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SPECTRAL MAPPING THEOREMS FOR WEYL
SPECTRUM AND ISOLATED SPECTRAL POINTS

JIANGTAO YUAN AND CAIHONG WANG

(Communicated by R. Curto)

Abstract. Spectral mapping theorems for Weyl spectrum and isolated spectral points were dis-
cussed by Gramsch, Lay and Oberai, etc. In this paper, . (:2") means the space of all bounded
linear operator on an infinite-dimensional complex Banach space 2", f € J#(o(T)) means
f is holomorphic on an open set % containing the spectrum o(7), and f € #,.(0(T))
means f is holomorphic and locally nonconstant. Firstly, it is shown that, if 7 € £ (%) and
feAH(o(T)), then (1) Gu(f(T)) C f(Ouwe(T)) where 0, (T) means the upper semi-Weyl
spectrum; (2) G (f(T)) 2 f(0uw(T)) is equivalent to the assertion that T is of stable sign index
on p,s(T) where p,s(T) means the upper semi-Fredholm resolvent. Secondly, let T € .2 (2"),
(1) if f € H,-(o(T)) or T is polaroid, then o (f(T))\moo(f(T)) C f(o(T)\mo(T)); (2) if
T is isoloid, then o (f(T))\mo(f(T)) 2 f(o(T)\mo(T)). Some two-out-of-three results on
spectral mapping theorems and Weyl type theorems are also given. At the end, an example
is provided which implies that the conditions “f € ,.(c(T))”, “T is polaroid” and “T is
isoloid” are crucial and inevitable.

1. Introduction

In this paper, .2 (2") means the space of all bounded linear operator on an infinite-
dimensional complex Banach space 2", f € 7#(co(T)) means f is holomorphic on
an open set 7%/ containing the spectrum o(7T), and f € 74,.(c(T)) means f is holo-
morphic and locally nonconstant on an open set %/ containing o (7).

Let 0,(T), 0¢(T), 0. (T) and my(T) mean the point spectrum, Fredholm spec-
trum, Weyl spectrum and the set of all isolated eigenvalues of finite multiplicity of an
operator T respectively.

In 1971, Gramsch and Lay [13, Theorem 2] discussed the spectral mapping theo-
rem for Weyl spectrum via F -semigroup.

THEOREM 1.1. ([13]) Let T € Z(Z") and f € 7 (c(T)), then

ow(f(T)) C f(ow(T)).
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In general, equality does not hold in Theorem 1.1 [13, page 23].

Let iso o(T') be the set of all isolated point of (7). An operator T € .Z(2") is
said to be isoloid if iso o(T) C 0,(T). In 1977, Oberai [15] proved some results on
spectral mapping theorems for isolated spectral points and Weyl theorem.

THEOREM 1.2. ([15]) Let T € £(2") and p(t) a polynomial. Then

(1) o(p(T)\moo(T) € p(c(T)\700(T)):
(2) If T is isoloid, then o(p(T))\mo(T) 2 p(o(T)\mo(T)).

In general, Theorem 1.2 (2) may fail if 7' is not assumed to be isoloid [ 15, Example
1]. An operator T € (W) means Weyl theorem holds for T, that is,

G(T)\O'W(T) = ﬂoo(T).

THEOREM 1.3. ([15]) Let T € (W) and p(t) a polynomial. If T is isoloid, then
0w (p(T)) = p(0w(T)) if and only if p(T) € (W).

Let 04(T), 0uf(T), 0pf(T), Ourf(T), Cuw(T), Opy(T) and Oyupy(T) mean the
approximate point spectrum, upper semi-Fredholm spectrum, B-Fredholm spectrum,
upper semi-B-Fredholm spectrum, upper semi-Weyl spectrum, B-Weyl spectrum and
upper semi-B-Weyl spectrum of an operator T respectively (see [4]).

DEFINITION 1.1. Let T € Z(Z).

(1) T is said to be of stable sign index on ps(T) := C\oy(T) if foreach A, u €
ps(T), ind(T — A) and ind(T — i) have the same sign.

(2) T is said to be of stable sign index on p,s(T) := C\0,s(T) if foreach A, u €
Pur(T), ind(T — A) and ind(T — u) have the same sign.

(3) T is said to be of stable sign index on p,¢(T) := C\0ps(T) if foreach A, u €
Pps(T), ind(T — A) and ind(7T — u) have the same sign.

