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WEIGHTED COMPOSITION OPERATORS BETWEEN
LIPSCHITZ SPACES ON POINTED METRIC SPACES

SAFOURA DANESHMAND AND DAVOOD ALIMOHAMMADI *

(Communicated by T. S. S. R. K. Rao)

Abstract. In this paper, we study weighted composition operators between Banach spaces of
scalar-valued Lipschitz functions on pointed metric spaces, not necessarily compact. We give
necessary and sufficient conditions for the injectivity and the surjectivity of these operators. We
also obtain sufficient and necessary conditions for a weighted composition operator between
these spaces to be compact.

1. Introduction and preliminaries

The symbol K denotes a field that can be either R or C. Let X be a Hausdorff
space. We denote by Ck(X) the set of all K-valued continuous functions on X . Then
Ck(X) is a commutative algebra over K with unit ly, the constant function on X
with value 1. The set of all bounded functions in Ck (X) is denoted by C%(X). It is
known that C]% (X) is a unital commutative Banach algebra over K with unit 1y when
equipped with the uniform norm

Iflx = sup{lf(@)| :x € X} (f € CR(X)).

Let X and Y be Hausdorff spaces and let S(X) and S(Y) be linear subspaces of
Ck(X) and Cx(Y) over K, respectively. Amap T : S(X) — S(Y) is called a weighted
composition operator if there exist a K-valued function u on Y, not necessarily con-
tinuous, and amap @ : ¥ — X such that T(f)(y) = u(y)f(e(y)) forall f € S(X) and
y €Y. Then T is denoted by uC, and called the weighted composition operator in-
duced by u and ¢@. Clearly, uCy is a linear operator. In the case u = 1y, the weighted
composition operator uCy, reduces to the composition operator Cy .

Let (X,d) and (Y,p) be metric spaces and K be a nonempty subset of Y. A map
¢ : K — X is called a Lipschitz mapping from (K,p) to (X,d) if there exists a constant
C such that d(¢(x),9(y)) < Cp(x,y) forall x,y € K. Amap ¢ : K — X is called a
supercontractive mapping from (K, p) to (X,d) if for each € > 0, there exists 6 > 0
such that d(@(x),@(y))/p(x,y) < € whenever x,y € K with 0 < p(x,y) < 9.
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A Lipschitz mapping ¢ from (Y,p) to (X,d) is called a Lipschitz homeomor-
phism if @ is bijective and ¢! is a Lipschitz mapping from (X,d) to (Y,p).

Let (X,d) be a metric space. A function f: X — K is called a K-valued Lips-
chitz function on (X,d) if f is a Lipschitz mapping from (X,d) to the Euclidean met-
ric space K. We denote by p(x 4)(f) the constant Lipschitz of f, ie. pxq)(f) =

sup{% tx,y € X,x #y}. We denote by Lip(X,d) the set of all K-valued

bounded Lipschitz functions on (X,d). Then Lip(X,d) is a subalgebra of C%(X) over
K containing 1x. Moreover, Lip(X,d) is a commutative unital Banach algebra over K
with the Lipschitz algebra norm

£ lipex.a) = 1 llx + Px.a)(f) (f € Lip(X,d)).

These algebras were first introduced by Sherbert in [6].

Let (X,d) be a pointed metric space with a basepoint designated by xo. We
denote by Lipy(X,d) the set of all K-valued Lipschitz functions f on (X,d) for
which f(xo) = 0. Then Lipy(X,d) is a Banach space with the p(y 4)(-)-norm. If
diam(X) < oo, then every f € Lipy(X,d) is a bounded function on X and || f|lx <
diam(X)px q)(f), where diam (X) denotes the diameter of X in (X,d). Therefore, in
the case diam(X) < oo, Lip,(X,d) is a maximal ideal of Lip(X,d). For further general
facts about Lipschitz spaces Lip(X,d) and Lipy(X,d), we refer to [7].

Kamowitz and Scheinberg in [5] proved that a composition endomorphism Cy
of Lip(X,d) is compact if and only if ¢ is a supercontraction from (X,d) to (X,d)
whenever (X,d) is a compact metric space. Jiménez-Vargas and Villegas-Vallecillos in
[4] generalized some results of [5] by omitting the compactness condition of considered
metric spaces. Botelho and Jamison in [1] and Esmaeili and Mahyar in [2] studied
weighted composition operators between spaces of vector-valued Lipschitz functions.
Golbaharan and Mahyar in [3] studied weighted composition operators on the Lipschitz
algebras Lip(X,d) whenever (X,d) is a compact metric space.

In this paper, we study weighted composition operators between Banach spaces of
K-valued Lipschitz functions on pointed metric spaces, not necessarily compact. Let
(X,d) and (Y,p) be pointed metric spaces, u be a K-valued function on ¥ and ¢ be
amap from Y to X. In section 2, we discuss some properties of the weighted compo-
sition operators uCy from Lipy(X,d) to Lipy(Y,p). In section 3, we give necessary
and sufficient conditions for the injectivity and the surjectivity of the weighted compo-
sition operators uC, from Lip(X,d) to Lipy(Y,p). In section 4, we obtain necessary
and sufficient conditions for a weighted composition operator uC,, from Lipy(X,d) to
Lipy(Y,p) to be compact.

