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ON THE COMMUTATIVITY OF TOEPLITZ
OPERATORS WITH HARMONIC SYMBOLS

HASHEM AL SABI AND ISSAM LOUHICHI

(Communicated by R. Curto)

Abstract. In this paper we prove that if the polar decomposition of a symbol f is truncated
above, i.e., f(re’®) =3V _e*0 fi(r) where the fi’s are radial functions, and if the associated
Toeplitz operator Ty commutes with T, .2, then Ty = Q(Tzz +Zz) where Q is a polynomial of
degree at most 1.

1. Introduction

Let D be the unit disk of the complex plane C, and dA = rdr%, where (r,0)
are polar coordinates, be the normalized Lebesgue measure, so that the area of D is
one. We define the analytic Bergman space, denoted L2(ID), to be the set of all analytic
functions on I that are square integrable with respect to the measure dA. It is well
know that L2(ID) is a closed subspace of the Hilbert space L?(ID,dA) and has the set
{Vn+17" | n > 0} as an orthonormal basis (see [4]). Thus, Lﬁ(ID) is itself a Hilbert
space with the usual inner product of L?(ID,dA). Moreover the orthogonal projection,
denoted P, from L*(ID,dA) onto L2(ID), often called the Bergman projection, is well
defined. Let f be a bounded function on . We define on L2(ID) the Toeplitz operator
Ty with symbol f by T¢(u) = P(fu), for any u € L2(D).

A natural question to ask is under which conditions is the product (in a sense
of composition) of two Toeplitz operators commutative? In other words, when is
T¢T, = T, Ty for given two Toeplitz operators Ty and T, ? It is easy to see from the
definition of Toeplitz operators that if the symbol f is analytic and bounded on D,
then Ty is simply the multiplication operator by f, i.e., T¢(u) = fu forall u € L2(D).
Thus, any two analytic Toeplitz operators (i.e., Toeplitz operators with analytic sym-
bols) commute with each other. Again from the definition of Toeplitz operators, we
have that the adjoint of Ty is Tf where f is the complex conjugate of f. It follows

that if f is antianalytic (i.e., f is analytic), then T* is the multiplication operator by
f. Hence, if two symbols f, and g are antianalytic, then their associated Toeplitz op-
erators commute since their adjoints commute. This situation in which the symbols are
both analytic (resp. antianalytic) is known to us as the trivial situation. One might ask
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what if the symbols were harmonic but not necessarily analytic or antianalytic. The
answer to this question was given by S. Axler and Z. Cuckovié in [1]. They proved the
following:

THEOREM 1. (Axler & Cugkovic) If f and g are two bounded harmonic func-
tions in D, then T T, = T, Ty if and only if

(a) both f and g are analytic in D, or
(b) both f and g are antianalytic in 1, or

(c) there exist constants o, 3 € C, not both 0, such that o.f + Bg is a constant
function on D.

So basically if both symbols are harmonic, then the product is commutative only in
the trivial case. In fact, the sufficient condition (a) (resp. (b)) says that the operators T
and T, (resp. their adjoints Tj; and T3) are multiplication operators and so they com-
mute. For the sufficient condition (c), since Toeplitz operators are linear with respect
to their symbol, we can write Ty = T, + I where I = T is the identity operator on
L%(D), and hence, since T, commutes with itself and with the identity, 7, commutes
with Tf‘

The next natural step was to relax the hypothesis of the previous theorem in order
to obtain results for a larger class of symbols. In [2], S. Axler, 7. Cuékovié, and N. V.
Rao proved that analytic Toeplitz operators commute only with other such operators.
Their result can be stated as follows:

THEOREM 2. (Axler, Cuckovié¢ & Rao) If g is a nonconstant analytic function in
D and if f is boundedin D such that TyT, = T, Ty, then f must be analytic too.

For Theorem 2, the authors do not ask the function f to be harmonic but only
bounded. However this was not without cost. In fact the hypothesis on the symbol g is
stronger than the one in Theorem 1 since here g has to be analytic. Finally, the authors
conclude [2, p. 1953] by asking the following open problem: “Suppose g is a bounded
harmonic function in D that is neither analytic nor antianalytic. If f is a bounded
function in D such that Ty and T, commute, must f be of the form ag+ B for some
constants o, 3 ?” The first partial answers to this problem can be found in [6] and [7].

