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COMPACTNESS OF OPERATOR INTEGRATORS

TITARII WOOTIJIRATTIKAL, SING-CHEONG ONG AND YONGWIMON LENBURY

(Communicated by H. Radjavi)

Abstract. A function f from a closed interval [a,b] to a Banach space X is a regulated function
if one-sided limits of f exist at every point. A function o from [a,b] to the space B(X,Y),
of bounded linear transformations form X to a Banach space Y, is said to be an integrator if
for each X -valued regulated function f, the Riemann-Stieltjes sums (with sampling points in
the interior of subintervals) of f with respect to o converge in Y. We use elementary meth-
ods to establish criteria for an integrator & to induce a compact linear transformation from the
space, Reg(X), of X -valued regulated functions to Y. We give direct and elementary proofs
for each result to be used, including, among other things, the fact that each integrator ¢ induces
a bounded linear transformation, o, from Reg(X) to Y, and other folklore or known results
which required reading large amount of literature.

1. Introduction

A function f from a closed interval [a,b] to a Banach space X, is said to be
regulated if one-sided limits of f exist at every point of [a,b] [3, §7.6, p. 139]. The
space, Reg(X), of regulated functions has been extensively studied [10, 5, 9, 8,7, 2, 6,
1, 4], mostly in the case of one-dimensional X . We focus here on the integrators of the
regulated functions. Given a function ¢ from [a,b] to the space B(X,Y), of bounded
linear transformations from X to a Banach space Y, and an f € Reg(X), a natural
question is whether or when there is a vector in Y to which the internal (sampling
points in the interior of subintervals) Riemann-Stieltjes sums of f with respect to o
converge. A function o with this property for each f € Reg(X) will be called an
integrator. We use elementary methods to ultimately establish criteria for an integrator
o to induce a compact linear transformation from Reg(X) to Y. We also use very
elementary methods to prove all necessary steps leading from the definition all the way
to criteria for compactness of integrator induced operators. In particular we show that
each integrator induces a bounded linear transformation from the space of regulated
functions to Y. We are grateful to the referee for pointing out that this is a consequence
of [6, Ch I, Th 4.20]. But that theorem requires quite a lot of reading and digging
into the book. Furthermore it also uses another theorem in another book of Honig in
the proof. Since our emphases are elementary methods and direct leads to the final
results, we give a very direct and elementary proof of this result, making it accessible
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to anyone with basic knowledge of functional analysis. Furthermore the proof includes
a nice application of the uniform boundedness principle. In the meantime this also
makes the exposition self-contained.

The paper is organized as follows. We introduce the definition and an equivalent
formulation for regulated functions in section 2. In section 3, we introduce the notion of
integrator. We give an elementary proof, using the uniform boundedness principle, of
the fact that each integrator induces a bounded linear operator. We also use elementary
methods to complete the circle by establishing an equivalent formulation of integrators.
These facts are buried in many pages in the text [6]. In section 4, we establish criteria
for the integrator induced operators to be compact.

2. Regulated functions

Fix real numbers a < b and a Banach space X . A function f : [a,b] — X is said
to be regulated (see [3, §7.6, p. 139] and [6, p. 16]) if one-sided limits f(c+) =
lim f(t) existforall ¢ € [a,b),and f(c ):= lim f(r) existforall ¢ € (a,b]. Denote

t—c t—c

by Reg([a,b],X) = Reg(X) the space of X -valued regulated functions on [a,b].
A partition P of the interval [a,b] is given by a finite number of division points in
[a,b]:
P<a=t0<tl<t2<---<tn(P)=b>, n(P) e N.
The set of all partitions of [a,b] is denoted by [a,b] or simply &7, whenever no

confusion can arise.
A function g : [a,b] — X is a step function if there are

a partition P<a:t0 <t <ty < <t :b> and vectors x; €X, 1<j<n(P)

such that g(r) = x; forall t € (t,_,, t;), 1<j<n(P); ie., g takes on constant
values on each open subinterval in the partition. Since P and n(P) are determined
by g, we also denote n(P) by n(g). Regulated functions have the following useful
characterization. It is not hard to see that step functions and uniform limits of step
functions are regulated. The converse is also true.

