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UNIFORM LOCAL LIPSCHITZ CONTINUITY OF EIGENVALUES
WITH RESPECT TO THE POTENTIAL IN L![a,b]

X1A0 CHEN AND JIANGANG Qr1*

(Communicated by J. Behrndt)

Abstract. The present paper shows that the eigenvalue sequence {A,(g)}n>1 of regular Sturm-
Liouville eigenvalue problem with certain monotonic weights is uniformly Lipschitz continuous
with respect to the potential ¢ on any bounded subset of L!([a,b],R).

1. Introduction

Consider the regular Sturm-Liouville eigenvalue problem associated to the second
order differential equation

— (Px)y(x)") +q(x)y(x) = Lo (x)y(x) on [a,b] (1.1)
with the self-adjoint separated boundary conditions
y(a)coso+ (py')(a)sino = 0, y(b)cos B + (py')(b)sin B = 0, (1.2)

where o, B € [0,7), A is the spectral parameter,
1
>’ g, € L'([a,b],R), p, ®>0 a.e.on[a,b]. (1.3)

Here L'[a,b] denotes the Banach space of all Lebesgue integrable, complex valued
functions on the closed interval [a,b] C R equipped with the canonical L' -norm |||, .
The subspace of real valued functions of L![a,b] is denoted by L!([a,b],R).

Under the natural condition (1.3), the eigenvalue problem, (1.1) and (1.2), admits
only countably infinite number of real eigenvalues which are isolated, bounded below
and unbounded above by the spectral theory of differential operators.

Fix p and o, let A,(q) be the nth eigenvalue with respect to the potential function
q. It is well known that

—o<Ai(g) <Aa(g) < <alg) <, (1.4)
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and
An(q) — o0 as n — oo, (1.5)

Moreover, A,(q) can be viewed as a functional on L!([a,b],R) for every n > 1. It
is also known that A4,(q) is continuous, and even differentiable, with respect to ¢ in
L'[a,b] (see e.g. [9] as well as [3], [6] and [8]).

The continuity and differentiability of eigenvalues provide efficient tools in the
study of properties of eigenvalues and eigenfunctions as well as in other related fields.
In the recent years, Professor Meirong Zhang and his collaborators have obtained fruit-
ful results on weak and strong continuity of eigenvalues and eigenvalue-pairs of several
kinds of eigenvalue problems (see e.g. [16], [12], [2], [15], [13] and [14] as well as [4]
and [5]).

The main topic of this paper is the study of a new continuity, called uniform local
Lipschitz continuity, of the eigenvalue sequence {A,(q)},>1 with respect to the poten-
tial function ¢ in L!([a,b],R).

DEFINITION 1.1. The eigenvalue sequence {A,(q)}n=1 of (1.1)-(1.2) is said to be
uniformly locally Lipschitz continuous with respect to the potential ¢ in L'([a,b],R),
if, for any L'-norm bounded subset Q C L'(|a,b],R), there exists a positive number
C(Q) such that

1An(q1) — An(q2)| < C(Q) llq1 — g2l 1 (1.6)
foralln>1, q1,q2 € Q.

Note that C(Q) is independent of the index n of the eigenvalues {A4,(q)}n>1,
and hence this local Lipschitz continuity is uniform for all n» > 1. This is exactly the
meaning of the word “uniformly” in the definition above.

The present paper shows that, under some appropriate conditions, the eigenvalue
sequence {A,(g)},>1 has the desired continuity above. This result will provide a new
tool or idea for the further study of Sturm-Liouville eigenvalue problem.

The paper is structured as follows. In Section 2, we present in Section 2.1 the
content of the main theorem, and introduce some notations in Section 2.2 as well as
recalling some known facts as preliminary which are crucial for the proof of our results.
In Section 3, we conclude the proofs of some auxiliary lemmas, and further prove the
main theorem.

2. The main theorem and preliminary

Throughout this paper, we denote by R the field of real numbers.

The symbol L2 [a,b] denotes the weighted Hilbert space of all Lebesgue mea-
surable, complex valued functions f on [a,b] satistying [” @[f|> < e with the norm
1l = (ffa)\fP)% and the inner product (f,g)e = f:wf?