2. Some properties of weighted composition operators

For a K-valued function u on a nonempty set ¥, we denote by coz(u) the set of
all y € Y for which u(y) #0.

Let (X,d) and (Y,p) be pointed metric spaces. It is interesting to know under
which conditions on functions u and ¢, the operator uCy is a weighted composition



WEIGHTED COMPOSITION OPERATORS 547

operator from Lipy(X,d) to Lipy(Y,p). It is clear that if either u is a K-valued Lip-
schitz function on (Y,p) and ¢ : Y — X is a basepoint-preserving Lipschitz mapping
or u € Lipy(Y,p) and ¢ : Y — X is a Lipschitz mapping, then uC, is a weighted
composition operator from Lipy(X,d) to Lipy(Y,p). However, the following example
shows that there exists a nonzero weighted composition operator uCy, from Lipy(X,d)
to Lipy(Y,p) where ¢ is not a basepoint-preserving Lipschitz mapping from (Y, p) to
(X,d).

EXAMPLE 1. Let X be a subset of (—oo,c0) containing {—1,0,1}, let d be the
Euclidean metric on X and let 1 be the basepoint of X . Let ¥ = (—oo,0), let p be the
Euclidean metric on Y and let 1 be the basepoint of Y. Define the map ¢ : Y — X by

o(y)=sgn(l—y)  (yev).

Then ¢ is not a Lipschitz mapping from (Y, p) to (X,d) since

1 1
d(‘P(l—;)JP(l‘*‘Z)) 2
r 1. 2"
p(l__7l+_) -
n n n

for all n € N with n > 2. Moreover, ¢ is not basepoint-preserving since ¢(1) =0# 1.
Define the function u : ¥ — K by

uly)=1-y  (yey).

Set T = uCy. We show that T(f) € Lipy(Y,p) for all f € Lipy(X,d). Let f €
Lipg(X,d). Then

It is easy to see that

IT(f)(x) =T (f))
p(x,y)

for all x,y € Y with x # y. Hence, T(f) € Lipy(Y,p). Therefore, T = uC, is a
weighted composition operator from Lip,(X,d) to Lipy(Y,p).

<If(=Dl,

Here, we give a sufficient condition for the operator 7' = uCy, to be a weighted compo-
sition operator from Lipy(X,d) to Lipy(Y,p).

THEOREM 2.1. Let (X,d) and (Y,p) be pointed metric spaces and let
diam(X) < e. Suppose that u is a K-valued function on Yand ¢ : Y — X is a

basepoint-preserving map such that sup{|u(x)|w X,y €Y, x £y} < oo If

u € Lip(Y,p), then T = uCy is a weighted composition operator from Lipy(X,d) to
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Proof. Suppose that u € Lip(Y,p) and take

d((x), ()
p(x,y)

Let f € Lipy(X,d). Then for each x,y € Y with ¢(x) # ¢(y), we have

TG =T _ue)f (0x) — w0 (9()
p(x,y) P(X7Y)
it L) S 00D alot0)-00)
< A0.00))  pley)
T (o)) 2 =10l ”)(y) Crixay() + 1P irp) ()

p(x,

C = sup{|u(x)| X,y €Y, x £y}

‘<

Moreover, for each x,y € Y with x # y and @(x) = ¢(y), we have
7)) =T _ Julx) -

(
p(x,y) p(x,y)
(

Therefore, T(f) is a Lipschitz function on (Y,p).
On the other hand, if xy and yg are the basepoints of X and Y, respectively, then

T(f)(vo) = u(yo)f(@(yo)) = u(yo)f(x0) = u(yo)0 = 0.

Hence, T(f) € Lipy(Y,p). This completes the proof. [J

The following example shows that for a weighted composition operator T = uC,
from Lipy(X,d) to Lip, (Y,p) it is not necessary that u be a Lipschitz function. In
fact, the following example reveals that the converse of Theorem 2.1 does not hold in
general.

1001 < pirp) @Il

EXAMPLE 2. Let X be the open interval (—1,3), let d be the Euclidean metric
on X and let 1 be the basepoint of X. Let ¥ be the open interval (—1,2), let p
be the Euclidean metric on Y and let 1 be the basepoint of Y. Define the K-valued
function u on Y by u= x_1,1)— X(1,2), where x(_;;: ¥ — Kand (15 :Y — K are
the characteristic functions of the sets (—1,1] and (1,2), respectively. Then u is not a
Lipschitz function on (Y, p) since u is not continuous. Define the map ¢ : ¥ — X by

o) =y (ey).
Let f € Lipy(X,d). If x,y € (—1,1] with x # y, then
IT(f)(x) =T ()W) = lu(x)f (@) = u)f (@) = 1f(x) = FW) < px.a)(f)x =]
If xe (—1,1] and y € (1,2), then

