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ON THE STABILITY OF LEFT 6-CENTRALIZERS
ON BANACH LIE TRIPLE SYSTEMS

NOROUZ GHOBADIPOUR* AND ALI REZA SEPASIAN

(Communicated by N.-C. Wong)

Abstract. In this paper under a condition, we prove that every Jordan left § -centralizer on a
Lie triple system is a left §-centralizer. Moreover, we use a fixed point method to prove the
generalized Hyers-Ulam-Rassias stability associated with the Pexiderized Cauchy-Jensen type
functional equation
X+y X—y
P sl

for r,s € R\ {0} in Banach Lie triple systems.

) = 20,

1. Introduction

The notion of Lie triple system was first introduced by N. Jacobson ([2, 13]). We
recall that a Lie triple system is a vector space </ over a field F, equipped with a
trilinear mapping (a,b,c) — [a,b,c] of o7 x o x o/ into &/ satisfying the following
axioms

(i) [a,b,c] = —[b,a,c],

(ii) [a,b,c]+ [b,c,a]+ [c,a,b] =0,

(iii) [x,y,[a,b,c]] = [[x,y,a],b,c] + [a, [x,y,b], c] + [a, b, [x,y,c]}],
for all x,y,a,b,c € <.

A normed (Banach) Lie triple system is a normed (Banach) space (<, ]|.||) with
a trilinear mapping (a,b,c) +— [a,b,c] of & x of x o into o satisfying (i), (ii), (iii)
and ||[a,b,c]|| < |lall||p]|||c|| for all a,b,c € <. It is clear that every Lie algebra with
product [.,.] is a Lie triple system with respect to [x,y,z] := [[x,y],z]. Conversely, any
Lie triple system .« can be considered as a subspace of a Lie algebra ([14, 15, 17]).

DEFINITION 1. Let C be the complex filed and <7 be a Lie triple system over C.
Let 0 : & — o/ be a C-linear mapping. We say that a C-linear mapping T : &f — </
is called a left 0 -centralizer on 7 if

T([a,b,c]) = [T (a),8(b),8(c)],

forall a,b,c € . If § =1/, aleft §-centralizer is called a left centralizer.
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DEFINITION 2. Let C be the complex filed and <7 be a Lie triple system over C.
Let 0 : & — o/ be a C-linear mapping. We say that a C-linear mapping T : o&f — </
is called a Jordan left & -centralizer on < if

T(la,b,a]) =[T(a),8(b),5(a)],
forall a,be «/. If 6 =1, aJordan left 0 -centralizer is called a Jordan left centralizer.

The stability problem of functional equations originated from a question of Ulam
[27] in 1940, concerning the stability of group homomorphisms. Let (¥,.) be a group
and let (%, *) be a metric group with the metric d(-,-). Given € > 0, dose there exist
a 8 > 0, such that if a mapping h : 4, — %, satisfies the inequality d(h(x.y),h(x) *
h(y)) < 0 for all x,y € ¢, then there exists a homomorphism H : 4 — % with
d(h(x),H (x)) < € forall x € 4 ? In other words, under what condition does there exist
a homomorphism near an approximate homomorphism? The concept of stability for
functional equation arises when we replace the functional equation by an inequality
which acts as a perturbation of the equation. In 1941, D. H. Hyers [11] gave a first
affirmative answer to the question of Ulam for Banach spaces. Let f: & — &' be a
mapping between Banach spaces such that

[fx+y)—f(x) = fO) <6,

forall x,y € &, and some § > 0. Then there exists a unique additive mapping g : & —
&' such that

17 (x) =g < 6,

for all x € &. Moreover, if f(¢x) is continuous in t for each fixed x € &, then g is
linear. In 1950, T. Aoki [1] was the second author to treat this problem for additive
mappings. Finally in 1978, Th. M. Rassias [23] proved the following theorem:

Theorem (Th. M. Rassias). Let f: & — &' be a mapping from a norm vector
space & into a Banach space &’ subject to the inequality

1fCe+y) = () = fO < el + [I17),

for all x,y € &, where € and p are constants with € > 0 and p < 1. Then there exists
a unique additive mapping g : & — &’ such that

2¢e
£ - @I < 3;

for all x € &. Also, if the function 7 — f(zx) from R into &” is continuous for each
fixed x € &, then g is linear.