THEOREM 1. [3, Th7.6.1, p. 139] A function f : [a,b] — X is regulated iff there
exists a sequence {h,} of step functions, from [a,b| to X, such that

lim | sup ||A,(t) —f(@)]|| =0 (i. e., h, — f uniformly on [a,b].)
=2 rela,b)
Furthermore, if € Reg(X), then

1£1:= sup [[f ()]} <ee,

t€la,b]

and (Reg(X), ||-|) is a Banach space.
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3. Integrators as bounded linear transformations

We begin the section with a precise definition of an integrator. Then we use ele-
mentary methods, including uniform boundedness principle, to prove that each integra-
tor induces a bounded linear transformation. We are grateful to the referee for pointing
out that this is a consequence of [0, Ch I, Th 4.20]. Since that theorem requires quite
a lot of reading and digging into the book, and furthermore, in the proof, it also uses
another theorem in another book of Honig. Here we give a more elementary and direct
proof, not involving the complication of the generality in [6].

The close unit ball of radius r > 0, centered at 0, of a normed vector space Z will
be denoted by [Z],. Given Banach spaces X and Y, let B(X,Y) denote the space of
bounded linear transformations from X to Y. A function o : [a,b] — B(X,Y) is called
an integrator for the regulated functions if for each f € Reg(X), thereisa y € ¥ that
satisfies the following condition:

() forevery € > 0 there is a partition P, (a =5, <8 <8 < <s,, = b) such

that for every partition P (a =<t <t < <t = b) that refines
Poi{s,: 1<k<n(P)} C{r,: 1<j<n(P)}

and for all choices of t: € (tjfntj), 1< j<n(P),

n(P)
y— Zl[a(fj) — o, )I(f()
j=

Given an integrator o and an f € Reg(X), a routine verification reveals that the
vector y € Y associated with f by « is unique. The vector y is called the interior
integral (or Dushnik integral [0, p. 7]) of f with respect to ¢ and is denoted by

[ a0 =y

We now show, directly (without using any other results, beyond the uniform bound-
edness principle), that each integrator induces a bounded linear transformation from
Reg(X) to Y.

THEOREM 2. Let o : [a,b] — B(X,Y) be an integrator for Reg(X). Then the
map O defined by

b
a(f) = [ o)), feRee(X)

is a bounded linear transformation from Reg(X) to Y.
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Proof. We omit the routine verification of linearity of ¢ . First we show that o is a
bounded function. Since o, =  — o¢(a) and o give the same integral for each function
in Reg(X). We assume, with no loss, that a(a) =0. Suppose ¢ is not bounded. Then,

inductively, there is a sequence {, }, . in [a,b] such that

k
la@)) >4, |e@)||>2" [je@,_,)| foral k>2.

By compactness, we may assume without loss of generality, that the sequence {tk} is
monotonically increasing to a limit 7_ € [a,b]. (The decreasing case is handled simi-
larly.) For each k > 1 there is an x, € [X], such that

et )]x, || > 4, ||[oc(tk)}xk||>max{22 (e, )| %||a(tk)||} Y k>2.

Let 7, = a. For each k € N, define f, by putting f, (r) = 27"'xj for 1, <1<1, 1<
Jj<k,and f (r) =0 for all other 7 € [a,b]. Then for k <[ in N, we have

k—

1, = £l = max {27 x| k4 1< <tp <2 0 as ke

Thus there is a function f € Reg(X) such that ||, — f|| — 0. Note that f(z) = f, (¢)
forall € [a,z,], since f,| 0= £ . for all [ > k. Furthermore, since 7, /'7_, and

lat, lat
each f|[r.,b] =0, fl[r.,b] =0. We may assume without loss of generality that 7_ = b.
Let y € Y. (We show that for every partition P, there are a refinement P of P, and
interior sampling points such that the associated Riemann-Stieltjes sum of f differs in
norm more than 1 from y. Therefore y cannot be the interior integral of f, for any
y €Y, and hence the interior integral of f does not exist.) Let

P, (a:s()<sl <s2<---<sn(P0) :b>

be an arbitrarily given partition. Since #, " t_, which is assumed to be b, there is a

k € N such that 2° > ||y[| + [|(b)|| + 1 and I, > 8,0 21 - Let

P(a:u0 <uyp <wy <<y :b>
be the partition that satisfies

{s;: 1<j<nP)uf{s: 1<I<k}={u: 1<i<n(P)}.