2. Quasihomogeneous Toeplitz operators

DEFINITION 1. A symbol f is said to be quasihomogeneous of order p, and the
associated Toeplitz operator T is also called a quasihomogeneous Toeplitz operator of
order p, if f(re’®) = ¢'P®¢(r), where ¢ is an arbitrary radial function.

The motivation behind considering such a family of symbols is that any function
f in L?(ID,dA) has the following polar decomposition (Fourier series)

’(D,dA) = P ™%,
keZ
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where Z = L*([0,1],rdr). In other words f(re’®) = Yz ¢* fi(r), where the f;’s are
radial functions in Z. So the study of quasihomogeneous Toeplitz operators will allow
us to obtain interesting results about Toeplitz operators with more general symbols.

Another interesting property of a quasihomogeneous operator is that it acts on the
elements 7" of the orthogonal basis of L2(ID) as a shift operator with weight. In fact, if
k € Z (the case where k is a negative integer can be done in the exact same way) and
fx is a bounded radial function, then for any n > 0 we have

Tuop (2') = P(e* fi") = 3 (j+ (" fid" 2j)z)
j=0

1 b 1t pilntk Hedo dr 2
- ' / / o ) ’
Z(] )( o Jo fie(r) ¢ - rar |z

Jj=0

Now, since

/2nei(k+n—j)9ﬁ: 0 ifk+n#j
A T 2 ifk+n=

we obtain that

1
Toop (2") =2(n+k+ l)/o fi(r)rP R L gtk (1)

1
The integral / Si(r) P2 g that appears in the weight is known as the Mellin trans-
0

form.

DEFINITION 2. We define the Mellin transform of a function ¢ in L'([0, 1], rdr),
denoted ¢, to be

. 1
0(2) :/0 o (r)r*tdr, for Rz > 2.

It is well known that the Mellin transform is related to the LaRIace transform via
the change of variable r = e~*. Moreover, for ¢ € L'([0,1],rdr), ¢ is bounded in the
right-half plane {z € C: Rz > 2} and analytic in {z € C: Rz > 2}.

Using the Mellin transform, we can rewrite Equation (1) as follows

Teikefk (Zn) = 2(1’1 +k+ l)fk(2n +k+ 2)Zn+k.

Therefore, we can summarize the above calculation in the following lemma which we
shall be using often.

LEMMA 1. Let k € Z and n € N be two integers, and let ¢ be a bounded radial
functionin D. If k > 0, then

Tn04(2") = 2(n+k+1)9(2n+k+2)",

e

and if k <0, then

0 ifn < |k
Teikeq)(zn) = { ifn ‘ |

2n+k+1)d2n+k+2)" ifn> ||
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The Mellin transform is going to play a major role in our arguments for the proofs.
In fact a function is well determined by its Mellin transform on any arithmetic sequence.
We have the following important lemma that can be found in [5, Remark 2, p. 1466]

LEMMA 2. If ¢ € LY([0,1],rdr) is such that ¢(a,) =0, where (a,), is a se-
quence of integers satisfying the condition Y, i =oo, then ¢(z) =0 on {z€C: Rz >
2}, and therefore @ is the zero function.

In other words, the lemma is saying that the Mellin transform is injective, and
so two functions whose Mellin transforms coincide on an arithmetic sequence will be
equal to each other.

Another classical lemma which we shall use often can be stated as follows:

LEMMA 3. If H is a bounded analytic function in {z € C: Rz > 2} such that
H(z+p)=H(2), i.e., H is p-periodic, then H must be constant.

When dealing with the product of quasihomogeneous Toeplitz operators, we are
often confronted with the Mellin convolution of the radial functions in their quasiho-
mogeneous symbols. We define the Mellin convolution of two radial functions ¢ and
v in L'([0,1],rdr), denoted ¢ *y W, to be

r

@enw) ()= [ 0 (D) wid

t t
Itis well known that the Mellin transform converts the Mellin convolution into a product
of Mellin transforms. In fact

(650 w) (1) = 6T, @)

and so if ¢ and y are in L'(ID,dA), then so is ¢ *3; w. We are now ready to present
our main result.

