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THE MODIFIED PARSEVAL EQUALITY OF STURM-LIOUVILLE
PROBLEMS WITH COUPLED BOUNDARY CONDITION

MU DAN, JIONG SUN, JI-JUN A0 AND JUNHUI XIE

(Communicated by F. Gesztesy)

Abstract. We consider the Sturm-Liouville(S-L) problems with coupled boundary condition and
transmission condition. Defining a Hilbert space related to the transmission conditions, we dis-
cuss the S-L problems in this modified Hilbert space. We prove the Parseval equality of the S-L
problems with the transmission conditions in a modified Hilbert space and derive the Green’s
function for these problems.

1. Introduction

Sturm-Liouville (S-L) problems with transmission conditions appear in mathe-
matics, mechanics, physics and in other applications. The S-L problems with trans-
mission conditions are concerned in many publications [2, 4, 10, 13], however they are
only for the S-L problems with the separated boundary conditions. Here we construct
the Green’s function of the S-L problems with coupled boundary condition and trans-
mission condition, and establish the modified Parseval equality of the considered S-L

problems.
The differential equation we considered is

ly:=—y'+qx)y=24y, xeJ=[-1,0)U(0,1],

with the coupled boundary condition (CBC)
AY(-1)+Y(1)=0, Y(xl)= (y( )> ,
and the transmission condition (TC)

KY(0-)+Y(0+) =0, ¥(0+)= (yy,((%i))) ,

where A is the complex eigenparameter; A,K are 2 x 2 matrices
A=t 01 02 K (Fun ki
o3 0y)’ ka1 ka2 )’
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with —r < y< T, ooy — oo > 0, kijkoy — ki2kp) > 0; and the matrices (A, —1),
(K,—I) have full rank, I is the 2 x 2 identity matrix; g € L(J,R). Note that the
conditions are minimal in the sense that it is necessary and sufficient for all initial
value problems of the equation (1.1) to have unique solutions on [—1,1] ([6, 14]); a;
(j=1,2,3,4) and k,,; (m,j=1,2) are real numbers.

The organization of this paper is as follows: After the Introduction in Section 1,
we give the condition for A being the eigenvalue of the S-L problem with the CBC
and TC, and the eigenvalues of the S-L problem (1.1)—(1.4) are countably infinite in
Section 2. In Section 3, we construct the Green’s function of the S-L problem with the
CBC and TC. Finally, we derive the eigenfunction expansion for the Green’s function
and establish the modified Parseval equality by using the eigenfunction expansion in
Section 4.

2. The eigenvalues of the S-L operators

In this section, we construct the basic solutions of the equation (1.1), which satisfy
the TC, and characterize the eigenvalues of the S-L problem (1.1)—(1.4).

Let h =detK, where K is the coefficient matrix in the TC (1.3), (1.4). Define a
new inner product in L?(J) as follows:

0 1
e =n [ fiEgidxt /O Faadx, for fog € L2(J), @.1)

where f1 = f(x) [—10)» f2 = f(x) |0,1]; h = detK >0, K is the coefficient matrix
in the TC (1.3), (1.4). It is easy to verify that (L?(J),(,-)) is a Hilbert space. For
simplicity, we denote it by H, and the norm induced by the inner product is denoted by
|| - ||#. Now we consider the S-L problems (1.1)—(1.4) in the associated Hilbert space
H.

The operator Ly, related to the S-L problems (1.1)—(1.4) is defined by

-@(LM> = {y € H|}’1’y/1 EACZ()C[_LO)’.VZ;)/Z EACI()C(()? 1}7 ly €H
and KY(0—)+Y(0+) =0},
Luy =1y, y€ P(Lu),

where ACj,.[—1,0) and ACy,.(0,1] denote the sets of complex-valued absolutely con-
tinuous functions on whole compact subintervals of [—1,0) and (0, 1]. The S-L opera-
tor L is defined by

2(L) ={y e Z(Lu)|AY (-1)+Y (1) =0},
Ly=1ly, ye 7(L).
THEOREM 2.1. If the matrices A,K satisfy AEA* = hE, KEK* = hE, with E =

(? _01) , then the operator L is self-adjoint.
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Proof. See [5]. O

Below, we consider the S-L problems (1.1)—(1.4) with the conditions
AEA* = hE . KEK* = hE.