(4) T is said to be of stable sign index on p,;/(T) := C\Oyupr(T) if for each A,
U € pupf(T), ind(T —A) and ind(T — i) have the same sign.

Let 0,(T), 0uw(T), op(T) and O,pp(T) mean the Browder spectrum, upper
semi-Browder spectrum, B-Browder spectrum and upper semi-B-Browder spectrum
of an operator T respectively (see [4]). Denote P(T) := o(T)\0ps(T) the poles of
the resolvent of T, Py(T) := o(T)\op(T) the poles of the resolvent of T with fi-
nite rank, acc 6(T) := o(T)\iso o(T), and mo(T) := 0,(T) Niso o(T). An operator
T € £(Z) is said to be polaroid if iso o(T) C P(T).

Theorem 1.1-1.3 are extended to Theorem 1.4-1.6 respectively.

THEOREM 1.4. ([16]) Let T € L(Z") and [ € 7#(c(T)), the following asser-
tions are equivalent:
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(1) T is of stable sign index on ps(T).
(2) Gw(f(T)) = f(Gw(T))'
(3) 0w(p(T)) = p(ow(T)) for each polynomial p.

THEOREM 1.5. ([14, 16]) Let T € L(Z") be isoloid. If f € 7 (0(T)), then

o (f(T)\moo(f(T)) = f(o(T)\moo(T))-

It should be pointed out that Theorem 1.5 may fail when f € 7 (o(T))\#,.(c(T)).
See Example 5.1 (3) for details.

THEOREM 1.6. ([12]) Let T be polaroid and f € 5€(o(T)). If T € (W), then
T is of stable sign index on p¢(T) (i.e., 0, (f(T)) = f(0w(T))) ifand only if f(T) €
(W).

In this work, the authors will give extensions of Theorem 1.4-1.6. In Section 2,
the spectral mapping theorems for Weyl type spectrums, such as upper semi-Weyl spec-
trum, B-Weyl spectrum and upper semi-B-Weyl spectrum, are considered (see Theorem
2.1, Theorem 2.2, Theorem 2.3). Moreover, the spectral mapping theorems for B-Weyl
spectrum and upper semi-B-Weyl spectrum may fail if f & 5¢,.(c(T)) (see Example
5.1 (1)-(2)).

In Section 3, the spectral mapping theorems for isolated spectral points are dis-
cussed (see Theorem 3.1, Theorem 3.2, Theorem 3.3, Theorem 3.4). Especially, Exam-
ple 5.1 (3)-(10) are provided which illustrate the results may fail without the condition
“f € Hne(o(T))” or “T is polaroid”.

Weyl type theorems have been studied extensively in the last two decades (see
[1, 5, 17]). Theorems 1.3 and 1.6 say that there is a close relation between spectral
mapping theorems and Weyl type theorems.

In Section 4, we prove some two-out-of-three results on spectral mapping theo-
rems for Weyl type spectrums, isolated spectral points and Weyl type theorems.

Lastly, we show an example which implies that the conditions “7 is isoloid”, “T
is polaroid” or “ f € #,.(c(T))” are crucial and inevitable.

2. Spectral mapping theorems for Weyl type spectrums
For every n € 2, let us define Q, :={u € o(T) :ind(u —T) = n}.
THEOREM 2.1. Let T € L(XZ) and f € 7 (o(T)).
(1) 6w (f(T)) S f(Gun(T)).

(2) The following assertions are equivalent:

(a) T is of stable sign index on p,¢(T).
() G (f(T)) 2 f(Cun(T))-
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(©) ouw(p(T)) 2 p(ouw(T)) for each polynomial p.

Theorem 2.1 says that Theorem 1.4 holds for upper semi-Weyl spectrum. Since
the assertion “T or T* has SVEP” ensures “T is of stable sign index on p,¢(T)” (see
[1, Theorem 3.36]), Theorem 2.1 is an extenstion of [2, Corollary 2.6].

Proof. (1) Suppose that f € ,.(c(T)) and A € 0,,(f(T)). Then
AT) = A =TI (T — ) "h(T) 2.1)

where U, ---, U, are different spectral points of 7 and A(T) is invertible. Thus, there
exists Uy € {ui,i =1,---,n} with g € 0,,,(T) ([1, Remark 1.54]). So L = f(up) €
f(0u(T)).