We denote by L”[a,b] the Banach space of all essentially bounded, complex
valued functions on [a,b] equipped with the canonical essential norm ||-||.,, and by
ACla, b] the space of all absolutely continuous, complex valued functions on [a, b].
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2.1. The main theorem

Since p >0 a.e. and 1/p € L' ([a,b],R), it is easily seen that, under the following
transformation .# of independent variables, called Liouville transformation (see e.g.
[11, Page 2293)),

X1 o B
:/a oo di=Z W, ) =32 '(s)), 2.1)

the problem (1.1) and (1.2) for y(x) is rewritten as the problem for ¥(s) in the form
/" ~ b ]
(6 +056) = A@WS) on 0.e], e= [rsan @)

$(0)cosa + 7 (0)sina = 0, j(c)cos B+ (c)sinf =0, (2.3)

where o, B €(0,7), G(s) =p(L"(5))q(L~(s)) and @(s) = p(L~ ' (s)) (L~ (5)).

It is not difficult to check that §, W and ¥ satisfy the corresponding condition (1.3)
with [a,b] replaced by [0,c]. More importantly, the eigenvalues of (1.1)-(1.2) are the
same as those of (2.2)-(2.3).

Furthermore, for any common eigenvalue A of both (1.1)-(1.2) and (2.2)-(2.3),
denote by E; and E, the spaces of eigenfunctions associated to A, respectively. Then
the map y(x) — §(s) sets up an isometry from E; C L2[a,b] onto E; C L%[0,c], and
$(s) on [0,c] has the same range as that of y(x) on [a,b].

Hence, for simplicity, in the following theorem, we consider the equation (1.1) for
the case p = 1 on the unit interval [0, 1], i.e., the eigenvalue problem

—Y"(x) +q(x)y(x) = 2o (x)y(x) on [0,1], (2.4)

y(0)cosa +y'(0)sina =0, y(1)cosB +y'(1)sinf =0, (2.5)

where
a, Bel0,n), g, @cL'([0,1],R), ®>0a.e. onl0,1],

instead of the problem (1.1) and (1.2). Furthermore, we present two hypotheses for the
weight function ® of (2.4)-(2.5) below:

H1: o(x) is monotonic on [0,1];
H2: infx€[071] a)(x) > 0.

In the present paper, we mainly prove the following result.

THEOREM 2.1. Suppose that the weight function ® of the eigenvalue problem
(2.4) and (2.5) satisfies both of two hypothesises H1 and H2 above. Then the eigenvalue
sequence {An(q) =1 of (2.4)-(2.5) is uniformly locally Lipschitz continuous, in the
sense of Definition 1.1, with respect to the potential q in L' ([0,1],R).
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2.2. Notations and preliminary

For the benefit of the reader, we recall some well-known facts needed later.

2.2.1. Differentiability of eigenvalues with respect to potential functions

In this paper, by a normalized eigenfunction of (1.1)-(1.2) with a non-negative
weight function @ we mean an eigenfunction ¢ satisfying ||¢||, =1.

The following theorem shows the differentiability of eigenvalues of (1.1)-(1.2)
with respect to the potential functions.

THEOREM 2.2. For any integer n > 1 and qo € L'([0,1],R), there exists a neigh-
borhood U(qo) of qo such that, the map

M :U—R, geUr— Ay(q) €R

is differentiable at qq, and its Fréchet derivative is the bounded linear functional given
by

() ‘
g la=q

1
= [ R0 (o)) 2.6)
0

where h € L'([0,1],R), and @, is a normalized eigenfunction associated to A,(qo) of

(1.1)-(1.2).

Theorem 2.2 can be viewed as a special case of a well-known theorem [3, Theorem
4.2(6)] provided by Kong and Zettl. For more details about the differentiability of
eigenvalues, the reader also may refer to [9, Theorem 3.6.1] and [6].

2.2.2. Priifer transformation

Priifer transformation is an important tool in the study of Sturm-Liouville problem,
and has several variants (see e.g. [9] as well as [1], [10] and [16]). In the following, we
introduce the elliptic Priifer transformation.