That is, the concerned S-L operator L generated by the S-L problems (1.1)—(1.4) is
self-adjoint. We shall define two fundamental solutions

_ - _ X (X,;L),XE [_170)7
(% A) = { o (1), xe (0,1, d x(xA) = {x;(x,l), xe(0,1],

of the differential equation (1.1), which satisfy the TC (1.3) through the following pro-
cedure.

At first we consider the initial-value problem

{ (y l“)“ll(l)}’( ft)y, Oﬁfe[—l’o)’ (2.2)

By virtue of Theorem 1.5 in [11], the problem has a unique solution ¢;(x,A) for each
A € C, which is an entire function of A for each fixed x € [—1,0). Similarly, for the
initial-value problem
{ - +qi(x)y=21y, xe[-1,0), 23)
y(=1)=0,y(-1) =1,
the problem also has a unique solution j;(x,A) which is an entire function of A for

each fixed x € [—1,0).
The initial-value problem

="+ q@(x)y=2Ly, x€(0,1],
y(0+) =ki1¢1(0—, 1) +k120{(0—, 1), (2.4)
V' (0+) = k2191 (0—, 1) + ka2 (0—, 1),

has a unique solution ¢, (x,A) for each A € C. Moreover ¢ (x,A) is an entire function
of A for each fixed x € (0, 1]. Similarly, the initial-value problem

'+ @)y =21y, x€(0,1],
y(0+) =k 1(0—,A) +kioy  (0—, 1), (2.5)
Y (0+) = ka1 41 (0—,A) + kaox( (0—,4),

also has a unique solution y»(x,A), which is an entire function of A for each fixed
€ (0,1]. Obviously, ¢(x,A), x(x,A) satisfy the equation (1.1) and the TC (1.3).

It is well known, from the ordinary linear differential equation theory, the Wron-

skian W(¢;(x,A), x;j(x,A)) isindependent of the variable x. Let w;(4) := W (¢;(x,A),
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xj(x,A4)), then we have

aMM_@MMr—gﬁtgiijﬁN:L
- $2(0+,4) x2(0+,2)
(L) = 0 (A)]x—0+ ¢Z(0+’)L) xZ(O—!—,l)‘
_ | K1101(0—,2) + k129 (0=, 4) k111 (0—,4) +kiox; (0—,4) | _ =
| k2191 (0— )+k22¢’1(0 ,A) k11 (0— l)-l-kzzli( —A) =hanh) =5

LEMMA 2.2. Let

yi(x, ), x € [—1,0),
yxA) = {yz(x,l), x € (0,1],

be a solution of the equation (1.1), then the solution can be expressed in the following
form

_Jeadi(x,A)+ e (x,4), x € [-1,0),
@“—{@@@m+@m@mxemu. 26

If y(x,A) satisfies the TC (1.3), then ¢y =d,, ¢; = ds.

Proof. Since y(x,A) satisfies the TC (1.3), namely

ki1(c191(0—,4) +c2x1(0—,4)
— (d192(0+,24

ka1(c191(0—,4) +c2x1(0—,4)
— (d19(0+,2

+kia(c197(0—,2) + 21 (0—, 1))
+dox2(0+,1)) =0,
+ koo (€107 (0—,2) + 261 (0=, 1))
+day(04,1)) = 0.