3. Commutantof 7>

In this section we shall extend the work started in [6] and [7]. We consider the
Toeplitz T, , -» (the symbol 22+ 7% is harmonic but neither analytic nor antianalytic).
It is known to us that such operator raised to any power n > 2 is not a Toeplitz operator.
We shall prove that if the symbol f has truncated polar decomposition i.e., f(re'®) =
SN e*®fi(r) where N is a positive integer, and if Ty commutes with T, , >, then
Ty is polynomial of degree at most one in 7, . This result goes in the direction of
the open problem we mentioned previously. We would like to emphasize the fact that
though we are using the same tools and techniques as in [6], new ideas and tricks were
needed to overcome numerous obstacles we faced in the proof of the main result.

In our presentation of the main theorem, we shall proceed as follows: First we
prove that if f(re’®) =30 _ 0 fi(r) is such that Ty commutes with T, >, then
N has to be an even number. Second, we shall demonstrate that this same N cannot
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exceed 4. Finally, we shall exhibit all the radial functions f; for k < 4, and shall show
that fi(r) =0 for k # {—2,0,2}, fi(r) = cr? for k= {2,-2}, and fy(r) = co where
¢, co are constants. Hence, by reconstructing the symbol f, we shall obtain that

f(reie):cezlerz—i—co—f—ce 20,2 — 22 4 co+cZ2,

and therefore Ty = CTzZ 42t col .

PROPOSITION 1. Let N be a positive odd integer. If f(re'®) = Zsz_w 0 £ (r) is
a nonzero symbol such that Ty commutes with T , .2, then Sfn(r) =0. In other words,

fis of the form f(re'®) =YY _ ™ fi(r) where M is even.

Proof. If Ty commutes with T, , -, then

T2+z2Tf( )= IyT, - (Z"), Vn >0,

Z

or
N
( > Tefkefk> Tr 2(d") =Ty, » ( Z W) , Vn > 0.

In the above equation, the term with the highest degree is z"*¥*2. It comes on the

left hand side from the product T,ive f, T2 (Z") only, and on the right hand side from the

product Tx Tive g, (") only. Thus, by equality, we must have

Tyno g, T2 (") = TaTme 4, (2"), Y 2 0.

e

WV

Since z? is analytic, V% fy must be analytic too. Which is possible if and only if

fN = CN}"N, i.e., eiNefN = CNZN.
Redoing the same argument for the term in z of degree N +n — 2, we obtain

NTNT2(2") + Tuw-apyp,, T2(2") = eNT2 TN (") + TaTiv-ap ("), VR 20,

which, using Lemma 1, is equivalent to

n+N-—1
n+N+1
+2(n+N—3)fy_a(2n+N—2),

-1 R
I +2n+N—1)fy_4(2n+N+2) =cy

for all n > 2. Thus, Lemma 2 implies

z+2N—-2 z-2

Z+2N+2 z+2
(3)

(z4+2N—=2) fy—a(z+N+2)— (z+2N—6) fy_a(z+ N —2) = cy

for Nz > 4. Now, we introduce the function

“4)
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By direct calculation and simple algebraic operations, we can see that

1 __ 42N

flet )= fio) = | —den(r* = 1) 11 o ar

:4CN[ L }
2+2 z4+2N+2

Z+2N-2 z-2
N[Z+2N+2_z+2]

We denote by F(z) = (z+2N — 6)er2f\N_4(z) and G(z) = f.(z). Then Equation (3)
can be rewritten as
F(z+4)—F(z) =G(z+4) — G(2),

and so Lemma 3 implies

F(z) = cy_4 + G(z), for some constant cy_4,

or J— N
(242N —6)rN=2fy_4(2) = cy—a+ fi(2).
Since —y— = r?V°(z), the above equation becomes
V=2 fy-a(2) = en—ar?N8(2) + V0 (2) £ (2). (5)

Since by Equation (2), er/?ﬁ(z)ﬁ(z) = (rZN—/"E f+)(z), we have

fu-a(r) = cn-aH + rN% <F2N76 *M f*> (r).

