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LEFT AND RIGHT GENERALIZED DRAZIN INVERTIBLE
OPERATORS ON BANACH SPACES AND APPLICATIONS

D. E. FERREYRA, M. LATTANZI, F. E. LEVIS AND N. THOME*

(Communicated by R. Curto)

Abstract. In this paper, left and right generalized Drazin invertible operators on Banach spaces
are defined and characterized by means of the generalized Kato decomposition. Then, new
binary relations associated with these operators are presented and studied. In addition, a new
characterization of the generalized Drazin pre-order and a sufficient condition for that to be a
partial order are given by using a matrix operator technique.

1. Introduction and background

Generalized inverses of matrices and operators have received an increasing inter-
est in the last decade [2, 9, 11]. Specially, they are used to introduce new pre-orders
and partial orders on matrix spaces [7, 8, 14], on Hilbert or Banach spaces or Banach
algebras [4, 12, 13], and even on rings [6, 10]. In these papers, authors introduced new
generalized inverses and new pre-orders and partial orders, most of them extending
some known results existing for matrices in the literature.

Let X be a complex Banach space and let £ (X) be the Banach algebra of all
bounded linear operators on X. An element A € £(X) is quasi-nilpotent if
lim,, .. ||A"||'/" = 0.

An operator A € .Z(X) is g-Drazin invertible if there exists a unique B € .Z(X)
such that

AB=BA, BAB=B, and A —ABA is quasi-nilpotent.

The operator B is called the generalized Drazin inverse of A and it is denoted by A¢
(see for instance [9]).

Foreach A € .Z(X), we denote by N(A) and R(A) the kernel and the range of A,
respectively. Let A € £ (X) be a g-Drazin invertible operator, then the matrix forms of
operators A and A? with respect to the decomposition X = N(I — AAY) & R(I — AAY)

are given by
_|A1 O d_ AIIO
A_[O 2} andA_[OO,
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where A; is invertible and A, is quasi-nilpotent [9, Theorem 7.1]. If we write

A O 00
AC:|:01 0:| and AQ: |:0A2:|’

then A = Ac+Ag is known as the core quasi-nilpotent decomposition of A. The oper-
ator Ac is called the core part of A and Ay is called the quasi-nilpotent part of A (see
[9] for more details).

Let A € .Z(X). Anelementin the set {B € .Z(X): BA=1} is denoted by (A).f.

Recall that a binary relation on a nonempty set which is reflexive and transitive is
called a pre-order. A partial order is a pre-order that also satisfies the antisymmetric
property. The relation < on the set of all g-Drazin invertible operators of .Z(X) is
known as the Drazin pre-order (see [13]). Recall that A < B if and only if A?A = A“B
and AA? = BA“.

In [12, 13], the authors defined and investigated new pre-orders on the set of all
bounded linear operators on Banach spaces generalizing the definitions of the binary
relations given in [7]. Two generalized Drazin pre-orders and an extension of the gen-
eralized Drazin pre-order to a partial order was considered in [12].

Throughout this paper, X; & X, will denote the topological direct sum of X; and
X5, both of them closed subspaces of X. If X =X @ X>, it is said that X; is comple-
mented in X with Xj.

Let A€ .Z(X). A subspace M of X is A-stable if A(M) C M, in this case the
restriction of A to M is denoted by Ay, with Ay € £ (M). A subspace X; C X
reduces A if there exists another subspace X, C X such that X = X; & X, with X; and
X, being A-stable subspaces. When a pair of subspaces (X,X>) satisfies this property
we write (X1,X») € Red(A). In this case, the restrictions A} := Ax, and A; := Ay, act
on X; and Xp, respectively, and A = A| @ A, in the sense that any x € X has a unique
decomposition x = x| +x;, x; € X;, with Ax = Ajx; +Axxy, where A; € £(X;), for
i=1,2.

