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SPECTROGRAMS AND TIME-FREQUENCY
LOCALIZED FUNCTIONS IN THE HANKEL SETTING

SAIFALLAH GHOBBER*, SIWAR HKIMI AND SLIM OMRI

(Communicated by D. Han)

Abstract. The uncertainty principle in Fourier analysis sets a limit to the possible simultane-
ous concentration of a function and its Hankel transform. Nevertheless, signals that have highly
concentrated time—frequency content have many applications in quantum mechanics, PDE, engi-
neering and in signal analysis. We use here time—frequency localization operators in the Hankel
setting to measure the time—frequency content of functions on a subset of finite measure £ within
the time—frequency plane. Then, using eigenfunctions and eigenvalues of these operators, we
prove a characterization of functions that are time—frequency concentrated in X, and we obtain
approximation inequalities for such functions using a finite linear combination of eigenfunctions,
since they are maximally time—frequency-concentrated in the region of interest.

1. Introduction

Hankel transforms are integral transformations whose kernels are Bessel functions.
They are sometimes referred to as Fourier-Bessel transforms. When we are dealing with
problems that show circular symmetry, Hankel transforms may be very useful. For ex-
ample, the Hankel transform is the two-dimensional Fourier transform of a circularly
symmetric function, and this plays an important role in optical data processing. More-
over the Hankel transform arises as a generalization of the Fourier transform of a radial
integrable function on Euclidean d-space as well as from the eigenvalues expansion of
a Schrodinger operator. For o > —%, the Hankel transform (see [23] and [25] as refer-
ence sources for some definitions and properties that are useful in the harmonic analysis
associated with the Hankel transform) is defined on L} (R, )NLZ (R, ) by,

A (F)(E) :/:f<x>ja<xé>dua<x>, EER, =[0,w),

and it is extended from L} (R, )NL% (R, ) to L2,(R.) in the usual way, where dug (x) =

2o+l

Saveasy dx is a weight measure, the Bessel function j,, is given by:

o —1)" X\ 2n
Ja®) :=r<a+1>n§0m<§) :
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and, for 1 < p <o, L} (R, ) is the Banach space consisting of measurable functions f
on Ry equipped with the norms:

I/p

I = (1017 o)

Notice that, j_;/,(x) = cos(x) and du_; j,(x) = \/% dx is the Lebesgue measure,
then

A @ =2 [ s costa)a

is the Fourier-cosine transform, which is the Fourier transform restricted to even func-
tions in L?(R). More generally, if f € L*>(R?), d > 1, is a radial function on R?, such
that f(x) = f(|x]), with f€ L7, |(R.), then

F(N)E) = Hap(NED,  EeRY,

where |-| =+/(-,-) is the Euclidean norm on R?, and .% is the usual Fourier transform
defined by

FNE) =@m 2 [ fwe e, ger.

The uncertainty principle, in its several forms, sets a restriction on the time—frequency
behavior of a function. For example a signal f and its Hankel transform .77, (f) cannot
both be concentrated in subsets of finite measure (see [10, 11, 14]). The Heisenberg-
type [5, 13] and the Shapiro-type uncertainty principles [13, 15] provides another quan-
titative restriction on the joint time—frequency behavior of functions and orthonormal
sequences in L2 (IR;). These facts indicate that a signal cannot have all its energy
concentrated in a finite region of the time—frequency plane.

Signals that have highly concentrated time—frequency content are very useful in
many applications, and time—frequency resolution is usually associated with the win-
dowed Fourier transform, also known as the (continuous) Gabor transform, or the short-
time Fourier transform, which is defined on L?(R?) by

FN)x8) = F [£0=0)] (E) = @m) 2 [ f@)sl—neT Dar,

where g € L?>(R?) is a nonzero window function.