Suppose that f € 57(0(T))\Hue(c(T)) and A € 6,,,(f(T)). Let g(z) = f(z) —
A, then g is defined on an open set % = 2 U, with %, U open, YW N\U = ¢,
or:=oc(l)NU#¢,00:=0(T)NU% #¢, glay, =0 and g € H,.(02). Let E =
E(07) be the Riesz idempotent corresponding to 62, Ti = T |xer(g)» T2 = T|g(27)- Then
2 =ker(E)BE(XZ), o(T;) =0; (i=1,2).

Assume to the contrary that 4 & f(0,,(T)) 2 f(0uf(T)) = 0ur(f(T)), thus A €
pus(f(T)). By [1, Lemma 3.62] or [13, Theorem 1],

ind(g(T)) = Zpzon0n

where @, is the number of zeros of g on Q,,. Since 0y (T) = 0, (T) U (Up>082,) and
A & f(0uw(T)), we have

ind(g(T)) = Z,<onoy, < 0.

So A & 0, (f(T)). This is a contradiction.
(2) (a)=(b) Suppose that f € H#,.(c(T)) and A & 6,,,(f(T)) 2 0us(f(T)), thus
A € pus(f(T)). By 2.1),

0> ind(F(T) —A) = 2 kind(T — ;).

Hence ind(7 — ;) <0 and y; & 0y(T) fori=1,---,n. So A & f(0.(T)).

Suppose that f € (6 (T))\Hju(G(T)) and A & G (£(T)). Let g(z) = £(2) —
A asin the proof of (1), then g(T) = g(T1) ©g(T») =0 g(T>). Since A € 0,¢(f(T)),
we have 0 ¢ 0,7(g(7T1)) with ind(¢(77)) =0 and O ¢ 0,/(g(7>)). Hence dim(.Z7) <
oo and o(Ty) = 61 C Py(T). On the other hand, 0 > ind(g(7T)) = ind(g(7>)) and
g € Hiy(02) deduce that the zeros of g on o(72) do not belong to o,,,(72). Since
01N 0oy = ¢, the zeros of g on 6(73) do not belong to 6,,,,(T). So that A & f (0, (T)).

(b)=(c) Clear.

Proof of (c)=>(a) is similar to [16, Theorem 2]: Assume to the contrary that T
is not of stable sign index on p, (7). Then there are A;, 4> € p,s(T) with ind(T —
A1) >0 and ind(7T — A7) < 0. Let k=ind(T — A1), m= —ind(T — L2), p(z) = (z—
A1)™(z— A2)*. Then p(T) is an upper semi-Fredholm operator ([ 1, Remark 1.54]) and
ind(p(T)) = km+k(—m) =0, that is, 0 & 0y, (p(T)). Meanwhile, A; € 0,,,(T) and
0=p(A1) € p(0uw(T)). This is a contradiction. [

The following Theorem 2.2 says that Theorem 1.4 holds for B-Weyl spectrum and
[ € Hpne(o(T)).
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THEOREM 2.2. Let T € L () and f € 7 (o(T)).
(1) b (£(T)) € f(Op(T))-

(2) The following assertions are equivalent:

(a) T is of stable sign index on py¢(T).

(b) G (f(T)) 2 f(0pw(T)) for each f € Hine(o(T)).
(©) opw(p(T)) 2 p(Opy(T)) for each nonconstant polynomial p.

Theorem 2.2 is a generalization of [9, Theorem 2.4], [18, Theorem 2.1] and [11,
Corollary 2.8]. Theorem 2.2 (2) may fail without the condition “ f € 74,.(c(T))”, see
(1) of Example 5.1.

Proof. (1) The case that f is constant is obvious, and it is sufficient to prove
the case f € H(0(T))\H(0(T)) since [9, Theorem 2.4] proved the case f €
Hine(0(T)).

Suppose that f € 7(6(T))\HAinc(0(T)) and A € 0, (f(T)). Let g(z) = f(z) —
A as in the proof of Theorem 2.1 (1). Since A € 0p,,,(f(T)), ¢(T) = (Tl)EBg(T) and
gla, =0, then g(73) is not a B-Weyl operator. By g € J},.(02) = Hjnc(0(T2)), there
exists i € Opy(Ta) C 0py(T) such that A = f(u).

(2) (a)=-(b) See [9, Theorem 2.4]. (b)=-(c) Clear.