IT(f)(x) =T () )| = |u@x) f(@(x)) —u@)f(@¥)] = |f(x) + O < |[f)]+fO)]
= |f(x) = F]+ (1) = f)]
<pxa) D=1+ pxa) (NI =y = pe.a)(f)lx—yl
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If x,y € (1,2) with x # y, then

IT(f)x) =T ()] = ux)f(@(x) —uly)f(eW)| == f(x) + ()]
<paay(f)lx—yl-

Hence,

IT(f)(x) =T() )]
x|

<pxa)(f)

for all x,y € Y with x 5 y. This implies that 7 (f) is a Lipschitz function on (Y,p).

On the other hand, T(f)(1) = u(1)f(@(1)) = (1 —0)f(1) = 0. Therefore, T =
uC, is a weighted composition operator from Lip,(X,d) to Lipy(Y,p).

THEOREM 2.2. Let (X,d) and (Y,p) be pointed metric spaces, let u be a K-
valued bounded function on Y, let ¢ : Y — X be a basepoint-preserving map and let
T = uCy be a weighted composition operator from Lipy(X,d) to Lipy(Y,p). Then

(i) T is bounded,

GISRC))

ix,yeY,x#y} <2|T|.
p(x,y)

(ii) sup{|u(x)|

Proof. Let {fy}_, be a sequence in Lipy(X,d) that converges to the function
0 in (Lipy(X,d),p(x.q)(*)) and the sequence {T(f»)},_; converges to a function g €
Lipy(Y,p) in (Lipy(Y;p),p(y,p)(-)). By [4, Lemma 2.4], we have lim, ... fu(¢@(y)) =
0 and lim,—T(fy)(y) = g(y) for all y € Y. The boundedness of u implies that
lim,, e u(y)(fu(@(y))) = 0 for all y € Y. Therefore, g = 0 and by the closed graph
theorem T is continuous and so bounded. Hence, (i) holds.

Let x,y € Y with ¢(x) # ¢(y). Suppose that xj is the basepoint of X . We can as-
sume without lost of generality that d(@(y),xo) < d(¢@(x),x0) and then d(@(x), 0 (y)) <
2d(@(x),xp). Take 6 = min{d(@(x),x0),d(@(x),@(y))}. Then 6 > 0. Define the
function hy () s : X — K by

d((P(X),Z)}

5 (z€X).

ho().s (z) = max{0,1 —

Then hy(ys(x0) = 0, hes is a K-valued Lipschitz function on (X,d) and

P(x.d) (h(,,(x),(s) < % Define the function f, , 5 : X — K by

fey5(2) =d(@(x), 0()hg(),5(z)  (z€X).

We can easily show that f | s € Lipy(X,d) and p(x 4)(fx,s) < 2. Since fiy5(@(x)) =
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d(@(x),(y)) and f,,5(¢(y)) =0, we deduce that
o 20 00)

p(x.y)
_[ux)d(9(x), 9 () hg (.5 (@(x) — u()d(@(x), 9 () hg().5 (@ (V)]
px.y)
u(x) frys (@) —u() frys (@O T (frys)(x) = T(fry.5) )
= p(x,y) = p(x,y) < p(Y,p)(T(fx.,yﬁ))

<p(X,d)(fx,y,3)||TH < 2||T||

The above inequality holds whenever x,y € Y with x #y and ¢(x) = ¢@(y). Hence, (ii)
holds. [

COROLLARY 2.3. Let (X,d) and (Y,p) be pointed metric spaces and let ¢ :Y —
X be a basepoint-preserving map. If fo ¢ € Lipy(Y,p) forall f € Lipy(X,d), then Cy
is a bounded composition operator from Lipy(X,d) to Lipy(Y,p) and @ is a Lipschitz
mapping from (Y,p) to (X,d).

Proof. Suppose that fo¢ € Lipy(Y,p) forall f € Lipy(X,d). Then Cy is acom-
position operator from Lip,(X,d) to Lipy(Y,p). Hence, T = uC,, is a weighted com-
position operator from Lip,(X,d) to Lipy(Y,p), whenever u = 1y. By Theorem 2.2,

C, is bounded and sup d(e(x).00)) x,yeY,x#y} <2||Cyll,i.e., ¢ is Lipschitz. O
¢ px.y) ¢

COROLLARY 2.4. Let (X,d) and (Y,p) be pointed metric spaces and let u be a
K -valued bounded function on Y which is continuous on coz(u). Let ¢ :Y — X be a
basepoint-preserving map and let T = uCy be a weighted composition operator from
Lipy(X,d) to Lipy(Y,p). Then ¢ is Lipschitz on every nonempty compact subset of
coz(u).