This paper is organized as follows. In Section 2, we describe the relationship be-
tween the subspaces of a generalized Kato decomposition and the Mbekhta subspaces
for operators weaker than pseudo-Fredholm operators. In Section 3, we define and char-
acterize left and right generalized Drazin invertible operators in terms of the general-
ized Kato decomposition. Then, we give new binary relations by means of left and right
generalized Drazin invertible operators that become pre-orders. As it is shown, these
pre-orders extend the pre-orders given by [13]. As a consequence, the well-known
Drazin pre-order can be obtained by combining these new left and right pre-orders.
Section 4 develops a new technique to define new partial orders by using left and right
generalized Drazin invertible operators on a Banach space.

2. On the Kato decompositon and the Mbekhta subspaces

There exist two subspaces of X that play an important role in the development of
the generalized Drazin inverse of an operator A € .#(X), namely, the quasi-nilpotent
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part Hy(A) of A:
Ho(A) = {x € X : lim |A"x||Y/" = 0}
and the analytical core part K(A) of A:

K(A) = {x € X : there exist a sequence (x,) € X and a constant§ > 0 such that
Ax| = x, Axpy1 = xn and ||x, || < 0"||x|| for alln € N}.

From the above definitions (see [1, Theorem 1.41 and Lemma 1.67]), it follows that
A(K(A)) =K(A) and A(Ho(A)) C Ho(A). (1)

DEFINITION 2.1. [1, Definition 1.11]Let A € .Z(X). If R(A) is closed and N(A")
CR(A), forevery n € N, then A is said to be semi-regular.

DEFINITION 2.2. Let A € .Z(X). If there exists a pair of subspaces (X1,X2) in
X such that (X;,X2) € Red(A) with A; semi-regular and A, quasi-nilpotent, then A
is said to be a pseudo-Fredholm operator. In this case, the pair (X;,X») is called a
generalized Kato decomposition for A and it is denoted by GKD(X1,X>).

The following results provide us with some useful and important properties.

THEOREM 2.3. [3,5, 15] Let A € £ (X). Then the following statements are equiv-
alent:

(a) A is g-Drazin invertible;
(b) X =K(A)®Ho(A);

(c) A=A1DA; where Aj=Agn)€ZL (K (A)) is invertible and Ay= Ay a) €L (Ho(A))
is quasi-nilpotent.

THEOREM 2.4. [1, Theorem 1.41 and Corollary 1.69] If A € £ (X) is a pseudo-
Fredholm operator with GKD(X1,X,) then:

(a) K(A)=K(Ay) and K(A) is closed;
(b) Ho(A) = Hy(A1) ® Ho(A2) = Ho(A1) © X2,
(c) N(A;)=K(A)NN(A).

THEOREM 2.5. [1, Theorem 1.22] Let F' be a closed subspace of X and let A €
LX) IfA(F)=F then F CK(A).

Next result will be crucial for the subsequent proofs. It basically describes the re-
lationship between the subspaces of a generalized Kato decomposition and the Mbekhta
subspaces when the operator A € .Z(X) admits a left and/or right invertible part plus a
quasi-nilpotent part.
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LEMMA 2.6. Let A € £(X) be a pseudo-Fredholm operator with GKD(X;,X>).
(a) If Ay is left invertible then Hy(A) is closed in X and X, = Hy(A).
(b) If Ay is right invertible then K(A) is closed in X and X; = K(A).

Proof.

(a) Assume that A; is left invertible and let x € Hy(A;). Then there exists M > 0 such
that
[[x][M* < [|ATx], neN.
Hence, limsup |[x||'/* =0, i.e., Hy(A;) = {0} . Thus, by Theorem 2.4 (b) it follows

n—o0

that X, = H()(A).

(b) Suppose now that A; is right invertible. Since A;(X;) = Xj, it then results X; =
K(A;) =K(A) by Theorem 2.5 and Theorem 2.4 (a). O

COROLLARY 2.7. Let A € £(X) be a pseudo-Fredholm operator with
GKD(X1,X3). If Ay is invertible then X = K(A) and X, = Hy(A).

3. Left and right pre-orders on ¥ (X)

We start with the following definitions of left and right generalized Drazin invert-
ible operators.

DEFINITION 3.1. An operator A € .Z(X) is said to be left g-Drazin invertible if
Hy(A) is complemented in X with a subspace I/ such that A(L*) is complemented in
LA

The set of all subspaces associated with an operator A satisfying Definition 3.1 is de-
noted by {I4}.