(c)=(a) Assume to the contrary that 7 is not of stable sign index on p,(T).
Then there are Ay, Ay € ppp(7T) with ind(T —A;) > 0 and ind(T — A;) < 0. Let
k=ind(T — A1), m = —ind(T — A3), p(z) = (z—M)"(z— A2)¥. Then p(T) is a
B-Fredholm operator ([7, Theorem 3.6], [6, Corollary 3.3]) and ind(p(T)) = km +
k(—m) =0 ([8, Theorem 3.2]), that is, O & O, (p(T)). Meanwhile, A1, A € 0y, (T)
and 0 = p(A41) = p(L2) € p(0py(T)). This is a contradiction. [J

THEOREM 2.3. Let T € L(XZ) and f € 7 (o (T)).
(1) Guhw(f(T)) - f(Guhw(T))'

(2) The following assertions are equivalent:

(@) T is of stable sign index on pyyy(T).

(b) Gubw(f(T)) 2 f(Gubw(T)) fO}" each f € %nc(G(T))-
©) Guw(p(T)) 2 p(Cupw(T)) for each nonconstant polynomial p.

Theorem 2.3 is an extension of [18, Theorem 2.3], and Example 5.1 (2) below
illustrates the condition “ f € J,.(o(T))” is crucial.

Proof. (1) The case that f is constant is obvious, and it is sufficient to prove
the case f € (o (T))\Hu-(0(T)) since [18, Theorem 2.3] proved the case f €
Hine(0(T)).

Suppose that f € 7 (0(T))\Hc(0(T)) and A € Gy (f(T)). Let g(z) = f(2) —
A as in the proof of Theorem 2.2 (1). Since A € Gy (f(T)) and g(T) = g(Th) @
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g(Th) =0@¢(T»), then g(T>) is not an upper semi-B-Weyl operator. By g € 7,.(c(T2))
and 01 N0y = ¢, there exists U € Oypy(T2) C Oupy(T) such that A = f(u).

(2) (a)=-(b) See [18, Theorem 2.3]. (b)=-(c) Clear.

(c)=-(a) Assume to the contrary that 7 is not of stable sign index on pu;,f(T).
Then there are Ay, A € pups(T) with ind(7 —2;) > 0 and ind(7 — A,) < 0. Let
k=ind(T — A1), m= —ind(T — A1), p(z) = (z— A1) (z— A2)*. Then p(T) is an upper
semi-B-Fredholm operator ([10, Corollary 4.4] or [7, Theorem 3.6]) and ind(p(T)) =
km~+k(—m) =0 ([8, Theorem 3.2]), thatis, 0 & G,p,,(p(T)). Meanwhile, 4; € G,,,(T)
and 0 = p(A1) € p(Oupy(T)). This is a contradiction. [

3. Spectral mapping theorems for isolated spectral points

THEOREM 3.1. Let T € L(XZ) and f € 7 (o(T)).
(1) If f € Hine(0(T)), then o(f(T))\moo(f(T)) € f(o(T)\700(T))-
(2) If T is polaroid, then o (f(T))\7oo(f(T)) € f(o(T)\m00(T))-

() If T is isoloid, then &(f(T))\moo(f(T)) 2 f(6(T)\moo(T)).

Theorem 3.1 is an extension of Theorems 1.2 and 1.5, and Example 5.1 (3)-(4)
illustrate the conditions “f € J,.(c(T))”, “T is polaroid” and “T is isoloid” are
inevitable.

Proof. (1) The proof is similar to [15, Lemma 1]: Let A € o(f(T))\moo(f(T)).

If A €acc o(f(T)), itis easy to see that there exists tt € acc 6(T) C o(T)\moo(T)
such that A = f(u).

If A €isoo(f(T)) and A &€ 0,(f(T)), by 0,(f(T)) 2 f(0,(T)), there exists
1€ o(T)\o,(T) suchthat A = f(u). So A € f(o(T)\moo(T)).

If A €isoo(f(T)) and A € 6,(f(T)), then dim(ker (f(T)—A)) =oo. By f €
Hine(0(T)), (2.1) and [1, Lemma 1.76], there exists Uy € {;,i = 1,---,n} such that
dim(ker (T — 19)) = . So 2 = f(to) € £(6(T)\1i0o(T)) .

(2) By the proof of (1), it is sufficient to prove the case that A € iso 6(f(T)),
dim(ker (f(T') = A)) = o and f € H(0(T))\\Hine(5(T)).

Let g(z) = f(z) — A as in the proof of Theorem 2.2 (1), then g(
8 € Hine(0(T2). By the proof of (1), we assume that dim(kerg(7;)

If o(Ty) is a finite set, there exists Uy € o(7;) such that dlm(E({[J()}) ) = oo.
Since T is polaroid, there exists an integer p such that

E({Ho}) 2" = ker (T — po)? = ker (T — )"

So dim(ker (7T — o)) = o> and A = f(to) € f(0(T)\700(T)).

