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PROPAGATION PHENOMENA FOR MONO-WEAKLY
HYPONORMAL OPERATOR PAIRS

YONGIJIANG DUAN, SHIHAO PANG AND S1YU WANG

(Communicated by G. Misra)

Abstract. In this note, we strengthen some of flatness results for mono-polynomially hyponormal
and mono-weakly 2-hyponormal 2-variable weighted shifts in [15, 16, 17].

1. Introduction

Let H be a complex Hilbert space and B(H) be the algebra of bounded linear
operators on H. An operator T € B(H) is called normal if T*T = TT*, it is called
subnormal if there is a Hilbert space K O H and a normal operator N on K such that
NH CH and T = N|y, and it is called hyponormal if [T*,T|:=T*T —TT* > 0. The
notions of hyponormal and subnormal operators were introduced by Halmos in 1950
(cf. [3, 18]). Note that if T is subnormal, then p(T) is also subnormal for each p €
C[z], that is, subnormality is preserved under polynomial calculus. However, this is not
the case for hyponormal operators, which can be easily seen from the kind of so called
unilateral weighted shift operators. Recall that given a bounded sequence of positive
real numbers & : 0, 01, - -, the unilateral weighted shift Wy, associated with o (called
weights) is the operator on [%(Z, ) defined by Wye, := oy,e,41 (n > 0), where {en}r o
is the canonical orthonormal basis of /?(Z. ). Given a hyponormal weighted shift W,
there exists p € Cl[z] such that p(Wy,) is not hyponormal, see [13, 14] for such kind of
examples. So hyponormality is not preserved under polynomial calculus. An operator
T on B(H) is called polynomially hyponormal if p(T) is hyponormal for each p €
Clz], and is called weakly k-hyponormal if p(T) is hyponormal for each p € C[z], with
degree no more than k. A nature problem asks whether each polynomially hyponormal
operator is subnormal, which had been an open problem for a relatively long period
and was answered negatively by Curto and Putinar in [11] via the so called Agler’s
dictionary [1] by establishing the relationship between positive linear functionals on
specific convex cones of polynomials and bounded linear maps acting on a Hilbert
space, with a distinguished cyclic vector.
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Before Curto and Putinar’s remarkable work to prove that there exists a weighted
shift that is polynomially hyponormal but not subnormal, a phenomenon for weighted
shifts called flatness originated from Stampfli (cf. [21]) had attracted much attention,
and been thought to provide an appropriate way to give a counterexample. Recall that
a weighted shift W, is called flat if o1 = oy for all k > 1. Stampfli showed that if a
weighted shift Wy, is subnormal and ¢y, = 04,4+ for some n € N, then Wy, is flat. Joshi
[14] and Fan [13] also constructed interesting related examples. Later, Curto [5] proved
that if the weighted shift Wy, is quadratically hyponormal (i.e. weakly 2-hyponormal),
and if o, = a1 = 0442 for some n € N, then Wy, is flat. Moreover, when W, is
2-hyponormal, the equality of any of the consecutive weights leads to the flatness of the
weighted shift. The propagation phenomena for single weighted shifts are largely stud-
ied in the literature (see [5, 6, 4, 19] and the references therein) and the corresponding
results and techniques are important in the theory of subnormal operators, relating to
the study of dilations and extensions of operators on Hilbert spaces.

n [10, 8], the authors introduced the notion of flatness for 2-variable weighted
shifts T = (71, 7>) which is the correct analogue of flatness for 1-variable weighted
shifts. First let us recall some related notions. We denote by € the class of commuting
operator pairs on a given Hilbert space H. Recall that a k-tuple T = (T1,---,T;) on the
Hilbert space H is called (jointly) hyponormal if the operator matrix

[T, ) 2= (77, T

is positive on the direct sum of k copies of H (cf. [2, 20]). A commuting pair T =
(T, 1) € € is called k-hyponormal if

T(k) == (T, 1, T{, B T3 - T BT 1)
is hyponormal, or equivalently, the operator matrix
M (T) == ((L'TY) T 1 <mensh 1 <prask

is positive (cf. [7]). Recall that a commuting operator pair T = (7, 73) is called sub-
normal if there is a Hilbert space K O H and a commuting normal operator pair N on
K such that H is the common invariant subspace of N and T = N|y. For operator pairs
in &y, let us denote the class of subnormal pairs by .. and the class of k-hyponormal
pairs by ;. for each integer k > 1. Then we have $H.. C --- C H; C--- C H1. An op-
erator pair T = (T1,T») € € is called mono-weakly k-hyponormal (cf. [106]) if it holds
that

