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A NEW CLASS OF HYPERFINITE KADISON-SINGER FACTORS

FE1 MA AND YE ZHANG

(Communicated by Z.-J. Ruan)

Abstract. In this paper, we construct a new class of hyperfinite Kadison-Singer factors on sep-
arable Hilbert spaces, and we show that each of these Kadison-Singer factors is isomorphic to
a subalgebra of CSL algebra. Moreover, a sufficient and necessary condition for two of these
Kadison-Singer factors being isometrically isomorphic is given. Finally, we obtain that every
norm preserving automorphism on these Kadison-Singer algebras is inner.

1. Introduction

In 1960, Kadison and Singer (see [12]) introduced and studied a class of non-self-
adjoint operator algebras which they called triangular (operator) algebras. Suppose 77’
is a separable Hilbert space and #(J¢) is the algebra of all bounded linear operators
on 4, and ./ is a von Neumann subalgebra of Z(5¢). A triangular algebra .7 is a
subalgebra of .# such that J N.7* is amaximal abelian selfadjoint subalgebra of .# .
One of the interesting cases is .# = (). Nest algebras introduced by Ringrose (see
[7, 8]) are the most well understood non-selfadjoint algebras, it is a class of maximal
triangular algebras. Let £ be a set of projections in Z(77), and Alg(.¥) denote the
set of bounded operators that leave the range of every element of . invariant, i.e.,

Alg(L) = {T € B(H): (I—P)TP=0,%P € £}.

Dually, let o7 be a set of operators in #(7¢), Lat(</) denote the collection of projec-
tions whose ranges are left invariant by every element of <7, i.e.,

Lat(o/) = {P € B(H):P* =P,P>=P,(I—-P)TP =0T € </}.

Recall that a subalgebra &7 of Z(.5¢) is called reflexive if </ = Alg(Lat(<7)). Every
nest algebra is a reflexive algebra, and reflexive algebras are completely determined by
their lattices of invariant subspace projections.

In 2009, Ge and Yuan (see [10]) combined triangularity, reflexivity and von Neu-
mann algebra properties in a single class of algebras and introduced Kadison-Singer
(KS) algebras.
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DEFINITION 1.1. (See [10], Definition 1.) Let 7 be a separable Hilbert space.
A subalgebra &7 of Z(J) is called a Kadison-Singer algebra (or KS-algebra) if o/
is reflexive and maximal with respect to the diagonal subalgebra </ (.« of <, in the
sense that if there is another reflexive subalgebra % of %(#) such that &/ C % and
BB = o/ o*, then of = ZB. When the diagonal of a KS-algebra <7 is a factor,
we say 7 is a Kadison-Singer factor (or KS-factor). A lattice £ of projections in
HB(H) is called a Kadison-Singer lattice (or KS-lattice) if . is a minimal reflexive
lattice that generates the von Neumann algebra ", equivalently, . is reflexive and
Alg(Z) is a Kadison-Singer algebra.

In [10], Ge and Yuan gave a class of algebras with hyperfinite diagonals. Later,
in [11] they constructed three free projections with trace %, and then proved that the
reflexive lattices generated by these three projections are homeomorphic to the sphere
S? plus two points. In [6], Hou and Yuan generalized this result and proved the same
holds true for reflexive lattice generated by any double triangle lattice of projections
in a finite von Neumann algebra. Ren and Wu in [17] constructed a new kind of KS
lattices in separable Hilbert spaces. Dong and Hou in [1] studied the automorphisms
of some KS algebras. Wu and Yuan in [15] proved that if an abelian KS algebra .o/
is a subalgebra of matrix algebra M, (C)(n > 3), then &/ cannot be generated by a
single element. Similar results can be found in [2, 3, 4, 5, 9, 16]. KS-algebras bring
connections between selfadjoint and non-selfadjoint theories, so many techniques and
tools in von Neumann algebras can be used to study these non-selfadjoint algebras.