DEFINITION 3.2. An operator A € .Z(X) is said to be right g-Drazin invertible
if K(A) is complemented in X with a subspace R* such that A(R*) C R* C Hy(A) and
N(A)NK(A) is complemented in K(A).

The set of all subspaces associated with an operator A satisfying Definition 3.2 is de-
noted by {R4}.

Now, we present a characterization of left generalized Drazin invertible operators
by using a generalized Kato decomposition.

THEOREM 3.3. Let A € £ (X). Then the following statements are equivalent:
(a) A isleft g-Drazin invertible with A e {LA};

(b) A is a pseudo-Fredholm operator with GKD(L*,Hy(A)), where Ay is left invert-
ible;
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(c) there exists a projection P € £ (X) such that AP = PA, (A+ P)yp) is left invert-
ible and AP is quasi-nilpotent.

Proof. (a) = (b) If A is left g-Drazin invertible with 4 € {I}, then there exist
subspaces [ € {IA} and B C I such that

[A®Hy(A)=X and A(LY)®B=I". 2)

By (1), (L*,Ho(A)) € Red(A) holds. It is clear that Ay = Ay (4) is quasi-nilpotent.
Furthermore, if Aj = A;a then we have N(A;) = LANN(A) C LN Hy(A) = {0}. So
A is injective, and by (2), A; is left invertible. Consequently, A is a pseudo-Fredholm
operator with GKD(L*,Hy(A)), where A; is left invertible.

(b) = (c) Assume that A is a pseudo-Fredholm operator with GKD(L*, Ho( )), where
Ay is left invertible. Let P € .Z(X) be the projection onto R(P) = Hy(A) along
N(P) =ILA. Thus, X = N(P) @ R(P). By hypothesis, we have that A(R(P)) C R(P)
and A(N(P)) CN(P).

Let x € X . Itis clear that x = x1 +x, is uniquely represented in this form with x; € N(P)
and x; € R(P). Note that APx = Ayx, = PAx, i.e., AP = PA. So, (AP)"x = A"P"x =
Alxy, for any n € N, and consequently

IAP)'x||" = [[A%xa|| 7 — 0, as n— oo

Therefore, Hy(AP) = X . Hence, AP is quasi-nilpotent.
Now, by hypothesis and from (A + P)yp) = A, item (c) holds.
(¢) = (a) Suppose that there exists a projection P € £ (X) such that AP = PA, (A+
P)y(py is left invertible, and AP is quasi-nilpotent. We know that X = N(P) © R(P)
since P is a continuous projection. As A and P commute, N(P) and R(P) are A-stable
subspaces, and so (N(P),R(P)) € Red(A). For x € R(P), we have AgpyX =A"P"x =
(AP)"x, for any n € N. Thus, Ho(Ag(p)) = R(P) since AP is quasi-nilpotent. This
implies that Ag(p) is quasi-nilpotent.
On the other hand, clearly AN( p) is left invertible since Ayp) = (A+ P)y(p). Thus,
Ho(An(p)) = {0}. Hence, A is a pseudo-Fredholm operator with GKD (N(P),R(P)).
Consequently, Ho(A) = Ho(An(p)) ® R(P) = R(P) by Theorem 2.4. Summarizing this
reasoning we have that Hy(A) & N(P) = X, where A(N(P)) is complemented in N(P)
because Ay (p) is leftinvertible. It follows that A is left g-Drazin invertible with N(P) €
{IA}. The proof is complete. [

We get a similar result for right generalized Drazin invertible operators.