In the present paper, we will study functions whose time—frequency content are
concentrated in a some region in phase space using time—frequency localization op-
erators associated with the windowed Hankel transform, as a main tool. To be more
precise, for y € R, we define the translation operator t¢ on L2 (R.) by:

T fx) = %/Onf(\/xz+y2—2xyc056)(sin9)2“d67 xERy,
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and for & € R, we define the modulation operator ./, é" on L2(R.) by:

Mg =y (\[ T Hal)]),  EERy,

where I@Jr denote the half real line thought of as the frequency axis.
For a nonzero window function g € L2 (R, ), the windowed Hankel transform of
f € L2,(R) with respect to the window g is given by:

x8) = [ FOF AT dal),  (wE) eRi xRy,

Then the time-frequency localization operator with window g and symbol Yy is for-
mally defined as,

0= [ HH BT A1) AVl ), (L.1)

where dvg (x,8) = die(x) dpe(S).

Contrary to the Hankel transform, the windowed Hankel transform cannot be ob-
tained from the windowed Fourier transform by taking spherical averages, ie. if
f.gel? J2-1(Ry.) are the radial parts of f,g € L?(RY), then it is not true in general
that

KPP (AL IED = Fo(H)(E),  xEeR, (1.2)

because, generally Jg( f) is not radial in any of the two variables. So that the win-
dowed Hankel transform “Vgo‘, and then the localization operator MZ” are two new ob-
jects and not just an average of the standard windowed Fourier transform or the standard
localization operator (see e.g. Example 1 and Example 2 in [7] showing that (1.2) is not
true, even in dimension d = 1).

In this paper, we study the localization operator <%, which leads to a compact
self-adjoint operator whose eigenfunctions with large eigenvalues span a subspace that
can be used to determine the component of a general signal that is concentrated within
the given region of the time—frequency plane.

The time-frequency localization operators were first introduced and studied by
Daubechies in [8], and Ramanathan-Topiwala in [21]. These operators can be used
to extract and localize components of a signal from its representation in the time—
frequency plane. They have appeared in physics as tools in quantization procedures
[4] called anti-Wick operators, and in the approximation of pseudo-differential opera-
tors [6]. The method of Daubechies extended the work of Landau, Pollak, and Slepian
(see [18, 19, 26]), who developed the study of bandlimited functions that are concen-
trated on a finite time interval. They made use of compositions of time- and band-
limiting operators and considered the eigenvalue problem associated with these oper-
ators. The resulting operators yield the well-known prolate spheroidal functions as
eigenfunctions. These functions satisfy some optimality in concentration in a rectangu-
lar region in the time-frequency domain. The study of localization operators associated
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to windowed Hankel transforms is a contribution to the topic of radial time-frequency
analysis [23, 24, 25]. As it was done for the prolate spheroidal wave functions (PSWFs
for short), the author in [20] showed that the radial part of the bi-dimensional PSWFs,
called circular prolate spheroidal wave function solve the energy concentration problem
of Hankel bandlimited functions. Recently, the author in [28] showed that the gener-
alized prolate spheroidal wave functions are the solution of the energy concentration
problem in reproducing kernel Hilbert space.

Here, we make use of time—frequency localization operators to describe functions
that have time—frequency content in a subset of finite measure. As in the case of the pro-
late spheroidal wave functions, the eigenfunctions of the time—frequency localization
operators .«¢ are maximally time—frequency concentrated in the region of interest and
we will use these eigenfunctions to approximate time—frequency localized functions
(see Theorem 3.3).

The remainder of the paper is organized as follows. Next section is devoted to
some preliminaries results and in Section 3, we prove our main results.

2. Preliminaries

2.1. Notation
If A is a subset of R x I@+ , then we denote by A = (R+ X I@Jr) \A the comple-
ment of A in R X ]f&r and the characteristic function of A will be denoted by x4 .