This stability phenomenon of this kind is called the Hyers-Ulam-Rassias stability.
In 1991, Z. Gajda [10] answered the question for the case p > 1, which was rased by
Rassias. In 1994, a generalization of the Rassias’ theorem was obtained by Gédvruta as
follows [9]. We refer the readers to [3]-[8], [12], [18], [20]-[22],[24]-[26] and refer-
ences therein for more detailed results on the stability problems of various functional
equations and mappings and their Pexider types.

In this paper under a condition, we prove that every Jordan left 6 -centralizer on a
Lie triple system is a left § -centralizer. Moreover, some results concerning the stability
of the left §-centralizers on Banach Lie triple systems are presented.

17,
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2. Left 6 -centralizers

Throughout this section, let C be the complex filed and <7 be a Lie triple system
over C. It is clear that every left & -centralizer on a Lie triple system <7 is a Jordan
left & -centralizer. In this section, under a condition, we prove that every Jordan left
0 -centralizer on a Lie triple system .o/ is a left J-centralizer. So we conclude that
every Jordan left centralizer on &7 is a left centralizer.

THEOREM 1. Let T : &/ — </ be a Jordan left & -centralizer such that
[T(a),8(b),6(c)] = [T(a),8(c),6(b)]+[T(c),8(b),6(a)], (1)
forall a,b,c € o. Then T is aleft & -centralizer:

Proof. Since T : &/ — </ is a Jordan left § -centralizer,

T(la+c,b,a+c])=T([a,b,a])+T([c,b,c])+[T(a),8(b),6(c)]+[T(c),5(b),0(a)],

(2)
for all a,b,c € /. On the other hand, we have

[a+c,b,a+c|=la,b,a]l+ [c,b,c] + [a,b,c] + [c,b,a],
forall a,b,c € <. Hence
T([a+c,b,a+c])=T([a,b,a])+ T ([c,b,c])+ T (la,b,c]) +T([c,b,a]), (3)

for all a,b,c € <. Tt follows from (2) and (3) that
T([a,b,c]) +T([e, b,a]) = [T'(a),8(b),8(c)] + [T (c), 8(b), 8(a)], )
forall a,b,c € 7. Since [a,b,c]+ [b,c,a] + [c,a,b] =0, we get that
T(la,b,c])+T([c,b,a]) =2T(|a,b,c]) — T([a,c,b]), 3)
forall a,b,c € <. By (1), we have
[T(a),8(b),8(c)+[T(c),8(b),8(a)] =2[T(a),8(b),8(c)] - [T(a),8(c),8(b)], (6)
for all a,b,c € o/. By utilizing the equations (4), (5) and (6), we arrive at

(
2T ([a,b,c]) = T([a,c,b]) =2[T(a),8(b),6(c)] — [T(a),(c),8(D)], (7
forall a,b,c € /. Setting b = c in (7), we get
27([a,b,b]) = T([a,b,b]) =2[T(a),6(b),8(b)] — [T (a),6(D),6(D)],

)
for all a,b,c € 7. Therefore, T([a,b,b] = [T (a),0(b),8(D)] for all a,b € &/. Since
([a,b—|—c,b—|—c} [T(a),8(b+c),8(b+c)] and [.,.,.] is trilinear, we have

T([a,b,c]) +T(la,c,b]) = [T(a),8(b),8(c)] + [T (a),6(c), 5(b)], ®)
for all a,b,c € o/. If we add (7) to (8), we have
T([a,b,c]) =[T(a),8(b),6(c)],
forall a,b,c € 7. So the proof is completed. [
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COROLLARY 1. Every Jordan left centralizer T on a Lie triple system </ is a left
centralizer if

[T(a)7b7c] = [T(a)vc7b] + [T(C)»b»aL
forall a,b,c € o .

3. Stability of left 0 -centralizers

Throughout this section, suppose that <7 is a Banach Lie triple system. In this
section, using the fixed point method, we prove the stability of left § -centralizers asso-
ciated to the Pexiderized Cauchy- Jensen type functional equation

(50 +sg(U0) = 20(a),

for r,s € R\ {0} on Banach Lie triple systems.