\/\./\/\./

From (2.4), (2.5), the last equation system becomes

{ (1 —=d1)$2(0+,4) + (c2— d2) x2(0+,4) =0,
(1 =d1)$5(0+,4) + (c2— d2) x5 (0+,4) =

Since the determinant of the coefficient matrix of the equation system is

T
we get ¢y =dj,co =dr. U
- (02) 2/(02)
@) = (gﬁéim we) =12
and let
wa- (BRI e
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THEOREM 2.3. Let Ay € C. Ay is an eigenvalue of the S-L problems (1.1)—(1.4)

if and only if A(Ag) := det(A — ®(1,2)) =0, where A = '’ Zl g2 .
3 04

Proof. Let Ay be an eigenvalue of the S-L problems (1.1)-(1.4) and y(x,Ap) be
any corresponding eigenfunction. From Lemma 2.2, there exist ¢y, ¢, such that

_ c1¢1(x,10)+cle(x,).0),x€ [_1’0)’
y(x Ao) = {c1¢2(x,ao)+czxz(x,ao),xe 0,1), 2.8)

where at least one of the constants c1,c; is not zero. Substituting (2.8) into the bound-
ary condition (1.2) we obtain

o7 (051 062) <01¢1(—1,7Lo)+02%1(—1,10)) B <01¢2(1,%)+02%2(1Jo
oz o) \c19](—1,40) + o1 (—1, ) 1,4 1,9

[w(maﬁ_<%uw»mm%v]cv:
o3 04 $3(1,%0) x2(1,2%0) ) | \e2
Since at least one of the constants ¢, ¢; is not zero, we obtain

A(Xg) = det(A — ®(1, A9)) =0, (2.9)

that is,

(o o .
where A = €'/ (al a2> with —7 < y< 7 and oqoy — apo3 > 0.
3 0y

Conversely, if det(A — ®(1,4y)) = 0, then the equation

dr\
a-on.) (§) -0,
has a nonzero solution (c,c}). Let

[ &0n (e h0) - (x.A0), x € [~1,0),
“*””‘{ch&&m»+éx&%mmxe<au- 2.10)

Then y(x,Ao) is a nonzero solution of the equation (1.1) and satisfies the boundary and
transmission conditions (1.2), (1.3). Hence A is an eigenvalue of the S-L problems
(1.1)=(1.4), and y(x, o) is the corresponding eigenfunction. [

LEMMA 2.4. Let L be the operator defined by the S-L problems (1.1)—(1.4). Then
the eigenvalues of the operator L are countably infinite.

Proof. From Theorem 2.3, the eigenvalues of the S-L problems (1.1)—(1.4) are ze-
ros of the entire function A(1). Since the S-L operator L generated by the S-L problems
(1.1)=(1.4) is self-adjoint, the eigenvalues of the operator L are real. Then A(A) # 0
for A € C(SA #£0), so A(A) is not identical to zero for A € C\R. By the proper-
ties of zeros of the entire function, the eigenvalues of the operator L are countably
infinite. [J
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3. Green’s function of the S-L problems

We go on to construct the Green’s function of the S-L operator L generated by
the S-L problems (1.1)~(1.4). Let A € Q={A € C|A(A) #0.} and let f € H. We
consider the non-homogeneous differential equation

ly—ly:f(x), XE[—I,O)U(O,I], (3.1

together with the CBC and TC (1.2)—(1.4). We can represent the general solution of the
differential equation ly — Ay = fi(x), x € [—1,0) in the form

ni) = o) [ nEMAGE- 1w [ 0EnnEE 62
+di91(x, ) +dayi(x, 1),

where f| = f(x) |1 0) and dy,d; € C. And the general solution of the differential
equation ly — Ay = f»(x),x € (0, 1] can be represented in the form

nd) = 1002 [ @R - e [ RENLEE 6
+€1¢2()€,l) —|-62)(2(x,l).

where f, = f(x) \(071] and ej,e; € C. Taking into account the TC (1.3), (1.4) and by
(2.4), (2.5), we obtain

k11y(0—) + ki2y'(0—) — y(0+) (3.4
=0:0.2) [ (& DAEE - 220.0) [ 01EAE)E +2(0,)
+dox2(0,4) —e192(0,4) —e22(0,4) =0,
and
ka1y(0—) + ka2y' (0—) —'(0+) (3.5)
= 410.2) [ 1EMAEE - 40.2) [ 01EMAEE +i6}(0,2)
+dh(0,1) — e165(0,2) — e22(0,2) = 0.
From (3.4), (3.5), we get