For 1 < p <o, Lh(Ry x I@+) will be the Banach space consisting of measurable
functions ' on R} x R, equipped with the norms

1/p
Flign i = ([ o PO o))

The singular values {e,(7)}, _, of a compact operator % € B(L%(R,)) are the
eigenvalues of the positive self-adjoint operator |o/| = v.&/*7 . For 1 < p < oo, the
Schatten class S, is the space of all compact operators whose smgular values lie in £,,.
Hence S, is equipped with the norm

i 1/p
115, = (Z (en(%))”> : @.1)

n=1

In particular, S5 is the space of Hilbert-Schmidt operators, and S; is the space of trace
class operators. It is well known that, the trace of an operator <7 € S; is defined by (see
e.g. [27, Theorem 2.6]):

2 (T Pus Pn) (2:2)
where {¢,}_, is any orthonormal basis for L2 (R ). Moreover, if &7 is positive, then

(see e.g. [77 Theorem 2.7]):
tr() = |||, (2.3)
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Moreover, if a compact operator </ on the Hilbert space L2 (R;) is Hilbert-Schmidt,
then the positive operator .«7*.¢7 is in the space of trace class S and

I ls = 5, = | |l5, = (") = F (| A ull ;. (24)
n=1

for any orthonormal basis {¢,}>_, for L2 (R.).
For consistency, we define S.. := B (L%( (R+)) to be the space of bounded operators
from L2(R.) into L% (R ), equipped with norm,

||%Hsm = sup ||%fHL%,~ (2.5)

: <1
Felflg,

It is obvious that S, C S, 1 <p < g < oo,

2.2. Generalities

For oo > —1/2, let us recall the Poisson representation formula

F(OC+ 1) /1 (1 —Sz)a_l/ZCOS(S)C) du.

O e @

Therefore, j, is bounded with |j4(x)| < j«(0) = 1. As a consequence,
|2 < 1f 2.6)

Here ||.||.. is the usual essential supremum norm and L*(R;) and L*(R. x I@+) will
denote the usual spaces of essentially bounded functions.
Itis also well known that the Hankel transform extends to an isometry on L2, (R ),

H%(f)“ﬁx = ||fHL%‘ 2.7

2.3. Generalized translation

Following Levitan [16], for any function f € C>(R,) we define the generalized
Bessel translation operator

T;zxf(x):u(x7y)7 x;}’ERJm
as a solution of the following Cauchy problem:

8_24_@3 ( )— 8_24_@1 ( )
T < x ux,y) = 8y2 y 8y u\x,y),

with initial conditions u(x,0) = f(x) and %u(x,o) =0, here % 4 2041 % is the

X
differential Bessel operator. The solution of the Cauchy problem can be written out in

explicit form:

T f(y) = %/Oﬂf(\/xz+y2—2xycose)(sin0)2“d6. (2.8)
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The operator T can be also written by the formula

9= [ £OW ) duao) 2.9)
where W (x,y,7)dl(¢) is a probability measure and W (x,y,7) is defined by

212 (00 + 1) Alx, y,1)2 !
W(x,y1) = I'(o+3) (oxye)2e 7
0, otherwise;

if[x—y| <t <x+y;

where
A(x,y,t) = ((x+y)2 —t2) 1/2 (t2 — (x—y)z) 12

is the area of the triangle with side length x,y,z. Further, W (x,y,#)dq(z) is a proba-
bility measure, so that, for p > 1, |t%f|? < t&|f|? thus

HT)?JC“LQ <A llpz- (2.10)

This allows to extend the definition of 7%f to functions f € L5 (R ).

The Bessel convolution f*4 g of two functions f and g in L) (R, )NL=(R,) is
defined by

Frag) = [ F0eg0da) = [ 2 F080)dale), x>0.
Then, if 1 < p,q,r <eo aresuchthat 1/p+1/g—1=1/r, f*xqg €L, (R;) and

1F *a &lly, < If 1|z llellg,-

This then allows to define f *4 g for f € L, (R,) and g € LL (R, ). In particular, if
feLl(R,)and g€ LE(R.), g=1 or 2 then

Hao(f *a 8) = Ha(f) Ha()- (2.11)

Moreover for f, g € L (R, ), the function f * g belongs to L2(R. ) if and only if the
function 7% (f).##(g) belongs to L2 (R, ) and then (2.11) holds.

