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HYPONORMALITY OF TOEPLITZ OPERATORS WITH POLYNOMIAL
SYMBOLS ON THE VECTOR VALUED BERGMAN SPACE

Puyu Cul, YUFENG LU AND YANYUE SHI

(Communicated by R. Curto)

Abstract. We arrive at a necessary condition and a sufficient condition for the hyponormal block
Toeplitz operator Trg+ on the vector valued Bergman space Lg(ID),(C") , where F and G are
matrix valued analytic polynomials. Both of them are also new for the Bergman space L2(DD).

1. Introduction

In the complex plane C, let T be the unit circle and D be the open unit disk
with the normalized Lebesgue area measure dA. Denote by L (D) and h”(D) the
space of essential bounded measurable functions and the space of all bounded harmonic
functions on I, respectively. Let L?(ID) be the space of the square integrable functions
on D with respect to dA and L2(ID) be the place of all analytic functions in L?(ID).
We denote the space of vector valued square integrable functions on D by L*(ID,C") =
L>(D) ® C" and the vector valued Bergman space on I by L2(D,C") = L2(D) ® C"
respectively, where ® means the Hilbert space tensor product.

Let M,x, be the set of all n x n complex matrices and L”(D) ® M,,«, be the
space of matrix valued essential bounded Lebesgue measurable functions on . For
D(z) = [ij(z)]nxn € L”(D) @ My xn, the block Toeplitz operator Tp and block Hankel
operator Hg with matrix symbol ®(z) on L2(ID,C") are defined by

Toh = P(®h) and Hph = (I — P)(®h), Yh e L2(D,C"),

where P is the orthogonal projection from L?(ID,C") onto L2(ID,C"). Since L*(ID,C")
=L"(D)®---eL*(D) and L2(D,C") = L2(D)®--- & L2(D), the block Toeplitz oper-
ator T and the block Hankel operator He have the following matrix representations:

To,y - Ty, He,y - He,
Tp=| : and Hp = s
T‘Pnl e Tq)nn Hq)nl T Hq)nn
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where

¢11(2) - Q1a(2)
Q@)= | o

01(2) -+ Pul2)

T,; is the Toeplitz operator with symbol ¢;; € L*(D) and Hy,; is the Hankel operator
with symbol ¢;; € L*(D) (1 <i,j < n) on the Bergman space L2(D)), respectively.

A bounded linear operator A on a Hilbert space is called hyponormal if A*A —
AA* is a positive operator. There is an extensive literature on hyponormal Toeplitz
operators on the Hardy space H 2(11’) (see [2,5,7,9, 13] for example). Some necessary
conditions and some sufficient conditions for the hyponormality of Toeplitz operators
with certain symbols on the Bergman space can be foundin [1, 6, 8, 11, 12]. Further, the
corresponding problem has been studied in many other spaces. Some characterizations
of hyponormal Toeplitz operators on the vector valued Hardy space can be seen in [3, 4].

In this paper, we consider the hyponormality of the block Toeplitz operator Tr g+
on the vector valued Bergman space L2(D,C"), where F(z) = 3N ,Aiz" and G(z) =
sz=0 BZ"* with Ay, By € My, m,N > 1. Recall that G* is the adjoint of the matrix
G. Denote by M; = ZkN;d’ (m+4-k)(m+k+ j)(Axs jA; — Biy jBy) for 1 < j < N. Inspired
by the work in [6, 8, 11], we use the properties of the matrices {M j}?': | to study the
hyponormality of Block Toeplitz operators Tryg+ on L2(ID,C").

2. A necessary condition

Our goal in this section is to show a necessary condition for the Toeplitz operators
to be hyponormal with matrix valued harmonic polynomial symbols on Lg (D,C").
Firstly, we recall some useful results.

THEOREM 1. ([10]) Let ®(z) € h*(D) @ Myyxn. If T on L2(D,C") is hyponor-
mal, then ®*(z)®(z) = O(z)@*(z) on D.

THEOREM 2. ([10]) Suppose that F(z) and G(z) are vector valued analytic
polynomials. If T g+ on L2(D,C") is hyponormal, then F'(z) [F'(z)]* —G'(2)[G'(2)]*
is a positive semi-definite matrix for all z € T.

THEOREM 3. Suppose that ®(z) = F(z) + G*(z) € h™ (D) @ My, where F and
G are vector valued analytic functions. Then Ty is hyponormal on lel (D,C") if and
only if HjHp. —HE.Hg. >0 on L2(D,C") and ®*(2)®(z) = ®(z)®*(z) on D.

