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SELF-ADJOINT OPERATORS AND THE GENERAL GKN-EM THEOREM

LANCE L. LITTLEJOHN AND RICHARD WELLMAN

(Communicated by F. Gesztesy)

Abstract. We construct self-adjoint operators in the direct sum of a complex Hilbert space H
and a finite dimensional complex inner product space W . The operator theory developed in this
paper for the Hilbert space H @ W is originally motivated by some fourth-order differential op-
erators, studied by Everitt and others, having orthogonal polynomial eigenfunctions. Generated
by a closed symmetric operator 7y in H with equal and finite deficiency indices and its adjoint
T, , we define families of minimal operators {7y} and maximal operators {7}} in the extended
space H @ W and establish, using a recent theory of complex symplectic geometry, developed
by Everitt and Markus, a characterization of self-adjoint extensions of {TA})} when the dimension
of the extension space W is not greater than the deficiency index of 7p. A generalization of the
classical Glazman-Krein-Naimark (GKN) theorem - called the GKN-EM theorem to acknowl-
edge the work of Everitt and Markus - is key to finding these self-adjoint extensions in H & W.
We consider several examples to illustrate our results.

1. Introduction

In [6, p. 105], the authors list ten open problems related to orthogonal polynomial
eigenfunctions of differential equations. The one pertinent to this present paper is the
following (paraphrased to simplify the original notation):

The GKN theory provides a recipe, in theory, for determining all self-
adjoint extensions in the Hilbert space L?(I;w) of formally symmetric dif-
ferential expressions of the form

tab)(u) = i @) wen

on some open interval I = (a,b); we assume here that w > 0 and each
coefficient ¢; is sufficiently differentiable on I. This theory works well
in developing the spectral theory for the second-order classical differen-
tial equations of Jacobi, Laguerre, and Hermite.! However, for nonclas-
sical symmetric differential equations (1.1) with orthogonal polynomial
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solutions, the appropriate right-definite setting is a Hilbert-Sobolev space
S with orthogonalizing Sobolev inner product

b D . . . .
(r.8) = | fugtowdur Y, (s (@8 @) + B (b)) (0).
a j=0

(1.2)
The Sobolev space S has the form L?(I;w) @ CF for some k < 2p. De-
velop a general GKN-type theory for this setting; in particular, provide
a ‘recipe’ for determining the self-adjoint operator having the orthogonal
polynomials as eigenfunctions.

In this paper, we answer this question. In fact, we will see that we can provide
a recipe for all self-adjoint operators, generated by £,,[-], in this Sobolev setting. Our
result is a generalization of the Glazman-Krein-Naimark (GKN) theory of self-adjoint
extensions of Lagrangian symmetric ordinary differential expressions in a weighted
Hilbert space L?(I;w), where I is an interval of the real line R.

This work is originally motivated by fourth-order differential equations having
non-classical orthogonal polynomials as eigenfunctions. In each of these fourth-order
examples, the orthogonalizing inner product has the form

(f-8) =AT@R(@) + [ SR wladu+ BI)E)

where A, B > 0. Indeed, H. L. Krall [ 13, 14] classified, up to a complex linear change of
variable, these orthogonal polynomials which were subsequently named the Legendre
type, Laguerre type and Jacobi type polynomials and studied extensively by A. M. Krall
in [12]. Following the work of the two Kralls, other contributions connecting orthogo-
nal polynomial eigenfunctions to higher-order differential equations have emerged; all
known examples have polynomial eigenfunctions orthogonal with respect to an inner
product of the form (1.2). These various contributions are far too numerous to list in
this manuscript but we refer to the Erice and Patras reports [5, 6] for further details and
the references therein contained.

In [3, 4], the authors construct the Legendre type self-adjoint operator, generated
by the fourth-order Legendre type differential expression

Corly) (u) == (% = 1)%9™) () + 8u(u? — 1)y () + (44 4 12) (> — 1)y (u)
+ 8Auy' (u), (1.3)

in the Hilbert space Lj[—1,1]. Here
LZ[—I, 1]={f:[-1,1] = C| f is Lebesgue measurable

wd {ff), = [ P <o)

where

-8 = AT DR + [ 7R+ AFDRO).
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We note that Lfl [~1,1] is isometrically isomorphic to L?>(—1,1) @ C?. The classical
Glazman-Krein-Naimark (GKN) theory of self-adjoint extensions of Lagrangian sym-
metric differential expressions is not (immediately) applicable in this situation. To de-
velop the appropriate operator theory in Lﬁ [—1,1], Everitt and Littlejohn studied prop-
erties of functions in the maximal domain A of ¢;7[] in the base space L*(—1,1).
They prove the surprising smoothness condition

feA= el (—1,1)

from which it follows that f, f’ € AC[—1,1]. Using standard operator-theoretic meth-
ods, they then prove that the operator 7' : 2(T) C Lﬁ [-1,1] — Lﬁ [—1,1] defined by

C8Af (- D u=—1
(Tf)(w) =< ler[flu) —l<u<l
BAf'(1)  u=1

I(T)=A

is self-adjoint. It is remarkable that A is the domain of the self-adjoint operator 7 in
Li [—1,1]. Indeed, the expression ¢r[-] is in the limit-3 case at both singular endpoints
x=+1in L?(—1,1) so every self-adjoint operator in L?>(—1,1), generated by /;7[],
is necessarily determined by two appropriate boundary restrictions on the space A. We
will re-examine this Legendre type example in Section 5.1 as an application of the
results developed in this paper.

Let (W,(-,-)y) be a finite-dimensional complex inner product space and assume
(H,(-,-)y) is a complex Hilbert space. Then H ¢ W, the direct sum of H and W, is
the Hilbert space defined by

HoW={(x,a) |xcHacW} (1.4)

with inner product
((r,a),(»:0)) gow = (x;y)y + (@, D)y (L.5)
and associated norm
e zw = Il + llall -

Throughout this paper, we refer to H @ W as an extended Hilbert space and call H the
base space and W the extension space.

Our starting point in this paper - assumptions we keep throughout this article - is a
closed, symmetric operator 7y in H having equal and finite deficiency indices, denoted
by their common value def (Ty), and adjoint operator 7} satisfying the inclusions

Ty =Ty CTy =T,.

We call Ty the minimal operator and 7] the maximal operator in H. Then, under the
essential assumption that
dimW < def(Tp),
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we construct one-parameter families {fo} of minimal operators and associated maximal
operators {7} } in H & W, generated by Ty and 7} in H, satisfying the properties

def (Ty) = def(Ty) (T € {Tv})

and

<T1> =Ty C <T0> =T\ (Toe{lo}, Ti € {T1}).
Both families {7y} and {7}} are parametrized by an arbitrary, fixed self-adjoint oper-
ator B: W — W.

With the constructions of {fo} and {fl} in place, we then appeal to a general
theory of complex symplectic algebra, with important applications and implications
to boundary value problems in ordinary and partial differential equations, which was
developed by Everitt and Markus in a series of remarkable papers [7, 8, 9, 10]. An
important consequence of their theory is a generalized GKN theory - which we call
GKN-EM theory after the contributions of Everitt and Markus - that we apply to char-
acterize all self-adjoint extensions (respectively, restrictions) of TO € {TO} (respectively,
of T1 S {T]})

The contents of this paper are as follows. In Section 2, we briefly discuss the
Stone-von Neumann theory of self-adjoint extensions of symmetric operators in a Hilbert
space as well as the now classic GKN theory, including a statement of the GKN the-
orem (Theorem 2.3). Section 3 deals with key complex symplectic geometric results
developed by Everitt and Markus and culminates in the GKN-EM theorem (Theorem
3.2). The families {7} and {7} of minimal and maximal operators in H & W, gen-
erated by 7y and T} in the base space H, are developed in Section 4. Another key
notion, the symplectic form [-,-]ggw in the extended space H @ W, essential to our
application of the GKN-EM theory, is defined in Section 4. Also, in this section, we
apply Theorem 3.2 to characterize all self-adjoint extensions {T} of Ty € {Tp}; see
the summary theorem given in Theorem 4.4. Lastly, Section 5 deals with several exam-
ples to illustrate our results. These examples include another look at the Legendre type
example where further light is shed on this particular example. Indeed, we show that,
remarkably, continuity is a GKN-EM boundary condition.

Notation: R,C and N will denote, respectively, the sets of real numbers, the com-
plex numbers and the positive integers. All inner products in this paper will be denoted
by (-,-), properly subscripted indicating the particular underlying vector space. Or-
dered pairs in H @ W will be written as (-,-); if dimW > 1, then an ordered pair
in H®W will have the form (-,(-,-)). Our base space will be a complex Hilbert
space (H,(-,-) ), our extension space will be finite-dimensional complex Hilbert space
(W, {-,)y) and the extended space will be the direct sum space (H®W, (-,-) ;o) Lin-
ear operators in the base space H will be denoted by 7o, Ti, T, etc. while operators in
the extended space H & W will be hatted: To, Tl, T etc. The notation

x has property P (x € A)

means that property P holds for all x in the set A. Lastly, the cardinality of a set A is
denoted by card (A) whereas the dimension of a subspace W of some vector space will
be written dimW.
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2. The von-Neumann formulas and the GKN theorem

Standard references for topics discussed in this section are [1, 2, 15, 16, 17, 18,
19, 21].