2.4. The windowed Hankel transform

Following [7], for every g € L2,(R. ), the modulation of g by & € R, is defined
by:

ME'g =g ::%< rg|%(g)\2). (2.12)

Then for every g € L2 (R;) and & € R, , we have:

< |1 (8) (2.13)

||oo'

¢, =gl and | Hale®)
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By gzé we denote the phase-space shift of g € L (R;) by (x,&) € Ry x f&r’

gﬁfé = f‘gg. (2.14)

From (2.10), (2.13), the phase-space shift satisfies

8|, < el (2.15)

For any function f € L2(R,), we define its windowed Hankel transform with respect
to the window g by:

D8 = [ 080 dmals) = (f.8%) 2.16)
which can also be written in the form
T E) = Fragfl®),  (x,E) eRy xRy, (2.17)

Here (-,-),,, is the usual inner product in the Hilbert space L2(R,). Thus from the
Cauchy-Schwartz inequality and (2.10), (2.13) we have:

17O <A1l gz - 2.18)

Moreover the windowed Hankel transform satisfies the following properties (see [3, 7]).

PROPOSITION 2.1. Let g € L%(Ry) be a nonzero window function. Then we
have:

1. A Plancherel-type theorem: for every f € L2,(Ry):

17O e <2,y = 11123 83 (2.19)
2. An inversion formula : for every f € L2,(R.),

0= [ DEDEE O @20

= 2
Hg”L%!

3. An orthogonality relation : for every f,h € L2(R,),

(K2, = 8117 o) (2.21)

where (:,-),. is the usual inner product in the Hilbert space L2 (R, x I@+)
The inversion formula for the windowed Hankel transform (2.20) is well defined in the

weak sense for all f € L2(R,) and 0 # g € L2,(Ry).
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3. Time—frequency concentration via the windowed Hankel transform

In the remainder of thAis section, g will be a non-zero window function such that
I8l =1 and £ C Ry x Ry will be a subset of finite measure 0 < vq (Z) < eo.

3.1. Time—frequency localization operators

For F a function in L% (R x HA%+), we define the formal adjoint (7,%)* by

VPO = [ F8)gl (0 dva(x.&), G.1)
Ry xRy
where the integral is defined weakly by
(FVES),, = FEIED),, 3.2)

DEFINITION 3.1. Let ¢ be a bounded nonnegative function on R x ]IA%Jr. The
time-frequency localization operator <7 with window g and symbol ¢ is formally
defined as

LI = [, a8 Vel §) = (1) 0K ().

Note that, if 0 = 1, then by the inversion formula (2.20), otE f = f.Moreover, if o is
supported on X, then <73 f is interpreted as the part of f that lives essentially in X.

For the purpose of this research, we shall keep our focus on time—frequency local-
ization operators /3 with symbol ¢ = yx. In this case, we also write the localization
operator as <%’ . Note that, %° : L2 (R ) — L2(R.) is bounded, with

H% HB L3 (Ry)) S <L (3.3)

Indeed, since (7,*)" is a bounded operator from L2(R; x @+) to L2 (R;) with oper-
ator norm less than 1, then for every f € L2(R.),

19 £ L, = 17 G D, < NV M7, < 1Al
It is usually more convenient to use the alternative weak definition of .75 given
by
(T ), = (VLD IEW),, = (6. TEDIEW) . G4

Vo

Let H= 7" [L3(Ry)] C L3Ry x R.) be the (closed) range of the 7%, and let

P, (or Py) be the orthogonal projection from L2(R; x I@+) onto H. The orthogonal
projector P, is an integral operator explicitly given by,

