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Abstract. For a scalar sequence (9,,),,EN , let C be the matrix defined by c’n‘ =0, v ifn=>k,
¢k =0 if n < k. The map between Kothe spaces A(A) and A(B) is called a Cauchy Product
map if it is determined by the triangular matrix C. In this note we introduced some necessary
and sufficient conditions for a Cauchy Product map on a nuclear Kéthe space A(A) to nuclear
G -space A(B) to be linear and continuous. Its transpose is also considered.

1. Introduction

We refer the reader to [3], [4] and [5] for the terminology used but not defined
here. Let A = (aX), ten be a matrix of real numbers such that 0 < @k < aX*! for all

n,k and supa® > 0. The ¢' - Kéthe space A(A) defined by the matrix A is the space
k

of all sequences of scalars x = (x;) such that

Ix[le =Y |xnlaf < oo, VkeEN.
n

With the topology generated by the system of seminorms {||.||,,k € N}, it is a Fréchet
space.

The topological dual of A(A) is isomorphic to the space of all sequences u for
which |u,| < Cak for some k and C > 0.

It is well known that a Kéthe space A (A) associated with the matrix A is nuclear
if and only if for each k there exists m such that

k
T e

m
n a}’l
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and in this case the fundamental system of norms ||x[|x = |x, |a* can be replaced by
n
the equivalent system of norms

][« = sup |xa|a¥, keN.
n

The infinite and finite type power series spaces are well known examples of Kothe
spaces given by the matrices (%) respectively (e_%) where (¢,) is a monotonically
increasing sequence going to infinity. The space A(C) of all entire functions on C and
the space A(ID) of all holomorphic functions on the unit disc can be represented as an
infinite respectively finite type power series spaces.

Smooth sequence spaces were introduced in [6] as a generalization of power series
spaces. A Kothe set A = { (aﬁ)} is called a G..-set and the corresponding Kothe space
A(A) a G -space if A satisfies the followings:

(1) a}l =1, a’,‘l < aﬁH for each k and n;
(2) Vk 3;j with (a*)2 = O(a)).

A Kothe set B = {(b’;)} is called a G| -set and the corresponding Kothe space
A(B) a G| -space if B satisfies the followings:

(1) 0< bk, | <bE <1 foreach k and n;
(2) Vk 3j with bk = O((b})?).

We need the following result [1].

LEMMA 1. Let A(A) and A(B) be Kothe spaces. A map T : A(A) — A(B) is
continuous linear map if and only if for each k there exists m such that

[ Tenll

n llenll,

< oo

If (an), (b,) are two sequences of scalars, then the Cauchy product (c,) = (a,) * (by)

n
of (a,) and (b,) is defined by ¢, = " ar1—bx.
k=1
Now let 6 = (6,) be a fixed sequence of scalars and let A(A), A(B) be two
nuclear ¢! -Kothe spaces. We define the Cauchy Product mapping Ty from A (A) into
A(B) by Tox =0%x, x=(x,) € A(A). So, Ty : A(A) — A(B) can be determined
by the lower triangular matrix

6,00 0 ---
66,0 0 -
C= 6:6,60, 0 -
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2. Cauchy product map on Kothe spaces

In this section we introduce some necessary and sufficient conditions for the map
Ty to be linear and continuous.

THEOREM 1. Let A(A) be a nuclear Kithe space, A(B) be a nuclear Gy -space.
Then the Cauchy product map Ty : A(A) — A(B) is linear continuous operator if and
only if the following hold:

i) 6 €A(B);
ii) L(A) C A(B).

Proof. Let Ty : A(A) — A(B) be a continuous linear operator
Note that || Tye,|[, = [/(0,0,...,0,61,65,---)|[, = sup|6;_ ,,+1\bj, for n € N. Clearly

j=n

llenll,, = ay. So, by Lemma 1 Vk, 3m, 3p > 0 such that

sup|91 ,,+1\b <pay, VneN

jzn

Choose j=n. Then Vk, 3m, 3C > 0 such that
bk < ca™,

i.e. A(A) C A(B). Since Tge; € A(B), it follows that 6 € A(B).
Conversely, since B is a Gy -set and by ii) and i) we have for a given k, there are
my (k) and my(my) such that

| Toenllx = sup[6;- w1l < Ci SUP\G; w1 |(B]1)? < Crsup(|0j— i1 D7) (B

jzn jzn jzn
CzSUP(|91 w1 [B1) (@) < CzSUP(\GJ w107, ) (ar?) < Cay.
jzn j=n

Therefore, Vk, dm, such that

[ Toenllx

”enHm2

that is, Ty is continuous. [J

We consider the map Ty’ : A(A) — A(B) which is determined by the matrix C’
(the transpose of C) and try to find necessary and sufficient conditions for the continuity
of T(-)/ .

THEOREM 2. Let A(A) be a nuclear Ge.-space, A(B) be a nuclear Kéthe space.
Then, Ty’ : A(A) — A(B) which is given above is linear continuous operator if and
only if the following hold:

i) 0elA);
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ii) A(A) C A(B).

Proof. The matrix C" of the operator Ty’ : L(A) — A(B) is the following upper
triangular matrix:

6, 6,05 64 ---
. 06,606,053 -
C=1o 06,6---

Let Tp' : A(A) — A(B) be a continuous linear operator.
Note that ||Tg'es ||, = ||(8n, On1,--+,61,0,0,---)||, = sup |6,11-|bF, for n € N. So,

1<i<n

by Lemma | Vk, Jm, Ju > 0 such that

sup |6,41b¥ <ua”, VneN.

1<i<n

Let i=1. Hence Im, 3C = }fl—k > 0 such that
1

|6, < Cdly, Vn,

ie. 0 eA(A).
Let i = n. Then Vk, dm such that
bk < L m
n ‘91|a}’1
ie.
A(A) C A(B).

On the other hand, since A is a G..-set and by i) and ii) for a given k, there are m
and my (k) and m = max{m;,my} such that

| To"enllx = sup |Bp_is1]b¥ < Cy 1sup an le <G 1sup a4l < Craytay?
<isn <isn <isn
=N C2(an) .
Since A(A) is G - space, for this m, 3; such that
2
sup )
n a*,i
Therefore, Vk, 3j such that
T !
wplToenls _
n Hen”j

that is, Ty’ is continuous. [
It is known that .% is a normal sequence space if whenever |x;| < |y;| and y =
(yi) € %, then x = (x;) € & [2].
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REMARK 1. Now we write 6 € . when the Cauchy product map Ty : A(A) —
A(B) above is continuous. If 8,1 € ., A € J, then clearly Ty, and Tjo will be
continuous since Ty and T, are continuous. Hence .7 is a vector space.

Now, let |6;| < |ni|,Vi, n € .. Since Ty is continuous, for all k£ we find m so
that

bk bk
J J

sup q sup |9j—n+1} —= ¢ S sup q sup |nj—n+1} (<%
n j=n a, n j=n a,

i.e. Ty is continuous.
Therefore 6 € .. Hence we obtain that .# is a normal sequence space.
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