Then u,, , =1, Arbitrarily choose uf € (u, ,u;) for 1 <i<n(P)—1; and
u:(P) € (t,,t,.,). Let t; = a. Break up the sum
n(P)
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according to which (¢, ,,7;) the interval (u,_,,u,) is contained in. Since each f; is 0
on the interval [a,t,] = [t,,2,], and so is f, we have

+Ho(b) = o)) x| — Iy
= iz L Z w[“(“ ) — er(u m] (27x)
Hob) = )] x|~ b
= é[a(tj) —afr, )@ %)+ [ab) - o)) )| - I
>H[ark>]<2’kxk> H[a( ey
—Z [H J27x) Dl %)) ]
—H H[a(r,cn(z”‘”xkﬂ) ~ bl

-2 [l -2t -2 e -2 o)

—"ng (lloete 1+ et ) [ ) =

=1
e -2 @) -2 et ) - X 27 @[le)]) Iy
Jj=2
k
>2" et )| =2 @) =2 ot )| -2 [tz )] - I
k
>2" et )l -2" e®)] - Iy] > 1.
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This shows that every y € Y cannot be the interior integral of f with respect to o,
contradicting our assumption that ¢ is an integrator. Therefore o is bounded with
leell, = suprefq ) l[e(E)]] < oo

Next we show that each fixed partition induces a bounded linear transformation
form Reg(X) to Y. Let P (a =1, <t <1, <<t b) and let

tj,:{z €t 1), 1<j<n(P)}.

A straightforward application of triangle inequality shows that the map Tpt* defined by
P

*

T ()= 2 lo(t) =t )I(f(z;)) ¥ f€Reg(X)

*
A J
tp j=1

is a bounded linear transformation from Reg(X) to Y (norm < 2(n(P))||c||_).
Let f € Reg(X). We show that there is an M, > 0 such that

‘ r
RtP

*(f)Hng VP(a=t0<t1<t2<~~~<t :b>e<@[a,b],
Vt €t t;): 1< j<n(P).
b
Since o is an integrator, y = / [do(t)](f(2)) € Y exists. With € =1 in the definition
of interior integral (}), there isaa partition

P, (a:sO<s1 <s, <"'<Sn(1=0) :b>

such that if P (a =1, <t <t, < <t = b) satisfies

{s,: 1<j<n(P)} C{r,: 1<i<n(P)}

and
tiFE(l‘j 1vt) 1\]<n(P)
then
n(P) .
y= 2 la)—al, )I(fE))| <1
j=1

Let P <a =1, <t <1, <o <ty = b) be an arbitrary partition, and let

t, = {tj €t 1) 1<j< n(P)}.
Let O be the minimum common refinement of P and P, i. e.,

Qla=uy <u, <---<u,, =b),

{s,: 1<i<n O}U{tj:lgjgn(P)}:{u,:lglgn(Q)}.
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1—-1°71
arbitrary u, € (u,_,u,) if ¢, & (u,_,,u,) forall 1< j<n(R).
Since each u, is either an s, or a 1, and since each

Choose u; € (u, ,,u,) in such a way that u: = t; if t; € (u, ,,u,) for some j, and

(o)) 1)

after cancellation of like terms (terms involving intervals of the form (¢,_,,7,) = (s,_,,s;)
= (u, ,,u,) for some i, j,1), all remaining terms in the difference

involve at least one s; of the form [o(s,) — o(t;)](f (tj*) —f (uf)) or other two of its
variants. Since each s; can appear in at most two such terms, there can be at most
2(n(P,)) terms of this form. Hence

N
N~—
N~—

|
Q
~
=
N
R
—~
=
L
P
—~
~
P
=
N~—
N~—

n(P)
Zl[a(tj)_a(tjfl)](f(
j=

<2(n(B) 2Nl )1

Since Q is a refinement of P,, we have

n(P) )
Tm; (f)H = ;[a(lj)—a(tjil)](f(t/_)) ’
n(P) o *
<|[ X o) el 0 = Xladw) a(u,1>}<f<ul>>|
= =1
n(Q)