0 0
a=di+ [ nEDAEME, e=d [ nENAENE

Substituting them into (3.3), we obtain

n) = 102 [ RENREE - Tneh) [ RENLEE G

0 0
+oa0) [ EDAGE 1) [ 0§ A (E)dE
+d1¢2(x,7t) -l-dz){z(x,z,).
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By applying the boundary condition (1.2), we have
cue'?y(—1) + 0pe™y' (1) —y(1)
= one” (digi(—1,A) +doy1(—1,2)) + 0ne” (di 9 (—1,1)
gl (-1,2) - 10:0.2) [ AR+ e0.2) [ 6616

002 [ (&A1) [ 0 A )
—di9o(1,4) = daya(1,4) =0,
and
anelTy(~1) + aue™y' (1)~ /(1)
= oze (di¢1(—1,A) +doy1(—1,4)) + oue” (d1 9 (—1,1)
gl (-1,2) - 002) [ AR+ 0.D) [ 6616

—3(1 /xlmfl@dé %01.2) [ o1& A
—~di$3(1.0) — dazh(1.2) =

And from the values of ¢;(—1,1),9{(—1,A),x1(—1,4),x{(—=1,1) in (2.2), (2.3), the

following equations related to dy, d, are obtained

di (e = (1, 2)) +da(ne — xa(1,2)) = 92(1,A) (S0, 11(8, ) /1 (§)dE
i Jo 22(E.0)f2(8)dE) + 12 (LAY (f, 61(8. ) f1(£)dE
+1 Jo 02(8,2)/2(8)dE) =

di (e = 95(1,4)) +da(one™ — x5(1,4)) = 5(1,A)(J2) 21 (&, ) f1(§)d&
i Jo 12(8.A)2(8)dE) + x5 (LAY (I, 61(8. A) /1 (§)dE
i Jo 92(8.2)/2(8)d&) =0

(3.7)

Since the determinant of the coefficients of the above equations is equal to A(A), which
is nonzero for A € Q, the equations have the solutions

sy 02 (D0 21 (€ 2) i (E)E + 1 Ji xa(E.A) f2(E)dE)
a2 (D 01(E. 20 (E)AE + 1 I3 02(8,2) f2(6)dE),

dy = 0D 21(E AV (E)AE + o (€, A) f2(E)dE)
#m(l)u‘ 01(E.2)f1 (E)AE + 1 [} 02(E. ) f2(E)dE),

dy =

(3.8)
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where

d13(1) =19y (1,A) — 03 (1,1), 24 (1) = e (1,2) — 0’795 (1,1) — o,
3.9)

x24(1) =00 s (1,A) — auexa (1,A), 213(1) = azeya(1,A) — " x5 (1, 1) + .
Substituting (3.9) into (3.2), (3.6), we obtain
0 1
s 2)=h [ GEMAEME+ [ G EAEME  (B10

where G(x,&,1) is as follows:

G(x.E0) = (G.11)
w3 (1106, 4) = e13(1) 2106, A) 1 (8, A) + 7y 924 (1)1 (v, 2)
—2x24(1)¢1(x,1)]91(E, 1), —1<&<x <0,
[ 924(1)91(x, 4) — 913(1)x1 (5, 4)]1(S,4) + = 1;L)h[%13(1)%1(?€,7t)
—2x24(1)¢1(x,1)]91(E, 1), —1<x< & <0,
W[‘Pﬂ( )91(6,4) = 013 (1)1 (6, A)]x2(654) + 773 )hz[ﬂm( )21 (x,2)
—x24(1) 1 (x, 4)]$2(E, 1), -1<x<0,0<& <1,
ﬁ[%w( )02(x, A) = ¢13(1) 2 (x,A)] 21 (& A)JFA 71024 (1) x2(x, 1)
—x24(1)d2(x, 1)]91 (&, 1), -1 <€ <0,0<x<1,
m[lw( )92 (x, A) — ¢13(1) x2(x, 4)] x2(8, M‘FA [$2a(1)22(x, 1)
—x24(1)2(x,1)]$2(E, 1), 0<&é<x<l,
7o 024 (1) 92(x, 4) — 913 (1) 22(x, )] 22(8, A) + wzyz s (D xa(x, A)
—x24(1)2(x,1)]$2(E, 1), 0<x< &<