Proof. Let K be a nonempty compact subset of coz(u). Take C = inf{|u(y)|:y €
K}. The continuity of u on coz(u) implies that C > 0. Suppose that x,y € K with

x #y. By Theorem 2.2, we deduce that W < %
mapping from (K,p) to (X,d). O

. Hence, ¢ is a Lipschitz

THEOREM 2.5. Let (X,d) and (Y,p) be pointed metric spaces, let u be a K-
valued continuous functionon Y, let ¢ : Y — X be a basepoint-preserving map and let
T = uCy be a weighted composition operator from Lipy(X,d) to Lipy(Y,p). Then ¢
is continuous on coz(u).

Proof. Suppose that there exists y € coz(u) such that ¢ is not continuous at y.
Then there exist a positive number € and a sequence {y,},_, in ¥ such that p(y,,y) <
% and d(@(y,),0(y)) = € forall n € N. Let xo be the basepoint of X and define the
function fy: X — K by

folx) =d(x,0(y)) —d(x,0(y))  (xeX).



WEIGHTED COMPOSITION OPERATORS 551

Clearly, fy € Lipy(X,d). Since limy—.y, =y in (Y,p) and T(fo) € Lipy(Y,p), we
deduce that

Jim T(fo) () = T ().
that is limy—.e u(yn) fo(@(yn)) = u(y)fo(@(y)) and so

lim u(y,) [d(@(ya), @(v)) —d(x0,0(y))] = —u(y)d(xo, p())- (2.1)

n—oo

The continuity of u at y implies that

1im u(yn) = u(y), (2.2)
and so
Tim u(y)d (30, 9(3)) = u(3)d (0, p())- (2.3)
Using (2.1) and (2.3), we have
lim u(yn)d(@(yn), @(y)) = 0. (2.4)

n—00

From u(y) # 0, (2.2) and (2.4), we conclude that there exists m € N such that

|u(ym)| > |u(2y)|7 (2.5)
and
sl (9m). 00)) < L4 @6)
Since d(@(ym), ®(y)) = €, by (2.5), we have
sl (9m). 90)) > L

which is contradicts to (2.6). Therefore, ¢ is continuous at every y € coz(u) and the
proof is complete. [

3. Injectivity and surjectivity of weighted composition operators

We first give necessary and sufficient conditions for the injectivity of weighted
composition operators between Lipschitz spaces of K-valued functions on pointed met-
ric spaces.

THEOREM 3.1. Let (X,d) and (Y,p) be pointed metric spaces, let yo be the
basepoint of Y, let u be a K-valued function on Y with u(yy) #0, let 9 :Y — X be a
basepoint-preserving map and let T = uCy be a weighted composition operator from
Lipg(X,d) to Lipy(Y,p). Then T is injective if and only if ¢(coz(u)) is dense in X .
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Proof. Suppose that ¢(coz(u)) is not dense in X. Choose x; € X such that
dist (x1, @(coz(u))) > 0 and take 6 = dist(x;, ¢(coz(u))). Define the function f: X —
K by

fra) =max{0,1 - L0y e x)
Clearly, f, s is a K-valued Lipschitz function on (¥,p). Let xo be the basepoint of
X . Since yg € coz(u) and ¢@(yo) = xo, we deduce that xo € ¢(coz(u)). This implies
that f, 5 € Lipy(X,d). On the other hand, T'(f,, 5) =0 and f,, 5(x;)=1. Hence, T
is not injective.

Conversely, suppose that ¢(coz(u)) is dense in X. Let f € Lipy(X,d) with
T(f)=0. Assume that x € ¢(coz(u)) and choose y € coz(u) such that x = @(y). Since
u(y)#Z0and 0=T(f)(y) =u(y)f(o(y)) =u(y)f(x), we deduce that f(x) =0. Hence,
the continuous K-valued function f on X vanishes on the dense subset ¢(coz(u)) of
X . This implies that f = 0 on X. Therefore, T is injective. [

Here, we give some sufficient conditions for the surjectivity of weighted composition
operators between Lip,(X,d) and Lipy(Y,p).

THEOREM 3.2. Let (X,d) and (Y,p) be pointed metric spaces. Suppose that
u is a K-valued function on Y such that u(y) #0 forall y €Y and g is a Lipschitz
u

Sfunctionon (Y,p) forall g € Lipy(Y,p). Let ¢ :Y — X be a basepoint-preserving map
and let T = uCy be a weighted composition operator from Lipy(X,d) to Lipy(Y,p).

Ifinf{% cx,y €Y, x£y} >0, then T is surjective.

Proof. Suppose that

d
(00 00)
p(x.y)
Let xo and yo be the basepoints of X and Y, respectively. We can consider (¢(Y),d)

as a pointed metric space with the basepoint ¢(yg) = xo. Define the map y: @(Y) —Y
by

x,yeY,x#£y}>0. (3.1)

vie() =y  (eY).
Then v is well-defined since ¢ is injective. Moreover, (3.1) implies that y is a Lips-
chitz mapping from (¢(Y),d) to (Y,p). Let g € Lipy(Y,p). Then 5o y is a K-valued
Lipschitz function on (¢@(Y),d). On the other hand, !