If o(T1) is not a finite set, then it is easy to see that there exists o € acc o(7T7).
So 4 = f(uo) € f(o(T)\moo(T))-

(3) It is sufficient to prove that A € moo(f(7)) implies A & f(o(T)\moo(T)).

Suppose that f € Hjuc(0(T)), A € moo(f(T)) and M:={u e o(T): f(u) =4 =
0}. Then M Ciso o(T) and it is a finite set. By (2.1), [I, Lemma 1.76] and T is
isoloid, we have M C myo(T). So A & f(o(T)\moo(T)).

T)= O@g(Tz) and
) =
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Suppose that f € (0 (T))\-Hine(c(T)), A € mpo(f(T)) and M ={u € o(T):
f(u)—A =0}. Let g(z) = f(z) — A as in the proof of Theorem 2.2 (1), then M =
G(Tl)UM2 where M, := {[,L S G(Tz) f( ) A= O}.

Since g € Hic(0(T2)) and o(T1)No(T2) = ¢, Mz C moo(T2) € moo(T') follows.

Meanwhile, A € myo(f(T)) ensures dim(2}) < . Thus ¢(7}) is a finite set and
dim(E({u})2") < e forevery u € o(7y). Itis clear that (7}) C moo(T). Therefore
M C moo(T) and A & f(o(T)\moo(T)). O

Denote 7§, (T) :={A €iso 04(T) : 0 < dimker(T —A4) < oo}, B§(T) :=
0,(T)\0,»(T) the set of all left poles of the resolvent with finite rank.

An operator T € .Z(Z") is said to be a-isoloid if iso 6,(T) C 0,(T).

An operator T € £ (Z") is said to be a-polaroid if iso ¢,(T) C P(T).

THEOREM 3.2. Let T € L(XZ) and f € (o (T)).
(1) If f € Hine(0a(T)), then 0u(f(T))\750(f(T)) € f(0u(T)\7G50(T))-
(2) If T is a-polaroid, then &,(f(T))\To(f(T)) C £(0u(T)\1iy(T))-
f(0a(T)\75o(T))-

The conditions “ f € ¢,.(04(T))”, “T is a-polaroid” and “T is a-isoloid” are
crucial (see Example 5.1 (5)-(6)).

Proof. (1) Let 04(f(T))\7go(f(T)). If A € acc 0u(f(T)), by 0u(f(T)) =
f(0a(T)), it is easy to see that there exists u € acc 0,(T) C 0,4(T)\n,(T) such that
A=f(u).

If A €iso 0,(f(T)) and A & 0,(f(T)), by 0,(f(T)) 2 f(0,(T)), there exists
1 € 6,(T)\0,(T) such that A = f(1). So A € £(Gu(T)\mo(T)).

If A €is0o0,(f(T)) and A € 0,(f(T)), then dim(ker(f(7T)—A)) = o. Since
f € Hue(04(T)), we have

F(T) = A =T, (T — i) “h(T) 3.1

where [y, ---, U, are different elements of o,(T) and 0 & o,(h(T)). By (3.1) and [,
Lemma 1.76], there exists o € {u;,i = 1,---,n} such that dim(ker(7 — tp)) = o=. So
% = f(uo) € f(0u(T)\mio(T))

(2) By the proof of (1), it is sufficient to prove the case that A € iso o(f(T)),
dim(ker (£(T) — 1)) = o and f € (0 (T))\ Hine(0a(T))..

Obviously, f € 2 (0(T))\#n(0(T)). Let g(z) = f(z) — A as in the proof of
Theorem 2.2 (1), then g(T) =0® g(T») and g € 7,.(6(T2)) C Hue(04(T2)). By the
proof of (1), we assume that dim(kerg(7})) = eo.

If 0,(Ty) is a finite set, then o(T}) = 0,(T}) for do(T) C 0,(T1). Thus there
exists Uy € 0,(T1) such that dim(E({to}) 2 ) = ee. Since T is a-polaroid, there exists
an integer p such that

E({uo}) 2" = ker (Ti — to)? = ker (T — )"
So dim(ker (T — 19)) = and A = f(to) € f(0u(T)\m&y(T)).

)
(3) If T is a-isoloid, then o,(f(T))\ngy(f(T)) 2 f
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If 0,(T1) is not a finite set, then it is easy to see that there exists Lo € acc 0,(7T1).
So 2 = f(o) € £(0,(T)\y(T)) .