THEOREM 3.4. Let A € £ (X). Then the following statements are equivalent:
(a) A is right g-Drazin invertible with R* € {R4} ;

(b) A is a pseudo-Fredholm operator with GKD(K(A),R*), where Ay is right invert-
ible;

(c) there exists a projection P € £(X) such that AP = PA, (A+ P)yp) is right in-
vertible and AP is quasi-nilpotent.
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Proof. (a) = (b) If A is right g-Drazin invertible with R4 € {RA}, then there
exist subspaces R4 € {R"} and B C K(A) such that

K(A)®R*=X, AR') CR*CHy(A), and (N(A)NK(A)®B=K(A). (3)

By (1), (K(A),R*) € Red(A). From (1) and (3) it follows that A; = Ak(a) is surjective
and N(A;) = N(A)NK(A) is complemented in K(A). Thus, A; is right invertible.
Moreover, Ay = Aga is quasi-nilpotent since Ho(A,) = Ho(A) NR* = R*. Hence, A is
a pseudo-Fredholm operator with GKD(L*, Hy(A)), where A; is right invertible.

(b) = (c) Assume that A is a pseudo-Fredholm operator with GKD(K(A),R"), where
Ay is right invertible. Let P € .Z(X) be the projection onto R(P) = R* along N(P) =
K(A), and so X = N(P) @ R(P). A similar reasoning to that in the proof of Theorem
3.3 allows us to obtain that AP = PA, AP is quasi-nilpotent, and (A +P)yp) = A; is
right invertible.

(¢) = (a) Suppose that there exists a projection P € .Z(X) such that AP = PA, (A+
P)y(py is rightinvertible, and AP is quasi-nilpotent. As in the proof of Theorem 3.3 we
have that (N(P),R(P)) € Red(A) and Ag(p) is quasi-nilpotent.

On the other hand, clearly, Ay p) is right invertible since Ayp) = (A + P)y(p). Thus,
N(Ay(p)) is complemented in N(P). As A is a pseudo-Fredholm operator with

GKD (N(P),R(P)), Theorem 2.4 implies that N(Ayp)) = N(A)NK(A) and R(P) C
Hy(A) hold. Also, from Lemma 2.6 we get N(P) = K(A). Summarizing this reason-
ing we have that K(A) ®R(P) = X, A(R(P)) C R(P) C Ho(A), and N(A)NK(A) is
complemented in K(A). Hence, A is right g-Drazin invertible with R(P) € {RA}. O

COROLLARY 3.5. Let A€ £(X). Then A is g-Drazin invertible if and only if A
is left and right g-Drazin invertible.

In what follows we define new binary relations based on the left and right g-Drazin
inverses of a bounded linear operator on Banach space.

DEFINITION 3.6. Let A,B € .Z(X) be left g-Drazin invertible operators. It is
said that A <LP B if [2 is complemented in [B with a B-stable subspace L of X such
that B;a = A4, for some LA € {I*} and L? € {L5}.

REMARK 3.7. The subspace L in Definition 3.6 is closed in X .

Now, we are able to establish a characterization of the binary relation <LD

THEOREM 3.8. Let A,B € £ (X) be left g-Drazin invertible operators. Then the
following statements are equivalent:

(a) A=PB;

(b) there exist topological direct sums X = X1 ® X, and X = X12 EBX22 such that

[ar0 [ar 0
a=loa) wa o= |8 nln)
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where A; € £ (X;), B} € L (X?), for i=1,2, with A ,B% being left invertible and
Az,Bg quasi-nilpotent.

Proof. (a) = (b) Since A <P B, there exist subspaces L C X, L* € {I*} and
LB € {1} such that

B(L)CL, L*®L=1L" and Bj=Aj..

By Theorem 3.3, we have that A and B are pseudo-Fredholm operators with
GKD(LA,Hy(A)) and GKD(L?, Hy(B)), respectively, and with A; and B being left
invertible. Then

By =B;s =Bja®B.=A;s DB =A1 DB,

Let us denote X7 =L, X7 = Hy(B), X, =IL*, X, =X? ® X3, B} =B, and B5 = B;.
Since X = LP @ X7 and LP = X, ® X7, it is easy to see that X = X; & (X} & X3) =
X, @ X. Thus,

_1A1 O Ay 0
=lon] moe=[Unls]

where A; € Z(X;), B? € Z(X?), for i = 1,2, with Aj,B? being left invertible and
A2, B3 quasi-nilpotent.