For convenience, we use the following abbreviation for given mappings f,g,h
A — o

Du(f. () = rf (T

)+s8(XER) aui(a),

forall a,b € o andall u € T :={A €C; |A|=1}.

We recall the alternative of the fixed point theorem by Margolis and Diaz.

THEOREM 2. [16] Let (X,d) be a complete generalized metric space and let J :
X — X be a strictly contractive mapping with Lipschitz constant 0 < L < 1. Then
for each given element x € X, either d(J"x,J""'x) = oo forall n >0 or there exists a
natural number ngy such that,

1. d(J'x,J"x) < e forall n > n,
2. the sequence {J"x} converges to a fixed point y* of J,
3. y* is the unique fixed point of J in the set % = {y € 2" : d(J™x,y) < e},

4. d(y,y") < LL (3, Jy) forall y e % .

LEMMA 1. [19] Let 2" and % be linear spaces and let f: 2 — % be an
additive mapping such that f(ux) = uf(x) for all x € 2 and u € T'. Then the
mapping f is C-linear.

We aim to investigate the generalized Hyers-Ulam-Rassias stability of left J-
centralizers.
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THEOREM 3. Let f,g,h,k: o/ — o/ be mappings with f(0) = g(0) = h(0) =
k(0) = 0 for which there exist functions ¢ : /> — [0,00) and y : &> — [0,0) such
that

11n3°2" ( ) 1n°1<)2 v(2"a,2"b,2"c,2"u,2"v) =0, 9)
IDu(f8,h )( b)l| < ¢(a,b), (10)

1/ ([a,b,c] = [f(a),k(b), k(c)]) — k(tu+v) — uk(u) — k(v)|| < w(u,v,a,b,c), (11)

forall u,v,a,b,c € o/ and u € T'. If there exist constants 0 < Ly,L, < 1 such that the
functions

V() := g(a. 0>+<p<g D055,

w(a) == y(5,2,0,0,0),

272

have the property Y (a) < L2—1l//1 (2a) and y»(a) < 2Lyyr(5) forall a € < , then there
exists a unique left 8- centralizer T : &/ — & such that

T(a) = lim 2'f(5; )_nmzng(zi)_hmz"h( ),

n—oo n—oo n—oo

0(a) = lim Z”k(za—n),

Iha) = T(@)] < =51 (a)
@) -T@II < o5 5+ ——w(5).
ls(a) - T@ < 1053+ = (3.
k@)~ 8(@)]| < 52 vala),

forall ae of .

Proof. Setting =1 and b =0 in (10), we get
17£(5) +58(5) = 2h(a) | < 9(a0). (12)

Setting 4 = 1 and b = a, —a and then replacing a by § in (10), we get the following
inequalities,

a a

Irf(5) = 20311 < 05, 5), (13)
Isg(5) = 2h(3)1| < 9(5.~5), (14)
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forall a € &7 . Thus, it follows from (12), (13) and (14) that

1
Ih(a) ~2h(3)I| < 34 (@), (1)

forallae o7 . Let . :={g: &/ — <7 : g(0) =0}. We introduce a generalized metric
on . as follows

dy(g,h) :==inf{r € (0,0) : ||g(a) — h(a)|| <ty (a),Va € o'}.

It is easy to show that (.%,d}) is a generalized complete metric space and the mapping
Ji: S — 7 given by (Jig)(a) :=2g(5) is a strictly contractive mapping with the
Lipschitz constant Ly. It follows from (15) that dy(J1h,h) < % By Theorem 2 the
sequence {J'h} converges to a fixed point T of J;, i.e.,

T — of, T(@) = lim (J{h)(a) = im 2'h(x5),

n—o0 n—oo

and T(a) =2T(5) forall a € &/. Also, T is the unique fixed point of J; in the set
U={ge ¥ :d(g,h) <o} and
1
d(h,T) < d h,Jih
10 T) < g di(hJih) < 35—~ oL
i.e., the inequality
1
k(@) = T(a)]| < vi(a), (16)