(3) It is sufficient to prove that A € i, (f(7T)) implies A & f(0u(T)\7y(T)).

Suppose that f € e (0a(T)), A € 1y (f(T)) and M* :={u € 0,(T) : f(1)—
A =0}. Then M Ciso 0,(T) and it is a finite set. By (3.1), [1, Lemma 1.76] and T
is a-isoloid, M* C n§,(T') follows. So A & f(0u(T)\75,(T)).

Suppose that f € H(G(T)\Hu(0a(T)) € H(G(T)\Hine(o(T)) and A €
nio(f(T)). Let g(z) = f(z) — A as in the proof of Theorem 2.2 (1), then M* =
04(T1) UMY where M5 := {1 € 0,(T>) : f(u) —A =0}.

Since g € Hine(0(T2)) C Hine(0a(T2)) and 6(T) NG (T2) = 9, ME C mio(T5) €
o (T) follows.

Meanwhile, A € 7j,(f(T)) ensures dim(2Z7) < eo. Thus o(77) is a finite set,
o(Th) =0,(T1). So dim(E({u})Z") < e forevery u € o,(T1). Since T is a-isoloid,
we have 0,(7T;) C n§,(T). Therefore M* C n§,(T) and A & f(0u(T)\ 75, (T)). O

THEOREM 3.3. Let T € L(XZ) and f € 7 (o(T)).

(1) o(f(T)\m(f(T)) € f(o(T)\m(T)).
() If f € Hu(6(T)) and T is isoloid, then

o(f(T)\mo(f(T)) 2 f(o(T)\mo(T)).

Example 5.1 (7)-(8) imply that the conditions “ f € 7, (c(T))” and “T is isoloid”
are inevitable in (2) of Theorem 3.3, and [9, Lemma 2.9] and [1 |, Lemma 3.3] may fail
without the condition “ f € #,.(c(T))”.

Proof. (1) [9] and [11] proved the case f € 5¢,.(0(T)) of (1), now we show a
proof of the general case. Let A € o(f(T))\m(f(T)). If L € acc 6(f(T)), it is easy
to see that there exists i € acc 6(T) C o(T)\m(T) such that A = f(u).

If A €isoo(f(T)) and A &€ 0,(f(T)), by 0,(f(T)) 2 f(0,(T)), there exists
u € o(T)\o,(T) suchthat A = f(u). So A € f(o(T)\mo(T)).

(2) See [9, Lemma 2.9] or [1 1, Lemma 3.3] for the proof. [

Denote 7§ (T) :={A €iso 6,(T) : 0 <dimker(7T —A)}, PY(T) := 04(T)\Cups(T)
the set of all left poles of the resolvent.

THEOREM 3.4. Let T € L () and f € 7 (o(T)).
(1) ou(f(T)\m5(f(T)) € f(0a(T)\75(T)).-
(2) If f € H,e(04(T)) and T is a-isoloid, then

ou(f(T)NTG (F(T)) 2 f(0u(T)\755(T)).

The conditions “ f € #,.(0,(T))” and “T is a-isoloid” are inevitable (see Ex-
ample 5.1 (9)-(10)).
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Proof (1) Let 6,(f(T)\T&(F(T)). If A € ace 6(f(T)). by Gu(£(T)) = F(0u(T)),
it is easy to see that there exists u € acc 0,(T) € 0,4(T)\n§(T) such that A = f(u).
If A €iso 0,(f(T)) and A & 0,(f(T)), by 0,(f(T)) 2 f(0,(T)), there exists
U € 04(T)\0,(T) suchthat A = f(u). So A € f(ou(T)\n§(T)).
(2) It is sufficient to prove that A € m{(f(7)) implies A & f(0,(T)\n§(T)).
Suppose that f € Hu(0a(T)), A € 75(f(T)) and My := {u € 0u(T) : f(1) —
A =0}. Then M, Ciso 0,(T) and it is a finite set. By [I, Lemma 1.76] and T is
a-isoloid, we have M, C r§(T). So A & f(0.(T)\n§(T)). O

4. Some two-out-of-three results on Weyl type spectrums

We prove some two-out-of-three results on spectral mapping theorems for Weyl
type spectrum, isolated spectral points and Weyl type theorems.
T € (aW) means a-Weyl theorem holds for T, that is,

0u(T)\Ouww (T) = 750(T ).
T € (gW) means generalized Weyl theorem holds for T, that is,
o (T)\Opw(T) = mo(T).
T € (gaW) means generalized a-Weyl theorem holds for T, that is,
04(T)\Cupw(T) = 75 (T).