PgF(z)z/R FOAED V), = (G eRixRy G
+ XAt
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Using this description, it follows that (see [12, Proposition 4.1]) H is a reproducing
kernel Hilbert space in L2, (R+ x R.) with kernel function .%; defined by:

Ko (W6 (68)) = 8% #a g% () = 42 (%) (¥, ). (3.6)
This means that each function F € H is continuous and satisfies:
F8) = (Rt (08)) | (x8) Ry xRy G3.7)
Va
Since %, is the integral kernel of an orthogonal projection, it satisfies
f%/g(z/;Z) :%(Z;Z/)7 <= (x7€)7 Z/: (x/vél) ER-‘r ><]§+7 (38)
and
He(z7) = / (") He (757 dva (). (3.9)
Ry xRy

We introduce the orthogonal projections Py on L2 (R, x HA{+) , known as the time—
frequency limiting operator defined by:

PsF =Fys; Fel%(R, xR,).

DEFINITION 3.2. Let 0 < € < 1. Then,

1. anonzero function f € L% (R.) is &-time—frequency concentrated inside ¥ if,
2
1B, 5, < €I (3.10)

2. anonzero function f € L2,(R) is e-localized with respect to an operator L if
2
ILf = £ll2 <ellfl72- (3.11)

The definition (3.10) is the analogous for our setting of that given in reference [9] for
the windowed Fourier transform, and the definition (3.11) has been introduced in [2] to
refine the Landau-Pollak degrees of freedom estimate. We will use and compare these
to measures (see Proposition 3.2). Notice also that when &€ = 0, then ¥ will be the
exact support of 7,%(f), so that Inequality (3.10) with 0 < & < 1 means that 7;*(f) is
“practically zero” outside X and then £ may be considered as the “essential” support

of 72(f).

Since H is a reproducing kernel Hilbert space in L2(R x HA{+), then PsP, is a
Hilbert-Schmidt operator with (see [12, Inequality (4.8)]),

PP |5 < Va(Z). (3.12)
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DEFINITION 3.3. We define the Gabor-Toeplitz operator T, s : H — I by,
T,sF = P,PsF. (3.13)
PROPOSITION 3.1. The time—frequency operator szzg is Hilbert-Schmidt.
Proof. Since o = (V)" P %, then
(&g (1) )F = RPSF =TysF, F e (3.14)

Therefore the time—frequency operator <% and the Gabor-Toeplitz operator T, s are
related by
(V) TV = A (3.15)

Consequently 7,5 and szzg enjoy the same spectral properties, in particular szzg is
Hilbert-Schmidt. [

Boundedness and Schatten class properties of time—frequency localization operators
in terms of properties of the symbol ¢ have been studied in [3]. More precisely the
authors in [3] have proved the following result.

THEOREM 3.1. Let ¢ be symbol in Lb(R; x I@+), 1 < p < oo. Then the local-
ization operator o7§ : L% (Ry) — L2 (Ry) isin S, with,

1
l#ls, <4710l (3.16)

R+XI§+)'

Since the time—frequency localization operator .o/ = (7,%)* s 7" that we con-
sider is a compact and self—adjoint operator, the spectral theorem gives the following
spectral representation:

A=Y o), O fELG(Ry), (3.17)
n=1

where {s,(X)};_, are the positive eigenvalues arranged in a non-increasing manner and
{oF }+_, is the corresponding orthonormal set of eigenfunctions. Note that s, (%) \, 0,
and by (3.3), we have forall n > 1,

50(2) <s1(2) < 1. (3.18)

This, together with (3.15), we deduce that the Gabor-Toeplitz operator T,y can be
diagonalized as

TosF =Y si(E)(F.07), 0,  FeH, (3.19)
n=1

where ¢F = V/g"‘((pf). The functions ¢ and the eigenvalues s,(X) depend on the
choice of the window g, but we do not make this dependence explicit in the notation.
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LEMMA 3.1. For all z= (x,£) € Ry xRy, let O5(2) = [/ (8x2)l 2500 -
Then

oo

Os(z) = Z (2|02 )|"- (3.20)

Proof. For z = (x,&) e Ry x HA%+, we have from (3.7), that for all F € H,

F(z) = (F, A (-:2)) (3.21)

Therefore from (3.6)
<Tg72%(';Z),e%/g(';Z)> < ( Z)’%('.Z)>Va
/th 2) Ky (Z52)dva(?)