Eoy)xo) = Fow)o0n) = £2% 0.

Hence, L y € Lipy(9(Y),d). By [7, Theorem 1.5.6], there exists a function f €
u
Lip,y(X,d) such that f = £, v on @(Y). Therefore,
u

T(f)(y) =u)f(o()) = u(y)(f oy)(o(y) =g(),
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forall y €Y. Hence, T(f) = g and so T is surjective. [

We now obtain some necessary conditions for the surjectivity of weighted composi-
tion operators from Lip,(X,d) to Lipy(Y,p). For this purpose we need the following
lemma.

LEMMA 3.3. [7, Proposition 1.8.4(a)]. Let (X,d) and (Y,p) be pointed metric
spaces and let diam(Y) < e and let ¢ : Y — X be a basepoint-preserving Lipschitz
mapping. Then the composition operator Cy from Lipy(X,d) to Lipy(Y,p) is surjec-
tive if and only if ¢ :Y — @(Y) is a Lipschitz homeomorphism.

THEOREM 3.4. Let (X,d) and (Y,p) be pointed metric spaces and let
diam(Y) < eo. Let yo be the basepoint of Y, let u € Lip(Y,p) with u(yy) # 0, let
¢ :Y — X be a basepoint-preserving Lipschitz mapping and let T = uCy, be a weighted
composition operator from Lipy(X,d) to Lipy(Y,p). If T is surjective then u(y) # 0

forallyey, inf{% x,yeY,x#yr>0 andinf{|u(x)|% xekK,ye

Y, x#y} >0, where K is a nonempty compact subset of Y .

Proof. We first show that u(y) #0 forall y € Y\ {yo}. Suppose that y € Y\ {yo} .
Take 6 = % p(¥,y0). Define the function A, 5 : Y — K by

P@d}

hy 5(z) = max{0,1 — 5

(zeY).

Clearly, hys € Lipy(Y,p) and hy5(y) = 1. The surjectivity of 7 implies that there
exists a function f € Lip,(X,d) such that hy5 =T(f). Thus 1 =hy,5(y) =T(f)(y) =
u(y)f(@(y)) and so u(y) # 0.

Since ¢ is a basepoint-preserving Lipschitz mapping from (Y,p) to (X,d), we
deduce that fo¢ € Lipy(Y,p) for all f € Lipy(X,d) and so Cy is a composition
operator from Lip,(X,d) to Lipy(Y,p). We claim that C, is surjective. Suppose
that g € Lipy(Y,p). Then ug € Lipy(Y,p) since diam(Y) < . The surjectivity of
T implies that ug = T(f) for some f € Lipy(X,d). Therefore, g = fo¢p = Cy(f).
Hence, our claim is justified.

By Lemma 3.3, ¢ : Y — ¢(Y) is injective and a Lipschitz homeomorphism from
(Y,p) to (¢(Y),d). Hence, there exists M > 0 such that p(x,y) < Md(p(x),p(y)) for
all x,y € Y. This implies that

inf{d(co(x)xp(y))

X, yEY.x#y =M >0, 3.2)
p(x) 1

where M' =1/M.
We now assume that K is a nonempty compact subset of Y. Then inf{|u(y)|:y €
K} = |u(y;)| for some y; € K. This implies that
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forall x € K, y € Y with x # y. Hence, by (3.2) and |u(y;)| > 0, we have

inf{u(x)w xeK,yeY,x#y}

>|u<y1>|inf{w vy €V £y} > Muly)].

Therefore, the proof is complete. [J

4. Compactness of weighted composition operators

To obtain a necessary and sufficient condition for the compactness of a weighted
composition operator between Lipschitz spaces on pointed metric spaces, we need the
following result, which follows from an adaptation of the proof of [4, Lemma 2.5] to
the non-separable case.

LEMMA 4.1. [4, Lemma 2.5] Let (X,d) be a pointed metric space. Then every
bounded net {f }sen in (Lipg(X,d),p(x.a)(")) has a subnet that converges pointwise
on X to a function f € Lipy(X,d). Moreover, this convergence is uniform on each
totally bounded subset of X .

Having a look to the proof of [4, Proposition 2.3] and making use of Lemma 4.1, the
following theorem should be clear.