In this paper, based on the hyperfinite KS-factors in [10], we construct a class of
lattices and a class of unbounded operators in separable Hilbert spaces, then we prove
that this lattice algebra is isomorphism to a subalgebra of CSL algebra. Moreover, we
show that Alg(.Z(ny,ny,---,ng,--+)) is isometrically isomorphic to
Alg(Z(my,my,--- ,my,---)) if and only if n; =m;, forall i=1,2,--- . Furthermore, in
Section 3, we show that if n; =2 for each i, then every norm preserving automorphism
on Alg(%.) is an inner automorphism.

2. Hyperfinite KS-factors

In this section, we shall construct a new hyperfinite KS-Factor. Similar to [10],
let My, (C) (n; > 1) be the algebra of n; x n; matrices and &/ obtained by tak-
ing the completion (with respect to operator norm) of ®5_, My, (C). Then we may

write &/ for M, @ M,, ®---. We denote by Ei(f),hj =1,...,n, the standard matrix

unit system for M, (C) (k=1,2...),and forall m=1,2---, let

1
EM=YE" i=12-n,
=1

t

be projections of M, (C). Let
Nn(ni,na, - ) = My, (C) @My, (C) ® -+ - @ M, (C). 2.1)

Then & = U _ Ap(ni,na,---,ny). Now, we construct (inductively) a family of pro-
jections in Ay, (ny,no, -, npy) .
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If m=1,define P ;, =¥/ ES), ji=1,...,nm —1,and Py, = nll SE
Suppose when k <m— 1, for each Je=1,...,n, P;wk € M(ny,np,---,ny) is deﬁned
Now when k = m, we define

Jm (m)
P =Pu-tiny -1 (I =Pucip, 1) LE . ju=1...mm—1, (22
i=1

Pm7nm :mel,nm,lfl + (I_mel,nm,l l ( 2 Es ) . (2.3)

mgr=1

Denote by .2, (ny,na, - ,ny,) the lattice generated by {Fj, : 1 <k <m,1 <
Je <np} and Zo(ny,na, - iy +) = UpBn(ng,na, -+ ,ny), the lattice generated by
{Pk7 k> 1L 1< < ni} . If the sequence {nk};"z 1 is clear, without causing confusion,
we may write Ay, L, Leo instead of Ay, (ny,n2,-+ ,0y), Ln(n1, 02, ;)
Loo(ny,ny, -+, --+). We can easily show that .4;, is generated by %, (as a finite-
dimensional von Neumann algebra).

Let p; be a faithful state on My, (C), and p = p; ® p2®---. Clearly, p is a state
on o . Let s and %, be the Hilbert space obtained by GNS construction on (<7, p)
and (My, (C),py). Itis well-known (see Chapter 11.4 in [13]) that the weak operator
closure of &/ in () is a hyperfinite factor % (In particular, the factor % is type
I1, if p isatrace). Then ., and Z.. become lattices of projections in % . It is similar
to [10] we can prove that Alg(-%.) is KS-factor containing the hyperfinite factor %’
as its diagonal and the following lemma.

LEMMA 2.1. 10 With 4 c M defined above, we have

Alg(A)={ Te®(x): ENTE) =0, 1<j<i<n;

() (1) (1) (1) _ (1) (1)
ZEM TE; = 2E12 TE; = ElanEnll}7
Jj=1 J=2
where El-(jl) (i,j =1,...,n1) are the matrix units for .
Let Fi = 2 and

li’ll’

Hm
Eﬂ = (I - melvnmfl*l) EEZ(;lnrl
i=1
Now, we construct a class of operators {V,,}. Define V,, : 77 — 2 with
np— 1
2 EY + ZEml Py 1+,

and when m > 2,

Vin = m—1,n,,_1—1 + (I_Pm—l,nm,l—l)(E(m)

ny—1

+Fy).

