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FREDHOLM WEIGHTED COMPOSITION OPERATORS

CHING-ON LO AND ANTHONY WAI-KEUNG LOH

(Communicated by S. McCullough)

Abstract. We show that Fredholm weighted composition operators on L -spaces with non-
atomic measures are precisely the invertible ones. We also characterize the classes of Fredholm
and invertible weighted composition operators on /7 . Furthermore, the closedness of ranges and
Fredholmness of these operators on H” -spaces of the unit disk are investigated.

Let B; and B, be Banach spaces over C. A linear operator 7: B; — B, is
said to be Fredholm if ran(T) is closed in B, and the dimensions of ker(7) and
By/ran(T) are both finite, where ker(T') and ran(7T') are the kernel and the range of
T respectively. In this case, the Fredholm index of T, written as ind T, is defined by
ind7T := dimker(7T) —dimB;/ran(T).

In this paper, we study Fredholm weighted composition operators on Lebesgue
spaces with non-atomic measures, on sequence spaces and on Hardy spaces of the unit
disk. We also characterize those weighted composition operators on H” with closed
ranges.

1. Fredholm weighted composition operators on L”

1.1. Preliminaries

Let (X,X,u) and (¥,T',v) be two o-finite and complete measure spaces. The
Lebesgue space consisting of all (equivalence classes of) p-integrable, where 1 < p <
oo, complex-valued X-measurable (resp. I'-measurable) functions on X (resp. on Y)
is denoted by L?(u) (resp. by LP(v)). The functions in L= (i) and L*(v) are essen-
tially bounded. The norm of a function in LP(u) (resp. LP(v)) is written as || - || z»(y)
(resp. || - oy -

If we take X =N, X = Z(N) (the power set of N) and p be the counting measure
on Z(N), then LP(u) is just the usual sequence space 7. A Schauder basis for I”
(1< p<eo)isgivenby {e,},_;, where e, = {ew}_; and ey = 8y is the Kronecker
delta.

Let u be a complex-valued I'-measurable function and ¢: Y — X be a point map-
ping such that ¢~!(E) € T for all E € £. Assume that ¢ is also non-singular, which
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means the measure defined by vo ' (E) := v(¢~!(E)) for E € £, is absolutely con-
tinuous with respect to (. We assume the corresponding Radon-Nikodym derivative i
is finite-valued p-a.e.on X.

The functions u# and ¢ induce the weighted composition operator uCy from
LP(u) (1 < p <o) into the linear space of all I'-measurable functions on ¥ by

uCo(f)(y) :==u(y)f(@(y)) forevery f € LP(u)andyeY.

The non-singularity of ¢ guarantees that uCy is a well-defined mapping of equivalence
classes of functions. When u = 1 (resp. (X,Z,u) = (¥,T,v) and @(x) =x forall x €
X)), the corresponding operator, denoted by Cy (resp. by M,,), is called a composition
operator (resp. a multiplication operator). Observe that uCy = M, 0Cy.

If uCy maps LP(u) into LP(v), it follows from the closed graph theorem that
uCy is bounded. Moreover, we say uC, is an operator on L”(u) if it maps LP(u)
into itself. A main result of the next sub-section is that when (X,X, 1) is non-atomic,
Fredholm weighted composition operators from L”(u) into LP(v) are precisely the
invertible ones.

We introduce another notation. Let ¢! be the relative completion of the o -
algebra generated by {¢~!(E) : E € X}, i.e.

¢ '%:= {o ' (E)AF : E€ Zand v(F) =0}

In fact, the finiteness of / ensures that the measure space (Y, '%,v) is o -finite. To
see this, write X = |J;° | E;, where E; € X and u(E;) < e for each i € N. For every
i,j € N, define

G,j ={x€E :h(x)<j}
Then

vo~! (G{> = G_,hdu <jp (G{> < JU(E;) < oo

Since
Y = (U U (p_l (G{)) U(p_l({x EX N h(x) = oo})
i=1j=1

and vo~!({x € X : h(x) = w}) = 0, the assertion follows.