Let us denote by
ON-6 2N
Lr o 1=V dt

_ (.2N—6 _ &
IN—<r *Mf*>(r)— 4CN/r t2N—6t =7

Next, we need to determine the conditions on N under which VN%ZIN, as a function of

r,isin L! ([0,1],rdr). Otherwise ¢y must be zero, in which case fy(r) =0 and we are
done. Since

L v 1 l—t2N v 1 .
rN—*le = /r AN T dt > /r AN T ———dt, whenever N > 3,

it follows that

1 1 —4  4-N
——Iv > — .
v gy ( )
Now the function on the right hand side of the above inequality is in L'([0,1],rdr) if
and only if
“N—4+4+1>0and4—N+1>0", ie., 3<N<LS3.
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But since N is an odd positive integer, we have either N =3 or N = 5. We recall that
the previous inequality was obtained after the assumption N > 3, and so we shall look
at the case where N = 1 separately.

Case N =1. If weset N =1, then

11:_461/1 rt =7 dt —4c [41n2—2_r4 r? ln(l—l—rz)},

— — = J— -
=4 1—1* 1t r 8 4 2 2
and we have
ez —Aep [4m2-2 A 2 In(1+77)
faln="5+—3 { 8 R 2|

Now, it is easy to see that f_3 is in L'([0,1],7dr) if and only if c_3 =0 and ¢; = 0.
Hence fi(r) =c1r=0.

Case N = 3. If we let N = 3, then the terms in z*t! comes from the following
equality:

3T (") + Tiep T,

22

(2") = 3T (") + TaT, -0, ("), V0 > 0.
In particular, for n = 1 we have
6f (12 =2f1(3)Pie.3f 1(7)=F1(3). (6)
Since 7_\1(3) = r?\_l(Z), Equation (5) with N =3 implies
rf(2) = 112)+1(2)£(2),

where f, is obtained from (4) with N = 3, and we have

~ N 2—-3In2
= — 2 = — _— :
f(2)= 4C3/0 r 1_r4rdr 4cs ( 3 ) ;

and similarly

with
/6

—~ 1 _
S (6) = —4C3/ rzl—r4r5dr =—c3 (

o 1-

31—-30In2
15 '

Therefore, (6) implies

1 31-30Im2\ 1 ,(2=3m2
2! 30 T 3 )

which is possible if and only if ¢z = 0, and hence f3(r) =0.
Case N =5. If we set N =5, then the terms in z of degree n+ 3 comes from the
following equation:

csTsT ")+ Tof T2 (") =cs T2Ts (") +T. Loy, ("),Vn >0.
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In particular, for n = 0 and using Lemma 1, we have

8£1(7)2 20522 +4A3)2,

or
-~ 2 A
8f1 (7) = §C5 +4f (3) (7)

Since f1(3) = rEE(O), Equation (5) with N =5 implies

~

P 11(0) = c1r(0) + 4(0) £1(0),

where £, is obtained from (4) with N =5, and we have

- Fo1—r10 3+4In2
f*(O) = —4C5/0 rzﬁr_ldr: —Cs (%) .

Similarly, we have

with

~ L1 —p10 —1412In2
f*(4) = —405[) rzﬁl’jdi‘: —C5 (%) .

Now, substituting f; (7) and f (3) in Equation (7), we obtain

1—12In2 2 34+41In2
6 5 = 365 ) cs,

which is true if and only if ¢s =0, and hence f5(r) = 0. This completes the proof. [

PROPOSITION 2. If f(re'®) =3V ___ e*® fi(r) where N is a positive even integer;
is such that Ty commutes with Tzz ey then N < 4.

Proof. If Ty commutes with T, >, then

T2+ sz( ) Tszz+Zz( ),Vn}O

or
N
( 2 Teikefk>7—‘22+z ( T2+ < 2 lAGfk> VnZO
k=—o0

In the above equation, the term with the highest degree is z"™*2. On the left-hand
side, this term comes from the product T e s, T,2(2") only, and on the right-hand side
itis obtained from the product T>Toie g, (Z") only. Thus, by equality, we must have