By the definition of V,, we have the following fact.
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LEMMA 2.2. If k > m, then VkPm,nmfl = Pm,nmfl = Pm,nmfle-

Proof. From the definition of V,,, it is easy to see that when k > m,
Vk - Pm,nm—l

= (I=Pupp—1)Pe—tmy_ -1 — Pony) + (I—Pk—l,nk,l—l)(E,EZ)_l +Fn)
= (I_Pm,nm—l)(vk_Pm,nm—l)-

When k>m, Pi_1,, ,—1 2 Pn1n, 1. Forall k>m, we have

(I - Pm7nm*1)VkPm7"m*1 = (I - Pm7nm*1)(Pm7nm*1 + (Vk - Pmﬁm*l))Pmﬁm*l = 07

and

ViPrpm—1 = (Pin—1+ (Ve = Piyp—1))(Pry—1+ (I = Pip—1) Pop—1 — Piny—1))
= Piw—1+ = Prp—1) (Vi = Py —1) (P jiy — Pim—1))

= Pm’nm_l + (I - Pm,nm—l)(vk - Pm.,nm—l)Pm,n,,,—l
= Pm,nm—1~

Similarly, we also have that P, ,,,—1Vk = Py p,,—1 forall k>m. [
Since Vx € Uy Pyn,—17, there exists a smallest integer k = k(x) such that
X € Py, —17¢. Then we define an operator Vo on 2(Vy) = Uy Py, —1¢ with

oo k

Vox = ([Tvx= (I~
i=1 i=1
By the definition of B, j, and using Lemma 2.2, we are able to get lim P, 1 =
I, and
VOvajm - Vl V2 e Vumvjm € Pm:nm_l‘}f’
forall j, =1,2,...,n, — 1. Thus, Vj is densely defined on 7.

REMARK 2.1. Note that the Vj, defined above is unbounded. In fact, for any m,
choose a unit vector a,, in .7, such that &, = (0,0,---,0,a,,) " € Ponp—17 C D (Vo),
then we have

I m m—1
ITTVi&ull = ITTVi&mll = I| TT Vi(0,- -+, 0., am) " |
i=1 i=1 i=1

= oo = ||(@my sy ) ||| = oo

as m — oo, and then V| is unbounded.

By Lemma 2.2, we know that for each x € Py, 17, VoPn,i—1 = [1i1 ViPon—1
and (P, —1V0)X = Py, —1 (IT721 Vi)x = Py, —1 (IT7% | Vi), it is clear that VoP,,,, —1
is bounded. It is not hard to see that
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and when m > 2,

ny—1

Vo' = Pty 1+ (I=Poi gy —1)I— Y, EL
i=1

LEMMA 2.3. V{ is a densely defined closed operator on .

Proof. We claim that J;,_, (V)" (V5) ™ - (Vi) 1 Py, 1) C D(Vy).
Let k >m and & € (V7)1 (Vy) ™t (V)" 'Pyn,—15¢. Then for every 1 €
Py, —17C, we have

<&, HVn> < ViV - VIE, H Vin > .

i=m+1
Note that Vy V> | --- V| € P, ,,—15¢, by Lemma 2.2,

mYm—1"

k
<VuVmo1Vi'E, HVin >S=< VoV 1 V& Py >=<VyVo_---V'E N>
i=m+1

This implies that n € U;,_; Pun,—1:7 C D(Vy). Therefore V; is densely de-
fined. [J

Since V' is densely defined and 2(Vy) = U, Pyp,—17, we know that Vo
is preclosed and refer to Vy as the closure of V. Now let V =V, = V;*. Then
P(Vo) € 2(V) and V |5y, = Vo. In this case, we say that Z(Vp) is a core for V.
From Lemma 2.3, V is densely defined and closed on .7#. By the definition of V', we
have that VP, j, = ViV -+ VyPy j,, indeed, we have the result as follows.

m, jm
LEMMA 2.4. For jm =1,2,....1m, VP, =ViVa-+- VP, € L.

Proof. When m =1, clearly, E;; ) e ﬁ C 2" and when j| < ny, we have
VP j, =ViPj, =P € Z.,

and if jl =ny,
1 1 1 %
mEV P EY =B e 2 c 2.
Therefore, the lemma holds when m = 1.
(k)

Now, we assume the lemma holds for all m <k, thatis, VF; j, € Z" and E; i €
.,2”,: C & Since & C L1, we have

1! s i
Gk L L.