Let g be a non-negative I'-measurable function on Y. The measure given by
S+ [ggdv for S € @', is absolutely continuous with respect to v. Thus, there
exists a unique (v-a.e.) non-negative ¢~ 'Z-measurable function on Y, denoted by
E(g), with

/gdv = /E(g)dv foreach S € ¢~ 'Z.
s s

The function E(g), which is called the conditional expectation of g with respect to
@', plays a crucial role in proving Lemma 1.1.
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1.2. Main results

Assume that 1 < p < e in this sub-section. We first establish a lemma on the

dimensions of keruCy and LP(v)/ran (uCy) , where ran (uCy) is the norm-closure of
ran (qu,) in LP(v). Similar results for composition operators were obtained in [6].

LEMMA 1.1. Suppose (X,X, ) is non-atomic and let uCy be a weighted com-
position operator from LP () into LP (V).
(a) The nullity of uCy (i.e. dimkeruCy ) is either zero or infinite.

(b) The codimension of ran (uCy) in LP(Vv) (i.e. diimLP(v)/ran (uCy) ) is either zero
or infinite.

Proof. We first prove (a). If uC, is injective, then dimkeruCy = 0. Otherwise,
there is a non-zero function f € LP(u) such that uCyf = 0. As (X,Z,u) is non-
atomic and the set E := {x € X : | f(x)| > 0} is of positive u-measure, we may choose
asequence {E,}~ | of pairwise disjoint X-measurable sets in E with 0 < u(E,) < c.
Let f, := fxg, for n € N. They are non-zero and linearly independent. Moreover,

HuC(anHZp(v):/I;|u‘p|fXEno(P|pdv:/);|u‘p‘f‘po(PX(p*1(En)dv
_ _ P _
= [p gy MM o pdv < /Y\u|f’|f|f’o<pdv = [[uCofI7s ) =0

so that f;, € keruCy for all n. Thus, we have dimkeruCy = .
For (b), suppose that dimL”(v) /ran (uCy) # 0. As

dimL?(v) /ran (uCy) = dimkeruCy",

there is a non-zero function g € L4(v), where ¢ is the conjugate exponent of p, such
that

/ (uCpf)gdv =0 forall f € LP(1).
Y

When 1 < g < ==, we have

| Elsav= [ ls7av >0,
Y Y

so that the ¢~ 'X-measurable set F := {y € Y : E(|g|9) > &} has positive v-measure
for some & > 0. We may also assume V(F) < oo. The definition of ¢ !X ensures
that F = ¢~ !(E) for a Z-measurable set E. Since (X,Z,u) is non-atomic, it follows
from the lemma in [6] that there exists a sequence {E,}, , of pairwise disjoint X-
measurable sets in E such that 0 < vo~!(E,) < . The functionals ¢, € LP(v)*
represented by 8Xo-1(E,) > " E N, are all non-zero because

o goliav=[ | lgltav=[  E(lglnav
/Y o ¢! (En) ¢! (En)

>8vo '(E,) > 0.
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As the sets {@~'(E,)} | are pairwise disjoint, these functionals are also linearly
independent. Moreover, we have

00 (uCof) = [ (uCof) 8215y dv = [ (uCof26) TV =0

for every f € LP(u), ie. ¢, € keruCy" (for the case g = oo, the preceding argument
also applies with minor modifications). Hence dimkeruCy* = . [

It has been shown in [14, Theorem 2.6] that Fredholm and invertible composi-
tion operators on L?(u) are equivalent. Takagi [15, Theorem 3] generalized this result
to weighted composition operators on L” (i), by assuming boundedness of the cor-
responding multiplication operators. We prove that the same result is valid without
this assumption and obtain measure-theoretic characterizations for invertible weighted
composition operators from LP(i) onto L” (V).

THEOREM 1.2. Suppose (X,Z, 1) is non-atomic and let uCy be a weighted com-
position operator from LP(W) into LP (V). The following statements are equivalent:

(i) uCy is invertible.
(ii) uCy is Fredholm.

(iii) (1) There exists a constant & > 0 such that [,-1(g)|u|’dv > 8 U(E) for every
set E € X with U(E) < oo, and

(2) Foreach set F €T, there is a set G € X such that 9~ '(G) =F.

Proof. The implication (i) = (ii) is obvious. We first show that (ii) implies (iii).
To prove (iii)(1), assume uCy is Fredholm. It is injective by Lemma 1.1. Since
the range of uCy, is closed, there exists a number ¢ > 0 such that

[uCo f\l 1oy = el fllry  forall f € LP ().

In particular, by choosing f = g, where E € ¥ and u(E) < oo, we obtain
_ p p _
s Y = o ) > @ el ) = e (E).