Throughout this paper, the linear operator Ty : 2(Ty) € H — H will be an arbi-
trary closed, symmetric operator in H while 7 : Z(T1) C H — H is a linear operator
satisfying the operator inclusions

T =Ty CTy =T 2.1)

in particular, we see that 7 and 77 are adjoints of each other. Because of the inclusions
in (2.1), we call Ty the minimal operator and 77 the maximal operator. Specific reasons
for this notation will be discussed below in this section (see also Remark 2.1). Notice
that if 7y has a self-adjoint extension 7" in H, then

LCT=T"CTy =T,
so T necessarily has the same form as 77; that is,
Tx=Tix (xe€2(T)).

The general theory of self-adjoint extensions of the minimal operator 7 (equivalently,
self-adjoint restrictions of the maximal operator T77) in a Hilbert space - called the
Stone-von Neumann theory - is discussed in depth in [2, Chapter XII, Section 4]. Of
central importance in this theory are two particular subspaces X1 of Z(T}), defined by

Xy ={xe2(N) | Tix = tix},

where i = y/—1. These spaces are called the positive and negative deficiency spaces
of Ty. The first von Neumann formula decomposes the maximal domain 2(T}) into
linearly independent submanifolds:

THEOREM 2.1. (The first von Neumann formula) 2(T) = 2(Tp) + X+ + X_.

In fact, the sum in this formula is actually an orthogonal direct sum. Indeed, under the
graph inner product

ey =y g+ (NixTy)y  (vye 2(T)) (2.2)
and associated norm
*\2 2 2 2
xllz)™ = lxllg + 1Tl = Nl (2.3)

2(Ty) is a Hilbert space and, with this inner product, 2(Tj), X+ and X_ are closed,
orthogonal subspaces of Z(Tj); see [2, Chapter XII]. Notice that if x € Z(T}) and

x:x0+x++x_,
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where x° € 2(T)) and x* € Xy, then

(g = (1205 (b 1)+ () 04

The dimensions of X4, denoted by dim(X..), are called the positive and negative defi-
ciency indices of Ty. A key result in the Stone-von Neumann theory is that the equality
of these deficiency indices is equivalent to the existence of self-adjoint extensions 7" of
Tp in H. Moreover, if dim (X;) = dim(X_) =0, Ty = T; is self-adjoint and is, in fact,
the only self-adjoint extension of Ty in H. In the case that dim (X;) = dim(X_), we
refer to this common value as the deficiency index and denote it by def(7p). In addition
to requiring the equality of these deficiency indices for the entirety of this paper, we as-
sume the deficiency indices are also finite. Thus, another key assumption in this paper
is:

CONDITION 2.1. 1 < def(Tp):= dim(X;) = dim(X_) < oco.

The second von Neumann formula gives a description of the domain of any self-
adjoint extension 7 of Ty in H:

THEOREM 2.2. (The second von Neumann formula) Ler T : 2(T) C H — H be
a self-adjoint extension of Ty. Then there exists an isometric isomorphism 'V : Xy — X_
from the positive deficiency space X onto the negative deficiency space X_ such that

Tx=Tx (2.5)
@(T):{X+X++VX+ ‘XE@(T())JC_F €X+} (26)

Conversely, if T and its domain 2 (T) are defined through (2.5) and (2.6) for some
isometric isomorphism V : X, — X_ | then T is a self-adjoint extension of Ty.

The Glazman-Krein-Naimark (GKN) theory is both a refinement and an applica-
tion of the Stone-von Neumann theory to self-adjoint operator extensions of ordinary
differential expressions. Excellent expositions of this theory can be found in Akhiezer
and Glazman [1, volume II, Chapter 8] and Naimark [15, part II, Chapter V]. To de-
scribe this theory we assume, for the sake of simplicity, that ¢[-] is a real, 2n-th order
Lagrangian symmetrizable differential expression of the form

() =

W(lu) io(—l)j (4@ @) Y wer, 2.7)
p=

where each coefficient g; : I — R in (2.7) is j-times continuously differentiable on 1
(noting, however, that general ‘quasi-differentiable’ conditions can be placed on these
coefficients; see also [20]). The setting for the study of ¢[] is the Hilbert space

L*(I;w) = {f : I — C |f is Lebesgue measurable and /\f\zwdu < oo}
1
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endowed with the standard inner product

b
(F8h = [ SR (f.g € (1w).

Here I C R is an open interval and w is a positive (a.e.) Lebesgue measurable function
on I. The maximal operator Ly : Z(Ly) C L*(I;w) — L*(I;w), generated by £[], is
defined to be

Lif =![f]
fePL)={f:1—-C|fY eACul) (j=0,1,...,2n—1);
FAf) € L (Iw)}

In this setting, the term ‘maximal’ is appropriate; indeed, Z(L;) - which is called the
maximal domain - is the largest subspace of L?(I;w) for which the expression £[-] acts
on and maps into L*(I;w). It is clear that L; is a densely defined operator. We denote
the adjoint of L by Ly; it is natural then to call Ly the minimal operator generated by
¢[-]. The GKN theory shows that, in fact, L; and Ly are adjoint to each other and Lo is
a closed symmetric operator in L*(I;w). More explicitly, Ly =Ly and

Lo=LoCLi=Li.

REMARK 2.1. The operators Ty and 77, defined earlier, are analogous to the min-
imal operator L, and maximal operator L, respectively. Because of this, we call Tj
and T, respectively, the minimal and maximal operators even though, in the general
situation, the terms maximal and minimal may not seem as appropriate as they do in
the GKN theory. Likewise, we shall call their respective domains the minimal domain
P(Ty) and the maximal domain 2(T}).

The domain Z(Ly) of the minimal operator is given explicitly by

D(Lo) ={f € 2(L1) | |f.8lwl, =0 forall g € Z(L,)}, (2.8)
where [, 'MZ is the skew-symmetric bilinear form obtained from the classic Green’s
formula ,

<L1f7g>w_<f7L1g>w: [f7g}w|a (f?ge@(l/l)) (29)

Moreover, we note that condition 2.1 is automatically satisfied in this setting. Indeed,
the deficiency indices of Ly are equal since ¢ has real coefficients and thus

Ufl=if <= lf]=Lf]=—if.

Moreover, in this case,
0 < def(Ly) < 2n.

We are now in position to state the GKN theorem. Notice that this theorem provides
a ‘recipe’ for constructing all self-adjoint extensions of the minimal operator Ly in
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L?>(I;w) by specifying certain restrictions (boundary conditions), using the bilinear
form [-,-],y, on the maximal domain Z(L;). We emphasize, however, that the orig-
inal GKN theorem is valid only for the minimal operator Ly associated with a real
Lagrangian symmetrizable differential expressions of even order in the specific Hilbert
space L?(I;w). Compare the statement of the GKN theorem below with that of the
GKN-EM theorem (Theorem 3.2) at the end of the next section.

THEOREM 2.3. (The GKN theorem) Suppose Ly and Li are, respectively, the
minimal and maximal operators in L*>(I;w), generated by the differential expression
L[], given in (2.7). In addition, let m = def(Lo) so 0 < m < 2n.

(i) Suppose the set {g;|j=1,...,m} C P(Ly) satisfies the two conditions

(a)
Y aigi€ D(Lo) = 0;=0(j=1,...,m) and (2.10)
j=1
(b) ,
[gingilw|, =0 (i,j=1,....def(Lp)). (2.11)
Define the operator S : 2(S) C L*(I;w) — L*(I;w) by
Sf=Lif (2.12)

b .
fe2(8)={fe2L)|[fgilwl,=0 (j=1,....def(Lo))}.  (2.13)
Then S is a self-adjoint extension of the minimal operator Ly in L*(I;w).

(ii) Conversely, if S: P(S) C L*(I;w) — L*(I;w) is a self-adjoint extension of the
minimal operator Ly in L*(I;w), then there exists a set {g; | j=1,...,m} C
P(Ly) satisfying the conditions (2.10) and (2.11) such that S is given explicitly
by (2.12) and (2.13).

REMARK 2.2. A collection of vectors {g; | j=1,...,m} C Z(L;) satisfying con-
dition (2.10) are said to be linearly independent modulo Z(T) while those that sat-
isfy (2.11) are said to satisfy Glazman symmetry conditions. Further light, as well as
a generalization, into these concepts will be made in the next section.

REMARK 2.3. Each of the conditions

gl =0 (=1,...,def (L)),

givenin (2.13), is called a ‘boundary condition’. In the case that def (Ly) =0, then L;
(= Lo) is the only self-adjoint extension of Ly and, in this case, there are no boundary
conditions.

The GKN-EM theorem, which we discuss in the next section in Theorem 3.2, is
a generalization of the GKN theorem but, remarkably, is valid in an arbitrary Hilbert
space for an arbitrary closed symmetric operator with equal and finite deficiency in-
dices. This theorem is a highlight application of the general complex symplectic theory
developed by Everitt and Markus.
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3. Complex symplectic geometry and a generalization of the GKN theorem

In a series of papers [7, 8, 9, 10], Everitt and Markus developed an extensive the-
ory of complex symplectic geometry with applications to linear ordinary and partial
differential equations. Their work was motivated by their interest in boundary value
problems. In this section, we report on their results that pertain to this manuscript. A
highlight application of their investigations is an important, and remarkable, general-
ization of Theorem 2.3; see Theorems 3.1 and 3.2 below. This generalization is key to
the results we establish in the next section.