Thus, we conclude that both Zj kH) (j=1,....,mu;—1) and Y 5 E U+1) are in

st=1
<z

r1- BY the definition of Py 4, 1> We see that

nk+1Ei(i )Pk+17]k+l j(j Eﬁw c .z

Hence VP, € £). O
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LEMMA 2.5. V is affiliated with £ .

Proof. Let W be a unitary in .Z.. It follows from W*PB,,,,, .1W = Py, ,,,—1 (Vm)
that WZ(Vp) = Z(Vp). Moreover, since V is the closure of Vo, W2 (V) = 2(V).
Let § € Py,,,—1.7. Since

V()Wé = V1V2~~~VmW€ =WViV,-- .Vm?g”

foreach B € Z(V), there exists a sequence {B,}_; € Uy Pn,j,#¢ suchthat B, — .
Note that 2(Vp) is a core for V, we have
VB, =VoB, — VB.
Clearly, W, — W . By Lemma 2.4, we get
VOWﬁ" = (VOP"JH)Wﬁ" = W(VOP"Jn)ﬁ" = WVOB” - Wvﬁ
On the other hand,
VoW B, = VWP, — VWB.

Then VW3 =WV 3. This proves that if W commutes with Vj, then W commutes with
V. Therefore V is affiliated with /. [

By the proof of Lemma 2.3, we know that Ker(Vy) = {0}. Observe that V* =
Vo' = Vi, for every x € Ker(V),

0=<Vx,y>=<x,V'y>=<x,Vjy>, WeV.

This implies that x L ran(V(;). Since the range of V{; is closed densely defined on 77,
x =0 and hence Ker(V) = {0}. Thus V is ono-to-one, the inverse V~! of V exists,
and

—1
vii=y,l= (HVI> =y vl oy
i=1
LEMMA 2.6. Forevery A € Alg(Z..), |[V-'AvV| < |A].

Proof. Let A € Alg(Z.,). Since for each m, VP, 1 = Py, —17 and
VAP pm1 7 = By n, 17 , we only need to show that forevery m, ||V 1AV, 1] <
Al

Assume that

1 1 1
AL AL AL
0 AS) - AY,
A= | € Alg(Z).
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By Lemma 2.1, we know ! | A} l) = Z?ZQAEII.) = :Agll?nl, and then
(1) 4 (1)
e
0 Ay A

2:”1 ViVs---

0 0 "'A5111).,n1

(1) 4(1) (1)
Fr i
0 A Al 0 0
o : R §
2 0 0 Ezlfl,nlfl 0 - 2
0 0 AP AP
0 0 0 0 A%,
M, 0 0
0 My, - 0
0 0 - M,
where for i =1,2,---,
(i) 400) (0
A A A
0 A, - AY
= | 0
0 0 Al

Therefore, we have that |[V~'AVP,, ;. || < ||A||, and hence for every A € Alg(-Z..),
v-lavi < JjAfl. O

A family of projections in .4}, was given by (2.2) and (2.3), we now construct a
new family of projections in .4,. Let

o

7Jm:Pm,jm7 jm:17"'7nm_1; (24)

P - I_Pmmm—l- (2.5)

Denote by § and § = Um.:?;, the lattice generated by {ﬁk gt I <k<m, 1<
Jm < npt, and {Pk g k> 1,1 < ji <m}, respectively. Then they are commuta-
tive subspace lattices (CSL), and hence Alg(.,SZ,) is a commutative subspace lattices
algebra. Moreover, the following theorem follows directly from the preceding lemma.
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THEOREM 2.1. With % and % defined above, there exists an unbounded oper-
ator V_and a strong operator topology (SOT) dense subalgebra o/ of the CSL-algebra

Alg( %) such that
VAlg(L)V = o C Alg(L).
Proof. By the definition of P ; and P, jr» we know that By ;, = P j Torall k£ and
Jk=1,2,---mg—1. Since (I-V~'P VAV P, V)=V Y (I =P, VAV 'P; )V =
0, (I—Pj,)APj, =0 forall k> 1 and A € Alg(-%.). Thus

Ran(V_lPkﬁjkV) = Ran(ﬁka)v
and by the proof of Lemma 2.6, we know V~'Alg(.Z.)V is a dense subalgebra in

Alg(é:’z,)7 which implies that there exists a SOT-dense subalgebra 7 of the CSL-
algebra Alg(.%.), satisfying
VIAlg( L)y, O

COROLLARY 2.1. If T € Alg(%%) is in the center of Alg( %), then

T=V(MPip—1+ 2 Ai(Ppy—1 = Pieip_ 1))V L,
i—2

where {A,}>_, C C.