Tono p, T2 (") = T2 Tve 4, ("), VR >0



ON THE COMMUTATIVITY OF TOEPLITZ OPERATORS 1167

2

Since 7> is analytic, /N9 fy is analytic too. This is possible if and only if fy = cyr
N

i.e., eiNefN =CNZ .
Redoing the same argument for the term in z of degree N +n —2, we obtain

eNTNT2(2") + Tuw-apyp,,  T2(2") = eNT2 TN (2") + TaTv-app,, ,(2"), Vn 20,

which, using Lemma 1, becomes

n—1 — n+N-—1
2 N—1)fn-42n+N+2)=cy—7—
vt (n+ Vfv—a(2n+N+2) N NI

+2(n+N—3)fy_4(2n+N—2)
for n > 2. Thus, Lemma 2 implies

Z+N—1 z—l}

2z4N—1D)fya(2z4N+2)—2(z4N—3)fya(2z4N—2) =cy | —— >~
(z+ VIN-4(224+N+2)—-2(z+ ) fv—a(2z+ )=cn ANl ZF1

for Wz > 2. Now, if we let F and G to be

=

L 142

F(2) =2(z+N—3)fy_a(2z+N—2) and G(z) = ¢ S i
(z2) =2(z )fn-4(2z ) (z) =cn & rlt2

the the previous equation can be written as
F(z+2)—F(z) =G(z+2)—G(z), for Rz > 2.

Hence, by Lemma 3 we have the following,

_ 142
2(z+N=3)fy-a(22+N-2)=cy 4+ ;0 i
or
o CN—4 CN %_12—14‘21'
fu-a(2ztN=2)= 2+N—3) 2E4N=3) ;0 1420

At this point we shall assume N > 6 and we shall prove that in this case fy_4 will not
be in L'([0,1],rdr) unless cy =0 and so fi(r) = 0. Therefore N shall be strictly less
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than 6 and because N is even we shall conclude that N < 4. If N > 6, then

— CN—4 1
(224 N=2) = te [
fr-a(22 ) 2+N-3)  NM2Gz+N-1)
N
z+N-5 1 T z—1+2i
5+ > i
20z+N—-3)%  2(z+N-3) & z+1+2i

= on_arV A2z N—2) +ey [@(2z+1v—2)

4N “4(2z4+N-2)+ rmr(Zz—l—N—Z)
N3
2

+

1 1
4 21(2+N—3 B z+2i+1>]

1 [\4“‘2

1 L1
24 z+N z+N-3 2
— n_aV A (224 N —2) +cN[ (2z4+N—2)
VA2 N=2) + N 4Inr(22 + N —2)
N —
+<3—3> P42+ N—-2)
N3
) 2 (W—\‘* 22+ N—2) — N2 4 N 2))}
+ Z() N_a i\ (27 ) Z )

Hence,

f-a(r) = en-a™ " ey [rN + (15\/ - 2) AN iy

s,
N4 41>N+4>}
* ;O N—4—2i( '

Now, the term r*~N** isin L'([0,1],rdr) if and only if 4i — N+4 > —1 with 0 <i <

— 3. Otherwise the constant ¢y must be zero. In particular, for i = 0, we must have
—N+4>—1,1i.e.,N <5. Therefore N cannot be greater than or equal to 6, otherwise
cy =0. Since N isevenand N < 6, we deduce that N <4, ie, N=4orN=2 [

We are now ready to state our main result. This gives a partial answer to the open
problem, by S. Axler, Z. Cuckovi¢ and N. V. Rao [2, p. 1953], mentioned earlier in the
introduction.

THEOREM 3. If f(re'®) =N _ e*0 fi(r) is such that TfT,, 2 =T, Ty then
Ty is a polynomial of degree at most one in T, . In other words, f (z) = c2(? +

Zz) + co where cy,co are constants.

Proof. From the previous propositions we know that N is even and N < 4. We
shall prove that f;(r) =0 forall k # {—2,0,2}, fo(r) =co,and fo(r) = cr? = f_»(r)
for some constants ¢y and ¢;.
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Since Ty commutes with 7, >, we have

Tzz-&-z’ZTf(Zn) = Tszz+Zz( ), Vn>0

or
( i Te"kefk>T22+z ( T2+ ( 2 'wfk> VnZO. (®)
k= —oco

In the equation above, the term in z with the highest degree is 7%, and it is coming
from the product of T,us 7, T2(z") on the left hand side, and from 72T, 6 4, (z") on the

right hand side. Thus, by equality, we must have

Tyiao 7, T2(2") = TaT,u04,(2"), Y 20

WV

Since 7> is analytic, ™9 f; must be analytic as well by Theorem 2, which is possible
if and only if fa(r) = car*,ie., Toai0 f, = caT4. Next, we shall prove that fj = ¢o and