(b) = (a) Suppose that A and B are given as in (b). Clearly, the pair (X;,X,) is a
generalized Kato decomposition for A, because A; is left invertible and A, is quasi-
nilpotent. Thus, from Lemma 2.6 (a) we obtain X, = Hy(A) and then X =X; & X, =
X1 @ Hy(A). Moreover, since Ay : X; — X is left invertible, then A(X;) = A;(X;) is
complemented in X; . Hence, X; € {IA}.

As X =X ® X, and Xp = Xf EBXZZ, we arrive at

X=X oX}) X5 “4)

Then, the pair (X; © X?,X7) € Red(B). Moreover, B; =A; ©@ B2 : X; @ X{ — X © X}
is left invertible because

o [ s Lol

Therefore, since B3 : X7 — X7 is quasi-nilpotent, the pair (X; ®X?,X7) is a generalized
Kato decomposition of B. Thus, by applying Lemma 2.6 (a) we obtain

X3 = Hy(B). (5)

Also, the left invertibility of By implies that B(X; & X?) is complemented in X; & X7.
So, from (4) and (5) we have X; ® X? € {LB}.
Finally, if we take L = X;, L =X?, and L? = X; ® X} then there exists a B-stable
subspace L such that I @& L = L8 and B;a = A| = Ax, = A4, which completes the
proof. [

As a consequence of the proof the above theorem, we obtain the following remark.



576 D. E. FERREYRA, M. LATTANZI, F. E. LEVIS AND N. THOME

REMARK 3.9. If A <P B then Hy(A) = L® Hy(B), with L satisfying Definition
3.6.

In general, the binary relation <P is not antisymmetric as it can be derived from
the following result.

COROLLARY 3.10. Let A,B € £ (X) be left g-Drazin invertible operators. If
A <P B and B <P A then there exists a topological direct sum X = X1 & X, such that

A1 O A1 O
A_{OAJ and B—{OBJ,

where A; € £(X;), for i=1,2, By € £(X;), with Ay being left invertible and A;,B;
quasi-nilpotent.

Proof. Since A <P B, by Remark 3.9 we obtain Hy(A) = L & Hy(B). Analo-
gously, from B <P A we have Hy(B) = L' @ Hy(A), for some subspace L'. Thus,
Hy(A) = Hy(B), L= L = {0}, and I* = L. The conclusion follows immediately
from the proof of Theorem 3.8. [

Notice that the set of all left g-Drazin invertible operators in .#(X) is nonempty
(for instance, I € Z(X)). An important consequence of the characterization given in
Theorem 3.8 is the following.

THEOREM 3.11. The relation <P is a pre-order on the set of all left g-Drazin
invertible operators in £ (X).

Proof. Tt is immediate to see that reflexive property holds. Let A,B,C € £ (X) be
left g-Drazin invertible operators such that A <P B and B <P C. Since A <" B, by
Theorem 3.8 there exist topological direct sums X = X; ® X, and X, = X12 @Xzz such

that
A1 O _|Ar O
P I PP

where A; € Z(X;), Bl-2 ey (Xl-z), for i = 1,2, with A17B% being left invertible and
Ay, B3 quasi-nilpotent. As it was proved in Theorem 3.8, X = (X; © X?) © X} and the
operator B can be represented as
B O
S

where B; = A © B} € Z(X; ®X}) is left invertible. From B <P C, it is analogously
proved that X = Y2 © Y7 and

[B1 0
C‘[O C%@C%}’
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where C? € Z(Y?), for i = 1,2, with C? being left invertible, and C5 € £ (Y5) quasi-
nilpotent. Clearly, X =X, & (X{ & (Yf@Y;)) =X, @ (X} @Y})@Y]). Therefore,
the operator C can be written as

Cc— Ay 0
0 (BieChHaCs
where B} ©C} € L (X} @ Y}) is left invertible. Hence, A <P C. O
By using the characterization given in Theorem 3.8, we next provide an example
to show that the generalized Drazin pre-order < defined in [13] is a proper subset of
<P This means that our pre-order < is an extension of <¢.

EXAMPLE 3.12. Let X; = {x = (x,)5_; € > 1 x00-1 =0}, Xo = {x= (%), €
12: x5, = 0} and let A; : X; — X;, i = 1,2, be the bounded linear operators defined by

X5 X7
70,—,0,—,...).
5 7

X3

Ajx = (0,x2,0,x4,...) and Arx = (?