THEOREM 4.1. Let T € £(2") and f € 7 (c(T)). If T € (W), then any two
of the following three assertions imply the third one.

(D Gw(f(T)) = f(Gw(T))'
(2) o(f(T))\moo(f(T)) = f(o(T)\700(T))-
3) f(T) e W).
Proof. (1) and (2)=-(3): Let T € (W), then
o (f(T)\moo(f(T)) = f(o(T)\70o(T)) = f(ow(T)) = ow(f(T)).
So (3) holds.
(2) and (3)=(1): Let T € (W), then
ow(f(T)) = o (f(T)\moo(f(T)) = f(o(T)\7oo(T)) = f(0(T)).
So (1) holds.
(3)and (1)=(2): Let T € (W), then
o(f(T)\moo(f(T)) = 0w (f(T)) = f(0w(T)) = f(o(T)\m00(T)).

So (2) holds. [l
Since T is polaroid ensures T is isoloid, Theorem 4.1 and Theorem 3.1 deduce
the following result.
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COROLLARY 4.1. Let T € (W) and f € 7(c(T)). If (i) T is isoloid and f €
Hine(0(T)) or (ii) T is polaroid, then the following two assertions are equivalent to
each other.

(1) ow(f(T)) = f(ow(T)).
() f(T)e(W).

Corollary 4.1 is a generalization of Theorem 1.6. Corollary 4.1 together with
Theorem 1.4 and Theorem 3.1 implies that [4, Theorem 3.14 (ii)] holds for all f &
H(o(T)).

Theorems 4.2-4.4 hold in a similar manner to Theorem 4.1, so we write down them
without proofs.

THEOREM 4.2. Let T € L(Z") and f € 7 (o(T)). If T € (aW), then any two
of the following three assertions imply the third one.

(1) 0w (f(T)) = f(ouw(T)).
(2) ou(f(T)\m50(f(T)) = f(0a(T)\15(T)).
(3) f(T) € (aW).

Theorem 4.2 and Theorem 3.2 deduce the result below.

COROLLARY 4.2. Let T € (aW) and f € 7 (o(T)). If (i) T is a-polaroid or (ii)
T is a-isoloid and f € H,c.(04(T)), then the following two assertions are equivalent
to each other.

(1) 0w (f(T)) = f(ouw(T)).
(2) f(T) € (aW).

By [2, Theorem 3.6], Corollary 4.2 implies that [4, Theorem 3.12 (i)] holds for all
feA(o(T)).

THEOREM 4.3. Let T € L(Z") and f € 7 (o(T)). If T € (§W), then any two
of the following three assertions imply the third one.

(1) 0 (f(T)) = f(Opu(T))-
2) o(f(T)\mo(f(T)) = f(o(T)\7(T)).
(3) f(T) € (gW).

Theorem 4.3 and Theorem 3.3 deduce the following result.

COROLLARY 4.3. Let T € (gW) and f € 7 (c(T)). If T is isoloid and f €
Hine(0(T)), then the following two assertions are equivalent to each other.
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(1) 0 (f(T)) = f(Opu(T))-
2) f(T) € (gW).

Example 5.1 (11) implies that the condition f € 5¢,.(c(T)) in Corollary 4.3 is
inevitable, and, for f ¢ 74,.(c(T)), Corollary 4.3 may fail even if T is polaroid.
Example 5.1 (11) also implies that [9, Theorem 2.10] and [ |, Theorem 3.4] may

fail if f & Hne(o(T)).

THEOREM 4.4. Let T € L(X2) and f € 7 (c(T)). If T € (gaW), then any two
of the following three assertions imply the third one.

(D) Oup (f(T) = f(Oupn(T))-
@) ouo([(T)\m5 (f(T)) = f(0u(T)\7G(T)).
(3) f(T) € (gaW).
Theorem 4.4 and Theorem 3.4 deduce the following result.

COROLLARY 4.4. Let T € (gaW) and f € 5 (o(T)). If T is a-isoloid and
f € Hue(04(T)), then the following two assertions are equivalent to each other.

(D Guhw(f(T)) = f(Guhw(T))'

2) f(T) € (gaW).