THEOREM 4.2. Let (X,d) and (Y,p) be pointed metric spaces. Let u be a K-
valued bounded function on Y, let ¢ : Y — X be a basepoint-preserving map and let
T = uCy be a weighted composition operator from Lipy(X,d) to Lipy(Y,p). Then T
is compact if and only if for each bounded net { f; } e in (Lipy(X,d), p(x 4)(-)) which
converges to the function 0 uniformly on totally bounded subsets of X, there exists a

subnet { fo. }yer of {fatrea such that limy py »)(T(f2,)) =0

THEOREM 4.3. Let (X,d) and (Y,p) be pointed metric spaces, let u € Lip(Y,p),
let ¢ :Y — X be a basepoint-preserving map, let ¢(coz(u)) be totally bounded in
(X,d) and let T = uCy be a weighted composition operator from Lipy(X,d) to
Lipy(Y,p). Then T is compact if and only iflimu(x)w =0 when d(@(x),(y))
tends to 0. ,,

Proof. We first assume that T = uC, is compact. Suppose that there exist € >
0 and two sequence {x,}» ; and {y,};, in ¥ with x, # y, for all n € N and
limy, e (@ (), () = 0, but |u(x,)| L251-202) > ¢ for all n € N. For each n € N
we define the function f, : X — K by '

fult) = {d(t7§0(yn)) dt,o(m)) <
' d(@(x,),9(va)) d(t,9(yn)) >
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for all 7 € X. It is easy to see that f, is a K-valued Lipschitz function on (X,d),

[fullx < d(@(xn),®(yn)) and p(x 4)(fu) < 1. Then {f,},en is a net of K-valued
Lipschitz functions on (X,d) which converges to the function O uniformly on X and
so converges to the function 0 pointwise. Hence,

lim f,,(xp) = 0, 4.1)
n
where x is the basepoint of X . For each n € N we define the function g, : X — K by

gn(t) = fult) = falxo) ~ (t€X).

It is clear that {g,},en is a net in Lipy(X,d) which converges to the function 0 uni-
formly on X. Moreover,

Px.a)(&n) = Px.a)(fn) <1,

forall n € N. By Theorem 4.2 and the compactness of T', there exists a subnet {gy, }yer
of the net {g, },en such that

li)I/np(Y,p)(T(gny» =0. (4.2)
From (4.1) and (4.2), we get
li;n [Pv,p)(T(8ny)) + |.fuy (x0) [Py, p) ()] =O.

This implies that there exists a y € I" such that

P o) (T (@n,)) + Uy (50) 1y py (1) < 5.
On the other hand,
|(xn, )d (@ (Xny), @ (V) + fi (%0) ((¥n,) — t(x,))|
P(xny»yny)
_ [uCxny, )8y (@ (X)) — 4y, )&, (@ )| _ T (8ny) (¥ny) — T(8my) Oy )|
p(x"y?y"y) p(x”y?y"y)
<pp)(T(8ny))-
Therefore,

d(@(xny); @ (V) d(@(xn); @(Vny)) (#(yny,) — u(xny))

n < n n
Julx 7)‘ p(x"y?y"y) utx y) p('xﬂy7yny) +f Y(XO) p(xnyayny) |
+ 1y (x0) [P (v,p) (1)
<1 (T () + oy (50) [P (1) < 5.

which is a contradiction.
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Conversely, suppose that limu(x)w =0 when d(¢(x),(y)) tends to 0.

Let {f}1ca be a bounded net in (Lipy(X,d),p(x.q4)(-)) that converges uniformly to
the function O on totally bounded subsets of X. Let M > 0 with p(x 4(f) <M for
all A € A. Assume that

d(e(x),0(v)

C = sup{|u(x)| p(x,y)

‘x,y €Y, x £y} 4.3)
Since u is bounded on Y and T = uCy, is a weighted composition operator, we deduce
that T is a bounded linear operator and C < 2||T|| by Theorem 2.2. Let € > 0 be given.
Then there exists 6 > 0 such that

< = (4.4)

whenever x,y € Y with 0 < d(¢(x),0(y)) <.

Since @(coz(u)) is totally bounded in (X,d), the net {f;},ca converges uni-
formly to the function 0 on ¢(coz(u)). Hence, there exists an 11 € A such that
for each 4 € A with 1 < 4, we have |fy(@(y))| < § for all y € coz(u), where
A= 3(% +3 +pyp)(u). Let L € A with n < 4. Then

TAC)IESS 4.5)
forall y € coz(u).
Let us now prove that

p(x,y) 6

holds for all x,y € X with x # y. To this aim, pick x,y € Y with x #y. Let us
distinguish the following cases.

Case 1. x,y € coz(u) with ¢(x) # @(y). Then we have
7)) = TR _ [u)fi (@) —u)fir(e())]

p(x,y) p(x,y)

1fr (o) = frlel))l |u(x) —u(y)|

< oGy |u(x)| + oty 1f2 (o)l

alow) — filo)| d(o(x), () ()

S d(ex),00) p(x,y)
+ Py, (W2 ()]

If 0 <d(p(x),p(y)) <6, then
T(fz)();)(;yT)(fx)(y)l <p(X,d)(f)L)ﬁ+p(Y,p)(u)§ < §+§ _ %8’
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by (4.4) and (4.5). If d(¢(x),p(y)) = &, then

1)) TUAION LA OO £,
< P ) = G5 + P ) < 5,
by (4.3) and (4.5).
Case 2. x,y € coz(u) with x#y and ¢(x) = ¢(y). Then
by (4.5).
Case 3. x € coz(u) and u(y) =0. Then
T()@) =T _ Ju@)faleM)]  Julx) —uly)| .
eyl ey ply W)
e €
SPup )7 <3,

by (4.5).
Case 4. u(x) =0 and y € coz(u). By similar to the argument in case 3, we have

7)) ~T(R)WI _ e
p(x,y) 2

Case 5. x,y € Y with x #y and u(x) = u(y) =0. Then

T(f)x) =T
p(x,y)

=0.