Proof. A direct calculation shows that

T(I’;Tq) - T(DT(;; = T(;Tq, — T+ (Tq)qyf - T(DT(;) + To d— oo+
= —H$H¢ + H&‘)*Hq)* + To d— oo+
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Combining Theorem 1, we get the desired result. [J

Let F(z) = YV A" and G(z) = 3N Biz™ % with Ay, By € Myxn, m,N > 1.
It is clear that there exist polynomials f;; and g;; such that F(z) = [fij(z)|nxn and
G(z) = [8ij(2)]nxn. Denote by M; = ZkN;O’(m—i—k)(m +k+ j)(AxsjAf — BiyjB;) for
1 <j<N.Then

F'(2)[F'(2)]" = G'(9)[G' ()]

N
= . (m+k)*(AA; — BiBY)
k=0
N N—j .
+2Re Y, Y (m+k)(m+k+j)(ArA;,;— BiBi, )7/, V2 € T.
j=1k=0

By Theorem 2, if Tp g+ is hyponormal, then

N N
(X (m+k)*(AA; — BiBj)e, €)cn +2Re Y, (Mje,e)cnz! >0
k=0 j=1

for e € C" and z € T. Integral the above inequality of z = ¢’® with respect to 8 from 0
to 27, it follows that Y& ((m+k )*( AxA} — ByBy ) is a positive semi-definite matrix.
In general, there does not exist complex number Z € T such that

ZJ<M/ €,€>(Cn - _‘<M/ €,€>(Cn‘

for any 1 < j < N. In the following, we consider the relationship between the above
positive semi-definite matrix and the matrix M; (1 <j<N).

THEOREM 4. Let F(z) = 3 oAr2"™* and G(z) = 3N Bi"™* with Ay, By €
Mysn, m,N = 1. If Tr g+ is hyponormal on L2(D,C"), then the following statements
hold for any e € C".

II'™M=

N
(1) (Z (m+ P (Au; — BiBese)er > iy

|(Mj e,e)cnl, if N >3 ;
1

=

N
(2) (kEO(erk)z(AkAi — BiB})e,e)cn > ) [(Mj e.e)crn], if 1 <N <2.
— J=

Proof. Forevery e = (e1,---,e,)T € C", let

_ <M,'€, e)cn . . "
¢j= [(Me.ehcn]? if <M,e,e><c # O.
17 lf <Mje7e>([:n =0
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For 0 <a < 1, u; is defined as follows:

n CCN+)=s .
s=1 7 2i—1 : _(:_ . . N+1
ul: .C(N+1)7i a ’ lfl_(l 1)(N+1)+l71<l<[ 2 ].
! .
(lchsC<N+1)fs)a2’, if [=i(N+1), 1<i<[Y]
l 0, otherwise
Therefore,

(i) wuou; =7cya;

() w1y (v 1) (- 1) (v 1)+ = Ga* 2, when 2 < i < [

(i) wopyva ) 4illive) = Cvan—i @ when 1< < [5].
Moreover, ujtzj # 0 for any | € Z and 1 < j <N if and only if one of the above

cases holds. R
For every integer p > 1, we have h(z) = 352 w2 77 € L2(D). In fact,
1 — 2(v+1)

IR@IP < Xl = 14+@ 4 4 = e < e
=0

Denote h =e¢-h = (e1h, -+ ,enh)T = (h1,ha,- -, hy)T . Here, MT means the transpose
of the M. It is easy to see that 1 € L2(ID,C"). By Theorem 3, we have

O g <(H;'*HF* _HE*HG*)h7h>L%(D,C")

M=

([(ARH ) (AF i) — (BH ) (B Ho s B 5. )

k=0

N N—j

+2Re ) 2 (At jHokr ) (AgHomik) = (Bies jHo s 1) (B Hamii )] B) 12 o
Jj=1k=

N oo
=3 2 (kA% = BBy e, €)on (Honik (12 4P), Honit (g 277P)) 2 )
k=0{=04=0

N N—j oo oo

F2Re Y, > D) D ((AxsjAL — By jBi)e,e)n

j=1k=01=0¢=0

(2P, Honiierj (g2 P)) 12(m)

7t
N oo
= > ¥ ((AeA; — BiBY) e,€)cnuti(Hansr2” ™ Hont 2P ) 12 )
+2Re Z D [ (AryjAL — Brs jBy) ee)cn
j=14=0