Example 5.1 (12) implies that the condition f € J,.(0,(T)) is crucial, and, for
f & Hue(04(T)), Corollary 4.4 may fail even if T is a-polaroid.

5. An example

EXAMPLE 5.1. Let U be the unilateral right shift operator on the Hilbert space
I,(N) defined by U (xq,x1,x2,--) = (0,x0,X1,%2,--), S the weighted unilateral right
shift operator on the Hilbert space I, (N) defined by U (xq,x1,x2,--+) =
(0,x0,3x1,3x2,-++), Z:={z:]z| <1} and 02 := {z: |z| = 1}.

(1) IfT:=U and f=0¢ ,.(6(T)), then op,(f(T)) 2 f(Opw(T)). In fact, T is
hyponormal and of stable sign index on p,¢, 0(T) = 04, (T) = 2, o(f(T)) =

{0}7 be(f(T)) = ¢ and f(be(T)) = {O}

Q) U T:=U"and f=0¢ ,.(c(T)), then Cyp,,(f(T)) 2 f(Cup(T)). In fact,
T is co-hyponormal and of stable sign index on py,r(T), o(T) = 0, (T) =
?M?(T) =9, 06(f(T))={0}, 0uw(f(T)) C 0pu(f(T)) = ¢ and f(0upw(T)) =

0}.

(3) If T:=S8* and f =0, then T is not polaroid and o (f(T))\mo(f(T)) = {0} £
f(o(T)\moo(T)). In fact, o(T) = 6,(T) = moo(T) = {0}, o(f(T)) = {0},
moo(f(T)) = 9.
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G IUT:=18iU®(S—1) on # =CSL(N)®L(N) and f(z) =z*. Then T is
not isoloid, and & (f(T))\moo(f(T)) = {z: 2| < 3} 2 f(o(T)\m o( ))- In fact,
o(T) = {1} U{z: 2| < 3} U{~1}, moo(T) = {1}, moo(f(T)) = {1}.

(5) f T:=8" and f =0, then T is not a-polaroid and
0u(f(T)\7G0 (f(T)) £ f(0a(T)\50(T))-
In fact, (7)) = 0u(T) = 750(T) = {0}, 0u(f(T)) = {0}, 5o (f(T)) = &.

©) If T:=183U®(S—1) on # =CSL(N)®L(N) and f(z) =z*. Then T is
not a-isoloid, and o, (f(T))\5(f(T)) = {z:|z| = }} 2 f(0u(T)\75(T)). In
fact, 04(T) = {1} U{z: [z = 3} U{~1}, mo(T) = {1}, m(f(T)) = {1}

() If T:=U and f=0. Then o(T) =2, 0,(T)=¢, o(f(T)) = {0} and
mo(f(T))={0}. So T isisoloid and polaroid, but o (f ( ))\rco( T)) 2
f(o(T)\mo(T)).

(8) If T:=1® 3816 (S2—1) on " =1 (N) S L(N) & (N) and f(z) =

Then o(T) = {1}Ufz: | < 30U {1}, m(T) = {1}, o(A(T) = {1} U{z:
2 < 1}, mo(f(T)) = {1}. So T is not isoloid, and

)
)
)
(

o(f(T)\m(f(T)) = {z: o] < %} 2 f(o(T)\mo(T)).

(9) If T:=U andand f=0. Then o(T) =%, 0,(T) =02, n§(T)=¢, 0u(f(T)) =
n§(f(T)) ={0}. So T is a-isoloid and a-polaroid, but o, (f(7T))\n5(f(T)) 2
f(0u(T)\75(T)).

(1) If T:=19® 1818 (S2—1) on H# =L (N)®L(N)@5L(N) and f(z) = z*. Then
0a(T) = {13 U{z: 2] = 3} U{=1}, m§(T) = {1}, 0u(f(T)) = {1} U{z: |z =
Y, m¢(f(T)) = {1}. So T is not a-isoloid, and o, (f(T))\7§(f(T)) = {z:
|2l = 3} 2 f(ou(T)\7(T)).
(1) If T:=U and f =0. Then o(T) = 0p(T) = Z, and 0}, (f(T)) =¢.So T is
isoloid and polaroid, 6, (f(T)) # f(0p,(T)) =40} and f(T) =0€ (gW).
(

(12) f T:=U and f=0. Then 0,4(T) = Cupw(T) =97, and Oy, (f(T)) = . So

T is a-isoloid and a-polaroid, Oy (f(T)) # f(Cuw(T)) = {0} and f(T) =
0€ (gaW).

A"
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