THEOREM 3.1. Let f € H, then the function

(x5, ) h/G (5, EA)f d§+/G (5, &, 2) £ (E)dE (3.12)
satisfies (1.1) and the CBC and TC (1.2)—(1.4).

Proof. From the above calculations in the construction of the Green’s function,
the theorem is obvious. [

Thus the resolvent of the S-L problems (1.1)—(1.4) is obtained, and the function
G(x,&,1) is the Green’s function of the S-L problems (1.1)—(1.4). From the above
calculations the domain of (L — AI)~!, which is the resolvent of L at A € Q, is the
space H. And the S-L operator L is self-adjoint. So by the Closed Graph Theorem,
(L—2AI)~" is bounded. Then we have
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THEOREM 3.2. The operator L has only point-spectrum, i.e., 6(L) = 0,(L).

LEMMA 3.3. Let § € R\ 0,,(L). And let u be the eigenvalue of (L—81)~" and
v be the corresponding eigenfunction. Then ﬁ is the eigenvalue of L— 81, and y is the
corresponding eigenfunction, and vice versa.

4. The modified parseval equality

In this section, we show the eigenvalues of the S-L problems (1.2)—(1.4) are simple
under some conditions. And using the eigenfunction expansion of the Green’s function,
we prove the modified Parseval equality.

Let

D(A) = ou$r(1,4) — 0293 (1, 4) — s xa(1,4) + 0 x5 (1, 4), (4.1)

then
A(X) = (14 &*")h—D(A)e”, (4.2)

where A(A) is the same as in Theorem 2.3.

LEMMA 4.1. Let A € 6,(Ay) ={A € C|A(A) =0 fory € [-r,n]}, and be de-
noted by A(Ay). Then

1. 2(Ay) =M(A_y) forneNand 0 <y<m.
2. M(Aa) # An(Ap) for nym € N and 0 < o, < 7w with o # .

Proof. At first we prove the case (1). Let n € N, y€ (0,7) and A, (4,) € 0,(Ay).
From (4.2), A(A) =0 if and only if D(A) =2hcos?y. Hence A4,(A,) satisfies D(A,(Ay))
=2hcos?y. Since cos(—y) =cosy and h >0, D(A,(Ay)) =D(A,(A_y)) for n€ N. We
obtain 4, (Ay) = A4,(A_y) for n € N.

Next we prove the case (2). Let n,m € N, o, € [0, 7] with o # . From (4.2),
Mn(Aa) € 0p(Ax), Am(Ap) € 0,(Ap) satisfy

D(Ay(Ag)) = 2hcosa, D(An(Apg)) =2hcosp.

Since a,f € [0, ] with o # B, cos o # cos B. Hence D(A,(Aq)) # D(Am(Ap)). Con-
sequently, A,(Aq) # Am(Apg) for n,m e N. [

LEMMA 4.2. (Corollary 1, P246, [12]) Let T be a closed symmetric operator on
a complex Hilbert space with finite defect indices (m,m), and Ty and T, be self-adjoint
extensions of T. If o(T1) N (a,b) = &, then o(T2) N (a,b) consists of only isolated
eigenvalues of total multiplicity < m.