Thus, (iii)(1) follows. By Lemma 1.1 again, we have dimL”(v)/ran(uCy) = 0 and
so uCy is indeed surjective. We claim that u # 0 v-a.e. on Y. Otherwise, there is
a ['-measurable set S such that 0 < v(S§) < e and ¥ =0 on S. The surjectivity of
uCy yields a function f € LP(u) with uCyp f = xs. With the choice of S, however, this
equality is invalid. The claim is justified.

To prove (iii)(2), take any set FF € I' with v(F) < oo. Let g € L(u) be the
function such that uCyg = xr, or Cog = Lyr. Let & := {¢ 1 (E): E €Z}. As Cyg
is & -measurable, so is %XF- By writing ¥ = 2, F;, where {F;}{?, is an increasing
sequence of I'-measurable sets with finite v-measures, we have % = lim; .. % XF, on
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Y. It follows that % is & -measurable. Hence yr is also & -measurable for each F € T’
satisfying v(F) < eo.
It remains to show that (iii) implies (i). We may express (iii)(1) as

|uCp x| Z,,(v) >0 ”%E”ip(u) forevery E € T with (E) < eo.

The operator uCy, maps functions with disjoint cozero sets into functions with disjoint
cozero sets (the cozero set of a function f € LP(u) is the set of all x € X on which
f does not vanish). This, together with the fact that simple functions (with finite -
measure cozero sets) are dense in LP(u), implies the above inequality holds for all
fe€LP(u). Thus, uCy is injective and has closed range.

It remains to show that uCy™ is injective, which is equivalent to the surjectivity of
uCy. Let ¢ € LP(v)* be a functional represented by the function 7 € L4(v), where ¢
is the conjugate exponent of p, such that

/h (uCpf)dv =0 forall f € LP(u).
If G € X and U(G) < oo, then fq, yhudv = 0. By (iii)(2), we see that

/hudv:O forevery F € T.
F

The injectivity of uCy* follows immediately provided that u # 0 v-a.e. on Y. To
justify the latter, assume the contrary that the set N := {y € Y : u(y) = 0} has positive
v-measure. From (iii)(2) and o -finiteness of (X,X, 1), there exists a set M € X such
that ¢! (M) C N and 0 < (M) < 0. Then,

0= /\u|pdv / luprav > su(m) >0,

which is impossible. The proof of the theorem is now complete. []

In [7, Theorem 3.2], Jabbarzadeh claimed that when (X,X, i) is non-atomic, the
operator uCy is Fredholmon L? () if and only if /> 6 p-a.e.on X for some constant
0 > 0, where J can be shown to be the Radon-Nikodym derivative of the measure
E— Jo15) lu|Pdu (E € X) with respect to u [9, p.5]. The latter condition, however,
is not sufficient for the Fredholmness of uCy,. The fallacy in the proof is that M, is
not necessarily injective even if J is bounded away from zero. To illustrate this, let
X =10, 1] be equipped with the Lebesgue measure y on the o -algebra X of Borel sets
in X. With

u() =gy g (@) and @) =2y 1) () + (2~ 207y (),

1 X2
L L du = Jdu.
2( 4) /wl([ uldy [0.1) H

Hence J = 1 (1 — %) for every 0 < x < 1. The operator M, is not injective, for
kerM, is non -trivial (for example, Xo e kerM,). In fact, since keruC," is also

we have

non-trivial (so that dimkeruCy* = oo by Lemma 1.1), uCy is not Fredholm at all.
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EXAMPLE 1.1. The composition operator Cy on 1% induced by
(n) = 1 ifn=1,2,
P = -1 ifn=34,...

is Fredholm, since dimkerCy, = 0 and dim/?/ran(Cy) = dimkerC,* = 1. However, it
is not invertible. This example shows that when (X, X, i) contains atoms, a Fredholm
(weighted) composition operator on L” (i) is not necessarily invertible.

EXAMPLE 1.2. Let X = [l,0) and X be the o -algebra of Borel sets in X with
the Lebesgue measure (. Define @(x) = +/x forall x € X. By taking u;(x) = 11? and

up(x) = 1+1—\/?c’ we have

X2
Jotagmdi tog (57

) x—1

— 0 asx— oo,

and ,
Jo-rquyradi _ T g
p([1,x)) x—1

From Theorem 1.2, u;Cy is a Fredholm (and invertible) operator on L (1), whereas
u1Cy is not. Since ¢~ 'Z =X and u; # 0 on X, the range of u;C, is dense in L'(u).