DEFINITION 3.1. A complex symplectic space S is a complex vector space to-
gether with a conjugate bilinear (sesquilinear) complex-valued function [-:]: SxS—
C satisfying the properties

(1) [c1x1+coxp 1y = crfxy 1y +eafxa 1y,
(i) [x:y]=—[y:x,

(iii) [x:S] =0 = x=0 (non-degenerate condition).

We call [-: -] a (non-degenerate) symplectic form.

Complex symplectic spaces are non-trivial generalizations (not merely complexi-
fications) of classical real symplectic spaces of Lagrangian and Hamiltonian mechanics
(see [11]). Indeed, complex symplectic spaces have a much wider scope and admit new
applications. For example, whereas real symplectic spaces cannot be odd dimensional,
it is the case that, for every n € N, there exists complex symplectic spaces of dimension
n.

Along with their real symplectic counterparts, complex symplectic spaces support
the notion of Lagrangian subspaces (see [10] equation (1.10)).

DEFINITION 3.2. A subspace L of a complex symplectic space S is called La-
grangian if [L : L] = 0; that is to say, when

[y =0 (xyel).
A Lagrangian L C S is called a complete Lagrangian when
x€Sand[x:L]=0 = xelL.

We can characterize complete Lagrangian subspaces as follows. This characteri-
zation is key for later results.

LEMMA 3.1. A Lagrangian subspace L C S is a complete Lagrangian if and only
if
={xeS|[x:y]=0(el)} (3.1
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Proof. Suppose L is a complete Lagrangian subspace of S. By definition of com-
plete, it is clear that {x € S| [x:y|=0 (y€ L)} C L. On the other hand, if x € L
then [x :y] =0 for all y € L since L is Lagrangian. Hence L C {x € S| [x:y] =0
(y € L)}. Conversely, if L is Lagrangian and given by (3.1), then it is clear that L is
a complete. [

An essential step in the work of Everitt and Markus is a natural generalization of
the skew-symmetric bilinear form [-,-],, \Z given by Green’s formula (2.9).

DEFINITION 3.3. [x,y|g := (T1x,y) g — (x, Tiy)y for x,y € 2(T1) .

Following the work of Everitt and Markus, we will see below that [-,-]y can be
identified with a degenerate symplectic form. We also note that [-,-]y coincides with
[,-]w|% in the case T} is the maximal differential operator, generated by £[-] (see (2.7)),
in the weighted Hilbert space L?(I;w).

As shown in [10], the quotient space

S":=92(1)/2(Ty), 3.2)

with zero element 0 = %(Ty), is a complex symplectic space when endowed with the
form [-,-]m ; we outline the specific details below.

Notice that, from Theorem 2.1 and Condition 2.1, S’ has dimension 2def (To).
Indeed one may view S’ as an isomorphic copy of the orthogonal sum of the deficiency
spaces Xy of Ty. Everitt and Markus call the space S’ the boundary space of Ty. The
elements of S’ are, of course, cosets x = {x+ Z(Tp)} (x € Z(T1)). In this case, we
call the vector x a representative vector of the coset {x+ Z(Tp)}.

We now consider the natural projection ¢ : 2(T;) — S’ defined by

¢x={x+9(To)} (XE_@(TI)).

The following proposition makes clear the connection between a basis of a subspace of
S’ and the notion of linear independence modulo Z(Tp) which we first encountered in
Theorem 2.3 and Remark 2.2.

LEMMA 3.2. A collection of cosets {W;’}?:p where {tj}?zl C 9(T), is a basis
for a subspace of dimension d of the boundary space S’ if and only if the representative

vectors {tj}f: | satisfy
d
N ojti€ 2(Th) = o; =0 (j=1,2,....d);
j=1
that is to say, {t j}fz | is linearly independent modulo 2 (Tp).
Proof. The equation Z;?: 1 ¢t = 0 is equivalent to 2;?: ati€ 2(Ty). O

The following lemma generalizes the characterization of the domain of the mini-
mal operator; see (2.8).
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LEMMA 3.3. 2(Tp)={x€ 2(Th) | [x,y]Ju=0 (y€ 2(Th))}.

Proof. Fix x € 2(T}) and suppose

xye=0 (ye2(n)).
Since [x,y]g = —[y,x]y, we see that (T1y,x),; = (v,Tix)y so x € Z(T}") = 2(Tp).
Conversely, let x € 2(Ty). Since T = T; and Tox = Tix, we see that

(Tix,y)y = (Tox.y)g = Ty (ve 2(Th));

that is, for each y € 2(Ty),

[XJ]H = <Tlx7y>H - <)C, T1y>H =0. U

This result allows the boundary space S’ to be equipped with a complex symplec-
tic form.

DEFINITION 3.4. (Boundary Space Symplectic Form)

[0x:¢ylg = [x,y]g  (x,y € 2(T7)). (3.3)

Lemma 3.3 assures Definition 3.4 above is independent of the choice of repre-
sentative vectors. Moreover, Lemma 3.3 establishes the non-degeneracy property of
Definition 3.1. From the definition of a Lagrangian subspace, the following extension
of Lemma 3.2 is clear.

PROPOSITION 3.1. A collection of cosets {¢fj}?:1 forms a basis for a d -dimensi-
onal Lagrangian subspace of the boundary space S’ if and only if the representative
d .
vectors {t;}S_, satisfy

(a)

d
Y ajtie 2(Ty) = ;=0 (j=1,....d); (3.4)
j=1

and

(b)
1], =0 (5,5 =1,...,d). (3.5)

Notice that the properties (3.4) and (3.5) are identical to those conditions discussed
in Theorem 2.3. Because of their importance in the special case when d = def (Tp) , we
incorporate these two properties into the following definition.

DEFINITION 3.5. A collection of vectors {#;|j=1,...,def(Ty)} € 2(T}) is
called a GKN set for Tj if
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(i) the set {t ilj=1,...,def (To)} is linearly independent modulo the minimal do-
main Z(Tp); thatis to say

def(T())
if ojtj € 2(Tp) then o; =0 for j=1,...,def (Tp); (3.6)
=1

and
(i) theset {t; | j=1,...,def(Ty)} satisfies the symmetry conditions
titjlg =0 (i,j=1,...,def(Tp)). 3.7)
REMARK 3.1. Observe that if G C Z(T) is a GKN set for Ty, then any non-
empty, proper subset P C G is linearly independent modulo 2(Tj) and satisfies the
symmetry conditions in (3.7). We refer to P as a partial GKN set. However, we note
that the only partial GKN sets P that we use in this manuscript are those which satisfy

card (P) = dim(W) < def(T,), where W is a complex finite-dimensional extension
space; see Condition 4.1 in Section 4.

We now turn our attention to characterizing complete Lagrangians. A key result
of Everitt and Markus in this setting is that not only do complete Lagrangians L exist
(see [10, Equations (1.54) and (1.61)]) but their dimensions are precisely that of the
deficiency index; that is,

dim L = def(7p) (3.8)

(see [10, Equation (3.9)]). Moreover,

LEMMA 3.4. With def(Ty) < o, a Lagrangian subspace L C S’ is complete if
and only if each of the two conditions hold:

(i) dim L = def(Tp);
(ii) L ={¢x|[¢px: ¢t;]s =0 (j=1,2,...,def(Ty))} for some GKN set
{tj|j=1,2,...,def(Tp)}.
Moreover, in this case,
0 'L ={xe2(T1) | [xtjlu=0(i=1,2,...,def(Tp))}. (3.9)
Proof. Suppose L C S’ is complete. Then, by (3.8), dim L = def(Tp) estab-

lishing (i). By Lemma 3.1,

L={ox|[ox: 0x]s =0 (dy € L)}. (3.10)

Let {¢t; | j=1,2,...,def(Ty)} be a basis for L. Then, by Proposition 3.1, {t; | j =
1,2,...,def(Ty)} is a GKN set for Ty. It follows from (3.10), that

L= {¢X| [¢x : ¢t,f]5/ =0 (J: 1,2,...,def(T0))}, (311)
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proving (ii). Lastly, using the identification in (3.3) along with the identity in (3.11),
(3.9) is clear.

Conversely, suppose (i) and (ii) hold. It is straightforward to show that L is a sub-
space of S'. Clearly (3.9) follows from (ii). Moreover, since {tj| j=1,2,...,def(Tp)}
is a GKN set for Ty, we see that

[¢1i : 9t)]s = [tistj]m = 0.

It follows by taking linear combinations that L is Lagrangian. Finally, from (3.8), we
see that L is complete. [

The authors in [10, Theorem 1.14 and Remark 1.15] establish the following char-
acterization of self-adjoint extensions of 7y in terms of complete Lagrangian subspaces
L ofS’.

THEOREM 3.1. (The finite-dimensional GKN-EM theorem) Let Ty and T be, re-
spectively, the minimal and maximal operators as defined in Section 2 and let S’ be
given by (3.2). There exists a one-to-one correspondence between the set {T'} of all
self-adjoint extensions of Ty and the set {L} of all complete Lagrangians L C S’.
More specifically,

(a) if T is a self-adjoint operator with Ty C T C Ty, then
L:={¢xe S |xeP(T)} (3.12)
is a complete Lagrangian subspace of S’ of dimension def(Ty). Moreover, ' L
=9(T).