Summarising, we have proved that (4.6) holds for all x,y € Y with x # y and so
5¢
Pp)(T(f2)) < < <& This implies that

li){np(Y,p)(T(fl)) =0.

Therefore, T is compact by Theorem 4.2. [J

Note that in the sufficiency part of Theorem 4.3, we can not remove the total
boundedness of ¢(coz(u)) in (X,d) in general. To show this assertion we need the
following lemmas.

LEMMA 4.4. Let (X,d) and (Y,p) be pointed metric spaces andlet ¢ :Y — X be
(9(x).0())

. . : . . . d
a basepoint-preserving uniformly continuous mapping. Then lim oY)
d(o(x),0(y)) tends to 0 if and only if @ is supercontractive from (Y,p) to (X,d).

=0 when
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Proof. We first assume that lim% =0, when d(¢(x),p(y)) tends to 0.

Let € > 0 be given. Then there exists §; > 0 such that W <&, when x,yeY
with 0 < d(¢(x),@(y)) < 6. Since ¢ is a uniformly continuous mapping from ¥,p)
to (X,d), we deduce that there exists 0 > 0 such that d(¢(s),®(r)) < d;, when s, €Y
with p(s,z) < &. Suppose that x,y € Y with 0 < p(x,y) < 8. Then d(@(x),p(y)) <
8. If ¢(x) = ¢(y), then W =0<e If 0<d(o(x),p(y)) < &, then by the

argument above, we have W < €. Therefore, ¢ is supercontractive from (Y, p)

to (X,d).

We now assume that ¢ is supercontractive. Let &€ > 0 be given. Then there
exists dp > 0 such that W < & when x,y €Y with 0 < p(x,y) < &. Take
0 = &6 and assume that 0 < d(¢(x),@(y)) <0 when x,y €Y. If 0 < p(x,y) < &,

d(e(), d(p(x), d(p(),
then ((pg)(c))c;s(y)) <e. If p(x,y) > & then ((pg)(c))c;s(y)) < (q)(xgoqo(y)) < % = €. Therefore,

- d(0().00)
lim =555

=0, when d(¢(x),o(y)) tends to 0. Hence, the proof is complete. [

LEMMA 4.5. Let (X,d) and (Y,p) be pointed metric spaces, let diam(Y) < oo,
let @ 1Y — X be a basepoint-preserving Lipschitz mapping and let u € Lip(Y,p) with
lu(y)| =1 forall y €Y. Then Cy : Lipy(X,d) — Lipy(Y,p) is compact if and only if
uCy : Lipy(X,d) — Lipy(Y,p) is compact.

Proof. Since u € Lip(Y,p) and |u(y)| =1 for all y € Y, we deduce that 1 €
Lip(Y,p) and |1(y)| =1 forall y € Y. Itis easy to see that if {f3}1c4 be a net in
Lipy(X,d), then the net {f; 0@}, convergesin (Lipy(Y,p),p(yp)(-)) if and only if
{u-(fa o @)}ren convergesin (Lipy(Y,p),p(yp)(+)). This implies that Cy is compact
if and only if uCy is compact. [

THEOREM 4.6. Let (X,d) be a bounded pointed metric space and let ¢ : X — X
be a basepoint-preserving supercontractive Lipschitz mapping such that ¢(X) is not
totally bounded in (X,d) and let u € Lip(X,d) with |u(x)| =1 for all x € X. Then
T =uCy is a weighted composition operator from Lipy(X,d) to Lipy(X,d) which is
not compact.

Proof. By Lemma 4.4, limw =0 when d(¢(x),(y)) tends to 0. This

implies that lim u(x)% =0 when d(@(x),®(y)) tends to 0 since |u(x)| =1 for
all x € X. Since ¢(X) is not totally bounded in (X,d), an inspection in the proof of [4,
Theorem 1.2] reveals that Cy is not compact operator from Lip,(X,d) to Lipy(X,d).
Hence, T = uC,, is not compact by Lemma 4.5. [

In the following example we give a metric space (X,d), a supercontractive Lipschitz
mapping ¢ : X — X and a K-valued function # on X satisfying the conditions of
Theorem 4.6.

EXAMPLE 3. Let X be an infinite subset of K\ {iy:y € R} and let d be the
discrete metric on X . Choose a point xg € X as the basepoint of X. Define the map



WEIGHTED COMPOSITION OPERATORS 559

¢:X — X by
0(z) =z (z€X).

Then ¢ is a basepoint-preserving supercontractive Lipschitz mapping from (X,d) to
(X,d) and @(X) is not totally bounded in (X,d). Let o € K with |ct| = 1. Define the
function uy : X — K by

ug(z) = orsgn(Rez) (zeX).