>1 foreachx > 1.

In light of Example 1.1, we now characterize the classes of Fredholm and invert-
ible weighted composition operators on [” by generalizing the methods in [5] and [13].
For every n € N, define
S, := @ '({n}) Ncozu,

where cozu is the cozero set of u on N, i.e. cozu := {k € N:u(k) # 0} . Observe that
Sy # 0 if n € p(cozu).

The cardinality of a subset C of N is denoted by |C|. It is useful to compute the
dimensions of both dimkeruC,, and dimkeruC," first.

LEMMA 1.3. Let uCy be a weighted composition operator on I¥. Then
(a) dimkeruCy = [N\ @(cozu)|.
(b) dimkeruCy" =[N\ cozu| + X, cq(cozu) (S| — 1)
Proof. We first prove (a). Let x = {x; },_; beasequencein [” such that uCpx =0,
the zero sequence. Then u(k)xy ) = 0 for all k € N. If k € cozu, we have x,;) = 0.

Thus,
keruCy = {{x}y_ € 1P :x, =0if k € @(cozu)}.

A basis for keruCy is {e, :n ¢ @(cozu)} and so dimkeruCy = [N\ ¢(cozu)|.
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To prove (b), suppose that {wy};_, is a sequence in /9, where ¢ is the conjugate
exponent of p, for which

u(k)xq,(k) r=0 forallx= {xk}zczl elb.

M s

k=1

Then

0= 2 ulk)rou W

kecozu

= X X ulb)xepwx

ne(cozu) k€S,

D ( D u(k)w_k> Xn-

ne@(cozu) \kESy

By taking x = ¢, for each n € ¢(cozu), we have

Y u(k)wy = 0.

keESy
Hence
keruCy" = {{wk}fl €17: Y u(k)wy =0 forevery n € (p(cozu)}
k€S,

(here we identify a linear functional in keruC," with the representing sequence in [7)
and dimkeruCy" = [N\ cozu| + X, co(coru) (1So| =1). O

LEMMA 1.4. A weighted composition operator uCy on IP has closed range if
and only if there exists a constant 6 > 0 such that

> |u(k)|? > & foreachn € ¢(cozu). (1)
keS),

Proof. Let
W={{x}py €”:x,=0if k € p(cozu)}

and
B={{x}p, €1’ :x,=0if k e N\ ¢(cozu)}

be two closed subspaces of 7. Assume that (1) holds. If x = {x;};._, € 5, then

uCox|

p= X @)l pl" = X (Zu(k)l”> [ |”

kecozu ne@(cozu) \kES,

> Y lul" =8|l

neg(cozu)



176 C.-0.L0 AND ANTHONY W.-K. LoH

The above inequality, together with the facts that [, =¥ @1} and keruC, =11, implies
uCy (1) is closed in 17

Conversely, suppose uCy (I7) is closed in [”. Since uC, is injective on [} and
uCep (lg ) is also closed in [, it follows that there is a constant ¢ > O for which

HuC(prlp >clx|;p  forallxelf.

In particular, with x = e, for every n € ¢(cozu), we have

X uk)|?.

e = ||ex|lf, < |JuCen |, =
kESn

The proof of the lemma is now complete. [

THEOREM 1.5. A weighted composition operator uCy on 1P is Fredholm if and
only if the following conditions are all satisfied:

(i) Both sets N\ cozu and N\ ¢(cozu) are finite.
(ii) @ is one-to-one on the complement of a finite subset of cozu.

(iii) There exists a constant § >0 such that Ycs, [u(k)|P > & for every n € ¢(cozu).

Proof. By Lemma 1.4, the closedness of range of uCy, is equivalent to (iii). It is
evident from Lemma 1.3 that the condition dimkeruC, < eo is just equivalent to the
finiteness of N\ ¢(cozu). An appeal to Lemma 1.3 also shows that the other condition
dimkeruC," < oo can be expressed as the finiteness of N\ cozu and the existence of

the finite set E := J,cp(cozu) Sn for which @ is one-to-one on cozu\E. [
[Sn|>1

Both conditions in (iii) of Theorem 1.2 actually characterize invertible weighted
composition operators from LP(u) onto LP(Vv) for an arbitrary (o -finite and complete)
measure space (X,Z, ), which is nor necessarily non-atomic. When the L -spaces
are sequence spaces in particular, not only the characterizations for invertible weighted
maps are simpler, but also the invertibility of uCy and ¢ are related. Furthermore, the
inverse of uCy (provided that it exists) is a weighted composition operator. While the
first statement of the following result can be deduced from Theorem 1.2, it is also a
straightforward consequence of Lemmas 1.3 and 1.4.