Clearly, 2 =X; & X», A is invertible, and

Ak — X2k+1 0 X2k+3 0 X2k+5
2 357...2k+1)" 7579...(2k+3)" " 7911...(2k+5)""")’

for k > 1. Note that if n € N is odd then H ey s+l < . Thus, [Akx] <
1

)
(Z X3, +1> < Hki,H and then ||A% ||% < % Therefore, A, is quasi-nilpotent and

then Hy (AQ) Xs.
Hence, the operator A : > — [? defined by
Ax = (?a)@a?ax‘h)ﬁ;ja“') y X = (x"):thI
is a bounded linear operator that satisfies A = A; & A,. Thus, A is left g-Drazin invert-
ible with LA = X; and Hy(A) = X,.
Let B:[? — [? the injective bounded linear operator defined by

Bx = (0,x2,x1,%4,X3,...), x= (Xp)p—-

It is easy to see that B is left invertible and then it is left g-Drazin invertible with
LB =% and Hy(B) = {0}. If we take L = X», it then follows that A <“” B. However,
B is not g-Drazin invertible. In addition, by Theorem 2.3 we have K (B) = I* and Bgp)
is invertible, which is impossible since it is not surjective in I2. Therefore, A < B does
not hold.

DEFINITION 3.13. Let A,B € .£(X) be right g-Drazin invertible operators. It is
said that A <RP B if K(A) is complemented in K(B) with a B-stable subspace L of X
such that BK(A) = AK(A)'
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REMARK 3.14. The subspace L in Definition 3.13 is closed in X .

THEOREM 3.15. Let A,B € ¥ (X) be right g-Drazin invertible operators. Then
the following statements are equivalent:

(a) A=RPB;

(b) there exist topological direct sums X = X1 ® X, and X = X12 EBX22 such that

_[A1 0 A 0
O P I e |

where A; € L (X;), Bl-2 € .,?(Xl?)7 for i=1,2, with Al,B% being right invertible,
and AQ,B% quasi-nilpotent.

Proof. (a) = (b) Since A <RP B, there exists a subspace L C X such that

By Theorem 3.4, there exist R* € {R*} and R? € {R®} such that A and B are pseudo-
Fredholm operators with GKD(K(A),R*) and GKD(K(B),R?), respectively, with A;
and B; being right invertible.

Let us denote X2 =L, X7 =R?, X; =K(A), X, =X} ® X7, Bi =B, and B3 = B,.
Since X = K(B) ® X7 and K(B) = X; ®X?, we have X =X, & (X7 ©X3) =X, © Xa.

Hence,
1AL 0 A 0
a=lon] moe=[Unin]

where A; € Z(X;), B} € £(X?), for i = 1,2, with Ay, B} being right invertible and
A2, B3 quasi-nilpotent.

(b) = (a) Suppose that A and B are given as in (b). Clearly, the pair (X;,X,) is a
generalized Kato decomposition for A, because A; is right invertible and A, is quasi-
nilpotent. Thus, by Lemma 2.6 (b) we have X; = K(A) and then

X =K(A)®X,. (6)

In a similar way to the proof of Theorem 3.8, it is proved that the pair (X; @ X7, X7) is
a generalized Kato decomposition of B, where By = A; ® B3 : X; © X} — X; X} is
right invertible and B3 : X3 — X7 is quasi-nilpotent. Hence, from Lemma 2.6 (b) we
have

K(A)® X} =X, ®X{ = K(B).

Since B(X?) = B{(X{) € X{ and Bg(x) = A1 = Ag(a), the proof is complete. [J
In general, the binary relation <P is not antisymmetric as it can be derived from
the following result.
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COROLLARY 3.16. Let A,B € £(X) be right g-Drazin invertible operators. If
A <KD B and B <RP A then there exists a topological direct sum X = X| ® X, such

that
1AL 0 A1 0
A_{OAz] and B—[OBJ,

where A; € £ (X;), fori=1,2, By € £(X3), with Ay being right invertible and A, B;
quasi-nilpotent.