Z ( uy ul+j —m+kz i Hzm+k+j2p+l+j >L2(]D>) ) ]

a
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The last equality comes from the fact that {Hz»(z")} and {Hz(Z')} are orthogonal in
L*(D) for k—m#1—s, and (HZuw, Hom 27772, 24 2 ) > 0, Wk = max{0,my —my }.
Divide the both sides of the above inequality by ||Hznz"||7, () and let p — +eo.
Note that
<Hzm+kZp+l,Hzm+kZp+l>L2 (D) (m+ k)2

lim =
p—too ||Hzmzp ||25(D) m2

and

- <Hzm+kZp+l,Hzm+k+jzp+l+j>Lg(D) _ (m+k)(m+k+j)
pee HH?"ZPH%{%(D) m?

The details can be found in [11]. Therefore,

N -
(3 (m+k)*( AwA; — BiBy) e,edon (D [ui]?)
=0 =0

||M2

2 lul+jMee(C

Combining conditions (ii) and (iii) of u;, it is easy to check that

(m+k)?(AA; — ByB;) e,e)cn

M=

(

k

Il
=}

Tz
ol

1
J

a

sy _1-@
1 — q2(N+1)

WV
S

Mje7 e>(Cn |

'\H‘.
IZ —

2

l—a
+22a41 lm|<M(N+l)*je’e>C"|'
Jj=

Letting a — 1, we get the desired conclusion.
Now we prove (2). Let
(cren)t a?*, I=k(N+1)
vi=1q A& H T =k(N+1)+1
0, otherwise
with 0 <a <1 and k= 0,1,---. Direct calculations imply that if v;v;;; # 0, then

vivieg = a1 for 1 < j < N. Replacing u; by v, we set h(z) = X572 €
L2(D) for p > 1. Then ||h(z)> < > o lwl? = H“ < +oo. As in the proof of (1), we
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get

(m+k)*(ArA; — BB}) ee(cn2|ul\2

N

2

N oo

ZZ 2kN+(2j—1) 2kN+2] 1|<M€€>(Cn‘
N

—22

1—
2= 1 2N|<Mj€,€>([jn|.

The rest of the proof is similar to the proof of (1). [

In the case of n = 1, we have the following Corollary.

COROLLARY 1. Given f(z) =X _oaz™* and g(z) = S_ bz % with m,N >

1. Let M; = Z (m—l—p)(m—f—p—i—])(apﬂap —bpiby). If Ty, g is hyponormal on
L2(D), then

N 5 N

(1) 3 (et (i = i) > ;\ N>
N 5 N

(2) _20(m+i)2(|ai\2 bil*) > % Zl\ <N<L2
i= j=

3. A sufficient condition

The following Theorem is our main result in this section. As a corollary, we

also get a sufficient condition for the hyponormal Toeplitz operators with polynomial
symbols on L2(ID).

THEOREM 5. Suppose that ®(z) = F(z) + G*(z) € h™(D) ® Myxp, that F(z) =
SV A", and G(z) = XN By * with Ay, By € Myxn, m > 1 and N > 1. If the
following conditions hold, then Tr g+ is hyponormal on L2(D,C").

(1) ®*(2)d() = D)D" (2) on D;
(2) BjB; —AjA’;- is positive semi-definite;

(3) |<M 61,€1>C)1H<M 62,€2>(Cn| |<M 61762>(Cn‘2;

(4) Re[((AxyjA; — Biy jB)er,ea)cn((Ary jiAfy, — BisjriBiy e, e2) ] =0;

N
(5) <_20(m+i)2(AiA§‘ —BiB})e,e)cr 22 Z [(Mje,e)cn],
i= j=1

fJorall e1,e0,e € C", 1< j<N,0<k<N—jand 0<I<N—(k+)).
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Proof. Let h(z) = Z epz? € L2(D,C") with Z M < oo, It is easy to check
that

((HpHp+ — Hg-He )b, h) 12 on)

o N
= 3 S (Wi~ BiBepsep)er Hons s,
p=0k=0

o N N—
+2Re Y| Z Z (Ak+ jAL = Bit jB)eps ep+ j)on (Honer 2 s Honir 127 12 )
p=0j=1k=0
N

= Y DAL —BiB ey ep)en | Honn2 |17 )
p=0k=0

+2 2 2 Re[ 2 Ak+jA1t — ka/BZ)ep,eerﬁ(cn <Hzm+kzp,Hzm+k+ij+j>Lg(D)]

p=0j=
o N
>y 2 ((AkAf — BBy )ep, ep) || Homix 2 ||L2
p=0k=
w N N—j .
=23 > | X ((AxrjAf — By jBY)epsepy j)on (Hansi’, Honvirs 2 2 iy |-
p=0j=1 k=0