f1(r) =0.1In (8), the terms in z"*2 come from the following equality
aTaTa(Z") + T T2 (") = caT2Ta(2") + T Ty, ("), Vn 2 0 9)

which, using Lemma 1 and Lemma 2, is equivalent to

~ z+3 z—
2(243)/o(2c+6) —2(c+ 1) fo(22+2) = [———————}f R > 2.
(2+3)fo(22+6) —2(z+ 1) fo(2e+2) = ca s o) forde
—~ z—1 z+1 .
If we let F(z) =2(z+1)f0(2z+2) and G(z) = [— + —} then the previous
z+1 z+43

equation can be written as
F(z4+2)—F(z) =G(z+2) — G(2).
Hence, Lemma 3 implies

F(z) = co + G(z), for some constant c.

Therefore
~ Co c4 z—1 z+1
27+2) = + { }
fol ) 2+1)  2@E+1)lz+1 " z+3
_ co 4 c4 { 1 _ 2 n 1 }
C2(z+1) 2 lz+1 (z+1)2 0 z+43)
Since 7 (z) = Z%n and m(z) =~ P + 7 for any integer m, the above equality
becomes
fo(2z+2) = (co+ca)1(2242) + ¢4 [}:‘(ZZ +2)+ 41?1\;’(2z + 2)} . (10)

Now, if we take n = 0 in Equation (9) and apply Lemma 1, we obtain

24 2%(2). (11)

6/0(6) = T
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Since N 5
-~ CoTC4 Cq
2)= - —
fO ( ) D) 6’
and 4
-~ CoTC4 Cyq
6) = St
fo(6) 7z 0
Equation (11) becomes
66‘4 5C4 - 66‘4 2C4
10 +co+cy 3 " 10 +co+cy 3

But, it is easy to see that the above equality is possible if and only if ¢4 = 0 and therefore
fa(r) =0, while Lemma 2 and Equation (10) imply that fo(r) =cq.

Next, we shall prove that f_4(r) = 0, and consequently f_4.4;(r) =0, Yk < —1.
In (8), the terms "% come from the product of Ty, with 7., and the product of T
with 7,46, , . Thus, we must have

T, Ta(2") + T,ai0p ,Ta(2") =TTy, (") + T2 T, a0, ,(2"),Vn 2 0.
Using Lemma 1, we obtain that for n > 4
20n—1)f4(2n+2) — 2(n—3)f_4(2n—2)
~ 4(n—1)% ~
= 2= Dfs(2n+2) - 2 fo2n-2)
4(n—1)% ¢

c
=25 s
=0.
By letting F(z) = 2(z—3)f_4(2z—2). the previous equation and Lemma 2 imply
F(z+2)—F(z) =0, for Rz > 4,
and so Lemma 3 yields

F(z) = c_4, for some constant ¢_4.

Thus -
2(z—3)f-4(22—2) = c_a,

or
— C_4

foa(22—-2) = 72— 6

Hence Lemma 2 implies f4(r) = c_4r~*. But since r—* ¢ L'(]0,1],7dr), we must
have ¢_4 = 0, and therefore f_4(r) = 0. Now in (8), the terms in z"~° come from
T, si0; T2(2") and T2T, siep (2") only because T, 4o, , =0, and so

= c_ar4(2z—2), for Rz > 4.

T,sioy T2(2") =TT, siop (2"),Yn >0,
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ie., T, sio ., commutes with T2, and hence by Theorem 2 we conclude that [ g(r) =

0. Similarly, using the same argument, we prove that f_4, 4 (r) =0 forall k < —1.
Next, we shall prove that f_1(r) =0 = f_3(r), and consequently f_j 4(r) =0

forall k < —1. In (8), the terms in 7" come only from the product of T e A with

T>. Thus, Theorem 2 implies f3(r) = c3r? and so Tsi0 7, = c3T3. Similarly, the terms
in 2"*! come from the product of ¢37,5 with T-> and the product of T, i, ~with T.
Thus we must have

TaTa () + T,y  To(2") = 3TpT (") + T2l 04 (") YN 20, (12)
which, using Lemma 1, is equal to