(b) If L is a complete Lagrangian subspace of S', then L has dimension def(Tp).
Define
IT)={xe2(Th)|¢xe L}.

Then T : 9(T) C H— H given by

Tx=Tx
xe9(T)

is a self-adjoint operator satisfying Ty C T C Ty. Moreover, ' L = P(T).

Combining Theorem 3.1 with Lemmas 3.1 and 3.4, we are now in position to state
and prove an important consequence of Theorem 3.1 which, for our purposes, is key to
the results developed in the next section and in the examples of Section 5. We note that
the next theorem is an exact generalization of the GKN theorem stated in Theorem 2.3.

THEOREM 3.2. (The finite-dimensional symplectic GKN-EM theorem) Suppose Ty
and Ty are linear operators satisfying the conditions set forth in Section 2 and |-,"|g
is the symplectic form defined in Definition 3.3. In particular, we assume Ty has equal
and finite deficiency indices denoted by def (Tp).
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(i) If the operator T : 2(T) C H — H is self-adjoint and satisfies
IhvCeTCT
then there exists a GKN set {t; | j=1,...,def(Ty)} € 2(Ty) for Ty such that

DT)={xe 2(T) | xtlu=0(i=1,...,def(Ty))}.  (3.13)

(ii) If {tj| j=1,...,def(To)} € D(T}) is a GKN set for Ty then the operator T :
2(T) CH — H given by

Tx=Tx (3.14)
x€DT)={xc 2(N) | [xtjlu=0(j=1,...,def(T))} (3.15)

is self-adjoint and satisfies
ThCTCT.

Proof. (i) Suppose T : (T) C H — H is self-adjoint and satisfies Ty C T C Tj.
By Theorem 3.1,
L={¢xc S |xe 2(T)} (3.16)
is a complete Lagrangian subspace of S’ of dimension def(Ty) from which it follows
that

o 'L =9(T). (3.17)

Moreover, by Lemma 3.4, there exists a GKN set {tj | j=1,2,...,def(Ty)} for Ty such
that

L=A{¢x[[px: ¢1j]s =0 (j=1,2,...,def(T0))}

and
0 'L ={xe2(T1) | [xtjlu=0(j=1,2,...,def(Tp))}. (3.18)

Comparing (3.17) with (3.18), we obtain (3.13).
(it) Suppose {t; | j=1,2,...,def(To)} is a GKN set for Ty. Let

L={¢x|[¢x:¢tj]s =0 (j=1,2,...,def(Tp))}. (3.19)

By Lemma 3.4, L is a complete Lagrangian subspace of S’ of dimension def(Ty). Define
T asin (3.14) and (3.15). Then, from (3.15) and (3.19), we see that

L={¢x|xe A(T)}

so that
2(T)=0¢"'L={xec2() | oxcL}.

By Theorem 3.1, T is self-adjointand Ty CT CTy. U



SELF-ADJOINT OPERATORS AND THE GKN-EM THEOREM 681

REMARK 3.2. In the case that H = Lz(l;w) and Ty and T; are, respectively,
the minimal and maximal operators Ly and L;, generated by the ordinary differen-
tial expression (2.7), Theorem 3.2 is identical to the classical GKN theorem given in
Theorem 2.3. Again, it is remarkable that the GKN theorem extends verbatim to a gen-
eral Hilbert space with an arbitrary closed symmetric operator having equal deficiency
indices. As in the classical GKN setting, we also call the conditions

[x,tjlg =0for j=1,...,def(Tp)

‘boundary conditions’. Lastly, we note that, as in Remark 2.3, if def(7y) = 0, there are
no such boundary conditions and, in this case, the only self-adjoint extension of Ty is
the maximal operator 7T} (= Tp).

REMARK 3.3. Everitt and Markus discuss other important applications of their
results to ordinary and partial differential operators. We refer the reader to Sections 2.1,
2.2 and 4.2 in [10]. They outline the argument given above in Theorem 3.2 for Sturm-
Liouville problems (see [10, Section 2, equations (2.23), (2.24), and (2.25)]) as
well as for general Shin-Zettl quasi-differential operators (see [10, Section 4; in partic-
ular equations (4.57)—(4.61)1). The authors are certain that the most general situation
(when Tj has finite and equal deficiency indices ), which we prove in Theorem 3.2, was
known to Everitt and Markus but we cannot find an exact reference in their joint work.

4. Maximal and minimal operators in H ® W

We remind the reader that Ty : 2(Ty) C H — H is a closed, symmetric operator
with equal, finite deficiency indices def(7p) and adjoint operator T; satisfying 7} =
Tp C Ty = Ti. In this section, we identify a family of minimal operators fo 9 (fo) -
H®W — H®W and an associated family of maximal operators T; : 2(T)) CH&W —
H ®W in the extended space H & W generated by, respectively, the minimal operator
Tp and the maximal operator 77 in the base space H. We show that eachj"o is a closed,
symmetric operator in H @& W with equal deficiency indices and def(Tp) = def(Tp).
Moreover, the operators Ty and T are adjoints of each other just as in the classical
case with Ty and Tj.

A fundamental assumption in our development of the maximal and minimal oper-
ators in H & W is the following dimensionality requirement for the extension space:

CONDITION 4.1. dim(W) < def(Tp).
Fix a partial GKN set
{1 j=1,....dim(W)} € 2(T); (@.1)

recall, from Remark 3.1 and Condition 4.1, that this set exists and satisfies the two
conditions
dim(W)
Y o€ () =0;=0  (j=1,....dim(W)) 4.2)
j=1



682 L.L. LITTLEJOHN AND R. WELLMAN

and
[ti,tjlu =0 (i,j=1,...,dim(W)). (4.3)
It is clear that the maximal operator 77 in the base space is symmetric on
Ao = 2(Ty) +span{t; | j=1,....dim(W)} C 2(T). (4.4)
Now let
{&1j=1,...,dim(W)} CW
be an orthonormal basis of W and define ¥ : Ag — W by

W) =& (= 1,....dim(W))
Y(s)=0 (s€2(N)). 4.5)

and extend YW linearly to Ag; that is to say

dim(W) dim(W)
<S+ 2 o tj> = 2 Otjéj.
j=1
Note the key fact that ¥ maps the partial GKN set {¢; | j=1,...,dim(W)} onto W.
Lastly, fix an arbitrary self-adjoint operator B : W — W in the extension space
W . With these definitions and conditions in place, we are now in position to define a
minimal operator Toin HOW generated by Tj.

DEFINITION 4.1. The minimal operator YA"O 9 <7A"o> CHOW — HBW is de-
fined to be

YAb(x,a) = (Tyx,Ba) (4.6)
(x,a) € 2(Tp) == {(x,¥x) | x € Ag}. (4.7)

At this point, it is unclear why we call Ty the minimal operator generated by Tp;
we will justify this terminology in Remark 4.1. In Theorem 4.1 below we show that
the minimal operator T"o is, in fact, a densely defined operator which is both closed and
symmetric. Moreover, in Theorem 4.2, where it is shown that (fo)* = fl, we introduce
the important linear transformation Q : 2(T}) — W defined by

im(W
2 xtjlné;  (x€ 2(Th)). (4.8)

Observe, by definition of the partial GKN set {z; | j=1,...,dimW} and Lemma
3.3, that
Qx=0 (x€A). (4.9)

With this transformation €, we are now ready to introduce the maximal operator fl .
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DEFINITION 4.2. The maximal operator fl 9 (ﬁ) CH®W — HaW is de-
fined by

T (x,a) = (T\x,Ba — Qx) (4.10)
(x,a) € 2(T1) :={(x,a) | x€ D(T\),ac W}. (4.11)

Note that if (x,¥x) € 2(T), then (x,¥x) € 2(T}). Moreover, in this case, Qx =
0 by (4.9) so

Ty (x,¥x) = (Tyx, B¥Yx — Qx) = (T1x, B¥x) = Ty(x, ¥x);

that is
ThCT. (4.12)

REMARK 4.1. The term ‘maximal’ is appropriate; indeed, observe that & (fl) is
the largest linear manifold in H & W on which an operator representation of 77 makes
sense. Moreover, once we establish the fact that (YA"O)* = fl, we see that the term
‘minimal’ is appropriate for the operator To.

PROPOSITION 4.1. The extension J: 9(J) C H — H of the minimal operator Ty,
defined by

Jx:=Tx
X e _@(J) = Ay,

is a closed symmetric operator.