For non-negative integers m, k, j, we have

* +j
<H2m+j+kH2m+kZp7 Zp j>L2 (D)

e e g 6 93 m
et e, < p <
%<Hfm+JHz’”Zp’Zp+j>L3(D)’ it 0sp<m
Therefore,
(Honk2”, Honsi 128 +j>L§ (D)
< +nlj (Jrrnjl(;)i ) i He 2y
< HEEDOER) b 1 Hr 2 )

for m,k,j=1,2,-- andp 0,1,2,-
Recall M; 2k (m+k)(m+k+])(Ak+jAk By jB;) for 1 < j < N. Condition
(4) implies that
N—j .
| 2 (At jAL = Biy jB)epsepj)en (Hone2, Honeierj2P7) 2 )|
k=0
1

< W|<Mj €p, eprj)Cn

1 Hzn 2P| 20y | Hen 2 || 2
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To finish the proof, we only need to prove that

© N

Z Z ((ArAy — BkBlt)epaep><C" ||Hzm+kZpHig(D)

p=0k=0

2.5 .

> 3 D (M ep, epij)en [[Hone |z 1Hene | 3 )
p=0,=1
HHzm+iZk||22 ;
Note that ;(k) = fﬁ(m (i=1,2,---,N)is increasing and §;(k) — ("”2’)2
HHZ'”Z ||L2(]I))) mn
(m+i)? .. .
as k — +oo. So §i(k) < 5~ . Combining conditions (2) and (5), we have
m

sz=0<(AkAlt — BBy )ep,ep)cn ”Hz"”rkzp Hig(m)
”HZ'"ZpHig(D)

1 N
> W(Z(m‘f'k)z(AkAlt_BkBlt)ep»ep>(C"
k=0
2 N
2 W Z ‘<Mj€p7ep>([:n| > 0.

Il
—

J

1/2
Let n(p) = (z¥0<<AkAz—BkB,t>ep,ep>@ szzpnzg(m) for p > 0. Then

2 ) N
ﬁ Z m2 g (Myep,ep)cnl
and
||anz(p—+5)®) > 25 e epcr
It follows that

( mp+J) ¢))
N N
(Z (Miep,ep)cr ) (Z (Miep+jeprj)cn |)

X||Hzn2? || 2y | Henz? || 2y

D=

Thus
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o N-1 /N ei,ei\en
> n’(p) = l772(0)+% Y <2k=’+1 Whieyyei)e nz(j))

p=0 j=1 25(\/71 ‘<Mkej7ej>(c"‘

= N e,,€p)Cn
%ZZ( (Miepep)er] o,

—0 Zk 1 ‘<Mkepyep>fc"|

|(Mjepyj epsj)cn] .
JEprpEprJ nZ(p+])
oo [(Myepy j, €p+j><c" \

J [(Mjep,ep) C”| [(M; ep+/»ep+/><c"|2n( m(p+J)
>y Yy

1
p=0j=1 (I} |<Mk€paep><C"‘)2(Zk:1|<Mkel7+jael7+j>(C"‘)2
o N
1

2% 3 5

pojlm

_|_

|<M ep,eprj)cr ||| Hem szLz ||Hz'"Zp+jHLg(D>

The last inequality follows from the inequality (1) and the condition (3). Hence we
finish the proof. [J

In particular, when n = 1, we have the following result.

COROLLARY 2. Given f(z) =Y _oa2™* and g(z) = SX_o bz % with m,N >
1. Let M; Z (m+p)(m+p+])(ap+,ap — by jby). Suppose |bi| = |ax| for
1<k<Nand Re[(ak+jak—bk+jbk)(ak+j+lak+l _bk+j+lbk+l)] >0with 1 <j<N—k
and 0 <1< N —(k+ j). Then Ty is hyponormal, if

M=

N
(m+ i (|lail® = bil*) = 2 Y, M.
0 j=1

EXAMPLE 1. Let F(z) +G*(z) =

i+ 2+ 4+ 12+ 1P | [Z+2+P 2z 43+ 4
0 0 1o 0

Then Tr., g is hyponormal on L2(ID,C?).

EXAMPLE 2. Consider the polynomial ¢(z) = %Z_g +3Z 2127 +4z+ 5 12 +
On the Bergman space, Corollary 2 shows that 7j, is a hyponormal operator.
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