Consider the problem (2.4) and (2.5). Set

pLsA) = MR (eA)+ (012(x:A), e(x;mzarctan%,

A>0, 0(0:A)eR, p(0;4)>0.

2.7

Then

0'(x;1) = VA (cos® 0(x; 1) + @ (x)sin? O (x; 1)) — %q(x) sin@(x;A)  (2.8)

is independent of p. The equation (2.8) is usually called the Priifer equation, and p

satisfies
p'(xA) = ? (l —ox)+ %q(x)) p(x;A)sin20(x;A). (2.9)
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3. The proof of Theorem 2.1

To prove our main theorem, we need to prove some lemmas and propositions as
preparation. At first, consider the initial value problem

—Y'(x) =20 (x)y(x) on [0,1], y(0) = c1, Y'(0) = e, 3.1

where ¢; >0, c; €R, o € L'([0,1],R) and @ >0 a.e. on [0,1].
Applying Priifer transformation in Section 2.2.2 to (3.1), we obtain the Priifer
equation for the case ¢ =0 as follows:

0’ (x: 1) = VA(cos® 0(x; 1) + o(x)sin> O (x; 1)) (3.2)
with the initial condition 6(0;1) = arctan% € [0,7), and p satisfies

p (i) = @p(x;?t)(l — 0(x))sin20(x:1), p(0:4) = \/Ac? + 2 € (0, +e0). (3.3)

Consequently, the solution y(x;A) of (3.1) has the following expression:

y(gA) = \/_p(x;k)sine(x;l), (3.4)
where
P(1:A) = p(0:4) &% HI-0)sin00k)ar (3.5)
Set
H(x:A) = @/xh(t)sinze(t;l)dt, (3.6)
0

where h(t) =1 — o(1).

LEMMA 3.1. Let O be defined as in (3.2) and w(x) be in L'[0,1]. If o(x) =0
a.e. on [0,1] and [} 0(x)dx >0, then

lim O(1;1) = (3.7)
l~>+oo

and 0(x;A) is nondecreasing on [0, 1] for any fixed A > 0.

Proof. Since @(x) >0 a.e. on [0,1] and [y ®(x)dx > 0, the limit equation fol-
lows from

9(1;1)—9(0;1)2\/%/01(cos2 0(x: A)+ o (x)sin? 0(x; A)) dx > \/Z/Olmin{w(x), 1}dx.

Immediately, the remainder is proved, since the Priifer equation (3.2), together with
® > 0, shows that
0'(x;;A) =0
forany x€[0,1] and A >0. O
The following is the key lemma for the main theorem in this paper.
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LEMMA 3.2. Let 0 be defined as in (3.2). Assume that both of two hypotheses
H1 and H2 hold. If g(x) : [0,1] — R is a function whose total variation on [0,1] is

finite, then
¢ ) ' B L
/0 g(x)sm29(x,l)dx—0<\/x> , (3.8)
and _
/Og(x)cosze(x;l)dx:0<%), (3.9)

forany c €[0,1].

Proof. Here we only prove this lemma when @ is increasing. For the case that @
is decreasing, by using the transform r = 1 —x, we can keep the eigenvalues invariant,
and obtain the proof in the same way.

Since every function of bounded variation is the difference of two bounded mono-
tonic functions, we may further assume that g(x) is monotonic.

When ¢ = 0, the proof is trivial.

First, we begin to prove (3.8) for ¢ > 0.