Proof. Since Ty is densely defined and 2(Tp) C Ay, itis clear that Z(J) is dense
in H. Now, from Lemma 3.3 and (3.7), we see that

[x7y]H:O (x7y€A0g@(Tl))'
Hence, from Definition 3.3,
0= [xvy]H = <T1x7y>H - <xv T1y>H = <Jx7y>H - <vay>H (xvy € @(1))7

establishing that J is symmetric in H. To show that J is closed, suppose first that
dim(Ag) (mod(Z (Tp))) = 1; that is

2(J) = D(Tp) + span{t, }, (4.13)

where t; € 2(T1)\Z2(Tp). Consider a sequence {x j} C Ag and vectors x,y € H such
that x; — x and Tix; = Jx; — y where the convergence of both sequences is in H. Of
course, we need to show

xe2(J) (4.14)
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and
Jx=y. (4.15)

Since 2(J) C 2(T1) and T is closed, we know that x € Z(T}) and Tix =y. Hence
(4.15) will be established once we show (4.14). Now, by (4.13) and Theorem 2.1,
we can write

Xj=v;+ o (4.16)
= (o) +vj) + oyt + oty (JEN)

where t; =10 +1 +1; and v;, 1) € 2(Tp), tif € X+ and x =x0 +x +x~, where
1% € 2(Ty) and x* € X, . Since x; —x and Tix; — Tix, we see that

||xj—x||;; —0as j— oo,

where ||-||3; is the graph norm given in (2.3). Since

2 2 2 _ 2
(s =l)” = (llogr? +vi =I5 )"+ (et =[13) + (leger =+ [1)",

we see, from (2.3) and (2.4), that

ot +v; —x"in H (4.17)
oty —x"inH (4.18)
oty —x inH. (4.19)

Since tl+ and 7, both cannot be zero (otherwise, | = t? € 9(T), contradicting our
choice of #1), we see from either (4.18) or (4.19) that there exists oo € C with o; —
o. It follows that oy — ot in H. Then, from (4.16) and (4.17), we see that
xXj=v;+taoa = ()(/t?+ v+ ot — OCjt? — (xo - OCI?) + ot € .@(To) +span{t1}.
Hence we see that x = (x* — o)) + at; € Z(J), as required. The general proof of this

proposition follows by induction on dim(W). O

REMARK 4.2. Proposition 4.1 shows that, on Ay, the maximal operator 7; is a
closed, symmetric operator. Of course, T} is not, in general, symmetric on 2(T}).

THEOREM 4.1. The operator T"o is a closed, densely defined symmetric operator
in HOW.

Proof. (1) ZA”O is Hermitian:
Let (x,¥x), (y,¥y) € 2(Tp). Then, by Proposition 4.1 and the fact that B is symmetric
in W, we see that

(Tolx¥2). 0 #9)) = (i, BY), (2¥9)) oy = (T )y + (BYx, ¥y

= (5 Ty + (Fx By = (¥, o0 Wy))
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Hence fo is Hermitian.
(ii) 2(Tp) is dense in H®W :
Since 2(Ty) is dense in H and P is surjective, it is clear that 2(Ty) is dense in H@®W.

(iii) YA"O is symmetric in H W :
This follows immediately from (i) and (ii).
>iv) fo isclosedin HGW:
Suppose that {(x,, ¥x,)} € 2(Tp) is such that

(xn, Px,) — (x,a) in HG&W (4.20)

and R
To(xn, Px,) — (v,b) in HOW. (4.21)

These conditions in (4.20) and (4.21) are equivalent to
Xp —xand T\x, —»yin H (4.22)

and
Wx, — aand B¥Yx,, — bin W. (4.23)

We need to show that (x,a) € 2(Tp) and Ty(x,a) = (y,b); that is to say, we need to
prove:

x €A (4.24)

Tix=y (4.25)

Yx=a (4.26)
and

Ba = b. (4.27)

Since {x,} C Ap, we see that T1x, = Jx, so, by Proposition 4.1,
x€Agand Jx =Tix =y,

establishing (4.24) and (4.25). For the remainder of this proof, write

R (4.28)
and
- (4.29)
where xo, x,0 € 2(T0).
dimW

t= Z ojtj,
i=1

and
dimW

th = 2 Oy jtj.
j=1
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From (4.29) and the definition of ¥, we see that

dimW
‘Pxn = \P(xn70+ln) = \Pln = Z an.,jéj
=
so that, from (4.23),
Oy, j = (\Pxnaéj w = < §j>W

It follows that

R dimW
w—t= Y (a.&)y1j (4.30)
j=1
so that Tit, — Tif. Notice that
dimW
Wi, - V=Y (a,&), & =a 4.31)
j=1

From (4.22), (4.29) and (4.30), we deduce that

Xn0 =Xn—lty = X—1=x0+1—7in H
Toxpo = Tix,—Tity —y— TifinH.

Since Ty is closed, we see that xo+¢—7 € 2(Ty) and, in particular, that t —7 € 2(T).
By definition of the partial GKN set {7; | 1 < j < dimW}, we must have

t=1. (4.32)
Combining (4.31) and (4.32), we obtain
Wx, =Vt - V=Pt =¥(x—x)) = ¥x=gq;
establishing (4.26). Finally,
BY¥x,, — B¥Yx = Ba

50, by (4.23), Ba = b which proves (4.27). This completes the proof that Ty is
closed. [J

This brings us to the proof of the fundamental relation between the maximal and
minimal operators T) and Tp.

THEOREM 4.2. (Tp)* =T.
Proof. For (x,a) ,(y,b) € 2(T}), a calculation shows that

(Tira).0:0)) (@) Ti0u0)) =[xyl — (e, b)y + (0, D)y - (433)

HoW HoW
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(see Definition 4.50). Notice that when y =, and b = &, we obtain

dimW

Q&) = X (betlue, &)y = [tjlu (4.34)

k=1
since {&; | j=1,...,dimW} is an orthonormal basis of W. Suppose now that (y,b) €
@(ZA”O) so y € Ag and b ="Wy. Then
y=yo+i,

where yo € Z(Tp),
dimW

7= 2 ot
j=1

and
dimW

b= le = "P?Z 2 OCjéj.
Jj=1

By (4.12), To(y,Wy) = T\ (v, ¥y) so, from (4.33), we obtain
(Tixa).(0#y), = ((na). Tor¥))

:[x7y]H - <Q-x7b>W + <aaQy>W
=, yolu + [, 1 — (Qx, Wyo )y — (0, W)y, + (@, Qy)yy - (4.35)

HoW

We now deal with each of the five terms in (4.35). First, from Lemma 3.3,

[x, ol = 0. (4.36)
From (4.34), we see that
dimw
bt — (@ ¥1)y, = Y, il — (Qx,&5)y 1 =0. (4.37)
j=1
From (4.5), $yo =0 so
(Qx, Wyo)y =0. (4.38)

Likewise, from (4.9), we see that Qy =0 so
(@,Qy)y =0. (4.39)

Together, (4.36), (4.37), (4.38) and (4.39) show that

(Tixa).0¥y), = (a) D0 e), (4.40)

for (x,a) € Z(T}) and (y,¥y) € 2(Ip). Hence, we obtain

~

T C (To)". (4.41)
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To show (Tp)* C Ty, let (x,a) € 2((Tp)*) and set (x*,a*) = (Ty)*(x,a). Then for
(»¥y) € 2(To),
(), 0¥ o = ((T0)" () 0 #9))

= <(x7a)7fo(y, ‘Py)>H®W (4.42)

since Tp is closed. Written out, the identity in (4.42) gives
(X )y + (@, y)y = (x,Toy)y + (a,BYy)y, . (4.43)
In particular, if y € Z(Tp), then (4.43) reduces to
oy = Toy)y

Thus x € (1) = 2(T1) and
Tix=x". (4.44)

Substituting (4.44) into (4.43) and recalling that B is symmetric in W yields

<a*7\Py>W = <x7 T0y>H + <a7B\Py>W - <T1x7y>H
_[x7y]H + <Ba7‘Py>W . (445)

In particular, let y = 7 so Wy = & . From (4.34), we see that [x,5|g = (Qx, &)y
Hence, we find that (4.45) becomes

(@, &)y = — (Qx, &)y + (Ba, &)y (k=1,2,....dimW). (4.46)
Since {& | k=1,...,dimW} is a basis for W, we can conclude from (4.46) that
a* = Ba — Qux. (4.47)
Consequently, from (4.44) and (4.47), we see that
(x*,a*) = (Tyx,Ba— Qx) = T} (x,a)

) R R
(To)" € Th. (4.48)

Combining (4.41) and (4.48), we obtain (Tp)* =T;. [
Together Theorem 4.1 and Theorem 4.2 establish the following fundamental oper-
ator relationship between To and T1

THEOREM 4.3. Ty =Ty C (Tp)* = Ti.

Consequently we may apply the Stone-von Neumann theory to the minimal oper-
ator 7. Accordingly we define the positive and negative deficiency spaces associated
with Tp in HGW.
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DEFINITION 4.3. (Deficiency spaces in the extended space H W)
Yi:={(x,a) € 2(T1) | Ti(x,a) = *i(x,a)}.

Remarkably, as we shall see in the next result, the deficiency spaces Y+ C H ¢
Wand Xy C H are isomorphic. We note that, since B: W — W is self-adjoint, then
B+l is invertible.

LEMMA 4.1. (x,a) €Yy ifand only if x € Xy and a= (BFil)~ 'Qx. Moreover,
the deficiency indices of Ty are equal and finite and satisfy def(Ty) = def(Tp).

Proof. Let (x,a) € Yy.. Then Tix = +ix and Ba — Qx = +ia. Therefore x €

X. and a = (BT il)"'Qx. Conversely if x € X+ and a = (BT il) ' Qx then Ba —

Qx = +ia so ﬁ()@d) = +i(x,a). We see that the mappings X+ — Y4 given by x —

(x, (BF i)' Qx) are vector space isomorphisms. In particular, dim (X+) = dim (Yx).