1(170)x 1(170)x
1(071))6 1(071))6

<Mk(T) : ) : > >0, vA‘(I,O)va‘(o,l)v"'72'(07,’{) EC, V)CEH, (L.1)
7L(07k)x A(O’k)x

which is equivalent to

<[(7I10T1+7H)1T2+ )LOsz) (i10T1+101T2+ AOsz)}xx>>O
(1.2)
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T is called mono-polynomially hyponormal if (1.1) holds for each integer k > 1. Note
in [12], the notion of mono-weakly k-hyponormal operator pair is also introduced,
and called weakly k-hyponormal instead. One can see examples in [12, 9] that illus-
trated the relationship between mono-weakly hyponormal and hyponormal 2-variable
weighted shifts. Compared with the one variable case, the notion of mono-weakly k-
hyponormal operator pair is natural, as explained in [12, 16]. Clearly, from (1.2), the
operator pair T € & is mono-weakly k-hyponormalif and only if for each p € C[z;, 23]
with deg p <k, p(T1,T») is hyponormal, and from (1.1), k-hyponormal = mono-
weakly k-hyponormal for each k.

In [8, 10], the authors investigated the flatness for subnormal as well as k-hypo-
normal weighted shifts, and in [15, 16, 17], the authors investigated the flatness for
mono-weakly k-hyponormal 2-variable weighted shifts. Based on the idea in [15, 16,
17], we can strengthen some of flatness results in [15, 16, 17], i.e., we can weaken
the hypothesis leading to the flatness of 2-variable weighted shifts. We can do this by
restricting operator pairs to two types of common invariant subspaces so as to obtain
more information about weights.

Let Z2 =Zy x Zy, k= {ki,ky} € Z%.. Recall that a 2-variable weighted shift
T = (T1,T>) on the Hilbert space 1?(Z2 ) is defined by

Tlek ‘= OkCk+e Tzek = Bkek+52, (1.3)

where {ex : k € Z2} forms an orthonormal basis of 12(Z2), & = (1,0), & = (0,1),
o, Bk >0, k€ Z2 ({on}, {Bx} €1°(Z%) are called the weight sequence).
It is obvious that 71T, = T>T; is equivalent to

Oty k1) Bk ko) = Biky+1.40) Oty 1) Tor all (ky,k2) € 77 (1.4)

The definition of flatness for commuting 2-variable weighted shifts was introduced in
[8, 10]. A 2-variable weighted shift W, g) is called horizontally flat (vesp. vertically
fat), if o, 1) = oy for all kiky > 1 (resp. B, k) = Bii,yy for all ki ko > 1).
Moreover, Wy, g) is called flar if W4 gy is horizontally and vertically flat, and W, g)
is called symmetrically flat if W4, g) is flat and oy 1) = By 1) -

First we review some basic results of flatness for 1-variable weighted shifts.

PROPOSITION 1.1. (Subnormality, see [22]) Let Wy be a subnormal weighted
shift with weight sequence {0y} . If 04 = g1 for some k >0, then Wy, is flat.

PROPOSITION 1.2. (2-hyponormality, see [5]) Let Wy be a 2-hyponormal
weighted shift with weight sequence {0x}y_o. If Ox = 041 for some k >0, then
Wy is flat.

PROPOSITION 1.3. (Quadratic hyponormality, see [4]) Let Wy be a unilateral
weighted shift with weight sequence {04}y o, and assume that Wy, is quadratically
hyponormal. If oy = 0| for some k > 1, then Wy, is flat.
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PROPOSITION 1.4. (Polynomial hyponormality, see [4]) Let Wy, be a unilateral
weighted shift with weight sequence {04}y, and assume that Wy, is polynomially
hyponormal. If oy = 0| for some k > 0, then Wy, is flat.

With respect to the 2-variable case, we can strengthen the corresponding results in
[15, 16, 17]. The main results are the following theorems.