*

2 [a(u,) - a(”tfl)](f(”, )=y

=1
<8(n(F)) lledl| 1A+ 1+ [yl =: M,

+ + Iyl

which is the desired M, independent of the partition P and the choice of sampling

points t; = {tj} . Since the foregoing argument holds for each fixed f, by the uniform
boundedness principle, there exists an M > 0 such that

" <M for all partitions P (a =1, <t <t <<t = b)

T
H rt

and for all choices of t, = {tj €@t 1) 1<j< n(P)}
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It follows that, for each f € Reg(X) and each € > 0, there are a partition P and a
choice of sampling points t; such that
b

[Manir)| <

<e+M|f]

le(f)ll =

<e+|r,
Pt

[;[da(t)](f(t))_T *(f)H+

Pty

7.0

Pt

Since this is true for each € > 0, the map

b
a:f— [ ldo)(f0) ¥ f€Reg(x)

is a bounded linear transformation from Reg(X) to ¥ with norm |a| <M. O

Next we derive from the definitions an explicit formula for the integral of a step
function with respect to an integrator. This may be obvious to experts, but we feel that
there is a need for a proof.

LEMMA 3. Let g:[a,b] — X be a step function and let o : [a,b] — %(X Y) be an
integrator for Reg(X). Then there exist a partition Py(a =u, <u, <---< I, =b)

and x, € X, 1 <k <n(P), such that

b (Fy) n(P) i
[ laato) Z o, ), = X, lad) — (e, )](8(r)
a i—1 =1
for all partitions P (a =1, <t <t < <t = b) satisfying
{uk: } {t I<j<n P)};

andforallchozcesoft €t 1), 1<j<n(P).

This may be obvious to the experts. Since we are aiming at non-experts, a proof
according to the definition is desirable.

Proof. Let F, (a =y <uy <y <<, = b) be the partition associated
0
with the step function g. We show that
n(Fy) b
o, )y, = [ lda®)(s())
i=1 “
To that end, let P (a =1, <t <t < <t ., = b) satisfy

{uj: <j< }C{t \kgnP)}.
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t,). Observe that, for

For each k = 1,2,---,n(P), arbitrarily choose t; € (t, st

each 1< j<n(P),since

U (tk—17tk]:(uj71auj}7

(Ot ) Sy )
by cancellations of intermediate terms,

2 [a(tk)_a(tkfl)} :(X(uj—l)_(x(uj)'

(g ) Sy uey)

Therefore, since tZ € (u; ,, u;) and g(t,j) =x; whenever (1,_,, 1) C (u, |, u,),

n(Fy)

= lo(,) — et )] | x;
J=1 (tkfl.,tk)g(ujfl u])

n(Fy)

- 3 Lot —atu, s, =

j=

This shows that the vector y satisfies

n(P)
y— ];1 [a(tk) - a(tk—l )](g(tk )

for all partition P (a =t <t <t < <t = b) and all choices of sampling points
t_: € (tH ,t_,.). Hence the vector y is also the interior integral of g with respectto oc. [
This leads to the following useful necessary condition for an operator-valued func-
tion to be an integrator.
THEOREM 4. Let o : [a,b] — B(X,Y) be an integrator for Reg(X). Then for
all partition P (a =1, <t <, <o <t = b) and for all choices of x; € X],, 1<
J<n(P),
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b
Proof. First note that by Theorem 2 the map, « : f +— / [do(®)](f(z)), is a

a
bounded linear transformation from Reg(X) to Y. To see that ||¢| has the asserted

property, let a partition P(a=1, <t, <t, <--- <1, :b> and x; € [X],, 1 <j<

(
n(P), be given. Define

g(t)=x; for t € (t,,t;), 1 <j<n(P), and g(#) =0 for all other ¢s.

Then g is a step function and hence is in Reg(X) with ||g|| < 1. Thus, by Lemma 3,

n(P)
2 [a(tj> - a(tj—l)}xj
j=1

[ oo = el < @l <@l o

By virtue of this result, we introduce the following notation. For a given o :
[a,b] — B(X,Y) define, the set [a], as follows.

n(P)
lof = { i lo(t)) —a(t;, )]x;: Pla=t,<---<t, =b)€Z,
j=1

A function o : [a,b] — B(X,Y) having bounded [or], is said to have bounded
semivariation. The smallest bound for [o], will be denoted by V., (ct) = SUPye(q], Ivll 5
which is also called the semivariation of o.