This shows that the deficiency indices of the minimal operator Ty are finite and equal
with

dim (Yy) = dim (Y_) = def(Tp) < co. [ (4.49)

In particular, equation (4.49) guarantees the GKN-EM theorem applies to T"o We
now define the (degenerate) symplectic form in H & W' associated with the operators
Ty and T;. We remark that, in equation (4.33), we actually already computed this sym-
plectic form.

DEFINITION 4.4. (General symplectic form)

[(x,a), (y7b)]HeBW = [)C,y]H - <Q~xab>W + <a7Qy>W ((X,Cl), (yab) S -@(ﬁ))a
(4.50)
where [-,-]g is the symplectic form defined in (3.3) and where the mapping Q is
defined in (4.8).

We are now in position to apply the GKN-EM theorem (Theorem 3.2) to the min-
imal operator To in H®W and, as a result, characterize all self-adjoint extensions
(respectively, restrictions) of To (respectively, the maximal operator Tl)

THEOREM 4.4. (GKN-EM theorem in H @ W) We have the following assumpti-
ons/definitions:

(i) Ty and Ty are, respectively, the minimal and maximal operators in the Hilbert
space (H,(-,-)y), called the base (complex) Hilbert space, with domains 2 (Tp)
and 9(T1); Ty is a closed, symmetric operator satisfying Ty C Ty with Iy =T
and Ty = Ty;

(ii) The deficiency indices of Ty are assumed to be equal and finite and denoted by
def(T());
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(iii) [-,-|m is the symplectic form given by
boylm = (Tix,y)y — & Ty)y - 6y € 2(Th)),
(see Definition 3.3);

(iv) (W,(-,-)w), the extension space, is a finite dimensional complex Hilbert space
with dimW < def(Ty) (Condition 4.1) and orthonormal basis
{&1j=1,... dimW};

(v) B:W — W is a self-adjoint operator;

(vi) H®W, the extended space, is the Hilbert space defined in (1.4) with inner
product (1.5);

(vii) P=A{tj|j=1,...,dimW} is a partial GKN set (see (4.2) and (4.3));
(viii) Ao = P(To)+span{t; | j=1,...,dimW} (see (4.4));

(ix) ¥ : Ay — W is defined to be

dimW dimw
W xo+ Z ajtj | = Z Oljéj ()C() S @(To))
j=1 j=1
(see (4.5));
(x) Q:2(Ty) — W is defined to be
dimW
Qx = [x,lj]]-]éj
j=1
(see (4.8));
(xi) Ty: Q(YA"O) CH®W — H$W is the minimal operator in H® W defined by

To(x,a) = (T\x,Ba)
(xva) € @(?O) = {(xv\Px) |x € AO}

(see Definition 4.1);
(xii) T : @(ﬁ) CH®W — H®W is the maximal operatorin H®W defined by

Ty (x,a) = (Tix,Ba — Qx)

2(T) ={(x,a) |x€ 2(T\);ac W}

(seed.2);
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(xiii) [,-|naew is the symplectic form given by

[(xva)v(y»b)]HeaW = [xvy}H - <vab>W + (a7Qy>W ((x,a),(y,b) € @(ﬁ)v

(see 4.50).

Under these definitions and assumptions, we obtain the following results:

(a) YA:Q is aAclosed, symmetric operator satisfying YA"O - T] with (Tb)* = ﬁ and
(T\)* =Ty (see Theorems 4.1 and 4.2);

(b) The deficiency indices of Ty are equal and finite and def(Ty) = def(Ty) (see
Lemma 4.1);

(c) Suppose T is a self-adjoint extension of f”o (equivalently, T isa self-adjoint
restriction of Ty) satisfying Ty CT C Ty. Then there exists a GKN set {(x;,a;) |
Jj=1,...,def(Ty)} C 2(T1) (see Remark 3.1) satisfying the two conditions

(o) {(xj,a;)|j=1,...,def(Ty)} is linearly independent modulo 9 (Tp),
(B) [(xj,a)), (xe; @) aw = 0 for j.k=1,...,def(Tp)

such that
T(x,a) = (Tyx,Ba — Qx) 4.51)
P(T)={(x.a) € 2(T1) | [(x,a), (xj,a))low =0 (j = 1,....,def(Ty)) };

(4.52)

(d) If T is defined by (4.51) and (4.52) where {(xj,aj) | j=1,...,def(T)} C
2(TY) isa GKN set satisfying conditions (o) and (B), then fAls a self-adjoint
extension of Ty (equivalently, T is a self-adjoint restriction of Ty) in H®W.

5. Examples

5.1. Example 1: The Legendre type self-adjoint operator

Throughout this example, we let H = L?(—1, 1) (with its usual inner product) and
W = C?, endowed with the weighted Euclidean inner product

_a@+bib

<(a17b1)7(a27b2)>w - T ((alvbl)v(a27b2) € W); (5.1

here A is a fixed, positive constant. Let {&;,&,} be the orthonormal basis in W given
by
& = (VA,0) and & = (0, VA) (5.2)

and, for this example, suppose B: W — W is the zero self-adjoint operator.
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In [3, 4, 12], the authors discuss the spectral analysis of the Legendre type differ-
ential expression defined earlier in (1.3); that is,

Cerlyl () = (1= u?)2" (w)” — (8 +4A(1 —u?))y (u))’ (5.3)

where A is the same constant appearing in (5.1). This differential expression was first
discovered by H. L. Krall [13, 14]. When

An=n(n+1)(n*+n+4A-2) (neNy), (5.4)
the equation £;7[y] = A,y has a polynomial solution y = P, 4(u) of degree n; that is,
Lir[Poal = AnPra  (n € Np). (5.5)

The sequence {P, 4} is called the Legendre type polynomials; they form a complete
orthogonal sequence in the Hilbert space Lﬁ [—1,1], where

Lz[—L 1]={f:[-1,1] = C| f is Lebesgue measurable

WMA]m%wwh
1,1

with inner product

Sz
(f8)y = +/ Flagdu+ T80,
and where du is the Lebesgue-Stieltjes measure given by
du=d +16( +1)+16( 1)
U =dx 20 20 .
When y = P, 4, we see from (5.3) and (5.5) that
F8AP, A(il) AnPya(£1). (5.6)

Various properties of the Legendre type polynomials can be found in [12].

Because the measure y has jumps at u = 1, the classic GKN theory is not
immediately applicable in finding a self-adjoint operator representation 7 of ¢;7[-] in
Lﬁ [—1,1]. In order to construct 7, Everitt and Littlejohn [3, 4] first studied properties
of functions in the maximal domain

D(Ty)={x:(—1,1) = C|x,x,x" X" € ACloc(—1,1);
x,lrrlx] € L*(—1,1)},

where 7; is the maximal operator, generated by ¢7[], in the Hilbert space L>(—1,1).
They establish the remarkable smoothness property

xe (M) = x"e*(~1,1) (5.7)
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and hence, upon making the natural identifications

x(£1) = ul_i)rillx(u) X(xl)= Ml_i}r&x (u), (5.8)

we can say that
x€ 2(Ty) = x,x' € AC[-1,1].

Moreover, they prove that the associated sesquilinear form has the simple formulation
byl = 8(x(1)y' (1) =¥ (1)y(1) +2' (= 1)F(=1) —x(=1)¥' (1)) (5.9)

for x,y € Z(T1). Considering this last formula and Lemma 3.3, it is apparent that the
minimal domain associated with ¢;7[-] is explicitly given by

2(Ty) = {x € 2(T1) | x(£1) =x'(£1) =0} . (5.10)

The deficiency index of the minimal operator Ty, generated by ¢;7[-], in L*(—1,1)
is def (Tp) = 2. This follows since each endpoint u = £1 is in the limit-3 case which
can be shown by a Frobenius analysis. We emphasize that we are not seeking to find
self-adjoint extensions of Ty in L?>(—1,1) but instead we want to find a self-adjoint
representation of ¢;7[-] in Li [—1,1] which produces the Legendre type polynomials
{P.a};_ as eigenfunctions. By analyzing functions in Z(T), Everitt and Littlejohn
show that the operator 7 : Z(T) C Lfl[—L 1] — Lfl[—L 1] defined by

—8AX (- 1) u=-1
Tx(u)=4q lrx](u) —-l<u<l (5.11)
8AX (1) u=1

X e _@(T) = Q(Tl)

is self-adjoint, has the Legendre type polynomials {P, 4}, as eigenfunctions, and has
discrete spectrum

o(T)=0,(T)={A | n€Np},

where each A, is given in (5.4). It is surprising that the maximal domain 2(T}) is the
domain of a self-adjoint operator in Lfl [—1,1]. By the GKN theorem, Z(7;) cannot be
the domain of a self-adjoint extension of Ty in L?(—1,1).

‘We now show, using the results developed in this paper, how to construct the self-
adjoint operator 7" given in (5.11) in the direct sum space H & W. Indeed, below, we
construct a self-adjoint operator T that s, essentially, the operator T defined in (5.11).
With this alternative approach, we will see how continuity is a GKN-EM boundary
condition that produces the Legendre type self-adjoint operator T.