THEOREM 1.5. Let T = (T1,Tr) € € be a mono-polynomially hyponormal

weighted shift. If Ok, k) = Xk, +14) and B, 1) = By 1) for some ki ka,lb >0
and ly > 1, then T is flat.

THEOREM 1.6. Let T = (T1,T») € €y be a mono-weakly 2-hyponormal weighted
shift. If 0, k) = Ory +1.40) and B, 1) = Byt 41) for some ki ko, > 1 and 1y > 2,
then T is flat.

2. Proof of Theorem 1.5

We first note that the restriction of a joint hyponormal operator pair to a common
invariant subspace is joint hyponormal. Also the restriction of a mono-polynomially
hyponormal operator pair to a common invariant subspace is mono-polynomially hy-
ponormal. The following results are frequently used throughout this paper.

LEMMA 2.1. (cf. [15]) Given T = (T1,T») € €. Then for any m,n > 0, it holds
that T = (T}, T>) € €y is mono-weakly k-hyponormal if and only if (mTy,nTs) is mono-
weakly k-hyponormal (k > 1).

Before we prove Theorem 1.5, we give the following result.

LEMMA 2.2. Let T= (T, Tz) € € be a mono-polynomially hyponormal weighted
shift. If O, ky) = Xk +14) and B, 1) = By p+1) Jor some ki,lb 20 and ky > 1,
Iy 22, then T is flat.

Proof. Given ki, I >0, ko > 1, and /1 > 2. According to Lemma 2.1, without
loss of generality, we assume that o, 1) = 0, 41,1) = 1 and Bo 1) = Boj41) =0 >
0. Since T is mono-polynomially hyponormal, it follows that 7; and 7, are both
polynomially hyponormal. By Proposition 1.4, we have o, 1) = 0, +1,1) = | and
B, = B2p+1) = b forall ki, > 0. Since T = (71, T2) € & is mono-polynomially
hyponormal, we have

(T\+ 1), (Ty + T»)] > 0.

Let M(n) := \/{e(, 4,) : k1 + k2 =n} and P, be the orthogonal projection from H
to the subspace M(n). Then it is easy to see that M(n) is an invariant subspace of
(T +T2)", (T + T2)).
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By definition, we have

(T1 + )" (T1 + T2)]e, 1)
=TV Tile, &) + (T2 Tale, 1) + [T Taley i) + (T2 Tile gy 1)
[a(2k1 Jo) 2k1 L) €k ko) T [ﬁ(zkl,kz) - ﬁ(zkl,krlﬂe(kl,kz) (2.1)
+ oy - 1k2+1 WBky ko) — Ok —1ka) Bk —1k2) €k~ 1 ko 1)
F [0k, o) Bliey +100—1) = %y o= 1) Bl ko= 1) 1€y 1,00 1)
where o, 1,) =0 and [3(117,2) =0 when any of ky,l;,k»,l> is smaller than 0.
Note that [(7; +T2)",(Ti + T2)|M(n) C M(n), and consider the operator
M, :=P[(T+ 1), (T + T)]Ps,
then 1}t has the following matrix representation to the ordered basis {6(370),6(271),6(172)7
€(03)s>

ayp by 0 0

by ax by 0
0 b3 a3z by
0 0 bsy asus

M, =

where

2 2 2 2 .
@i = 01y~ Oy T Baiio) —Blaijay 1<i<4,
bi i =03 ipBa—ii-1)—03-ii-1nBa-ii-1), 1<i<3.

On the other hand, o/, 1) =1 and ﬁ(llz) = b for all k;,l, > 0. Hence, the matrix M;
can be written as follows,

2 2 2
%30) = %00t B0y By —b%20) 0 0
M, — B0 — bz 0 bogia)—Bayy O
0 boy ) — By ass ba3
0 0 by a4y

Suppose that Q; is the orthogonal projection onto \/{e(370),e(271)}. Then M, :=
Q1M Q) is clearly positive, that is,

“(23,0) - a(22,o) + B(za,o) Bz.0) = b2

M, =
Bg.0) — b2 0

> 0.
Hence, we get
detMs := —[B30) — bOC(z.,o)]2 =0,

= Ba0) = bo)-

On the other hand, the commuting property of T gives that

ﬁ(3,0)05(2,0) = 05(2,1)[3(2,0)~
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So
Bioy=b, 0o =1 (2.2)