The eigenvalues of the S-L problems with the coupled boundary conditions are
concerned in [3, 7]. And the simplicity of the eigenvalues of the S-L problem with the
condition & =1 is obtained in Theorem 3.4 of [3]. Here we use the similar method to
prove that the eigenvalues, of the S-L problems with the condition & > 0, are simple.
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LEMMA4.3. IfO<y<mor —w<y<O0, yisasin(1.4) then the eigenvalues
of the S-L operators L are simple.

Proof. From Theorem 3.2, 6(Ay) = 0,(Ay). Let A,(Ag) € 0(Ag) for some n € N.
By Lemma 4.1, we can choose the eigenvalue A,,(Az) € 0(Ay) to be the first eigenvalue
in 0(Ay) to the right of A,(Ag) and A,(Ag) # Am(Az). We show the monotonicity of
D(A) in the interval [A,(Ag), Am(Ar)] by a contradiction. Assume D(A) given in (4.1),
is neither strictly increasing nor strictly decreasing in the interval [A,(Ao), Am(Az)].
Then there exists an o € (0,7) such that

D(A) =2hcosa

has three solutions in (A,(Ao),An(Az)). That is, there are three points of 0(Ay) in
(An(A0),Am(Az)). On the other hand, no points of 6(Ag), 6(Az) arein (A,(Ag), An(Az)).
And the operator L for Yy =0 and y = & are both self-adjoint operators. This is a con-
tradiction from Lemma 4.2. Hence D(A) is strictly increasing or strictly decreasing in
the interval [A,(Ag), Am(Ar)]. From Theorem 3.2, Lemma 4.2 and the equation (4.1), if
0<y<mor —m <y <0, then the eigenvalues of the S-L operators L are simple. [J

By Lemmas 2.4, 3.3, 4.3 and the spectral theorem for compact operator, we have

LEMMA 4.4. Let A,Ay,A3, -+, be the collection of all eigenvalues of the S-L

operators L and let @1(x),@2(x),- -+ be the corresponding normalized eigenfunctions.
Then
| < Aa| <[ An] - — oo

And {@y;n € N} is complete in H and

1, n=m,

(@, @m) = {0, n#m.

LEMMA 4.5. The S-L problems (1.1)—(1.4) is equivalent to the following integral
equation

0 1
Y 2) =20 [ G ENEWES [ GrépEag) =0 @)
Proof. From Theorem 3.1 we know that

0 1
yeed)=h [ GEEf(E)E+ | Olx.8)f(E)dE (@4
satisfies —y”(x) +g(x)y(x) = f(x) and the CBC and TC (1.2)—(1.4). The nonhomoge-

neous differential equation (3.1) can be written in the form —y"(x) + g(x)y(x) = f(x)
where f(x) = f(x) + Ay. Then the equation has a solution

0 ~ 1 ~
s 2) =i [ G EFE)ME+ [ Glx.E)F(E)E, @3)
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which satisfies the CBC and TC (1.2), (1.3). If f(x) =0, then the corresponding homo-
geneous cases are the S-L problems (1.1)—(1.4). Consequently the problem is equivalent
to

—A(n L 01 Glx, E)y(E)dE + / G(x, E)y(E)dE) = (4.6)
0

THEOREM 4.6. Let {A,:n=1,2,3,---} denote the eigenvalues of the S-L prob-
lems (1.1)—~(1.4) and @,(x) be the corresponding normalized eigenfunction. Then

v e@)en(8)
_ _El e

Proof. Suppose A, be the eigenvalue of the S-L problems (1.1)-(1.4) and @, (x)

be the corresponding normalized eigenfunction. Let P(x,&) = G(x, &)+ Y, M7

n=1
then P(x,&) is continuous and symmetric. We assume P(x,&) # 0. Then by the Fred-
holm integral equation, there is a number A and a function y(x) # 0 in H such that

0
=A(h L 1P(x, EYdE + / P(x,&)5(&)dE). 4.7
By Lemma 4.5
0
—xn<h/_lG<x7 ol d&+/ G(x,E)gu()(E)dE) =0.  (48)
Putting G(x,&) = Z Pn(X) @ é) in the equation (4.8) and through some

calculations, we obtain

h/jP(}@ E)on( d§+/ P(x,&)n(E)dE = 0. (4.9)