Set

A c
G(e:A) = \/T—/ e(x)sin20(x;A)dx, ¢ (0,1]. (3.10)
0
Case 1 : assume that g(x) is decreasing and non-negative on [0, 1].
By Lemma 3.1, for any fixed ¥ € (0, 1] and sufficiently large A > 0 , we can find
two finite sequences
{xi}:'n:07 {S/}’jnz_ll g [07')?]?

such that
O=xp<x1 <81 <+ <Xy <X,

satisfying forany 1 <k<m, 1 <j<m—1,

0(xi) = kr, O(sjiA) = jm + g mr < O(FA) < (m+1)m,

and ensuring that for any x € (xo,x1),
0<0(xA) < m,

which means that x; is the smallest one of those x satisfying 6(x;A) = . Since
g is decreasing, we know that, for any integer j € {1,2,...,m— 1},

g(sj) < glx) <g(x)), oxj) S o(x) < 0(s)), x€ [x),s; (3.11)
and

glxjr1) <g(x) <gls)), o(sj) <o) < O(xjp1), x€[sjxj].  (3.12)
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Moreover, by the monotonicity of 6 in Lemma 3.1, we have that

T
JT<O(A) S+, xE s,

and -
Jr+ 5 <OA) S(J+Dm x€lsjxjl-
Hence,
sin20(x;4) >0, x€ [xj,s], (3.13)
and
sin20(x;A) <0, x € [5),xj41]. (3.14)

For simplicity, hereafter we denote 6(x;A) by 6(x). Combining the inequali-
ties (3.11)-(3.14) and nonnegativity of 47 and w, we obtain that

s g(s;)sin26(x)
/X, cos? O(x)J—f— o(s;) s o0 0
sj g(x)sin20(x)
s /x, cos2 0(x) + w(x) sin® O (x) 00
- /Sj g(x;)sin20(x)

; c0s? 0(x) + w(x;)sin’ O (x)

do(x), (3.15)

and

Xj1 g(s;)sin26(x)
Aj cos? O(x)j—l— o(sj)sin’ O (x) 46(x)

Xj+1 g(x)sin206(x)
< /‘/ 052 0(x) + 0(x) Sin? o(x) do(x)

it g(xj+1)sin26(x)
) /‘/ c0s? 0(x) + @(x;11)sin” O (x) d6(x). (3.16)

Define an auxiliary function as follows:

5 g(t)sin2u
= d 0,1]. 3.17
) /0 cos2u+ w(t)sin*u w refo1] G17

Then, substituting 0 (x) for u, by the periodicity of sin2u, we have that
8 g(1)sin20(x
fy = [ SOy
x; cos?0(x) + o(t)sin” 0 (x)

e gln)sin26() )
- /‘J cos? 0(x) + () sin” 6 (x) d6(x). (3.18)

So, it follows from (3.15)-(3.16) that

re)< [ sSin20) oy < f) (3.19)

5 082 0(x) + w(x)sin® 6 (x)
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and

' Xt g(x)sin26(x) O < — Flxs
_f(s’)g/s, cos2e(x)+a>(x)sin2e(x)de()< FGje), G20

where 1 < j <m— 1. Adding together the two inequalities above, we have that

Xjo 1 g(x)sin20(x) N
"= /J c0s? 6(x) + @(x) sin” 6 (x) dO(x) < f(xj) = f(xjs1), (3.21)

where 1 < j <m—1. For the last interval [x,, X], it can be known, from the
similar argument as above, that

= X 2(x)sin20(x . _
S0 < L gt s ooy 40) < f ). i mr < 8(5) < mr -5

X g(x)sin26(x) T n
0<Sin s+ sin7a 400 < S Cm) = f (%), if mm+3 <B(F) < +(;);)

From monotonicity and non-negativity of 4 and , it is apparent that f(z) is
non-negative and decreasing on [0, 1], and so

7 g(0)sin2u

0< /)< f(0)= /0 cos2u+ @(0)sin® u du < Foe, (3-23)

where the finiteness of the integral in (3.23) owes to @(0) > 0. Then, it follows
from (3.21)—(3.22) that, for the x arbitrarily given above,

Xjtl sm20( )
0s (Z /x /m> 00529 o(x)sin® 0 (x) d0(x) < flx1) < £(0)-
(3.24)

Moreover, since ®(0) > 0, we also have that

x| g(x)sin26(x) g (0)
/x() cos2 0 (x) + o(x) sin® O (x) d@(x)' S min{w(0),1} (3.25)

Notice that

G(F:1) = @/xg(x)smze(x;x)dz

(/O +n: ll/xxj+1 /) x)sin20(x)dx

J

1 mol e x)sin26(x)
) (/ > / / >c0s20 )+ o(x) sin” 6 (x) 46(®).