Suppose that O, is the orthogonal projection onto V{€(2,1),€(1,2)}- Then M3 :=
0>M;Q; is clearly positive, that is,

0 boyy ) —[3(1 1)
Mz = 2 2 2 2 | =20.
’ boy2) = By “(1,2)_a(o,2)+ﬂ(1,2)_ﬂ(1,1)
Hence, we get
detMs := —[boyy 5) — ﬁ(l,l)]z =0,
= By = by o).
Moreover, with the commuting property of T, we have
05(1,1)ﬁ(2,1) = 05(1,2)ﬁ(1,1)
which yields that
o1 =1, Bun =0 (2.3)

Since T = (T}, T») € €y is mono-polynomially hyponormal, we have
(T7+T2)",(T7 +T2)] > 0.
An easy computation gives that

(TF +To), (le +T2)e(k, 1)
= [, T }e( +[15, Tale(i, k) + 777, Dle, k) + (15, T12]e(k1 k)

= [0, 1) O‘(kl+1k2) Oy 1) Xy 24 €01 k) + By k) — Bty -1t k) (24)

+(
+(

[\S]

Bty k) Oty —1 k1) ¥ky ~2.k1) — Bk —2.80) ¥ty —1.42) ¥ty 2.4 J€ k1 ~2.02-41)

B2k 1) Ok o) Oty +1,k2) — By so—1) ¥y dy—1) Oty +1hp—1) € ky 42,0, 1)-
Given nonnegative integers n, ki, ko, let M(n) :=\/ {e(kl’kz) tki+2ky=n} be

an invariant subspace of [(7T2 + )", (T? + T3)], B, be the orthogonal projection from

H onto M(n), and My := Py[(T} + T>)*, (T + T»)|Ps. Then with respect to the ordered
basis {e(40),€(2,1):€(02)}> Ma has the following matrix representation,

a Ba.o) — boys ) 0
My = | Buao) —boyz ) 0 bayo 2 — B, | 5
0 boyo2) = Bo.1) as3

where

2 2 2 2 2 2 .
@i 1= O3 1y O6 21 i—1) — O5—21i-1) O%a—2ii1) F Blo—2ii—1) = Bio—2ii—2)» 1 <i<3,
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biyi = Bo—2ii—1)0(5—2ii) Xa—2ii) — Bla—2ii—1)%5-2ii—1)Oa—2ii—1), 1 <i<2.

Let Q; be the orthogonal projection onto \/{e(s¢),€(2.1)} - Then Ms := Q1M40,
is clearly positive, that is,

Ms = ary Biao)y —boz0) | < 0
Bao) — boys 0 0 -

Hence, we get
detMs := —[B4,0) — l705(3.,0)]2 =0,

= Ba0) = bz ).

On the other hand, from the commuting property of T, it follows that 06(3,0)[3(4,0) —
/3(3,0)06(3, 1), SO we have

Bao) =b, oz =1. (2.5)

Suppose that Q5 is the orthogonal projection onto \/{e(2 1),€(0.2)} . Then Mg := 0:M40>
is clearly positive, that is,

Mg = 0 betoa) —Pon | 5,
boo2) — Bo,1) ass -

Hence, we get
detMs = —[boo2) = Bo.n)* =0,

= Bio.ay = bo2)-
Moreover, with the commuting property of T, we have
Bo.)%0.2) = %0.1)B(1.1):

= Bo,1) = b, 002y = 1.

Since T is mono-polynomially hyponormal, 7; is polynomially hyponormal. From
Proposition 1.4 and 0 2) = 041 2) = 1, it follows that

a(k1,2) =1, forall k; > 0. (26)

From (2.2) and (2.5), it follows that o o) = @(30) = 1. So by Proposition 1.4 again, it
follows that

O, 0) =1, forall k; > 0. 2.7)
Moreover, from (2.2) and (2.3), we have
Bi.o)=Bayy =0 (2.8)

From (2.6), (2.7), (2.8), the assumption that o, ;) = 1 for all k&; > 0 and the commut-
ing property of T, we conclude that

ﬁ(h,O) = B(ll,l) =b, forall [y > 0.
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So by the polynomial hyponormality of 75, we have

ﬁ(llﬂlZ) =0D.