It follows from Theorem 4 that each integrator ¢ is of bounded semivariation with
V.(o) < ||e||. The converse is also true. A proof can be found in [6]. We give a more
elementary proof of the converse, aiming at non-experts (and meanwhile reducing the
complication of the treatment of the generality in [6], buried in many pages of the text)
for completeness and self containedness. For our proof, we need the following lemmas.

LEMMA 5. Let a : [a,b] — B(X,Y) be of bounded semivariation and t € [a,b].
Then
lee(t) — ev(a)|| < V().

K

Proof. Observe that

lo(t) = afa)|| = sup I[ox(t) — ex(a)]x]|
= S Ife() — ewfa))x+ [ex(b) — ()]0} < V(). O

LEMMA 6. Let g,h:[a,b] — X be step functions given by

a=u, <u, <--<u, =b, glt)=x,€X, 1€, _,u;), 1<j<n(g),
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and
a=vy<v, <--<v,, =b h(t)=w eX, t€(v_,v), 1<k<n(h)

Let a:a,b] — B(X,Y) be of bounded semivariation; and let

n(g) n(h)
yg = E[a(uj) - a(ujq)}xj and Y = E[OC(V,() - a(vk—l)}wk'
j=1 k=1

Then
v, =]l <lg =Rl (ex).
Proof Relabel the elements of the set {uj 1 0<j<n(g)u{v,: 0<k<n(h)}
as a=t, <t <---<ty=>b toeliminate duplicates.
Then, foreach 1< j<n(g) and 1< k< n(h),

U (t, . t]= (”qu uj]’

(s 1)<y uy)

and
1 )=y v
(i )V v)
Thus
2 [a(ti)_(x(ti—l)} :a(uj—l)_a(uj)
USERISCINT
and

(Wt 4)Syv)

Choose t; €t
whenever (¢

. ,+1,). Then g(t:) = x; whenever (7,_,,t,) C (u;_,,u;), and h(tf) =w,
1>t) € (v, ,,v,). Since

—1 * .
g =nl" (s~ ne)| <1, 1< i<,

it follows that

e =l =

n(g)
z,l[a(uj)_a(ujfl)}xj_ [(X(Vk)—OC(kal)]Wk
Jj=

n(g)
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= Y le)—a()]] (56)
j=1 (tl . t’.)g(u] 1,u,)
n(h) )
- [o(r;) — et )] | (A(z,))
k=11 (1 1)S(v_ vy)
n(g) .
= [oe(r,) — ez, )] (8(, )
j=1 (tz—l ,t’.)g(u]71 7"_;')
n(h) i
- Z [O((tl) - a(ti—l)](h(t, ))

I
e

lg =l

for() — e )] [llg =l ((4) = (s))] ‘

Vi(a)[lg—n]. O

THEOREM 7. Let o : [a,b] — B(X,Y) be a function of bounded semivariation.
Then o is an integrator for Reg(X).

Proof. Let € > 0. By Theorem 1 there exists a sequence { &
tions g, : [a,b] — X such that

}ren Of step func-

Hf—ng = sup Hf(t)—gk(t)HX —0 as k— oo,
a<st<b

For each k € N, let y, € Y be the vector associated with g, by Lemma 6. The lemma
also gives us

||yk _yIHy < V() Hgk _ng <Vi(a) [Hgk _fH + Hf_ng] —0as k, [ — oo

Thus { yk} is a Cauchy sequence in Y. By the completeness of Y, thereisa y € ¥ such
that ||y —kaY — 0 as k — oo. We show that y has the property (}), i.e., is the integral
of f. Let € > 0 be given. Then there is an N € N such that

€
2[V. () +1]

K

bnl, <5 o - <mind, b v

Let g =g, . Since g is a step function, there exist

a=uy <ug <u, <---<u, =b, x, €X, 1<j<n(g)
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such that g(r) = x;, for t € (u,_,,u;), 1 < j<n(g). Let P, be the partition defined by

the division points u;, i.e., P(a=u, <u, <---<u,  =b). Let

P(a:to <4 <t <<ty :b>
be a partition that satisfies
{u; - 1<j<n(g)} C{1,: 1<k<n(P)}.