= Ox(z).

Va

Let {lyz}“’ | C H be an orthonormal basis of Ker(7,s) (eventually empty). Hence
{9>}_, U{y*}>_, is an orthonormal basis of H and therefore the reproducing kernel
M, can be written as

e (2:2) = 2% (2)9F () +2wn wE( (3.22)

Using this we compute again

(Tys by (52) 5 (320, = <

Tox S 0E@05 Y <>¢E>
k=1 Va
(DO () (Tes0r. 08,

and the conclusion follows. [

3.2. Functions time—frequency concentrated in X

We denote by € (&,X, g) the set of functionsin L2 (R, ) thatare & -time—frequency-
concentrated in T and by relation (3.4), a function f € L2(R) isin €(¢,Z,g) if,

() = A=If N2 (3.23)

or equivalently

(=) £.1)y, <ellflz (3.24)

where [ is the identity operator.
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Since
4 > 2
(L) = @0 =Dy 29
n=

then the operator szzg is useful in studying the following optimization problem

Maximize |‘7/ga(f)|‘i2(z,va)7 £l =1,

which aims to look for the function that has a spectrogram that is well concentrated in
2. Consequently, (plz, the first eigenfunction of the compact self-adjoint operator 274" ,
solves the problem:

s12) =700 2 g0 = maX{<%ff7f>ua S If Nl = 1}. (3.26)

Moreover, the min-max lemma for self-adjoint operators states that (see e.g. [22, Sec-
tion 95]),

sn(®) =max{ (AL 1), ¢ Ifllg =1, FLOFsoia ). (32D

So the eigenvalues of @%f determines the number of orthogonal functions that have a
well-concentrated spectrogram in X. Moreover if ¢ is an eigenfunction of AE with
eigenvalue s,(X) > (1 — €), then from the spectral representation,

(EOr Or),, =n(Z) = (1—¢). (3.28)

Hence ¢F is in €' (¢,%,¢). In addition if we denote by Vy the span of the first N
eigenfunctions of the time-frequency localization operator %% , then for f € Vy,

2

N
(AL )y = 2| (F 03,
n=1

N 2
> sw(®) X (105, =sw@IFIZ. (3.29)

n=1
This implies that a function f in Vy isin € (1 —sy(Z),X,g). So for a properly chosen
N, functions in Vy are in €'(g,X,g). Moreover the quantity
n(e, ) =card{n : s,(£) > 1—¢€}
determines the maximum dimension of a subspace V C L2 (RR;) of signals f € V that
arein € (e,%,g).

Landau in [17] introduced the notion of €-approximated eigenvalues and eigen-
functions, that is, p is said to be an €-approximated eigenvalue of L if there exists a
unit L2 -norm function f in L% (R, ), such that

ILf —p Sl <e. (3.30)

Then f is called an €-approximated eigenfunction corresponding to p. So a function
fe lex (R.) thatis &-localized with respect to L is a /€ -approximated eigenfunction
of L corresponding to 1. Moreover we have the following comparison.
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PROPOSITION 3.2. If f € L4(Ry) is in €(g,%,8), then f is also €-localized
with respect to ;272” . On the other hand, if f € L(zx (Ry) is e-localized with respect to
AE, then fisin €(e+ Ve X,g).