The first step in our analysis is to observe that the space Lfl [—1,1] is isometrically
isomorphic to the direct sum

HoW ={(x,(a,b))|x€H;(a,b) e W}.
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Next define t; € (1) (j=1,2) by

_ [ VA unear —1 [0 wunear —1
“(”)_{0 u near 1 fo(u) = VA unear 1;

we remark that such functions in Z(T}) exist by Naimark’s Patching Lemma [15,
Lemma 2, Section 17.3]. It is straightforward to see, using (5.9) and (5.10), that {¢;,1,}
is a GKN set for 7y. Consequently, we see that

Aoz{xo—FCltl—FCztz ‘XOE.@(To);Cl,CQEC}, (5.12)
where Ag is defined in (4.4). Moreover,
P (xo +cit1 +eanr) = e1&) + & = (1 VA, c2VA), (5.13)

where {&;,&,} is defined in (5.2) and where W : Ag — W is the map defined in (4.5).
Using (5.9), calculations show that

vty =8VAX(—1), vl = —8VAX (1) (xe 2(T})).
It follows that
Qr = 8VAX (—1)&, — 8VAX (1)& = (8AX (—1),—8AX (1)) (x€ 2(T})), (5.14)

where Q: Z(T;) — W is the mapping defined in (4.8).
The minimal operator Ty : 2(Ty) € H®W — H @ W, in this example, is given
by
To(x, ¥Wx) = (Tyx, B¥x) = (¢17[x],(0,0)) (5.15)
P(To) = {(x,¥x) | x € Ag}. (5.16)

From the theory we established in Section 4, Ty is a closed, symmetric operator in
H oW with def (Tp) = 2. N N
Using (5.14), we see that the associated maximal operator 7 : Z(T1) C HG&W —
H @& W is given explicitly by
Ty (x, (a,b)) = (Lr7[x], (—8AX' (—1),84x (1)) (5.17)
2(Th) = {(x,(a,b)) | x € 2(T1); a,b € C}. (5.18)

From (5.1), (5.9) and (5.14), a calculation shows that the symplectic form [, |gew,
defined in (4.50), is given by

[(x,(a1,b1)), (y, (a2,b2)) | maw

=[x, y]m — (x, (a2,02))y + ((@1,b1), )y

=8(x(1)y' (1) =X (1)y(1) +¥' (=1)3(=1) = x(=1)¥ (—1)) (5.19)
—8x'(— 1)@, + 8x'(1)by +8AY (—1)a; — 8AY (1)b,
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for (x,(a1,b1)), (v,(a2,b2)) € Z(T1). Define x; € 2(Ty), for j=1,2, by

o unear — 1 [ VA(u+1) unear —1
xl(u)_{\/Z(u—l)unearl ’xz(”)_{o u near 1.

From (5.9) and (5.10), we see that {x1,x,} is a GKN set for 7. Calculations also show
that
[x,x1]g = 8VAx(1) and [x,x;] = —8VAx(—1) (xe€ 2(T})). (5.20)

In addition, we see that
Qx| = (0,—8AV/A) and Qx, = (8AV/A,0). (5.21)

‘We now claim that

PROPOSITION 5.1. {(x1,(0,0)),(x2,(0,0))} is a GKN set for Ty.
Proof. Suppose that

c1(x1,(0,0)) 4 ¢2(x2,(0,0)) = (c1x1 + c2x2,(0,0)) € 2(Ty).

By definition of 9(Tp), we see that ¥(c1x, + c2x3) = (0,0). This implies that ¢x, +
cax2 € D(Ty). However since {x1,x2} is a GKN set for Ty, we must have ¢y = c; =0.
Hence {(x1,(0,0)), (x2,(0,0))} is linearly independent modulo 9(Ty). Next, using
(5.19), we see that

[(xlv(070))7(x27(070))]H®W = [xhxﬂH =0.

Calculations also show that

[(xj7 (070))7 (xjv (070))]H®W =0 (] = 172)~
This completes the proof of the proposition. [

We now find the appropriate self-adjoint operator TinHaW having the Leg-
endre type polynomial vectors {(P, 4, (Pua(—1),P, (1))}, as eigenfunctions. In-

~

deed, using Theorem 4.4 part (d), the operator T:9 (TYC HW — H®W , defined
by

T(x,(a,b)) = (L7 [x], (—8AX' (—1),84x'(1))) (5.22)
@(T\) = {(xv (avb)) € @(ﬁ) | [(x7 (a7b))7 (xj7 (070))}H®W =0 (] = 172)}
(5.23)

is self-adjoint.
We now investigate each of the two boundary conditions in (5.23). From (5.19),
(5.20) and (5.21), a calculation shows that

0= [(xv (a,b)),(x17(070))}1.1®w = [xvxl}H - <va (070)>W + <(avb)vm1>W

= [t,x1]m + ((a,b), (0,—8AVA))w = 8VAx(1) — SAXZI’ = 8V/Ax(1) — 8VAb,
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implying

b=x(1). (5.24)
A similar calculation, using (5.20) and (5.21), yields

0= [(x,(a,b)), (x2,(0,0))] rew = —8VAx(—1) + 8V/Aa

which establishes
a=x(—1). (5.25)

Hence the domain of f, given in (5.23), simplifies to
P(T) = {(x,(x(—=1),x(1))) | x € 2(T})}. (5.26)

Notice that this domain (5.26) extends the continuity of each x € 2(T}) from (—1,1)
to the closure [—1,1]. Tt is remarkable that, in this sense, continuity is a GKN-EM
boundary condition. Furthermore, from (5.5), (5.6) and (5.22), notice that

T(Poa: (Pua(=1),Pua(1)) = (o7 [Poal, (—8AP; 4(=1),84P; 4(1)))

= (AnPra, (AnPra(—1), lnPna(1)))
= M (Poas (Bra(=1), Poa(1))).

Moreover, T is the same operator as T defined in (5.11).

REMARK 5.1. If B: W — W is an arbitrary self-adjoint operator in W, the oper-
ator S: Z(S) CH®W — H®W, defined by

~

S(x,(a,b)) = (rr[x],B(a,b) + (—8AX'(—1),8AX'(1)))

P2(8) = {(x (x(~1),x(1))) | x € 2(T)},

is self-adjoint in H & W. However, it is the case that the Legendre type polynomial
vectors {(Pya, (Poa(—1),Pua(1)))}rr are eigenfunctions of S if and only if B=0.

5.2. Example 2: A simple first-order differential operator

Let H = L*[0, 1] be endowed with the standard L? inner product

1
(3)yg = [ +(u)3(a)du
and let W = C have the usual Euclidean inner product
{a,b)y :=ab (a,b€W).

In this example, we show how to construct a self-adjoint operator in H & W generated
by the first-order Lagrangian symmetric differential expression

Ux](u) = ix’ (u).
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Our construction can be modified to find numerous other self-adjoint operators in H &
W generated by £[-].
The maximal and minimal domains in H associated with £[-] are respectively
given by
Tix=ix
P(T) ={x:10,1] — C | x € AC[0,1]; X € H},
and

Tox = iy’
2(To) = {x€ 2(T) | x(0) = x(1) = 0}; (5.27)

see [17, Chapter 13, Example 13.4]. The symplectic form [-,-]y associated with Tj is
given by
be, vl = ix(1)y(1) — ix(0)¥(0).
An elementary calculation shows that the deficiency indices of Ty are equal with def(7p) =
1.
Choose {&; =1} as the orthonormal basis for W. All self-adjoint operators B :

W — W have the form Ba = a.a for some real number «; we fix one such an operator.
Define 11 € Z(T1) by

nu)=1 (0<u<l)
and note that

bl = i(x(1) — x(0)). (5.28)
It is clear, from (5.27), that #; is not in the minimal domain; moreover, from (5.28), we
see that

[t1,t1]n = 0;

this shows that {z; } is a GKN set for Ty in H. Moreover, with this GKN set, the reader
can readily verify, using Theorem 2.3, that the operator T : Z(T) C H — H defined by

Tx=ix
2(T) ={x€ 2(T) | x(0) =x(1)}

is self-adjoint in H; see [17, Chapter 13, Example 13.4] for an interesting direct proof
of the self-adjointness of 7.
The operators Q: Z(T;) — W and ¥ : Ag — W from Section 4 are given by

Qx = [x,n]n&1 = i(x(1) — x(0))

and
Y(to+at)=a (o€ P (Tp)).

The maximal operator T\ : 2(T\) CH®W — H&W and the minimal operator T :
2(Ty) CH®W — H@®W can now both be defined. Indeed,

Ti(x,a) = (iX',Ba — Qx) = (iX', oa — i(x(1) — x(0)))
2(T) ={(x,a) | x€ 2(T1),a € W}
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and

To(x, ¥x) = (ix',B¥x) = (iX’, o0'Px)
P(To) = {(x,'¥x) | x € Ao}

The symplectic form [-,-]gew associated with T) is given by

[(x,a), (yab)}HEBW = [xhﬂH - <Qx7b>W + <a’Qy>W (5.29)
= i(x(1)3(1) — x(0)5(0)) — i(x(1) —x(0))b — ai(3(1) — ¥(0))
for (x,a), (v,b) € 2(T}).
Define x; € Z(T1) by

X1 (1) = 1 unear 1
=3 0 unear0;

from (5.29), we see that

[(x,a), (x1,1/2)]gew = ix(1) —i(x(1) — x(0))/2 — ai. (5.30)
We now show that {(x;,1/2)} is a GKN set for 7y. From (5.30), note that
[(x1,1/2), (x1,1/2)]mew = 0; (5.31)

We claim that (x;,1/2) ¢ 2(T); indeed, otherwise, we have

x1() = to(u) + 511 () (we[0,1) (5.32)

for some 79 € Z(Ty). However, choosing u =0 or u = 1 shows that (5.32) is not
possible. It now follows that {(x1,1/2)} is a GKN set for 7Tp.
From (5.30), we see that

x(0) +x(1).