(3.26)

Set
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Therefore, from (3.24)—(3.26) and the arbitrariness of X, we can derive that, for
any c € [0,1] and sufficiently large A > 0, one has

G
GleA)| < 5 < e, (3.27)

which implies (3.8) in Case 1.

Case 2 : assume that g(x) is decreasing on [0, 1], but is not needed to be non-negative.

Let u(x) = g(x) —g(1) and v(x) = 1. Then u(x) is non-negative and also de-
creasing on [0,1], and g(x) = u(x) 4+ g(1)v(x). So, for any ¢ € [0,1], we have

C C C
/ 2(x)sin20(x;A) dx = / u() sinze(x;/l)dx+g(1)/ V() sin26 (x; 1) dx
0 0 0
Applying the result in Case 1 to the functions u and v, we obtain (3.8) in Case

2.

Case 3 : assume that g(x) is increasing on [0, 1].

Set u(x) = g(1) — g(x) and v(x) = 1. So g(x) = g(1)v(x) —u(x), and u(x) is
decreasing on [0, 1]. Then (3.8) follows from the trick similar to that in Case 2.

From the argument above, the proof of (3.8) is done.

For (3.9), the proof is similar to that of (3.8). Set

Gle:) = @/ch(x)cosze(x;x)dx, ce(0,1]. (3.28)

By Lemma 3.1, for any fixed ¥ € (0, 1] and sufficiently large A > 0 , we also can find

two finite sequences
{xi}io, {s;¥75 € 10,7,

such that
O0=xp<x1 <81 <+ <Xy <X,

satisfying forany 1 <k <m, 1 <j<m—1,

3
O(d) = kn+ T, 0(s;h) = jmt X, mr+ T <

) 1 7 S 0(x;A) < (m+1)7r+z

and ensuring that for any x € (xo,x1),

which means that x is the smallest one of those x satisfying 6(x;1) = 5” . Then

G(x; A —1 m L cosZO()
e 2 </0 " / / ) 00526 o(x)sin” 6 (x) do(x). (3.29)
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Moreover, it can be clearly seen that

3
jn+% <O(xAd) < jm+ Tn’ X € [xj,8];

and
3r T
Jrt T SOWA) S+ Dr+ o X € [sjxjml.
Hence,
c0s20(x;A) <0, x€ [xj,s], (3.30)
and
cos20(x;A) >0, x€[sj,xj41] (3.31)

Similar to (3.18), we define the corresponding auxiliary function as follows:

¥ 2
/ £ ) cos2u —du, 1€[0,1]. (3.32)
T cos u+a) t)sin”u

Note that f(r) € L*[0,1]. Under the above setting (3.28)-(3.32), from lines of argument
similar to those of (3.8), it can be shown that, when g(x) is decreasing and non-negative
on [0, 1], for any ¢ € [0,1] and sufficiently large A > 0, one has

i ! 5 0
el < (o 20

which implies (3.9) in Case 1. Similarly, (3.9) in both of Case 2 and Case 3 also can
be obtained.

This lemma is proved. [

The following result is a direct consequence of Lemma 3.2.

(3.33)

LEMMA 3.3. Ifboth of H1 and H2 hold, then H(x;A) in (3.6) is uniformly bounded
Sor all sufficiently large A > 0.

The next lemma can be considered as an analogue of Riemann-Lebesgue lemma.

LEMMA 3.4. Let 0 be defined as in (3.2). Assume that H1 holds. If g(x) is an
arbitrary element in L' ([0,1],R), then

C
fim / 2(x)sin20(x; 1) dx = 0, (3.34)
A=t Jo
and
(e
lim /g(x)cosZG(x;?L)dx:Q (3.35)
pa——

forany c €[0,1].
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Proof. First, we claim that both of (3.34) and (3.35) hold when g(x) € ACJ0, 1]
and o satisfies both of two hypotheses H1 and H2. Since every absolutely continuous
function has bounded variation, this claim is obviously true because of Lemma 3.2.