THEOREM 1.6. A weighted composition operator uCy on [P is invertible if and
only if infyew |u(k)| > 0 and @ is invertible. In this case, (uC(p)_l = uo(’%cqul, where

(uC(p)_l and ¢~ are the inverses of uCy and @ respectively.
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Proof. We only prove the formula for (uC(p)_l. Let T := M%C _1. For every
x={x}, €’ andneN,

Hence T = (uC(,,)_l. O

The invertibility of ¢ in general does not guarantee uC,, is invertible on general
LP -spaces, and vice versa. For example, the weighted operator #;Cy in Example 1.2
is not invertible on L!(u), whereas ¢ is invertible on [1,%0). Another illustration is
n if nis odd,

e Then th i
n— 1if n is even, 1nen the operator Cyp is

given by [12, Example 2.1]. Let ¢@(n) := {

invertible on L?(N,X, 1), where u is the counting measure on X := {¢ '(E): E €
2(N)}. However, ¢ is not onto.

2. Fredholm weighted composition operators on H?

2.1. Preliminaries

Let D be the unit disk {z € C: |z| < 1} in the complex plane C and T be the unit
circle {z € C:|z] = 1}. The Hardy space H?, where 1 < p < e, of D consists of all

analytic functions f on D such that
1

sup —

0<r<127

2 X
/ £(re'®)[Pd6 < oo,
0

We define H™ to be the set of all functions f which are analytic and bounded on D.

Let m be the normalized Lebesgue measure on 7', i.e. dm := %, and write LP =
LP(m) in the sequel. Norms of H” and L are both denoted by ||-||,. Given that
f € HP for 1 < p < o, its radial limit

f(e%) == lim f(re')
r—1-

exists m-a.e.on T, and f € LP with Hf”p = |I£Il,,- If, in addition, f # 0, then f # 0
m-a.e.on T . Suppose that z = re'" for 0 < r< 1 and 0 <7 < 2x. The functions f and
f are related by the equality

2n

f@) = P(t—6)f(e®)dm,
0
; ; . 1-r2
where P, is the Poisson kernel defined by P,(6) := m.
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We may consider the extension of f to D:={z€ C: |z] < 1}, also denoted by f,
such that f|7 = f.
Fix an arbitrary point @ in D. The evaluation functional at z = @, denoted by
Ow » IS given by
0w (f) = f(w) foreach f € HP.
It is bounded, and |8, || = ( 1 )1/” if 1 < p < co. Thus, if f € H”, then

1-|of?

171l

It can also be shown that if f € H? and {z,};;_, is a sequence in D such that |z,| — 1,
then (1— [z4/2) """ f(z0) — 0.

Let u and ¢ be two analytic functions on D such that ¢ (D) C D. They induce
a weighted composition operator uCy from H? into the linear space of all analytic
functions on D by

uCy(f)(z) :=u(z)f(@(z)) forevery f € H" andz € D.

When u =1 (resp. ¢(z) =z forall z € D), the corresponding operator, denoted by Cy
(resp. by M,), is known as a composition operator (resp. a multiplication operator).
To avoid triviality, we assume both u# and ¢ are non-constant functions. All the three
operators Cyp, M, and uC, are then injective.

It is well-known that C,, is always bounded on H” for 1 < p < eo. This is not
necessarily true for weighted composition operators. If uCy maps H” into itself, an
appeal to the closed graph theorem yields its boundedness. We say uC, is a weighted
composition operator on H”. Moreover,

(uCp"80) (f) = 8 (uCpf) = u(w)f(9(®)) = u(®)8y(y) (f)

forall f € H?,i.e.

Suppose 1 < p < eo. Then
()7 8¢ (0) I = [|uCo™ 8u[|” < [|uCo™||” I 8ul”

which gives

B 2
(@) < (FTIEEE ) fucy| @

2.2. Main results

Assume that 1 < p < o in this sub-section. We first characterize invertible weighted
composition operators on H?.