Proof. The time—frequency operator <7 is bounded with ||.% || Baey) S L
then

(EV L)y AL ) s (3.31)

or equivalently,

(U=EV L)y U= FEVLS) (3.32)

Since & is self-adjoint, the left-hand side is equal to ||.&4¥ f — inz , 50 by (3.24) the
first statement is obtained.
For the second statement, we observe that

21— ALy = 19— I + 113 — ||
2
< o r £l + (1987 = Fll + 18 ) =l 117,
= 2|l f — fl72 + 2] — £ 2 | S| o
So, by (3.3) we have

(U= IS, <N~ Pl + 1 = Fll 2 1z (3.33)

and the result follows. [

Relation (3.29) implies that any function f in Vy = span{@Z}"_, is in € (1 —
sn(Z),%,g). In contrast, functions which are in (1 —sy(X),X g) need not lie in
Vy . Nevertheless based on an idea from the recent paper [9], we obtain the following
theorem that characterizes functions that are in €' (1 — sy(X),Z,g).

THEOREM 3.2. Let Ny be the integer such that and sy, (X) < 1 —€ < sy, (Z).
Furthermore, let fyer denote the orthogonal projection of f onto the kernel Ker(% %)
of . A function f € L2(Ry) isin €(g,X,g) if and only if,

No

Y u(® e D|(r.05),.[ > 0 -lhall

n=1
+ i (I—S_Sn(z))’<f7(p”2>lla2

n=Ny+1

Proof. The eigenfunctions {(p,, } ,— form an orthonormal subset in L2(R,), pos-
sibly incomplete if Ker(.#4) # {0} ; hence, we can write

oo

f= <f, P ) g P+ fier (3.34)
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where fier € Ker(2%4?). Then

2

M

(A L)y = 5D (.03,

n=1

So the function f is €-time—frequency concentrated on X if and only if

2
Ho ’

an ‘<f7§0n>

>u—a@mmg+zkﬁﬁ>
n=1

and the conclusion follows. [

REMARK 3.1.
1. A function f € L%(R,) isin € (1 —sy(Z),X,g) if and only if,

N—-1

3, (n(Z) —sn(Z) (1. 0), | @Al

oo

+ 2 (sn(X) _Sn(z))’<f’ (p'?>lloc

n=N+1

(3.35)

(3.36)

2

2. Despite the interpretation of sz’zg as the part of f that essentially lives in X, it is
possible that the resulting function @ f is not €-time—frequency concentrated
on X. In fact, for every eigenfunction ¢ with corresponding eigenvalue s, (X) <

1—¢,
}’l

(A (A 00) o)y =

Therefore .o/ @F is not ¢-time—frequency concentrated on X.

)= @A o2 < (1 - o)A oF 2.

While a function f that is €-time—frequency concentrated on X does not neces-
sarily lies in some subspace Vi of eigenfunctions of 2% , it can be approximated using
a finite number of such eigenfunctions. Let Zy,, denote the orthogonal projection onto

the subspace Vy.

THEOREM 3.3. Let f be a function in € (€,%,g). For fixed ¢ > 1, let {(pn}
be the system of all eigenfunctions of /s 8 corresponding to eigenvalues s,(X) >

Then
L [2vfll7; = (1 =ce)llfl7z
- 9va|le <08||fHL2,

3. (AP, Py S )y = sn(E) (L= co) | £,

n=1

-1
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Proof. We have, by assumption:

(AL L) = S0, > -l
n=1
Assume towards a contradiction that
i b3 by
%Nf:2<f,<pn>ua<pn 2\ fooE), | < a—ce)lrI,.
n=1
Since N
12, = fiarly + X | (F 03
n=1
then . ,
Y 0] =112 — 121 — el
n=N+1
Therefore
i 2 -1
Y @00, < = (1115 — 1212, ~ el )
n=N+1 ¢
and

D Pl

3 o700, <

Moreover, by (3.18),

1
<”Qf§f7f>pa S c ”ngNf”LZ - ”fkerHLZ
1
< —IIfHL% +-(1=co)lfl7; - ”fkerHLz

(1= e)Ifl3, ~ el < 1 —S)Hflngx .