Let t; € (t; st;), 1 < j<n(g), be arbitrarily chosen. Then since g = g, is a step
function, by Lemma 3

Since H||g—f||’l (2() —f(tj))H <1, 1<i<n(P), we have

n(P) .
y= X la) el )G >>H
i=1
n(P) . n(P) . .
< y— 2 [a(ti) - (X(ti—l)}g(t,‘ ) + 2 [a(ti) - O‘(tiq)](g(t,- ) _f(t,- ))H
i=1 i=1
n(P) -1 * *
=y =l +|| X loete) = et )] [lg = A1 (66)) = 6] || g — 71
i=1
<5 V@) =11 <5+ gt <e. O

Combining Theorems 7 and 4, we have the following.

COROLLARY 8.

1. A function a: |a,b] — B(X,Y) is an integrator for Reg(X) if, and only if, o is
of bounded semivariation.

2. For each integrator o for Reg(X), V.(o) = ||| .

K

Proof. Part (1) follows directly from Theorems 7 and 4.
For part (2), we have already noted above that V,(c) < ||@||. For the opposite
inequality, let f € Reg(X), and let € > 0. Let F, and all s, be as in (f). Choose any

* . . -1 * .
5 €(s;.,.5,). for 1 < j<n(P,). Then, since H £l f(sj)H <1 forall 1 <j<n(P,),
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we have

a0 < [ Taa] o) - | 3 fods,) — ats, G

J

n(Fy)
+ zl[a(sj)_a(sjfl)](f(s‘))
j:

n(PO) ., .
<e+ zl[a(s,‘)—a(s_,;l)](||f|| |- IIfl <e+V(a) I £]
j:

Since € is arbitrary, we have ||| <V, (), and hence equality follows. [

4. Compactness of integrators

We first consider the following example. Let X =Y = I (the square summable
Hilbert sequence space), and [a,b] = [0,1]. For each j € N, denote by e, the jn

standard basis vector of 62, and E; the orthogonal projection of ¢ onto the span of e,
(e, E;, =¢;®e;, or E;(x) = <x,le_,.>e_,. for all x € £). Define o : [0,1] — %(62) by
a(t)=-LE, forallre(2",2""], neN,and o(0) = 0. With N > 2, and with the

N
.. —-N —N+1 .
partition P(0<2 = <2 << 1) and x, =x,, , =0,x,,=¢, ,, I<j<N-1,
we have
-N N —N+j —N+j—1
(a2 ) —a(O)x, + X [a2 ) —a2 ).
j=1
N—1 N—1
—N+j —N+j-1
- [OC(Z ) - OC(Z )}eNﬁ 2 (AN7]+1 Aij)eij
Jj=1 Jj=1
1/2
N—1 N—1 1 N-1
= Ay_.e = ey || = —| — oo as N — oo
o N—j“N—j J:Zl N—] N—j |j1 N—]‘|

Thus @ is not an integrator by Theorem 4, though each ¢(z) is of rank one and hence
compact.

Recall that a subset of a metric space is said to be totally bounded if, for every
€ > 0, it can be covered by a finite number of €-balls. A subset of a metric space is
totally bounded iff it has a compact closure. A bounded linear transformation K from
a Banach space X to a Banach space Y is compact if the image of the unit ball of X
under K has a compact closure. Thus K is compact iff K([X],) (or the image under K
of each bounded subset of X') is totally bounded.

THEOREM 9. Let o : [a,b] — B(X,Y) be an integrator for Reg(X) that vanishes
at a (i.e., o(a) =0). Then the following conditions on o, are equivalent.
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1. @ is compact,

2. There is a compact operator K from a Banach space Z to Y such that [o], C
K([Z],) for some r > 0.

3. There is a one-to-one compact operator K from a Banach space Z to Y such

that K~ (au(t)) is a bounded operator from X to Z for all t € [a,b] and K -«
is an integrator.

4. The set (o], is a totally bounded subset of Y .

A modification of the example preceding the statement of the theorem above can
also serve as examples for (2)—(4).