[(x,a),(x1,1/2)]gaw = 0 if and only if a = 5

(5.33)

It now follows, from Theorem 3.2 and (5.33), that the operator T:9 (f) CHOW —
H @& W defined by

f(x, (x(0) +x(1))/2) = (ix', oe(x(0) +x(1)) /2 —i(x(1) — x(0))) (5.34)
P(T) = {(x,(x(0) +x(1))/2) | x € 2(T1)}

is self-adjoint.

5.3. Example 3: Variations on the Fourier self-adjoint operator

For this example, we consider the well known Fourier differential expression

Cplx])(u) = —x"(u) (u € [a,b]) (5.35)
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where [a,b] is a compact interval. Here, the Hilbert space is H = L*[a,b] and, in
the sub-examples below, we will consider W to be either C or C? with a weighted
Euclidean inner product.

The maximal operator T} : Z(Ty) C H — H is defined by

Tix = lp[x]
P(Ty) = {x:[a,b] — C |x,x’ € AC[a,b];x" € L*[a,b]}
while the minimal operator Ty : 2(Ty) C H — H is given by
T()x = KF [x}
D(Ty) = {x € D(T1)|x(a) =¥ (a) = x(b) = ' (b) = 0}.
The symplectic form [-,-]y associated with 7j is given by
oYl = x(b)y' (b) = X' (B)F(b) + ¥ (a)¥(a) = x(a)¥ (@) (x,y € Z(Th)).  (5.36)

Because ([ is regular, the deficiency index of Tp is def(7y) = 2. Consequently, by
the GKN theorem, every self-adjoint extension of Ty in H will be a certain restriction
of the maximal operator defined by two appropriate boundary conditions. One such
self-adjoint operator is the classical Fourier trigonometric self-adjoint operator in H,
generated by (r[f], with domain

{xe 2(1) | ¥ (a) =x'(b),x(a) = x(b)}.

We list several examples of self-adjoint operators, generated by ¢g[-] in H® W .

5.3.1. One dimensional extension spaces
Consider the one dimensional extension space W, with basis {&; = 1}, given by
w=C
(z1,2)w =222 (21,22 €W).

Every self-adjoint operator B : W — W has the form Bz = «z for some o € R; for this
example, we fix such a B. Observe the Hilbert space H & W is suggested in a natural
way by the inner product

/a ’ ()5 (0)du+ x(b)5().

With this particular inner product in mind, H & W is isomorphic to the Lebesgue-
Stieltjes integration space generated by the discontinuous Lebesgue-Stieltjes measure

du=du+6(u—0>).

EXAMPLE 3.1. With the partial GKN set {z;} for Ty in H given by

f(u) = 1 u near b
=10 uneara,
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a calculation shows that {(x1,0), (x,0)} is a GKN set for 7y in H® W where

1 (1) = u— b unear b and x» (1) — 0  unearb
70 uwneara 27\ u—a uneara.

We leave it to the reader to check that
(i) [(,2), (x1,0)]maw = x(b) — 2
(if) [(x,2), (x2,0)|aw = —x(a).
From these equations, we see that the operator
T (x,x(b)) = (—x", ax(b) + X (b))
P(T) = {(x.x(b)) | x € 2(T1);x(a) = 0}

is self-adjointin H & W.

EXAMPLE 3.2. By picking the partial GKN set {#;} for Ty in H, where

f(u) = 0  wunearb
"Wl u—auneara,

and the GKN set {(x1,0), (x2,0)} for Ty in H® W, where

u—>bunearb

and x(u) = { 0 u near a

xl(u):{OLtnearb

1 uneara
the reader can check that the operator

T(x,X(a)) = (—x",ax (a) +x(a))
2(T) = {(x,¥(a)) | x € 2(T1);x(b) =0}

is self-adjointin H & W.
5.3.2. Two dimensional extension spaces
For the last three examples, let W = C? have the weighted inner product

- o
' _an | w2y
<(Z1712)»(21»Z2)>W_ M + N’

where M,N > 0. Let {& = (v/M,0),& = (0,+/N)} be a basis for W. The reader can

check that the most general form of a self-adjoint operator B : W — W, using this inner
product, has the matrix representation

- (ui?)
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where o,y €R and 3 € C.

EXAMPLE 3.3. Define t;,x; € Z(T;) (i=1,2) by

tl(u):{\/ﬂ_/luneara tg(u):{o u near a

0 wuneard’ VN uneard’
[ VM(u—a) uneara {0 u near a
() = {O unearb ’ xo(u) = V/N(u—b) unear b.

It is the case that {7,712} is a GKN set for 7y in H and {(x1,0), (x2,0)} is a GKN set
for Ty in H & W. Moreover, using (5.36), we see that
[x,tl}H :x/(a)\/ﬁ; [x,tz}H = —x/(b)\/ﬁ
[x,x1]g = —x(a)VM; [x,x2]g = x(b)VN
and
Qv = [x,1]& + [x,0]& = (X (@)M, =X (b)N)  (x € Z(T1)).

In particular,
Qx; = (M*/?,0) and Qx, = (0, —N*/?).

With z = (z1,22) € W, calculations show that
0=[(x,2), (x1,0)lgew = —x(a)VM + 21vV'M (5.38)
and
0=[(x,2), (x2,0)lgew = x(b)VN — VN (5.39)

yielding
71 =x(a) and zp = x(b).
That is, the boundary conditions expressed in (5.38) and

(
functions in the domain of the self-adjoint operator T : 2(T
fined by

5.39) yield continuity of
YCHOW — H®W de-

T(x, (x(a),x(b))) = (—x", B(x(a),x(b)) — (x'(a)M, ' (b))

2(T) = {(x, (x(a),x(b))) | x € 2(T1)},
where B is givenin (5.37) and

s~ (352) (32)

In this case, the setting H@®W can be identified with the Hilbert function space L2 [a,b],
given by
L%[a,b] = {f : [a,b] — C |f is Lebesgue measurable on [a,b]
and || fllpzaw < oo},
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where ||-|| yw is the norm generated by the inner product

+

XV) How = /bx(u)y(u)dwrx(a]);(a) x(bg(b)

and do is the Lebesgue-Stieltjes measure generated by the distribution function

1
—M—Fauéa
ou)=< u a<u<b
1

EXAMPLE 3.4. For this example, we switch the roles of {f;,/2} and {x|,x»}
which are defined in example 5.3.2. Note that, in this case, {(#1,0), (#2,0)} is a GKN
set for To and {x,x2} is a GKN set for Ty. The calculations given in the previous
example hold with the exception

Qx = (—x(a)M,x(b)M) (xe€ 2(T1)).
Again, with z = (z;,22), we find that

0=1[(x,2),(t1,0)]maw =x/(a)m—zlx/]l_/l
and
0= [(X7Z)7 (t270)}H63W = _x/(b)\/]v‘f'Zz\/N

so that
z1 =X (a) and z, = X' (b).

In this case, the operator 7 : 2(T) C H&W — H & W, defined by
T(x,(x'(a),X (b)) = (=", B(¥'(a),¥ (b)) — (~x(a)M,x(b)M)),

with domain R
2(T) = {(x,(¥'(a),¥ () | x € 2(Th) }

is self-adjoint. In this case, for x,y € (f), the inner product on H @ W simplifies to
the discrete Sobolev inner product

a X' (0)y (b)
X)) Hew —/ du+ i + N . (5.40)

Notice that, because of the derivatives in the discrete part of (5.40), the closure of
2(T) is not a function space and there is no positive Borel measure generating this
inner product.

EXAMPLE 3.5. For our last example, we consider a variation of the last two ex-
amples. Indeed, define t;,x; € Z(T1) (i=1,2) by

VM uneara /0 u near a
“(”)_{0 unearp ' 2= V/N(u—b) unearb’
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() = 0 uneara o) = VM (u— a) unear a
=Y VN uneard ’ 270 u near b

In this case {f1,5,} is a GKN set for 7} and {(x1,0),(x2,0)} is a GKN set for 7.
Moreover, a calculation shows

Qx = (X' (a)M,x(b)N).
With z = (z1,22), the two boundary conditions
0= [(X7Z)7 (xho)}HeaW = _x/(b)\/]v‘f'zz\/ﬁ

0=[(x,2),(%2,0)|gaw = —x(a)VM +z1VM

yield
z1 = x(a) and zp = ¥'(b).

These calculation show that the operator T, given by
T(x, (x(a),' (b)) = (=", B(x(a),¥' (b)) — (¥ (a)M,x(D)N))

with domain

~

I(T) = {(x,(x(a),x'(b))) |x € 2(T1) } ,
is self-adjoint in H & W. For each x,y € 2(T), the ‘mixed’ inner product in H ® W

reduces to Y _ DY (b
3o = [ syt + 2D LODLE)

As in the last example, no positive Borel measure generates this inner product and the
closure of Z(T') in the topology from (-, -) ..y is not a function space.
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