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NUMERICAL RADIUS INEQUALITIES RELATED TO
THE GEOMETRIC MEANS OF NEGATIVE POWER

Y UKI SEO

(Communicated by F. Kittaneh)

Abstract. The norm inequalities related to the geometric means are discussed by many researchers.
We discuss numerical radius inequalities related to the geometric means. Though the operator
norm is unitarily invariant one, the numerical radius is not so and unitarily similar. In this pa-
per, we show numerical radius inequalities related to the geometric means of negative power for
positive invertible operators.

1. Introduction

Let H be a complex Hilbert space with inner product (-,-) and B(H) denote the
algebra of all bounded linear operators on H. An operator A on H is said to be positive
(in symbol; A > 0) if (Ax,x) >0 for all x € H. We write A > 0 if A is positive and
invertible. For selfadjoint operators A and B, we write A > B if A— B is positive, i.e.,
(Ax,x) > (Bx,x) for all x € H. For any operator A € B(H ), the operator norm ||A|| and
the numerical radius w(A) are defined by

Al = sup{fjAx] : |lx| = 1,x € H} ~and w(A) = sup{|[(Ax,x)| : |lx|| = 1,x € H},
respectively. Let r(A) be the spectral radius of A. Then it is known that
r(A) <w(A) <||A||,  forall operators A € B(H),

and if A is a selfadjoint operator, then r(A) = w(A) = ||A|. Let A and B be positive
invertible operators on H . In [5], the or-geometric mean A 4, B is defined by

o
Aty B=A? (A—%BA—%) A%, forall a€0,1].
In [3], the chaotic geometric mean A {>, B is defined by

A g B =ell-@logAtalogB — op a1l o € R.
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If A and B commute, then A fig B=A {4 B=A'"%B% for all « € [0,1]. However,
we have no relation among A #, B, A {¢ B and A'~*B* for all « € [0, 1] under the
Lowner partial order. In [6], we showed the following norm inequality:

1A e B| < A O B| < ||A'~“B”

; (1.1)

forall o € [0,1]. Moreover, we pay attention to the geometric means of negative power:
In [1], the quasi f3-geometric mean A fjg B is defined by

B
Atg B=A? (A—%BA—%) AT, forall B €[-1,0),

whose formula is the same as f,. Though A g B for 8 € [-1,0) are not operator
mean in the sense of Kubo-Ando theory [5], A fig B have operator mean like properties
for any positive invertible operators A and B. For more detail, see [1]. By a similar
method in [4], we have the following norm inequality in the framework of Hilbert space
operators:

4 0p Bl < [lA 5 B < [a"PBP||,  foran Be[-1,-3].  2)

In fact, by a similar way in [4, Theorem 3.1], we have the following Ando-Hiai
type inequality: For positive invertible operators A and B, and f8 € [—1,0),

AhﬁBgl implies A’hﬁB’gL forall 0 <r<1,

and so

H(AP 1 BP)” . forall 0< p<gq. (1.3)

< H(Aq p BY)1

Since a chaotic geometric mean version of the Lie-Trotter formula holds:

AdpB= lin%) (AP g BP )% in the operator norm topology,
I’)‘}

we have ||A Op B|| < ||A g B|. For B € [-1,—4], it follows from Araki-Cordes
inequality [2, Theorem 5.9] that

Bt 1| P )
A g B < HAwBlAzﬁ <|lar-pBearp| < ar-Pae|
and so we have the desired inequality (1.2).
Moreover, the following norm inequality holds:
1-B 1-B
|4 0p Bl <[4 BPA | <|latg B, foran Be[-1,0).  (14)

By (1.2), we would expect that the numerical radius inequality

w(A g B) <w(A'"PBP),  forall Be[-1,-1]. (1.5)
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However, though the operator norm ||-|| is unitarily invariant norm, the numerical
radius w(-) is not so and unitarily similar. In fact, we have the following counterexam-
ple for (1.5): We consider the case of 3 = —% . Put

10 54
A_<OO) and B—<45)7

and we have s
5
AH,LBZA%(A%B_IA%)%A%Z 50
2 00
and

= 2\3
In this paper, we show the numerical radius inequalities related to the geometric
means of negative power for positive invertible operators.

