definition of A”q, to functions ¢ in Jl{ﬁ . As observed
in [1 1], the functional calculus can be used }Eo define these operators: For ¢ € 4, " with

the unique canonical representation ¢ = =, Az = ((va)*(S:))~'b*(S%), where, for a

function y holomorphic in D, y*(z) = w(z). Then A% is a closed densely defined
operator on #,. The operator A?P is defined as the adjoint of A’% ([12], Lemma 5.4)
and is also the C-transform of A“a, that is A'(‘p = CA’%C.

In ([18]) Sudrez characterises the closed densely operators on 7, that commute
with S,,. This result was completed by Sarason in [12], giving the following theorem.

THEOREM 6.1. ([12]) A closed operator A densely defined in ¢, commutes with
Su if and only if A = Ay, for some ¢ € N, *.

Let o € D. The Crofoot operator Uy, is the multiplication operator by the function
(1—|e|>)~'/2(1 —@w). It is known that Uy, is a unitary operator from .%;,, onto .%;,
where ug = {5

If @ isin H™ we have A”IL =UgAg'Uy ! and A", = UQA%’UJI (see [13]).

—ou T—om

These formulas yield the following definition.

DEFINITION 6.2. For v € D and ¢ € 4,1, we set A", = UgAy*Uy" and
T—ou
A"y =UsAgUg '

The operator A“ , is closed and densely defined with domain D(A*, )={f €

T—ou - ocu
Hu:Uy ' f € D(AG)}. Moreover we have (A*, )*=A", and (A” )*=CA", C,
T—ou T—au —ou T—ou

since CU,C,,, = Uy, where C = C, and C,, are respectively the conjugate operators
on %, and .%,,. It follows from the equality U, 1SL‘3‘UOC = Su, and Theorem 6.1,
that the closed densely defined operators on %, commuting with S are the operators
A, with o € A7

7l)tu
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Let now o € T. Then S% is unitarily equivalent to the multiplication operator
M,(f) = zf on L*(Uug). Indeed, for f € L?(y), let

(Vaf)(@) = (1 — Gu(2)) lf—%dua@).

Then Vj, is a unitary operator from L?(uy) onto .#; and we have S* = VoM,V !.
For a measurable function @ : T — C, the multiplication operator Mg is defined
by
Mof =®f, fecDMs)={f€cL*(Ua): Pf € L*(1a)}.

Mg is a closed densely defined operator on L% (i) (see [5], Proposition 4.10, pp. 31).
We set ®(S%) = VoMoV, ! with domain {f € %, V' f € D(Mg)}. The following
result is probably known, but we have not found a suitable reference.

PROPOSITION 6.3. Let ot € T. A closed densely defined operator A on %, com-
mutes with S& and (S%)* if and only if A = ®(S¥) for some measurable function
O:T—C.

Proof. Let B be a densely closed operator on L>(i,) that commutes with M,
and Mz. Clearly B commutes with Mp for every trigonometric polynomial P. Let
YW € L”(Ug). There exists a uniformly bounded sequence of continuous functions on
the support of p, that converges to W, Ly -almost everywhere. To see this one can
use a Lusin theorem. By the Tietze-Urysohn extension theorem, these functions can
be considered as continuous functions on T. It follows that there exists a uniformly
bounded sequence of trigonometric polynomials (P, ), that convergesto W, i -almost
everywhere. For f in D(B), we obtain by using the dominated convergence theorem

(Mp, f,BMp, ) = (Mp, f,Mp,Bf) — (My f,MyBf), as n — oo.

Since B is closed we get that My f € D(B) and that BMyf = MyBf, which means
that B commutes with My. On the other side (by [3], Corollary 6.9, p. 279), the
multiplication algebra &7 = {My, ¥ € L (1)} and its commutant coincide. It follows
from ([8], Theorem 5.6.4, pp. 343-344) that B = Mg for some measurable function
®: T — C. Now we finish the proof by applying this result to V, 'AV,, for a closed
densely defined operator A on %, commuting with S¢ and (S¥)*. O

The following result gives a necessary condition on the generators of TTOs semi-

groups.

PROPOSITION 6.4. If A is the generator of a Cy-semigroup of TTOs on ¢, then
A has one of the following forms:

1. A=®(S%) for some o € T and a measurable function ®.

2. A=A", forsome o € D and some @ € N, .

T—au
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3. A=A forsome o€ C\D and some (PG%T/E'

4. A=Ag, for some ¢ € N

Proof. Let A be the infinitesimal generator of a Cy-semigroup (7;),>o of TTOs
on . There exists o € C such that all the operators T; are in #%. For |0 < 1, the
operators 7; commute with S%. This implies that A commutes with S¢. If |o| =1, S
is unitary, whence normal, and by the Putnam-Fuglede theorem 7; commutes also with
(S%)*. Therefore A commute with (S%)*. Now cases (1) and (2) are consequences
of Proposition 6.3 and the discussion that follows Definition 6.2. We deduce (3) and
(4) by considering the adjoint operator A* which is the generator of the Cy-semigroup
(T7)iz0. O

A closed linear map A having domain D(A) dense in a Hilbert space is said to be
dissipative on D(A) if for every x € D(A), R((Ax,x)) <O for each element f in D(A).
In [17], Seubert examined closed, densely defined and dissipative operators on .%;, that
commute with S;. He proved that these operators are of the form Az for functions
C holomorphic in D and satisfying R(C) < 0. Such an operator is the generator of
the contractive semigroup of TTOs (AZtc)t>O~ In the following theorem we describe all
contractive semigroups of TTOs.

THEOREM 6.5. Let (T;);>0 be a family of TTOs on %,. Then (T;)i>o is a Cp-
semigroup of contractions if and only if there exists o € @ an analytic function C on
D with a non-positive real part and a measurable function q on T such that one of
following assertions hold:

L la|<land T, = A" .

I—au

2. 1<|a| < 4o and T, = A" ..
ae

o—u

3. o=oc0 and T; :AZE'

4. |a|=1, esssupR(q(L)) <0 and T, = €'9(S%).
LeT

Proof. Let (T;);>0 be a Cy-semigroup of contractions TTOs on J%,. Then there
exist o € @, such that for every 7 > 0, T; € ¢ . We have three cases:
(1) || < 1. Then (Uy'TUq),>0 is a Cy-semigroup on %, commuting with
Suy - By Theorem 2 of [16], there exits an analytic function C on D with a non-positive
real part such that
Uy ' TUg =A%, 120,

Therefore
T, = UpA'tUy ' = A"y .

T—om
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Note that in this case the generator of (U 'T,Uq);>0 is the operator Ac and that of
(T)iz0 is A" ¢ .

T—om
(2) 1 <|a] < +oo. Then T,* commutes with SV% and using the above case we
get

=

Il
—
=
*
N
*

Il

(Au i )* — A

0e!C
1-(g&) o—u

with generator A" . .

(3) « € T. Then forevery ¢ >0, V' T,V,, is a multiplication operator on L? (),
since it commutes with the multiplication operator by z (see [3], Corollary 6.9, p.
279). By Proposition 4.11 in [5] there exists a measurable function ¢ on T such that
esssup R(¢(&)) <0, and

CeT

Vo 'V = Myq.

It follows that
T, = VaMugVy ' = 9(5%).

Since (7;);>0 is a semigroup of contractions, esssup R(g(§)) < 0. Moreover g(S%) is
CeT
the generator of (7;);>0. O
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