Proof. By Theorem 2.1, we know that V- IAlg( L)V isa SOT-dense subalgebra
of the CSL-algebra Alg(.Z.), then V_!TV is in the center of Alg(.%.). Since an ele-
ment in the center of CSL-algebra Alg(.:?z,) is of the form APy ,,—1 + E Ai(Pip—1 —
P 1, ,—1) forsome {4,};_; C C, we have that =

T =V(MPi-1 + éxi(&nﬂ Pt )V O

Let T, = P12 T =Pyt — Putn, -1, and Wy, = VT,")V=1. Then
T=V(X ATV =3 AW
P =

REMARK 2.2. It is not hard to see that for all m # k > 1, W,,W;, = W W,, = 0.

Since Tn(;" ) and T,,(kk) are the minimal idempotents in the center of Alg(.%.), by Corol-

lary 2.1, we know W,, and W, are the minimal idempotents in the center of Alg(-%.).
The following result shows that in the sense of isometrical isomorphism,
Alg(ZLe(ny,na,- -+ ,ng,---)) is unique.
THEOREM 2.2. If Alg(Le(ny,ny, -+ ,ng,--+)) is isometrically isomorphic to
Alg(Lo(my,my, -+ my,--+)), then ny =my, forall i =1,2,---.

Proof. Let W), = E,(l;’f) — F,,. By the definition of W;, we know that W) = W/ =
E\Y — Fy. Thus

oo 11d
[ Wil = [[WiWL||7= /ni,
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and

. 1
[ W2 || = || Wy W, ||2

Wz*... WZ* Y 0 ‘/V2

1

ni

Similarly, we can show || W ||= \/ninaz -~ ny for each s > 2.

By Corollary 2.1, we know that Y7, 7L,-Wl.("i ) is in the centralizer of
Alg(ZLe(ny,na, -+ ,ng,--+)), and 377 7L,-Wl-(m") is in the centralizer of
Alg(L(my,my, -+ my,---)). If Alg(L(ny,ng, -+ ,ng,--+)) is isometrically isomor-
phic to Alg(Lw(my,my, -+ ,my,---)), then we have n; = m; for all i. Otherwise, we
may assume that there exists an integer k such that for 1 <i <k, n; =m;, and ny # my,

|| Wk(nk) ||: \/nlnz..-nk # \/m1m2"'mk :” Wk(ml\) || .

Since Alg(Zw(ny,ny, -+ ,ng,---)) is isometrically isomorphic to

Alg, (L (my,my, --- ,my,---)), it must be norm preserving. Note that W,,, and W,,, are
minimal idempotent elements of Alg(%(ny,nz, -+ ,ng,---)) and
Alg(Zw(my,my,--- ,my,---)), they must have the same norm, which is a contradiction
and therefore n; = m; forall i. [

3. Automorphisms on Alg(.%..)

Algebraic automorphisms of reflexive operator algebras acting on separable Hilbert
spaces have been investigated by many mathematicians. Recall that a automorphism ¢
on an algebra o7 is inner if there exists a unitary u € <7 such that ¢(A) = u*Au,VA €
o/ . Moreover, if ¢ is an isometric isomorphism, it follows from Theorem 2.2 that
Alg(Zw(ny,ny, -+ ,ng,---)) has only one structure. In this section, we let all n; =2 in
(2.1), and L = U, %, we will study automorphism on Alg(.%..).

THEOREM 3.1. Ifan automorphism @ : Alg( %) — Alg( L) is norm preserving,
then @ is an inner automorphism.