Then we have w(A%B_%) L2+ \/TE) <w(A ﬂ_% B)= g

2. Numerical radius inequalities related to the geometric means
First of all, we show the following numerical radius inequality related to (1.1):
THEOREM 2.1. Let A and B be positive invertible operators on H. Then
W(A to B) <w(A $o B) < w(A'7%BY), 2.1)

forall o €[0,1].

Proof. The former inequality of (2.1) follows from (1.1). Since it follows from [2,
Corollary 5.4] that |A g B|| < HA%&BO‘AI:ZQ H for all o € R, we have

W(A Ou B) = 4 Oo B < |45 B2A "

| = (AT B = r(a! 7B
g W(AlfocBa)’

for all a € [0,1], where r(A) is the spectral radius of A, and so we have the latter
inequality of (2.1). [

We show the following numerical radius inequalities related to the geometric means
of negative power:

THEOREM 2.2. Let A and B be positive invertible operators on H. Then

w(A ig B) <w(A2VPUgBO%G  forall Be[-1,—Yandg>1.  (22)
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Proof. We recall the Araki-Cordes inequality for the operator norm [2, Theorem
59]: If A,B > 0, then

IBPAPBP|| < |BAB|?,  forall 0< p<1. (2.3)

For B € [~1,—4], by (1.3), we have ||A 4 B|| < [|A% B‘1||é for all ¢ > 1 and this
implies
w(A g B) = ||A g B| < [|A%5 BY| ¢ forallg> 1

q

- A%(A—%BqA—%)ﬁAi

Q=

q

=||A%T(ATB94%) PAl

1
q

gy 0| d |
<||A 2 B 9A 7B forall ; < B <1
1
< ||[A0-Plag2Bag(1-Bla|| > for a1l % < _ﬁ <1

F(AU-Blap2Ba(1-B)ay2g

r(A20-Blag2Ba)z
w(A21-Bap2Ba) %

N

and so we have the desired inequality (2.2). [
Though the inequality w(A g B) < w(A'"PBB) does not always hold for all B €
[-1,— %] , we have the following estimate from above for w(A fjg B) by Theorem 2.2:

COROLLARY 2.3. Let A and B be positive invertible operators on H. Then
W(A Op B) <w(A' T BPA'T) <w(A iy B) < w(a21-P)p2h)
forall B €[-1,—3].

Proof. This corollary follows from the case of g =1 in Theorem 2.2 and (1.4). [

Finally, we consider the relation between w(A!~#BP) and w(A2(1-B)B2B)7 . To
show inequalities related to w(A'~PBP) for B € [~1,0), we need the following Cordes
type inequality related to the numerical radius:

LEMMA 2.4. Let A and B be positive invertible operators on H. Then
2 2
w(AB) < w(A?B?)2,  forall p € (0,1],

or equivalently
1

WA B <w(APBP),  forall p> 1.
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Proof. By the Araki-Cordes inequality for the operator norm (2.3), we have

w(APBP)? < |APBP|* = |BPAP|* = ||APB* AP|| < ||AB?A||” = r(AB?A)? = r(A*B?)”
<w(AB,

(S5

forall 0 < p <1 and we have w(AB) < w(A%B%) O

THEOREM 2.5. Let A and B be positive invertible operators on H. Then
w(A Op B) <w(A T BPAT) <w(AlPBP) < w(a21-P)p2B)}

forall B €R.

Proof. Tt follows that

wA P BBA) = raPBBAE) = (AP BB < w(a! BB

and by Lemma 2.4
w(APBPY < w(a2(1-P)p2B)3

forall B eR. O
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