THEOREM 2.1. Let uCy be a weighted composition operator on H?. Then it is
invertible if and only if both the following conditions hold:
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(i) @ is an automorphism of D.

(ii) There exists a constant 6 > 0 such that |u| > 6 on D.

179

Proof. Assume uCy is invertible on H”. As 1 € ran(uCy), we have u # 0 on
D. To prove (i), it suffices to show that ¢ is univalent and surjective. If ¢ were not

univalent, then there exist distinct points a,b in D with @(a) = @(b). Let

1 1

waa - walh

0=

where &, and 0, are the evaluation functionals (on H”) at z=a and z = b respectively.

Note that ¢ # 0 for

1 1 a—b
(P(Z—b)— m&(z b) wab(Z b) W#O
However,
1 1 . 1 1
uCy* ¢ = (@) ——uCy* 8, — muc(p Op = w -u(a)&/,(a) - w -u(b)&/,(h) =

This contradicts the injectivity of uCy". Thus, ¢ is univalent.

Next we prove ¢ is also surjective. Assuming the contrary, i.e. ¢(D) # D, one
may exhibit a point o in D\ (D) and a sequence {z,};_, in D such that this sequence

converges and ¢(z,) — a. In fact, |z,| — 1. Define

on:=(1—|)""8,

for n € N. Then, ||¢,|| =1 and

u) (=)
(1=lo@)P)""

On the other hand, the surjectivity of uC,, implies there is a constant ¢ > 0 with

uCp*0ul| = (1= [=uP) 7 uCy* 8, || =

H”qu ¢n” cllgn|| =c¢ foralln.

This contradiction shows that ¢ maps D onto D.
It remains to prove (ii). Fix any @ € D. With the constant ¢ in (3), we have

[uCo" 80| = ¢ |18ull-

Thus,
1- ‘(p(w)‘ch

P>
bl >

3)



180 C.-O.LO AND ANTHONY W.-K. LOH

In view of (i), we may write ¢(®) = C forsomeﬁeD and { € T. Then
1—[B)(1—|of?
L oty = A=BDUl0P)
1-Bol

It follows that

I-lo(@)]> _ 1-B> _ 1-[B _ 1-|B|
1-|of? \1—3(»\2 (1+\Bl)2 1+ Bl

N

Conversely, suppose both (i) and (ii) are satisfied. It suffices to show uC,, is sur-
jective. The first condition ensures the operator C, is surjective. Choose any function
g € HP. Thanks to (ii), we also have ’; € H?. Then, there exists a function f € HP
with Cp f = 5, or uCy f = g. The proof of the theorem is now complete. [

Therefore,

Gunatillake [4, Theorem 2.0.1] also obtained a similar characterization for invert-
ible weighted composition operators on H> with a slightly different method. In [2,
Theorem 1], Cima et al. showed that a composition operator on H? is Fredholm if
and only if it is invertible, i.e. it is induced by an automorphism. Bourdon [1] proved
the same result by characterizing finite co-dimensional invariant subspaces of H” as
follows.

LEMMA 2.2. Let h € H”. The following two statements are equivalent:
(i) h is univalent on D.

(ii) Every closed finite co-dimensional subspace of HP that is invariant under M),
has the form BHP?, where B is a finite Blaschke product.

Applying this lemma and Theorem 2.1, we generalize the characterizations for
Fredholm weighted composition operators in [16, Theorems 1.1 and 1.2] to any H” -
space. The Fredholm indices of these operators are also determined.

THEOREM 2.3. Let uCy be a weighted composition operator on HP. Then it is
Fredholm if and only if both the following conditions hold:

(i) @ is an automorphism of D.

(ii) lllr‘nlnf\ u(z)| >0

In this case, the Fredholm index of uCy is —n, where n is the number of zeros of u on
D counting multiplicities.
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Proof. We first observe that since polynomials are dense in H? and Cy(zf) =
¢@Cyf for all polynomials f, the norm-closure of ran(uCy) is an invariant subspace of
H? under multiplication by ¢. Suppose uCy, is Fredholm. Then ¢ must be univalent
on D. Otherwise, there exist two distinct points ¢ and b in D with ¢@(a) = @(b).
Following the argument of the lemma in [1], we choose some € > 0 for which both sets
{zeC:|z—a] <€} and {z € C:|z—b| < €} are contained in D. Moreover, we may
extract two sequences {a,},_;, {bn};_, in D such that a; # b; whenever i # j and
o(an) = @(by,) forall n.