Proof. Since A <RP B by Definition 3.13 we have K(B) = L& K(A). Analo-
gously, from B <RP A we obtain K(A) = L' ® K(B), for some subspace L'. Hence,
K(A) =K(B) and L =L = {0}. The conclusion follows directly from the proof of
Theorem 3.15. [J

Similar results to Theorem 3.11 can be obtained as a consequence of Theorem
3.15.

THEOREM 3.17. The relation <RP is a pre-order on the set of all right g-Drazin
invertible operators in £ (X).

The next example shows that the generalized Drazin pre-order <? defined in [13]
is a proper subset of <k

EXAMPLE 3.18. Let X; C [2, i=1,2,and let A : [> — [? be as in Example 3.12.
Let B:[? — % be the bounded linear operator defined by

Bx = (x3,%2,X5,X4,%7,...), X= (X3)p_q-

It is easy to see that B is surjective and then right g-Drazin invertible, with K(B) =
1> and R® = {0}. If we take L = X,, then A <R B. However, B is not g-Drazin
invertible. In addition, by Theorem 2.3 we have BK( B) is invertible, which is impossible

since it is not injective in I2. Therefore, A < B does not hold.

Our next result establishes an important characterization of the generalized Drazin
pre-order <¢ in terms of the new pre-orders <” and <RP . Before that, we quote the
following needed result.

THEOREM 3.19. [13, Corollary 2.1] Let A,B € £ (X) be g-Drazin invertible op-
erators. Then the following statements are equivalent:

(a) A="B;

(b) there exist topological direct sums X = X1 ® X, and X, = X12 EBX22 such that

T4, 0 A0
A_[OAJ and B_[OB%@B§]7

where A; € £(X;), B} € Z(X?), for i = 1,2, with A\,B? being invertible, and
AZ,B% quasi-nilpotent.
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Now, we are able to prove the following result.

THEOREM 3.20. Let A,B € £ (X). Then the following statements are equivalent:
(a) A='B;

(b) A= B qnd A <RP B,

Proof. (a) = (b) It follows immediately from Corollary 3.5 and Theorems 3.8,
3.15, and 3.19.
(b) = (a) Since A and B are left and right g-Drazin invertible operators, it is clear from
Corollary 3.5 that A and B are g-Drazin invertible. By Theorem 2.3 we have that A and
B are pseudo-Fredholm operators with GKD(K(A),Hy(A)) and GKD(K(B),Hy(B)),
respectively, where Aj =Ag(4) and B = Bgp) are invertible. Item (b) of Theorem 3.19

can be obtained in a similar way to the proof of Theorem 3.15. Hence, A < B. [

REMARK 3.21. The relations <, <P and <R are equivalent on the set of all
g-Drazin invertible operators.

4. New partial orders on £ (X)

It is well known that the generalized Drazin binary relation <¢ is only a pre-order,
because the quasi-nilpotente part of operators is not considered. As an application of the
previous results, the aim of this section is to give new binary relations on the set .Z(X).
In order to obtain partial orders on .Z (X ), it will be used the one-sided pre-orders <P
or <RP on the analytical core part and any partial order on the quasi-nilpotent part of
the operators. Up to now, the natural way to define a partial order is to consider two
operators in the core quasi-nilpotent form and to order both, the core part and the quasi-
nilpotent part. For that, it was used some known partial orders such as the sharp order
and the minus order, among others. In this section one of these conditions is weakened.
It is enough to consider a partial order on the quasi-nilpotent part and a pre-order on the
core part. In this way, a new sufficient condition for the generalized Drazin pre-order
to be a partial order is obtained.

By the symbol <” we denote any partial order on the set of quasi-nilpotent oper-
ators in .Z(X).

REMARK 4.1. By Theorem 3.8 and Theorem 3.15 it is easy to see that the follow-
ing statements hold:

(a) A =P B ifand only if Ac <P B¢.
(b) A <RP B if and only if Ac <P Bc.
DEFINITION 4.2. Let A,B € £(X) be left g-Drazin invertible operators and let

<" be any partial order (fixed but arbitrary) on the set of quasi-nilpotent operators in
Z(X). 1tis said that A <'PP B if Ac <P B¢ and Ag <P By.
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Since <P is a pre-order and <’ is a partial order we have that <P is a pre-order
on Z(X).