Define fB(t) = nizEn forte(2”"',2"], neN, and B(0) =0. Let P(a = 1, <
+- <ty ) beapartition of [0,1], and let x; € [X],, 1 < j <N(P).The nonzero terms

. . . . —k —m
in the sum in [r], are those j that satisfy t,>2 22 >t,_, forsome k>m. Thus

-2
B) =B Dl = X [k el —m xe,)e,
j=1 1<j<n(P)
t,>27k>27m >t
J j=1
Notice that e, can at most appear as (k + 1)72 (xj 1»¢,)e, in the term preceding it. So
the combined e, terms has coefficient

K (xe) — (k1) (x, e =k (k’1<xj,ek> —k(k+1)’2<x_,ﬂ,ek>) . (k’lak)

< 2, since x;,x,,, € [X],. Similar expression holds for e, . Since

for some ||

1

oo -1 2 . -1 . . 2 ..
Y1k e €l (ie., the sequence {n }HEN isin £ ), the whole sum is in the range

of the compact operator K := ¥, _, vflEv. So B satisfies condition (2) of the this
theorem with [B], € K([(],).
Let L=, vfl/zEv ,and let y= L <B, we see that

—n _—n+l -1

1
Yt)=L (B(t))=—E, ift€(2",2""] forsome n, and y(0) =L (B(0)) =0.
n
Arguments similar to that used for 3 show that

M, =L ], C L(X],) a bounded set.
Thus B satisfies condition (3). Since L is compact, L([X],) is totally bounded, so that
Y also satisfies condition (4)
Proof. [(1) = (2)] Suppose ¢ is compact. We show that ¢ satisfies (2) with

K =0 and Z = Reg(X). Each element of [a], corresponds to a partition

Pla=1,<---<t,, =b) € P[a,b]
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and a finite collection of vectors x; € [X],, 1 <j<n(P).
Then the function g defined by g(#) =x; fort € [t,_,,,), and g(b) =0, is a step
function and hence belongs to [Reg(X)], . Thus, by Lemma 3,

[a(tj) - a(tjq)]xj = a(g) € a([Reg(X)]l)'

Thus [e], is contained in &([Reg(X)],) =K ([Z],).

[(2) = (3)] Suppose [a], € K([Z],) for some compact operator K from a Banach
space Z to Y, and for some r > 0. Considering the compact operator K induced on
the quotient space Z/kerK, we may assume that K is one-to-one. For ¢ € [a,b] and
x € [X],, since the function

x fors € [a,f]

8.(5) =
0 forse (2,b]

isin [Reg(X)],, we have
b
(e =[al) — a(@le = [ [da(s)](s,.(5)
~d(s,.) € a([Reg(X)],) S K(Z)).

Thus [(1)](X) C K(Z) for all 7 € [a,b]. Hence K [ce(2)] is a closed operator from
the Banach space X to Z. Thus each K| [a(2)] (¢ € [a,b]) is a bounded operator from
X to Z. Furthermore 8 := K ot : [a,b] — B(X,Z) satisfies

n(P)
B], :{Z[ﬁ(tj)_ﬁ(tjl)]xj: P<a:t0<t1 <t <o <Py :b>»

=1
)CJ-E[X]I, 1<]<n(P)}

nP) |
:{ K ((x(tj))—K (Oc(tjfl))}xj:P<a=t0<tl<t2<---<tn =b>,

x, € [X],, 1<j<n(p)}
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Therefore B is an integrator.

[(3) = (4)] Suppose B := K o defines an integrator for some compact op-
erator K from Z to Y. Then [B], = Kﬁl([a}l) is a bounded subset of Z. Thus
o], = KK ([e],)) = K([B],) is a totally bounded set (see the discussion preceding
the statement of this theorem).

[(4) = (1)] Suppose [o], is totally bounded. We show that o/([Reg(X)],) is
contained in the closure of [a], . Let f € [Reg(X)],, and € > 0. Then, by definitions of

o and the integral, there is a partition P <a =t <ty <ty < <t = b) such that
for all choices of t; €(t,_,,t;), 1 <j<n(P), wehave

n

(P)
a(f)_ [a(t_/)_a(tjq)}f(tj) <é&.

J=1

Since f € [Reg(X)], ., each f (t;) € [X], . and hence the sum in the preceding inequality

isin [a], . As € is arbitrary, &(f) € [o] , thatis @([Reg(X)],) C Wl , the closure of
the totally bounded set [e], . Thus @ is a compact linear transformation. [J
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