Combining with the commuting property of T, we conclude that

%y kp) = 1

as desired. [

LEMMA 2.3. Let T= (T, T) € € be a mono-polynomially hyponormal weighted
shift. If 0, 1 14y) = Xy ko) and By i, 11) = B, 1) for some kil >0 and kol > 1,
then T is flat.

Proof. From Lemma 2.2, we need only to show that if there exists a weighted shift
T = (T}, T») € € which is mono-polynomially hyponormal and

Oy 1) = Xiy41,1) = Ly Biy) = By =b (b>0), (2.9)

for some I > 0 and k; > 0, then T is flat. On the contrary, we assume that T is not
flat.
Since T = (T1,T») € €y is mono-polynomially hyponormal, we have

(Ti + )", (T1 + T2)] > 0.

Restrict the operator (71 + 12)*, (71 + T»)] to the invariant subspace M(2), and by the
same reasoning as in Lemma 2.2, we conclude that

Bi2,0y = By =b, o1,0) = o) = 1. (2.10)

Let 0y 5) = xo. By the commuting property of T, we have bxo = 5 ;). From the
hyponormality of 77 and (2.10), we have x¢ > 1. Now we claim that xo > 1. Otherwise,
xo = 1. Combining (2.10) with the commuting property of T, we get 0/ 2) = (1 2) =1
and B0y = B(2,1) = b. By Lemma 2.2, we show that T is flat, which is contradicting
to the assumption. Hence, xo > 1, as desired.

Let oy, 2) = Xi,—1 (k1 > 1). We conclude that x;,  is strictly increasing as k;
is increasing. Otherwise, with the same reasoning as in the preceding paragraph that
leads to xp > 1, we can get that T is flat, which is contradicting to the assumption.

Therefore, with the commuting property of T, By 1) = bxo, B3 1) = bxox1, -,

Bk,.1) = bxox1 -+ - X, 2. So we can get B, 1) > bxél_l, and thus, klim Bk, 1) =
1—o0

which is contradicting to the boundedness of 7.
This contradiction shows that T is flat, as desired. [

Now we can complete the proof of Theorem 1.5.



PROPAGATION PHENOMENA FOR MONO-WEAKLY HYPONORMAL OPERATOR PAIRS 163

Proof of Theorem 1.5. Let 04y, ) = O, 4+1,0) = 1 for some k; >0 and By ;) =
B(1,1,+1) = b for some [, > 0. Proposition 1.4 shows that o, o) =1 and B, ;,) = b for
all k1,1 > 0. Since T = (T}, T7) € €y is mono-polynomially hyponormal, we get

[(Tl Tz)*, (T1T2)] = Tz*Tf‘Tsz — T1T2T2*Tf‘ > 0.
Moreover,

(M), (T T2)]ek, xy) = (O‘(zkl ,k2+1)5(21q,k2) - a(2k171,k2)ﬁ(2k171,k271))e(k1 k2)»

where oy, 4,y =0 and [3(117,2) =0 when any of ky,l;,k,l> is smaller than 0. So we
get
2 2 2 2
a(kl’k2+1)ﬂ(k1~,k2) o a(kl_l’kZ)ﬁ(kl_lakZ_l) >0.
With the commuting property of T, we have

2 2 2 2 2 2 2 2
ity kg + 1) Bty k) = k1.4 Bk 100 1) = %oy 1) Bk a2) — %ty 100 1) Bty ko1

Therefore,

o 2)B(1.1) — o.0)Bi0) > 0

= 0 ) b* = b 120,
= 012) 2 1.

Since a(zﬁz) > a(1’2)7 it follows that (X(z’z) > 1. If o 2,2) >1, let a(kl.’z) =Xk, » ﬁ(kl 0) =
%y > Bk, 1) = Vi, - Clearly, yy, >z, for each ky > 1. With the commuting property of
T, we obtain

2rn—1
b7 — 1 Xk = YnZn-

Therefore, y,% > bzﬂzl;llxkl . Since xz, > 1, y, — +oo. Clearly, it is contradicting to
the boundedness of 75. So we conclude that o3 5) =1, and thus, ¢ ) = 1. Then from
Lemma 2.3, we show that T is flat. [

3. Proof of Theorem 1.6

Recall that the restriction of a mono-weakly k-hyponormal operator pair to an
invariant subspace is also mono-weakly k-hyponormal. We first prove the following
results.