2n—2 _ 2nt2)
(n—2) (”+)+2nf,1(2n+1)7vn>2,

2 2)f-1(2 5)=
3 g2 A0S =
or 5 :
2(n+2)7_\1(2n—|—5)—2nj/‘_\1(2n—|—1)263[214—Z;J, n>2.
Now, Lemma 2 implies
(24 rf1(z+4) —2rf1(2) :q[ﬂ _ ﬂ} for Rz > 4. (13)
z+8 z+2
. . 2 1— 76 . ..
Here, we introduce a new function fi(r) = —4csr 14 which clearly is in

L'([0,1],7dr). By a direct calculation of the Mellin transform of (+* — 1)f., we ob-
tain

— 1 1_,.6
A 1)f.(2) :4C3/0 (1= 1) dr
4 4
:CBL—%—Z_H—A
ZCB[M_ﬂ}_
z+8 z+4+2

Thus Equation (13) can be written as

(e +rf (e +4) —2f1(2) = (P~ Dfile) = P£o(2) — Fo2) = o +4) — F(2).
If we let F(z) = zrf_1(z), then the equation above if simply
F(z+4)—F(z) = fu(z+4) — f.(2),
and so Lemma 3 implies
F(z) = c_1 + f:(z), for some constant c_;.
Thus

f *§Z> — e 1@ +1Q (). (14)

rﬁ\l(z) = % +
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Now, using the Mellin convolution property (2), we have
1@)f.(2) = Tim f(2)

_/1__ ﬂ

1—t6dt
=4 r? —
63/, 1—t4 ¢t

o) - (5]

Hence, Equation (14) and Lemma 2 imply

e rsof (345 (§+ )

Fa) =S () <r3+wﬂ

r

or

Now in Equation (12), if we set n =0 and apply Lemma 1, we obtain
4F-1(5) = 4esr(6), (15)

and so Equation (14) implies

where
f(4) = —4c /1r21 ° Pdr=c (l—2ln2>
* 3 1—r# 3\2

Thus Equation (15) becomes
Cc_q c3 (1 c3
Ly S (2 ome) =23
12 (2 " ) g’

c_1—2c3In2=0. (16)

which is equivalent to

Again, if we take n = 1 in Equation (12) and apply Lemma 1, we obtain

87 1(7) = 6c32(8) +27 1(3),

which, using Equation (14), is equivalent to

6[c11(6)+16)7:(6)] =2[c 1 T@) +T2)@)] + 52 (7)
with .
f.(6) = —4C3/0 ” i:;rsdrz —4@(% - 11172>,
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and
6

~ L o1—7 8
_ 2 _ 8
f(2) = 4C3/0 P C3<21n2 3).

After substituting f,(6) and £,(2) in Equation (17) and simplifying, we obtain

8
2c_1+ (21n2—§) c3=0. (18)

But it is easy to see that equations (16) and (18) are both satisfied if and only if c_| =
c3 = 0, because the determinant
1 —2In2
' 12In2-3% 70

Therefore f_1(r) =0 = f3(r). Now in (8), the terms in "3 come only from the
product of 7,-sie; . with T» because T,-i5, =0, ans so T,-siw, - commutes with
T2, which by Theorem 2 is possible only if f5(r) = 0. Repeating the same argument,
we show that f_1,4x(r) =0, Vk < —1.

Next, we shall prove that f_3(r) = 0 = fi(r), and consequently f_3,4;(r) =0
for all k < —1. In (8), the terms in z"** come from the product of T f With T,
only, hence fi(r) = c¢;r for some constant ¢;. Now, the terms in 7'~! come from the
product of T,-3;9; , With T» and the product of Te ; = c1T; with T,. Therefore we
must have

aT2(2)+ T, si0p T2(2") =1 TaT(2") + TaT, 50, (") Y0 > 0,

which, using Lemma 1, implies

1 o .
el o (204 3) = o —— 2 2(n—2) 5 (2n — 1), Y > 3

n+1 n+2

It follows that,

N n n—1
2nf 3(2n+3 2m—1)= [ } >3
nfa(2n+3) 2= sn-1) = e [ -2 v
Applying Lemma 2, the previous equation becomes
2+4 42
4 7) — 3—[———}f9i>2
(z+4)f3E+T) —2f3+3) = 8 oyel lr e
or
=V = 1 1
(Z+4)r3f73(z+4)—zr3f73(z)=—4C1[Z+8 +6} forRz>2. (19)
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H let 42T
ere we let f.(r) = —4cyr 4 Then
Flet4) - Fd) = P - A)
= (*-1)f(z)
_ La=rrfa-=r)
—4c1/0 —(l—rA) r“dr
1 1
= el )

Thus, Equation (19) can be written as

F(z+4)—F(2) = fu(z+4) - ()

where F(z) =zr3f_3(z). So using Lemma 3, we obtain
23 f_3(z) = c_3 + f.(z), for some constant ¢_3.