2-2L;
holds for all a € 7. Tt follows from the definition of 7', (13), (14) and (15) that

lim 2”rf( ) = lim 2" sg(2 s) =T(a), (17)

n—oo Nn—soo

forall a € &7 . Hence, we get from (9) and (10) that
T(na+pub)+T(una—pub) =2uT(a), (18)
forall a,b € o andall u € T'. Letting u =1, a+b=x and a—b =y, we get

X+y
2

i.e., T is additive. We have, T(ua) = uT(a) by setting b =0 in (18). By Lemma 1,
we conclude that T is C-linear. Since T is C-linear, it follows from (17) that

Tx)+T(y)=2T(—)=T(x+y),

lim 2"f(5) = lim 2"g(5) = T'(a),
forall a € o/. Thus, (13) and (16) imply
2
1f(a) =T(a)|| < ||f(a )——h( )H+—|\h( ) - T(%)H
1 ra ra 1 ra
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for all a € o/. In a similar way, we obtain the following inequality

ls(@) - T@I| < S0~ 3)+ =5

s 272
forall a € o/ . Setting =1, u=vand a=b=c=0in (11), we obtain
|[k(2u) — 2k(u)|| < w(u,u,0,0,0). (19)

s—sLy

It follows from (19) that

1 1
(| 5(2u) = k)| < Sy2(2u) < Laya(w). (20)
for all u € o/ . We introduce another generalized metric on . as follows
dar(g,h) :==inf{r € (0,0) : ||g(a) — h(a)|| < tya(a),Va € o'}.

It is easy to show that (.,d,) is a generalized complete metric space and the mapping
Jr: S — . given by (hrg)(a) := % g(2a) is a strictly contractive mapping with the
Lipschitz constant L, . It follows from (20) that d(J2k,k) < Lp. From Theorem 2 it
follows that the sequence {J}k} converges to a fixed point & of J», i.e.,

§: o/ — o, 8(a) = lim (J2k)(a) = lim zik(zna),

and 8(2a) =26(a) forall a € /. Also, 6 is the unique fixed point of J, in the set
V={ge . dxgk) <o} and

1 Lr
< , <
and so,
k(@) — 5(a)]| < —2—ya(a) @1)
Q= OIS 35, VY

holds forall a € 7.
We show that § : &/ — &7 is C-linear. It follows from (11) by setting a = b =
¢ =0 that

[k(uu+v) — uk(u) = k(v)[| < ¢2(,,0,0,0). (22)

Replace u,v in (22) by 2"u,2"v, respectively, and divide both sides by 2". Passing the
limit as n — e and applying (9) we obtain

O(uu+v)=puod(u)+06(v), (23)

forall u € T! and all u,v € &7 . Letting u = 1 in (23) we conclude that & is additive
and setting v = 0 we have, &(uu) = ud(u). Thus, Lemmal implies 0 is C-linear.
Setting u = v = 0, replacing a,b,c by 2"a,2"b,2"c in (11), dividing both sides by
23" taking the limit as 7 — oo and applying (9), we obtain

T[avbvc] = [T(a)»a(b%a(c)}v

forall a,b,c € o7 . Hence, T is a left §-centralizer on <. [
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COROLLARY 2. Let p>1,0<qg<1, B,y>0, and f,g,h,k: o — o with
f(0) =g(0) = h(0) = k(0) = 0 be mappings such that

1D (f8,h)(a,b)]| < B(|lall?” -+ |[b][7) + ¥lal|%]1b]| 2, (24)
1/ ([abye] — [f (@), k(b),k()]) — k(pu+v) — pk(u) —k(v)]]
<B([lal|7+ (15117 + el + lul |7+ [[v]19) + llal 2|61 2 e[| F|lal 21012, 25)

for all u,v,a,b,c € o/ and p € T'. Then there exists a unique left §- centralizer
T :of — o such that

[1h(a) = T(a)]| <

3
@)~ T(@ll < 2T o),

2+27B+y

P
o Lllall,

B+y
llg(a) = T(a)ll < 55— 5" Hall?,

26
k(@) — 8(@) < 5= lal?,

forall ae of .