Next, we retain H1 but remove H2. Set w, = @ + }% Since all of absolutely
continuous functions are dense in L![0,1], we can deduce by the above claim that
(3.34)-(3.35) hold for every ®, and any g(x) € L'[0, 1]. Consequently, (3.34)-(3.35) are
true for any non-negative monotonic weight @ and integrable function g(x), since ®,
is uniformly convergentto @ on [0, 1] and the Priifer argument 6 depends continuously
on its weight function (see [9, Theorem 4.5.1]). [

By the above lemmas, we can establish, on any bounded subset of L!([0,1],R),
the uniform boundedness of the normalized eigenfunctions of the eigenvalue problem
(2.4)-(2.5).

PROPOSITION 3.5. Consider the eigenvalue problem (2.4)-(2.5), and suppose that
the weight function ® satisfies H1-H2. Then, for any L' -norm bounded subset Q of
L'([0,1],R), there exists a positive number M(Q) such that, for any normalized eigen-
Sunction @,(x;2,(q)) of (2.4)-(2.5), one has

|0n(x: ()| < M(Q)

fJoralln>1, geQ and x € [0,1].

Proof. Consider the initial value problem as follows:
=" (x) +q(x)y(x) = 2o (x)y(x) on [0,1], (0) = C1, ¥ (0) = C, (3.36)

where g, ® € L'([0,1],R), ® > 0 a.e. on [0,1] and C}, C, are two arbitrary fixed real
numbers satisfying

Cicosa+Cysinae =0, y(1)cosB+y(1)sinfB =0 (3.37)

where o and [ are given in the boundary condition (2.5).

We may as well assume that C; # 0.

Choose two linearly independent solutions ¢ and y of (3.1), such that ¢(0) =
0, ¢'(0) =1 and y(0) =1, y/(0) = 0. Clearly, Wronskian determinant

v =ae (5 30)

of v and ¢ equalsto 1.
We may choose y and ¢ as follows:

Vi

0(sA) = or(wA)sinv(sA), r(0:A) =1, v(0:2) =0; (338
y(nd) =pd)sino(ud), p(0:A)=1,0(0:2)=3. |

where (r,v) and (U, o) satisfies the corresponding equation (3.5).
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So, by Priifer transformation, we obtain that

{ o' (x;A) =r(x;A)cosv(x;A), 0(0;4) =0, ¢'(0;1) = 1;

W(6A) = VAR(GA)cos (6 A), w(0A) = 1, y'(0;1) = (3.39)

For the initial condition in (3.36), using the formula of variation of constant, we
can derive that the unique solution y(x;A) of (3.36) satisfies the integral equation

Y A) =Cry(xA) +Co(x: 1) +/0x[¢(x;l)llf(t;k) =0t A)w(xsA)]g(t)y(t;A)dr.

(3.40)
Putting (3.38) into (3.40), we have

y()c;7L):C1;,L()c;7L)sincf(x;/l)—|—C2\/1)_L r(x;A)sinv(x;A) +—/R (15 A)q(0)y(t; A)dr,
(3.41)

where R(x;2;4) =r(x; A)sinv(x; A)w(t; A)sino (3 A) —r(t; A)sin v A) i (x; A)sin o (x; 1) .
Because (r,v) and (u,o) satisfy the corresponding equation (3.5), it is easily

known from Lemma 3.3 that, there exists positive numbers My and K such that, for
any L > K,

[r(x; A) sinv(x; A)| < Mo, (3.42)
and
[t A)sino(x;4)| < Mo, (3.43)
and then,
R(x:1:A)| < 2MG. (3.44)
Set

B(Q) := sup{||q|.1 | g € Q}.