This contradicts (3.37) and we conclude for the first inequality.
For the second inequality we have,

7172 = 12w+ (f = Pv )72 = 12w flI72 +1f = P Sl -
It follows then,

If = 2w sl = Ifl72 = 12w fli7z
<IIIf — (L =ce)ll Il = cell fIlf -

1
(712, = 12w f 12 = el )
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(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)
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Finally for the third inequality,

(AEPnI P ), = an )(f,<pn>

> sn(Z )IlﬁvaHigl
> SN(Z)(I_CS)HJC”ZX'

This completes the proof of the proposition. [J

3.3. Spectrogram of a subspace

Given an N-dimensional subspace V of L2(R.), 2y the orthogonal projection
onto V with projection kernel xy, i.e.

Pof) = [ w00 dHale). (3.43)
+
Recall that if {e,}"_, is an orthonormal basis of V, then
N
Ky (x,1) = D en(x)en(t). (3.44)
n=1

The kernel xy is independent of the choice of orthonormal basis for V.

DEFINITION 3.4. The spectrogram of the subspace V with window function g
is defined as:

SPECYV(n8)i= [ w(p)ef gl 0)dvalry).  (349)

Then we have the following result.

LEMMA 3.2. The spectrogram SPEC,V is given by,

SPEC,V (x Z 7% (en)( ) (3.46)

Proof. We have
o o N _ —
SPEC,V (x,§) =/0 /o Ztlen(t)en(y)gjjig (v)8% (1) dve(2,y)
N “ O 7.\ >
- Z/ en(t)gfjfg(t)dua(t)/o en()8%: (v) dia ()

Z V¢ (en) (%, 8) V% (en) (x,8).
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This allows as to conclude. [J

Let ps := SPECgV, (¢ 5) (called the accumulated spectrogram, see e.g. [1]), where we
assume that n(g,X) = [vy(Z)] is the smallest integer greater than or equal to vy (X)
and

o(Z
Vivg(zy = span {gF "
Then
(Va(zﬂ . (Va(zﬂ 512
pr= 3 172 enl =Y o] (3.47)
n=1 n=1

LEMMA 3.3. Define the quantity

S 5u(2)
EX)=1—"~—"———--. (3.48)
=) Va(Z)
Then
0<EX)<e. (3.49)
Proof.
Since, forall 1 <n < n(g,X),
sn(X) = 1—g¢, (3.50)
then
n(e,x)
Y si(Z) = (1—€)n(e,x). (3.51)
n=1
Therefore,
n(e,X)
0KEX)<1—-(1—-¢ (3.52)
®)<1-0-e7 5
Since n(€,X) > vy (X), we obtain the desired result. [
The following result bounds the error between py and Oy .
THEOREM 3.4. Assume that X is a bounded set of finite measure. Then
s Osle < 2B (3.53)
Va(@) P2 T I ®oRD S Vo (3 ’ '
and |
hfrl'l_il;lpm“pzr _927||L111(R+><]1§+) < 2¢. (354)
Proof. From Lemma 3.1 we have,
- 2
ps(2) = O5(2) = X (lu —5a(2)) 00 (2)] (3.55)

n=1
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where ¢, =1 if n < [vy(Z)] and 0 otherwise. By Plancherel theorem (2.19),

oo [Va(2)]
HPZ_GZHL}X(deA{g = 2 [l — sn(Z)| = 2 (I—s(Z))+ 2 sn(Z)
n=1 n=1 n>[vo(Z)]
i [Ve(2)]
= [Va(E)+ X, 5(2) =2 Y, ()
n=1 n=1

< |—Va(2)-| + Va(Z) -2 Z Sn(Z)

n=1
[Va(2)]
= (Va(D)T = va(@)+2({ Va(®) = Y ()
n=1
[Va(2)]
SI+2|va(@)— Y (D) |,
n=1

and the estimate (3.53) follows. Now since limsup vy (Z,) = oo, then with (3.49) we
F—00
obtain (3.54). [J
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