The analyticity of u implies that u(a,) = u(b,) = 0 for finitely many a,’s and
b,’s only. Without loss of generality, we assume u(ay,),u(b,) # 0 for all n. Define

1 1
lan) ™~ ulb)
These ¢, ’s are linearly independent. As in the proof of Theorem 2.1, we have ¢, €
keruCy* . This contradicts the assumption that dimH? /ran (uCy) < oo.

By Lemma 2.2, there is a finite Blaschke product B such that ran(uCy) = BH? .
In particular, u = Bg for a function g € H”. Thus, ran(gCy) = H? . If g is constant on
D, then both (i) and (ii) follow immediately. When g is non-constant, it follows from
Theorem 2.1 that ¢ is also surjective and there is a constant & > 0 such that |g| > &
on D. With lim|_,- [B(z)| = 1, we thus obtain liminf|, - [u(z)| > 6 > 0.

Conversely, assume both (i) and (ii) hold. By (ii), there exist constants ¢, > 0
such that |u(z)| > ¢ if r < |z] < 1. Moreover, the number of zeros of u on {z € C:
|z] < r} is finite. We claim that

0, forneN.

n

On =

ran(uCy) = BH?,

where B is the finite Blaschke product associated with the zeros of u on D. To verify
this, we write u = Bh for some h € H? with & # 0 on D. Then ran(hCy) C H?. As
h is continuous for |z| < r and |h| > ¢ for r < |z| < 1, we see that & is bounded away
from zero on D. By Theorem 2.1, we conclude that ran(hCy) = H”. The claim now
follows.

It remains to consider the codimension of BH? in HP. Assume the zeros of u on
D, namely z;,22,...,2,, are all simple (in case u has multiple zeros, we may modify
the argument slightly by using a Hermite interpolating polynomial). The kernel and the
range of the linear map on H” givenby f+— Y, f(z;)z' are BHP and the linear span of
7,2%,...,7" respectively. Therefore, diim H? /BH? = dimspan {z,zz, . ,z”} =n. This,
together with the injectivity of uCy, yields induCy = —n. [

NOTE 2.1. Two simple necessary conditions for Fredholmness of uCy, on H” are
(a) ue H” and

(b) the number of zeros of u# on D is finite.

That (b) holds has been shown in the proof of Theorem 2.3. For (a), since ¢ is a disk
automorphism, an argument similar to the proof of Theorem 2.1 gives

L-lo(@)P _ 1+]0(0)
—[oP S 1-[p(0)]
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From the above inequality and that in (2), we have

1/p
||u||m<(7ifﬁﬁg§) Gy

In view of Theorems 2.1, 2.3 and the above note, the operator uC, is Fredholm
(resp. invertible) on H” if and only if both M, and C, are Fredholm (resp. invertible)
on H?. We also remark that a Fredholm weighted composition operator uCy on H” is
not necessarily invertible (compare this with Theorem 1.2). The weight function u of
a Fredholm weighted composition operator is bounded away from zero near T, and it
may vanish on D; while that of an invertible weighted map is to be bounded away from
zeroon D.

Similar characterizations for Fredholm (resp. invertible) weighted composition op-
erators on H” have been obtained by Ohno et al. in [11, Theorems 2.3 and 2.4]. In
this paper, they also characterized weighted composition operators on H* with closed
ranges by applying the Banach algebra structure of H”. We now study the closedness
of ranges of weighted composition operators on H?” a la the method of Cima et al. [2,
Theorem 2], who characterized those composition operators on H> with closed ranges.
To this end, define a measure m,, on D by

my(E) := /(pil(E)mTM”dm

for every measurable subset E of D. By [3, Lemma 2.1],

[ urtrogyam= [ gam,

where f is an arbitrary measurable positive function on D. If we restrict m,, to all
the measurable subsets of T', then m,(E) = [,-1(g)|u|[’dm for all such sets E. This
measure, denoted by m,, as well, is absolutely continuous with respect to m:

PROPOSITION 2.4. Let uCy be a weighted composition operator on HP . Then,

. . . d - d .
my, is absolutely continuous with respect to m and [%] € L™, where [%} is the
corresponding Radon-Nikodym derivative.