Then ug, is a Lipschitz function on (X,d) and |uy(z)| = 1 forall z € X . Itis clear that
Ty = uqCyp is a weighted composition operator from Lip, (X ,d) to Lipy(X,d).

Applying Theorem 4.3, we give a sufficient condition for the compactness of a weighted
composition operator uCyp, from Lip(X,d) to Lipy(Y,p).

THEOREM 4.7. Let (X,d) and (Y,p) be pointed metric spaces, let u € Lip(Y,p),
let ¢ :Y — X be a basepoint-preserving map, let ¢(coz(u)) be totally bounded in
(X,d) and let T = uCy be a weighted composition operator from Lipy(X,d) to
Lipo(Y,p). If @ is supercontractive on coz(u), then T is compact.

Proof. Assume that @ is supercontractive on coz(u). Let € > 0 be given. Then

(9(x).0()) £
p(x.y) I+H[ullLip(y,p)

and assume that x,y € Y

when

there exists a positive number &y with dy < 1 such that d

x,y € coz(u) with 0 < p(x,y) < &. Take & = me(m
with 0 < d(@(x),@(y)) < 6. Let us now prove that

WLICICITI N @)

To this aim, we distinguish the following cases.

Case 1. x,y € coz(u) with 0 < p(x,y) < &. Then

d(o(x).9(v) _ lully € e
p(x.y) '

< ully
L+ [|uf| Lipey,p)

Case 2. x,y € coz(u) with p(x,y) > & . Then

do)00) _ 0 dlot)00)  lulved
plxy) '

()] & 8o (1 + [|ulLip(r p))

Case 3. x € coz(u) and u(y) =0. Then

d(@(). 9()) _ Julx) —ub)|
p(x,y) p(x,y)
< E.

_ Prped
(0, 00)) < Pirp) )8 = T e
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Case 4. u(x) =0 and y € coz(u). Then

Therefore, (4.7) holds and so limu(x)% =0, when d(¢(x),p(y)) tends to 0.
Hence, T is compact by Theorem 4.3. [

The following example shows that the converse of Theorem 4.7 is not valid.

EXAMPLE 4. Let X = (—2,2), let d be the Euclidean metric on X and let xo =0
be the basepoint of X . Define the function u : X — C by

u(x) =x (xeX).
Then u € Lip(X,d). Define the map ¢ : X — X by

ov) =sen(x)  (xeX).
Then ¢ is a basepoint-preserving map and it is easy to see that

d(o(x),0())

sup{Ju() “2 T E

x,yEX,x#£y}<2.

Hence, T = uC,, is a weighted composition operator on Lip,(X,d) by Theorem 2.1.

Moreover, it is clear that lim M(X)M =0 when d(¢(x),@(y)) tends to 0. Since

pxy
o(coz(u)) = {—1,1}, we deduce that @(coz(u)) is a totally bounded set in (X,d).

Therefore, T is a compact weighted composition operator by Theorem 4.3.
On the other hand,
d(e( )

=|!
L

W)
a5

forall n € N with n > 2. Hence, ¢ is not supercontractive on coz(u).

| ‘S

(5
T

2
_7:]/1,
n

Y

In spite of the previous example, the following result reveals ¢ has to be supercon-
tractive on some subsets of coz(u). More precisely we have the following theorem.

THEOREM 4.8. Let (X,d) and (Y,p) be pointed metric spaces, let u € Lip(Y, p),
let ¢ :Y — X be a basepoint-preserving map, let @(coz(u)) be totally bounded in
(X,d) and let T = uCy be a weighted composition operator from Lipy(X,d) to
Lipg(Y,p). If T is compact, then @ is supercontractive on compact subsets of coz(u).

Proof. Suppose that T is compact. By Theorem 4.3, limu(x)w =0 when

d(o(x),p(y)) tends to 0. Let K be a nonempty compact subset of coz(u). Let € >0
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be given. Take C = inf{|u(y)| : y € K}. The continuity of u on coz(u) implies that
C > 0. By the assumptions there exists 0; > 0 such that

< Ce, (4.8)

when x,y € Y with 0 <d(¢@(x),@(y)) < 6. By Corollary 2.4, ¢ is a Lipschitz mapping
from (K,p) to (X,d). Hence, ¢ is a uniformly continuous mapping from (K,p) to
(X,d). This implies that there exists & > 0 such that d(¢(x), ¢(y)) < 8 when x,y € K
with p(x,y) < 6. Suppose that x,y € K with 0 < p(x,y) < 6. Then d(¢(x),9(y)) <

31 1f 9(x) = @(y), then XELLLN — 0 <& 1f 0 < d(p(x), @(y)) < 8 , then we have

d(e(),0() _ [ux)ld(e(x).0() _ Ce
p(x7y) h CP(X,Y) C

:87

by (4.8). Therefore, ¢ is supercontractive from (K,p) to (X,d) and the proof is com-
plete. U
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