Proof. Let ¢ : Alg(%.) — Alg(Z.) be an automorphism. By Theorem 2.2, we
know that W;’s are minimal idempotent elements of Alg(.%.), then @(W;) = W,. Par-

s vetwe o ((151)) = (1) o o ((31)) = (1) e
o((6757)) o (65" m) = ((575"))m
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Similarly, we obtain

((03)) = ((3)) (57) = (05

Let P be a projection in B(P; 1.7¢). Then
PRI =|(2F 2P 0
00 - 00
0 0 ) H =2 ¢i(P) ||, which implies || @ (P) ||=1, there-

@1(P) —p1(P)
fore ¢ (P) is also a projection in Alg(%.). Since Alg(.%.)C B(H), we have @y is
an isometric automorphism. Thus, for all A € Alg(.Z..), ¢(A*) = ¢(A)*. Then for all
A € Alg(Z.,), there exists a unitary operator u; such that ¢(A) = ujAu;.
Now we claim that

“(00)= (o) (1) = (11)
e ((63) =i (6 )

=V2.

Since ‘

and

Indeed, since

001 —1 001 —1
000 0 o000
?{1loo1-1]]~loo1-1]"
000 0 000 0

there exists a unitary u, such that

00A —-A 00 uzAuy —u3Aun

0000 | [00 0o 0
Plooa—-a |~ | 00wAu, —wAu

000 0 00 0 0

00

(50 ) @)= )] -

Since ¢ is norm preserving, we know

Let P be a projection and P, = (P _P> . It’s easy to see that

00 uzPuy —u5Puy

o u1P1u1 —u1P1u1 00 0 0
ﬁ_H <<0P1>)H ( 0 )+ 00 uyPuy —uyPuy
00 O 0
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o((6n) = (50)+(5E) - (572°)
2= |(:°)[ H(QE °)(eZo el

(e te )|

Hence

E(E"—0") EE"

This implies that |QQ* + (E — Q)(E* — Q%)|| <2

Since Q0" = uj (25 8) uy, we have ||QQ*|| =2. Note that QQ* = 2u;} (g 8) u,

we obtain u} (1(; 8) uE = Q, thatis
«( PO wsPuy —usPu PP
u1<00)u1<202 2 2) u<0 0) 3.1)
It is easy to check that
(PO uyPuy 0 PO (PO
“loo)ml 7o o))" oo)u=ulgo)n
*
Note that u} (1(; 8) uy and (uzguz 8) are the projections in B(P; 1.7¢), then
uj (1(; 8) uy is a subprojection of (uzlgug 8) .

Similarly, we have u; (P O) uj is a subprojection of (uzPuz O) . Let u; =

00 0 O
(al ag) . In particular,  commute with (P 0) and therefore a, = 0.
0 a; > 00)° ?
Since

ayPa; 0 uyPuy —u’Pus —ut PP aj 0 PP a; 0
0 0 0 0 00 0 aj 00 0a;z)’

ayPa; = ajPas, and Pa; = Pas for all projection P, therefore we have a; = a3. So
up € (Alg(Z.)).

From (3.1), we know that for every projection P, ajPaju;Puy = ajPa;. Multiply-
ing the above equation by a; on left and u; on right, we have Paju5P = Paju;. We
also have Paju3P = au3P by (ajPa;)* = ajPa; . The claim is proved. Then

_ u; 0 uy 0 (u5 0 u; 0
() -((2(D) (2)0(5)
0 0
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and
0 uy 0 uy 0
0B _ 0 uj; 0 up
?\\on o (160 w0 |
0 u; 0 up
us 0 o Uug 0 .
where B = ( 0 ) Similarly, u; = ( 0 u3) ,and uz = < 0 u4)’ . This im-
plies that < ) . Therefore, we get

w((‘éBEA)H“J%) (6%") (%)

Since the commutator of a von Neumann Algebra is self-adjoint, ¢ is an inner auto-
morphism. O

Acknowledgement. The authors would like to thank the referee for valuable com-
ments and suggestions.
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