THEOREM 4.3. The relation <'P* is a partial order on the set of left g-Drazin
invertible operators of £ (X).

Proof. It is enough to check antisymmetric property. If Ac <P B¢ and B¢ <P
Ac, then by Corollary 3.10 A¢c = B¢,

00 00
AQ_[OAz]’ and BQ_[OBJ’

where X = X; @ X, and Ay, B, € £(X,) are quasi-nilpotent. Moreover, if Ag <F By
and By <P Ay it follows that A = B, and then A=B. [

An operator A € Z(X) is said to be regular (or relatively regular) if there exists
B € Z(X) such that ABA = A. The operator B is called an inner generalized inverse
of A. Let Z.,(X) be the class of all regular operators in .Z(X).

The minus partial order was defined in [6] for regular elements in rings. Let A,B €
Zreg(X). Then A is said to be below B under the minus order if there exists an inner
generalized inverse A~ of A suchthat AA™ =BA™ and ATA=A"B. We write A <™ B.

The following characterization is obtained when the relation <’ is particularized
to <~ in Definition 4.2.

THEOREM 4.4. Let A,B € £(X) be left g-Drazin invertible operators and let
<7 be the minus order on Zyeo(X). Then the following statements are equivalent:

(a) Ag,Bg € Lreg(X) and A <P~ B;

(b) there exist topological direct sums X = X1 & Xo and X, = X12 EBX22 such that

AL O A1 O
A‘[o%mﬂ and B_[oﬁ@ﬁy
where Ay € £ (X)), A3 € L(X3), B} € L(X?), for i= 1,2, the operators Ay,B}
being left invertible, A% <™ B% and A%, B% being relatively regular and quasi-
nilpotent.

Proof. (a) = (b) Since A <P~ B, by Theorem 3.8 there exist topological direct
sums X =X, d X, and X; = Xf @Xzz such that

A0 (A0
P ]

where A; € Z(X;), B? € Z(X?), for i = 1,2, the operators Aj, B3 being left invertible
and A2,B% being quasi-nilpotent. Hence,

00 0 O
AQ— |:0A2:| and BQ— |:OO®B%:|
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Let us suppose that

00 AT A3 (X} X?
T_[OB%] and Az_[AZA% | x2 — x2|-

By hypotheses Apg <™ By, thus Ay <~ T which implies R(A>) C R(T) and N(T) C
N(Az). Hence, A3=0, A3 =0, and A3 =0, ie., A = [8 fz] . Then A} € Z(X})
2
and A3 <~ B3. Finally, from Ag, Bg € Zyee(X) we get that A3, B3 are relatively regular.
This completes the proof.
(b) = (a) Itis trivial. O
Analogously, we can define the following pre-order on £ (X).

DEFINITION 4.5. Let A,B € #(X) be right g-Drazin invertible operators and
let <” any partial order (fixed but arbitrary) on the set of quasi-nilpotent operators in
Z(X). 1tis said that A <RPP B if Ac <RP B¢ and Ag <F By.

In a similar way to left pre-order we can prove the following results.

THEOREM 4.6. The relation <KPF s a partial order on the set of right g-Drazin
invertible operators in £ (X).

THEOREM 4.7. Let A,B € £ (X) be right g-Drazin invertible operators and let
<™ be the minus order on Zyeq (X). Then the following statements are equivalent:

(a) Ag,Bg € Lreg(X) and A <FP— B;

(b) there exist topological direct sums X = X1 ® X, and X = X12 EBX22 such that

(A0 A0
A‘[OO@Ag} and B_[OB%@Bg}’

where Ay € £ (X)), A} € Z(X3), B} € L(X?), for i = 1,2, with the operators
Aq ,B% being are right invertible, A% == B% and A% and B% being relatively regular
and quasi-nilpotent.

Notice that Definitions 4.2-4.5 and Theorems 4.4-4.7 extend [12, Definition 3.2]
and [12, Corollary 3.1], respectively.
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