By the inequalities (3.4 1)-(3.44) and Gronwall inequality (see e.g. [9, Theorem 1.4.1(1)]
and [7, Theorem 1.3.2]), it is apparent that, for any A > max{1,K},

|Corsinv| n Y |R(x;154)q(1)]
NS 0 Va
< (1| + G2 )Mo + / IR(x;3A)q(1)]y(t5 2 de

[y(x;A)| < |Ciusino|+ y(t;A)dt

< (IC1|+ |Ca )My - 8 REss2)46)1ds < (€| + |Gy )My - M08 (3.45)

which implies that

(IC1| + Ca|) Mo (2M0B@) 1), (3.46)

/OXR(x;t;l)q () di| <

By (3.41), (3.42) and (3.46), it can be seen that, for any A > max{1,K},

YeA) = G (e A) sino (6 1) + 0(—). (3.47)

S



UNIFORM LOCAL LIPSCHITZ CONTINUITY 773
And then, there exists a positive number M; such that, for any A > max{1,K},

M
Chu?(x;A)sin? 6(x4) — |y(x ) [* < 7%
Let {A,}n>1 be the eigenvalue sequence of the eigenvalue problem (2.4)-(2.5).

Then the unique solution y(x;A,) of the initial value problem (3.36) is also a eigen-
function of (2.4)-(2.5) corresponding to A,. So we can find a number 3(4,) such that

@n (X An) = B (An)y(x; An)

(3.48)

satisfying
1
[ oot dx=1.
0

Thereupon, we have
1
2 /ln)/o o (x) [y(: )2 dx = 1. (3.49)

Since A, — +o as n — oo, there exists a sufficiently large positive integer N
such that A, > max{1,K} forany n > Ny.
Hence, by (3.48) and (3.49), we have

M, |||

B*(An), (3.50)
Vi

1
/a) Jn)sin? 0(x:2,)dx < =5 +
1
forany n > Ny.

Since (u,o) satisfies the corresponding equation (3.5), the equation (3.50), to-
gether with 1 (0;1) = 1, yields that,

M, |||

B* (M), (3.51)
Vi,

1 . 1
2(A) / () sin? 0 (x:3,)dx < = +
0 1

forany n > Ny.
Lemma 3.3 tells us that, there exists a positive number Hy and a sufficiently large
Nj > Ny such that

_H H(xiAn) Hy
e 2 Le <e?2, forany x € [0,1] and n > N; . (3.52)

Then, for any n > N;, we have

1 eHo Hy
2 xn)/o o(x)sin? 6(x; A,) dx < F+ ¢ g%"L‘ﬁ2(xn)7 (3.53)
that is,
B0u) | Loy Lo eos20wih) e M0 go sy
" Jo 2 e &N " '
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So, by Lemma 3.4 and (1.5), for any fixed y € (0, 1), we can choose a sufficiently
large integer N > Ny, such that, as long as n > N, one has

1 1
/ 0 (x) 026 (x; ) dx < y/ ® (3.55)
0 0
and y
e™M, _(1-vy)
< (3.56)
C2/ A 4
Consequently, by the inequalities (3.54)-(3.56), we have
1 207
e
1B(A)| < (3.57)

Gl /OT=n) ol
Set

&

M(Q) := max {MoezMgB(Q) (1 + C
1

Hy
) 2 ol ||}
—7 1007"'7 N—loo7
Tl

where ¢; is the unique normalized eigenfunction corresponding to the ith eigenvalue
Ai.
Hence, it follows from (3.45) and (3.57) that, for any n > 1,

|9n (06 40) [ = [B(An)y (2 4n) | < M(€2).

The proof is finished. [
Now, it’s time to give the proof of Theorem 2.1.

Proof of Theorem 2.1. Set By := {q € L'[0,1] | ||q||,1 < M}, which is convex.
For any L' -norm bounded subset Q of L'([0,1],R), set B(Q) := sup{||qll;1 | ¢ € Q}.
It is easily seen that Q C EB(Q). Hence we only need to prove our result holds for
convex sets.

Let Q be an arbitrary convex L!-norm bounded subset of L!([0,1],R). For any
two q1, q» € Q and Ag = q> —q, set

qr(x) = q1(x) +1-Aq(x)

and
dn(t) = Au(qs), 1 €10,1].