LEMMA 3.1. Let T = (T1,T) € €y be a mono-weakly 2-hyponormal weighted
shift. If O, ky) = Oy +1.k) and By 1) = By i1 for some ki, I > 1 and ky > 2,
lh=230rky>3,1; =22, then T is flat.

Proof. We assume that oy, o) = Oz, +1,2) = 1 and B3 ;,) = B3,41) = b for some
ki,[o > 1 and b > 0. Since 7 and T, are both weakly 2-hyponormal, by Proposition
1.3, we have

Oy 2) = 1 and ﬁ(3,lz) =b, forall ky,l > 1. 3.1
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Since T = (T1,T») € € is mono-weakly 2-hyponormal, we have

(i +T2)",(T1 + T2))] = 0.

Recall from the proof of Lemma 2.2, M(n) =\ {e(, 1) : ki +k2 =n} and it

holds that [(T1 + T2)*, (T + T2)|M(n) C M(n). We consider the operator

My = P5[(T1 + Tz)*, (T + Tz)]P5.

From (2.1), with respect to the ordered basis {e(s0),€(4,1):€(32),€(2,3):€(1,4):€(05) } » M7

can be written as follows,

ar by 0 0 0 0
bay ax By —bog 0 0 0
My = 0 By —bogay 0 bops) =By 0 0
0 0 b3 as4 bss 0
0 0 0 bsy4 ass  bes
L 0 0 0 0 b65 a66_

2 2 2 2 .
@i =g i1y~ 51y T Blo—iio1) — Blo-ij—2), 1<I<6,

bi,yi = Ble—ii-1)05—ii) — 45-ii-)B5-ii-1), 1 <i<S.

Let Q3, Q4 be the orthogonal projections onto \/{ew 1),¢32)} and V{e( ),

respectively. Then the matrix Mg := Q3M7Qj3 is clearly positive, that is,

Mo — 0‘(24,1>_a(23,1)+ﬁ(24,1)_ﬁ(2470) Biay —boy ) >0
8 >0.
B,y —bogs 1 0

Therefore, detMg := —[B(s,1) — boys 1)]* = 0, which implies
By =bog ).
With the commuting property of T, we have
o3.2)B3.1) = 0.1)Ba.)-
From (3.1), it follows that 043 2)B(3.1) = b and b = o3 1)B(4,1)- Hence,
oGy =1,Bu1 =0
In the same way, we have

3y =1, Bpoa =0>.

6(2,3)}

(3.2)

(3.3)

(3.4)

Recall that M(n) =/ {e(, 1) : k1 +2ka = n} and P, is the orthogonal projection onto
M(n). Then M(n) is an invariant subspace of [(T7 + T)*, (T + T»)]. Since T =

(T, T») € € is mono-weakly 2-hyponormal, we have

(TE+ D), (T +T3)] > 0.
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Then My := P[(T2 + To)*, (T + T»)|P; is positive. From (2.4), with respect to the
ordered basis {e(70),€(5.1),€(3.2),€(1,3)}>, Mo can be written as follows,

ayy by 0 0

by ax by 0
0 b3 a3z by
0 0 bsyy au

My =

where

2 2 2 2 2 2 .
@ii i = 010 _2; i 1)%0—21i—1) ~ %3—24,i—1)%(7—2i—1) T Bio—2ii—1) = Bo—nij—2)y 1 Si<4,
bit1i = 043_2i)07-2i,i) Bo-2ii-1) — %8—2ii—1)%7-2ii-1)B7-21i-1), 1 <i<3.

Let Qs, Qg be the orthogonal projections onto \/{e(32),¢(13)} and V{e(s 1), e32)}
respectively. Then the matrix My := Q5MoQs is clearly positive, that is,
Mg = 0 boqy) =Bua) | .
boyi 3)— B2 agy

Hence, detMyo := —[bay; 3 — B1 2)]* = 0, which implies

B2y = boyy 3.

With the commuting property of T, we have

ﬁ(l,z)a(1,3)a(2,3) = 05(1,2)05(2,2)[3(3,2)~
Combining the above equality with (3.1) and (3.4), we have b = [3(172)05(173), which
shows that

o3 =1, Bua =0 (3.5)

Then oy 3y = @23y = 1. Moreover, from the assumption, 7} is quadratically hyponor-
mal. Then by Proposition 1.3, we conclude that

O, 3) =1, forall k; > 1.