Next we prove (§, @,) =0 and § is an eigenfunction. In accordance with (4.7) and
(4.9), it leads to

5.0 =h [ s0onar+ [ 1y~(x><pn—<x>dx
:Zh/_o1 (h/_OIP(x, d§+/ P(x,£)3(E)dE ) pal)d
i (h/OP(x,é>y”(é)d€+/ P85 )
_Ah/ / P(x dx+/ P(x,E) 0, (1)dx ) 7(E)d
+i/0 (h/lp(x,g)q)n(x)dH [ Pex.g) )y )dE = 0.
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And by (4.7) we have

n=1
— i qon(x;i)n(é))y(é)dé)
=50~ A((n [ P& + [ P)51aE) - 3 2 i54,)

This implies that ¥ is the eigenfunction of the S-L problems (1.1)—(1.4) by Lemma 4.5.
Thus from (7, ¢,) = 0 and the completeness of the eigenfunctions, it leads to y = 0.
Consequently P(x,&) = 0. We complete the proof. [

At last, we will prove the modified Parseval equality, i.e. the Parseval equality in
the associated Hilbert space H, holds.

THEOREM 4.7. Let f € H, then the modified Parseval equality holds, namely

FiFEDXAE (4.10)
n=1
where ||fH%, ={f,f) and
0 1
nlf) =h [ )9+ /0 F)on(dx. @11

Proof. Let C3 be the set of all functions defined by

_ f(x),xE[—l,O),
flx) = {fi(x)7 xe(0,1],

where fi € C5[—1,0) and f> € C5(0,1]. Obviously, C; C H. And it is easy to verify
Cy is dense in H. At first we prove (4.10) holds for f € Ci. Denote g(x) = —f”(x) +
q(x)f. Then by Lemma 4.5 and Theorem 4.6

0

1@ =n [ Gl ))ag + [ Gl)sEae
1 0

:—}giwn(x) (h/° on@(E)az+ [ <pn(§)g(§)d§>~
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Multiplying by @,,(x) and integrating it, we have

h/_ol(pm—()c)f(x)dx+/l(/)y,,—x f(x)dx
o (0] oEiaz + [ onEerac ).

Then for f € C~’6°
= > ealf)n(x), (4.12)
n=1

where ¢,(f) = (f, @) = h [°, f(X)@a(x)dx+ [} f(x)@a(x)dx. Thus for f € C
VERAGE (4.13)
n=1

Next we prove (4.10) holds for all f € H. since C’(‘;" is dense in H ([1]), there
exists a sequence {fi }reny C Cg converging to f in H, we will prove Z c2(f) < oo
n=1
and I}im 2 (fi) = Y c2(f). By the Cauchy-Schwartz inequality |c,(f;) — ca(f)] =
Tn=1 =
T . < 2
|(fe = f>0u)| < || fx — £l This implies khm en(fi) =cal(f). Since Y. (cn(fi) —calfm))
- n=1

2 (fx = fm) = ka_me%I» SO

N
Y (enlfi) = enlfi)) < Nfic — funll3- (4.14)
n=1

N
Let k — oo, then Y (c(f) —cn(fm))2 <|If = full%. Letting N — oo we have
n=1
3 (ealf) —enln))> < NF— foull e 4.15)
n=1
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and by the Holder’s inequality

3 )= 3 R0 =1 S (enlf) —enlfi) (ealh) +alho)]

3
Il
—
3
Il
—
H]

1/2

(2 ( _Cn(fk))2>l/2 ( i <Cn(f)+cn(fk))2> -0

n=1

as k — oo. This means that hm Z i (fi) = Z c;,

Since fy — f in H as k—>oo hm ||fk||H = ||fHH We obtain

117 = Jim [1fell7y = Jim 3 () = 3 ea(F)- (4.16)
= Tn=1 n=1
This completes the proof. [
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