Proof. The proof follows from Theorem 3 by taking

P P
@(a,b) == B(llall” +[1b||") + lal[> 5] >,
q g 4 q 4
w(u,v,a,b,¢) = B([[ul|+ [[VI|* +[lal|* + 161 +[le[[7) + Alul S [VIlal > 11B]] ]|

We have, yi(a) = WHaHP and y»(a) = 2f—,l|\a|\q. We can obtain the desired
results by choosing L; =2'"7 and L, =2¢7'. O

The next result is a dual to the Theorem 3 in some sense.

THEOREM 4. Let f,g,hk: of — o be mappings with f(0) = g(0) = h(0) =
k(0) = 0 for which there exist functions ¢ : /> — [0,00) and y : &> — [0,0) such
that

o1 0 oan . om.,a boc ou v
,}E‘;i‘l’(z a,2"b) = lim 2 W(z—n ETIETIETE 27) 0, (26)
HD#(f:gvh)(aab)H g(P(aJ)): (27)

£ ([a,b,c] = [f(a),k(b), k(c)]) — k(uu+v) — pk(u) — k(v)|| < y(u,v,a,b,¢),  (28)

forall u,v,a,b,c € o/ and u € T'. If there exist constants 0 < Ly,L, < 1 such that the
functions
a a

vi(a) = «p(a,o>+<p<“—’,‘—’>+<p<§,—5>,

vala) = w(5,5.0,0,0),
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have the property yi(a) < 2L1y1(5) and y,(a) < L2—2y/2(2a) forall a € of, then there
exists a unique left 8- centralizer T : &/ — </ such that

h(a) = T(@)| < 5=57-w1(a).
1 L

(@) ~T@ll < So(5 5)+ 7= w(5),
1 L

le@) = T(@|| < 505~ 5) + = v (),

forall ae of .

Proof. Using the same method as in the proof of Theorem 3 and replacing a by
2a in (15) and dividing by 2 we have, ||3h(2a) — h(a)|| < y1(2a) forall a € o .
Thus,

13h2a) - (@)l < Sy @),

forall a € </ . Also, replacing u by 5 in (19), we get

i) = 263 < v (),

for all u € o/. We introduce the same definitions for ., d;, and d, as in the proof
of Theorem 3 such that (.,d;) and (.,d») become a generalized complete metric
space. Define J; : ./ — . by (Jig)(a) = 3g(2a) and J, : ¥ — & by (Jrg)(a) =
2¢(5). Hence, d(h,Jih) < L2_1 and d,(k,J1k) < 1. Due to Theorem 2 the sequences
{J{h} and {Jk} converge to a fixed points T and &, i.e.,

T:of — of, T(a) = lim (JTh)(a) = lim Zinh(zna),

n—oo n—o0

8 — of, §(a) = lim (J2k)(a) = lim Z"k(%).
n—o0 n—o0
So T(2a) =2T(a) and 6(a) =26(5) for all a € «/. Again by applying Theorem 2,
we obtain

1 L
dy(h,Jyh) < ,
l—Ll 1(7 1 ) 2—2L1

dl (ha T) g

da(k,6) < do (k. J1k) <

1-L, 1-Ly’

and therefore

(@) = T(a)]| <

(@)~ 8(a)| < =1

for all a € &/ . The reminder is similar to the Theorem 3. [
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COROLLARY 3. Let O<p <1, g>1, B,y>0, and f,g,h,k: o — o with
f(0) =g(0) = h(0) = k(0) = 0 be mappings such that

1D (£,8,h) (@, b)| < B(llall” +][B]1") +7llal % |[b]|*, (29)
[1f ([a,b,¢] = [f(a),k(b), k(c)]) — k(pu+v) — pk(u) — k(v)]]
<Bllall? -+ 118117+ llel [+ [l + [ [v11) + ¥llal 2 1B11 ]| lall 21012, (30)

for all u,v,a,b,c € o/ and u € T'. Then there exists a unique left §- centralizer
T:of — o such that

@427 DB+y

@) - @) < F2E T e
Ita) - TGl < ST
@~ 1@ < E=ZLEEZZN ot

28
k(@) = 8(@) < 554l

forall ae o .
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