Let @,(x:7) be the unique normalized eigenfunction of A, (). By Theorem 2.2, it
is apparent that
32% (ql)
Iq

= ¢y (1) (3.58)

as a bounded linear functional on L'([0,1],R).
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Then, by (3.58), we obtain that

An(q2) — n(q1)| =

19u(q) d(qr)
: d
/0 3q )‘1:% dt !

[ [ ottt ana

in(l)—in(O))z‘/Ol%dt

/0 %sq)’q:qr Aq(x)dr

1 1
< [ ] o) ag0o)] dxar (3.59)

Finally, due to Proposition 3.5 and (3.59), the proof is done. [

Acknowledgement.

The authors gratefully acknowledge the anonymous referees for their valuable
comments which substantially improved the quality of this paper. It is especially help-
ful that a vital error about the proof of Lemma 3.4 in the original manuscript was point
out by the referees. The authors also would like to thank Professor Bing Xie (Shandong
University, Weihai) and Dr. Qianhong Huang (University of Alberta, Canada) for some
helpful discussions and suggestions.

REFERENCES

[1] J. H. BARRETT, A Priifer transformation for matrix differential equations, Proc. Amer. Math. Soc.,
8(1957) 510-518.
[2] J. CHU, G. MENG AND M. ZHANG, Continuity and minimization of spectrum related with the peri-
odic Camassa-Holm equation, J. Diff. Equ., 265(4) (2018) 1678-1695.
[3] Q. KONG AND A. ZETTL, Eigenvalues of regular Sturm-Liouville problem, J. Diff. Equ., 131 (1996)
1-19.
[4] G. MENG AND M. ZHANG, Measure differential equations II: Continuity of eigenvalues in measures
with weak™ topology, technical report, 2009.
[5] G. MENG AND M. ZHANG, Continuity in weak topology: First order linear syetems of ODE, Acta
China Sinica Engl. Ser., 26 (2010) 1287-1298.
[6] M. MOELLER AND A. ZETTL, Differentiable dependence of eigenvalues of operators in Banach
spaces, J. Operator. Theory, 36 (1996) 335-355.
[71 B. G. PACHPATTE, Inequalities for differential and integral equations, Academic Press, San Diego,
1998.
[8] J. POSCHEL AND E. TRUBOWITZ, Inverse spectral theory, Pure. Appl Math., vol. 130, Academic
Press, New York, 1987.
[91 A.ZETTL, Sturm-Liouville theory, Math. Surveys Monogr., vol. 121, Amer. Math. Soc., Providence.
RI, 2005.
[10] W. T. REID, A Priifer transformation for differential systems, Pacific J. Math., 8(3) (1958) 575-584.
[11] B. XIE AND J. QI, No-real eigenvalues of indefinite Sturm-Liouville probelm, J. Diff. Equ., 255(1958)
2291-2301.
[12] Z. WEN, M. YANG AND M. ZHANG, Complete continuity of eigen-pairs of weighted Dirichlet eigen-
value problem, Mediterr J. Math., 15:73 (2018).
[13] P. YAN AND M. ZHANG, Continuity in weak topology and extremal problems of eigenvalues of the
p-laplacian, Trans. Amer. Math. Soc., 363 (2011) 2003-2028.
[14] M. ZHANG, Continuity in weak topology: High order linear syetems of ODE, Sci. China Ser. A, 51
(2008) 1038-1058.



776 X. CHEN AND J. QI

[15] M. ZHANG, A review on strong continuity results of solutions and eigenvalues in infinitely dimensional
parameters, technical report, 2014.

[16] M. ZHANG, Z. WEN, G. MENG, J. QI AND B. XIE, On the number and complete continuity of
weighted eigenvalues of measure differential equations, Diff. Integ. Equ., 31(9-10) (2018) 761-784.

(Received October 22, 2018) Xiao Chen
School of Mathematics and Statistics

Shandong University at Weihai

Weihai 264209, P.R. China

e-mail: chenxiao@sdu.edu.cn

Jiangang Qi

School of Mathematics and Statistics

Shandong University at Weihai

Weihai 264209, P.R. China

e-mail: gjg816@163.com

Operators and Matrices
www.ele-math.com
oam@ele-math.com