Now, the Mellin convolution property (2) implies

P s(2) = cs1@)+1(0)F(2) = e 5 1) + (Lem £2)(2),

with
()@ = [ 1(5)r0%
- [ S
S (S )
Hence,
P =5l 20 (n2- %) + (37 g ~In(1+))],
o

c_3 2In2—1 6 In(1+ 72
R e |

But clearly f 3 is not in L!([0,1],7dr) unless ¢_3 =0 and c¢; = 0, and therefore
f3(r) =0 and fi(r) =0. Now, in (8), the terms in 7"~ come from the product of
T, 76  with T2 only because T, 30, . = 0. Thus T, 76, . must commute with T,
and hence by Theorem 2 we have that f_7(r) =0. Similarly, we prove that f_ 34 (r) =
0 forall k < —2.

Now going back to Equation (8), the terms in z"™* come only from the product
of T,ne; with T, and so these operators must commute. Thus, Theorem 2 implies

n+4
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that f>(r) = cpr* for some constant ¢, i.e., Toioy, = 2T Similarly, the terms in
Z" come from the products of T, i, , with T» and from the product of T with

T,n6 s, = c2T2, and hence by equality we have

TaT, (") + T,2iep T,

22

(") = T-T, (") + ToT, 0 p (Z"),Vn = 0.

Thus, Lemma 1 implies

-1 -— 1 —
czz_'_l—|—2(n—|—1)f_2(2n—|—4)202213—|—2(n—l)f_z(Zn),Vn>2.
Applying Lemma 2 to the previous equation, we obtain
- - z+1 z-1
2zt 1)F2(224+4) —2(z— 1)F2(22) = [———},fori)? >0,
(2+1)f2(22+4) —2(z— 1) f-2(22) 2|37 z

which can be rewritten as

F(z4+2)—F(z) =G(z+2) —G(z), for Rz > 2

with F(z) =2(z— 1)f_2(22) and G(z) = cz§+ 1

. So by Lemma 3, we have

F(z) = c_+ G(z), for some constant c_;.

Hence 1
_ z

2(z—1)f2(22) =c_o+cr—,

(z—1)f-2(22) 2 2Z 1

or
—_ - Cc_p (6]
f2(2) = 2(z—1) + 2(z+1)

— ~

= ¢ 2r2(2z) + 213 (2z),

and therefore
foa(r) = Car 24 cor?.

But clearly in the expression of f_5, the term ¢_,r~2 is not in L'([0,1],7dr) unless
c_» =0, and so in this case f »(r) = c2r?, i.e., Ty, =2l
Finally, in (8) the terms in z"~* come from the product of T, -0 , With T> and

the product of 7o with 7,26, , = c2T.2. Thus by equality, we must have

2T 2T ")+ Tysioy T () =c2 TaT» ")+ T, T,-siof (Z"),Vn >0,

which is equivalent to
T,e0; T2(2") =TT, 6o (2"),Yn>0.

The previous equation tells us that 7, e , - commutes with 7>, and by Theorem 2, this
is possible only if f_(r) =0. Now in (8), the terms in z"~8 come from the product of
T, 10, With T2 only because T, o . =0. S0 T, 10, ,, must commute with 7,
and again Theorem 2 implies that f_jo(r) = 0. Similarly, we prove that f . 4(r) =

0, Vk < —2. This completes the proof. [J
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REMARK 1.

i) It is easy to see through the proofs that our results remain true if the symbol
22+ 72 is replaced by any linear combination of z2 and z2, i.e., 0z + Bz°.

ii) If the polar decomposition the symbol £ is instead truncated below, i.e., f(re'®) =
Yr_n Where N is a negative integer, then the result remains true since one can
pass to the adjoint.
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