Proof. In view of [10, Lemma 1.3], it suffices to prove that there exists a constant
¢ > 0 such that

mp (Q(,r)) <cr

forall { €T and 0 <r <1, where Q({,r):={z€T:|z— | <r}. By the boundedness
of uCy, we have [|uCy f|7 < |[uCol|” [If]1}. ie.

Liamy = [ alris1rogdm < o771 forevery fefP. (&)
D T
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With the above { and r, we let @ = (1 —r). Consider the function g(z) := W
T
A direct computation gives
lgll? = 1+ (1—r)?
8llp = r3(2—r)3 )

Since
1=z = 1= (1=l < [Clle = |+ |rlel <2r forze Q7).

we see that
1

(2r)4/p

|8l = on Q(C, 7).

Now, it follows from (4) that

mp(Q(E.1)
o < e alrdmy < [ lgtam,

1+(1—7)
< [l lelly = lluCo |” -~z 77— 7

Thus,

my (Q(8,r)) < 16 ||uCy|

N2
|p-1(+(17r)r<32||ucq,’|pr. =

—7)3

THEOREM 2.5. Let uCy be a weighted composition operator on HP . The follow-
ing statements are equivalent:

(i) uCy has closed range.

. . dm, d
(ii) There exists a constant & > 0 such that [[Zn’] >0 m-a.e. on T, where [%}

is defined in Proposition 2.4.

(iii) There exists a constant ¢ >0 such that [,-1(g) |u|Pdm = cm(E) for all measur-
able sets E of T .

Proof. The equivalence of (ii) and (iii) is clear. Moreover, (i) follows from (ii)
because

dm,

[uCos 5= [ i1 o gam> [ |7m, = | [ dm] [flPdm > 8| £1l;

foreach f € H?.
It remains to show that (i) implies (ii). Assume (ii) does not hold. Then the sets

dm 1
Ey = T:|—=£ - h
& {ZE [dm}(z)<k} where k € N,
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are of positive m-measures. We may also assume m(T \Ey) > O for each k. Let
fx: D — C be an outer function in H” such that

1 on Ey,
=<1
=91 T\Ey.
2
Let n and k be positive integers with k fixed. Then
1\"
Hf,:'Hﬁzm(Ek)—F <§> m(T\Ey) — m(Ey) asn— oo, 3)
Moreover,
uC "p:/ npdm—|—/ npdm—|—/ "P dm
luCofill, = f,, VAl dmy o M dmp | 1" dmy
1\"?
<mE)+ (5) moT\ED+ [ 1"y,
Note that

e =exp{roez | [ Pie-o)an] }.

where z = re' and P, is the Poisson kernel. Since 0 < Jr\g, Pr(t—0)dm <1, we have
|fc(z)] < 1 on D. From the dominated convergence theorem,

/\fk|"”dmp—>0 as n — oo,
D

Thus,
limsup ||uCo fi ||} < mp(Ey). (6)

In view of (5) and (6), we choose a sequence of positive integers n; < np < --- < n <
- such that

A5 > %m(Ek) and [|uCofi*||) <2mp(Ey)  forall k.

Hence

4
mg%—>0 as k — oo,

ol _amy(E) 4 [am,
TR ‘m<Ek>/Ek [W]d

This shows that the range of uCy, is not closed. L]

The above characterization of a weighted composition operator on H?” with closed
range involves the Radon-Nikodym derivative of the measure m,,. It is desirable to
characterize its closedness of range more explicitly in terms of function-theoretic prop-
erties (for example, ranges) of the symbol functions u and ¢. While this awaits further
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investigation, the corresponding problem for composition operators has been consid-
ered in [8, Theorem 5.1]. It was shown that a composition operator C, on H” has
closed range if and only if there exists a constant ¢ > 0 such that if 0 <r <1 and
{ €T, then

1
mfs(;,r) No(2)dA(z) = cr,

where
@ S(¢,r):={zeD:|z—-C|<r};

(b) A is the normalized Lebesgue area measure on D, i.e. dA = %rdrd 0; and

(c) Ny is the Nevanlinna counting function given by

T logh ifwe p(D)\{p(0)),

cotor
0 ifo¢ (D),

Ny (@) :=

and (p_l{ o} denotes the sequence of ¢-preimages of @ with each point occur-
ring as many times as its multiplicity.

For the case of composition operators, it is interesting to see the measure-theoretic
conditions (ii) and (iii) in Theorem 2.5 are equivalent to the above function-theoretic
conditions.
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