Since QsM9Q¢ = 0, the same reasoning imposes 0(4,1) = 1 and [3(57” =b.
From o4 1) = o3,1) and 7 is quadratically hyponormal, by Proposition 1.3 again,
it follows that
a(kl,l) =1, forall k; > 1.

With the commuting property of T, we get B, 1) = B, 2) = b forall /; > 1. Since T
is quadratically hyponormal, we have

B, 1,y = b, forall 1,1 > 1.

With the commuting property of T, we obtain f; ;,) = b and o, 4,y = 1, for all
kiko, i, > 1.
Therefore, T = (T1,T») € € is flat. O
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LEMMA 3.2. Let T = (T1,T) € €y be a mono-weakly 2-hyponormal weighted
shift. If O, 1) = Oy +1,k) and B, 1) = By ip+1) for some kil > 1 and ka1 > 2,
then T is flat.

Proof. From Lemma 3.1, we need only to show that if there exists a weighted shift
T = (T}, T») € € which is mono-weakly 2-hyponormal and

Oy 2) = %y 412) = 1, Bag) =B+ =b (b>0), (3.6)

for some /5 > 1 and k; > 1, then T is flat. On the contrary, we assume that T is not
flat, then we will show that it will lead to a contradiction.
Since T = (T1,T») € €y is mono-weakly 2-hyponormal, we have

(T +T)*(T1 + T»)] > 0.

Restrict the operator (71 + 12)*, (71 + T»)] to the invariant subspace M(4), and by the
same reasoning as in Lemma 3.1, we conclude that

Bi.y=Buz=b,apy=0us =1 (3.7)

Assume that (3 3) = xo, by the commuting property of T, we have bxo = [3(372).
From the hyponormality of 7; and (3.7), we have xo > 1. Now we claim that xy >
1. Otherwise, xo = 1. Combining (3.7) with the commuting property of T, we get
0(13) = 023 =1 and B3 1) = B3 2) = b. By Lemma 3.1, we conclude that T is flat,
which is contradicting to the assumption. Thus, xo > 1.

Let o, 3) = Xty 2 (ky = 2). We conclude that the sequence {xi, _»} is strictly
increasing as kj is increasing. Otherwise, with the same reasoning as in the preced-
ing paragraph that leads to xo > 1, we obtain T is flat, which is contradicting to the
assumption.

Therefore, with the commuting property of T, B(32) = bxo, B2y = bxox1, -,

Bk, 2) = bxoxy -+ xx,—3 and we get By, 2) > bxg'fg. Thus, klim B, 2) = o, which is
o0
contradicting to the boundedness of 7.
This contradiction shows that T is flat, as desired. [
Now we can complete the proof of Theorem 1.6.

Proof of Theorem 1.6. Let 04y, 1) = O, 41,1) = 1 for some k; > 1 and Bo ) =
B2,1,+1) = b for some [ > 1. Then by Proposition 1.3, we have o, 1) =1 and B ;,) =
b forall ky, I > 1. Since T = (T1,T») € € is mono-weakly 2-hyponormal, we get

[(Tl Tg)*, (Tsz)] = Tz*Tl*Tsz — T1T2T2*T1* > 0.
So
* 2 2 2 2
[(MT2)", (T T2)]eky ko) = (O syt 1) Bk ) = ity —1.4e0) By — 10— 1) € (k1 o) -

With the commuting property of T, we know that

2 2 2 2 2 2 2 2
ity ky+ 1) Bty ko) = k1.4 Bk 100 1) = Fiay 1) Bk k2) — %ty 100 1) Bty ko1
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Therefore, from [(T)T3)", (T1T»)] = 0, it follows that

2 2 2 2 2 2 2
%(23)Bia2) = %1 2)B11) = Kb 7120,

which implies

WV

(X(273) 1.
So o33 = ). I o33y > 1, we let o 3) = > Bty = 2> By = vh-
Clearly, y, > zi, for each k; > 2. With the commuting property of T, we know that

n—1

2
BT 25Xy = Y

Therefore, y,% > bzﬂzl;lzxkl . Since xz, > 1, y, — +oo. Clearly, it is contradicting to
the boundedness of 75. This shows that ¢33y = 1. Then from Lemma 3.2, we know
that T is flat. O
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