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ISOLATED EIGENVALUES, POLES AND COMPACT
PERTURBATIONS OF BANACH SPACE OPERATORS

BHAGWATI PRASHAD DUGGAL

(Communicated by R. Curto)

Abstract. Given a Banach space operator A, the isolated eigenvalues E(A) and the poles IT(A)
(resp., eigenvalues E“(A) which are isolated points of the approximate point spectrum and the
left ploles T1?(A)) of the spectrum of A satisfy TI(A) C E(A) (resp., I1*(A) C E“(A)), and
the reverse inclusion holds if and only if E(A) (resp., E“(A)) has empty intersection with the
B-Weyl spectrum (resp., upper B-Weyl spectrum) of A. Evidently IT(A) C E4(A), but no such
inclusion exists for E(A) and T1*(A). The study of identities E(A) =T1*(A) and E*(A) =TI(A),
and their stability under perturbation by commuting Riesz operators, has been of some interest
in the recent past. This paper studies the stability of these identities under perturbation by (non-
commuting) compact operators. Examples of analytic Toeplitz operators and operators satisfying
the abstract shift condition are considered.

1. Introduction

Let B(Z") (resp., B(#)) denote the algebra of operators, equivalently bounded
linear transformations, on a complex infinite dimensional Banach (resp., Hilbert) space
into itself. For an operator A € B(Z"),let 6(A), isoo(A), 0,(A), 04(A) and isoo,(A)
denote, respectively, the spectrum, the set of isolated points of ¢(A), the point spec-
trum, the approximate point spectrum and the set of isolated points of o,(A). Let
asc(A) (resp., dsc(A)) denote the ascent (resp., descent) of A, A— A denote A — AI,
a(A—2)=dim(A—21)"1(0), and let E(A), Eo(A), E“(A), ES(A), TI(A), Ty(A),
IT1“(A) and TI§(A) denote, respectively the sets E(A) = {4 €iso0(A): A € 6,(A)},
Eg(A)={A€E(A):a(A—A) <o}, E'(A) ={A €isoca(A) : A € 0,(A)}, Ef(A) =
{AEEYA): (A—A) <oo}, ITI(A) ={A € 6(A) : asc(A — L) = dsc(A — A) < oo},
Mo(A)={Ael(A):a(A—1) <o}, TT*(A) ={A €04(A) 1asc(A—A) =d < oo, (A—
) 27) s closed} and TTI4(A) = {A € TI%(A) : (A — 1) < oo}. The sets T1(A),
I14(A), E(A) and E“(A) satisfy the inclusions TT(A) C TI*(A) C E“(A) and TI(A) C
E(A) CE“(A). The reverse inclusions in general do not hold. The reverse inclusions,
in particular the properties

(P1):  E(A)=TI1%A) and (P2): E%A)=TII(A)
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and their stability under perturbations by commuting Riesz operators, have been studied
in a number of papers in the recent past, amongst them [2, 3, 4, 8,9, 17, 18, 20, 21]. It
is easily seen that A € B(Z") satisfies property (P1), A € (P1),if and only if E(A) =
T%(A) = TI(A) and A € (P2) if and only if E%(A) = T1(A) = I1%(A) = E(A) (thus:
(P2) = (P1)). Letting op,(A) and o,pw(A) denote, respectively, the B-Weyl and
the left (or, upper) B-Weyl spectrum of A € B(2"), itis seen that A € (P1) if and only
if E(A)Noypw(A) =0 and A € (P2) if and only if E4(A)N0opw(A) = 0: Left polaroid
operators (i.e., operators A for which A € is00,(A) implies A € I1%(A)) satisfy (P1)
and a-polaroid operators (i.e., operators A for which A € isoc,(A) implies A € TI(A))
satisfy (P2) [9]. The isolated points of (the Weyl spectrum ©,,(A) and) the left (or,
upper) Weyl spectrum o,,,(A) of A play an important role in determining the stability
of properties (P1) and (P2) under perturbation by commuting Riesz operators R €
B(Z"). Thus, if iso0,y(A) = 0, and iso0,(A +R) = iso0,(A), then A € (Pi) <=
A+Re (Pi); i=1,2[9, Theorem 8.5].

This paper considers the preservation of properties (P1) and (P2), and their finite
dimensional kernel versions

(PLY:  Eo(A)=TIj(4) and (P2): EG(A)=TI(A),

under perturbation by (non-commuting) compact operators. We give a number of ex-
amples to show that neither of the properties (P1), (P1)’, (P2) and (P2) travels
well from A to A+ K under perturbation by compact operators K € B(Z"). It is
proved that if isoo, (A +K) =is00,(A) and either isooy (A)N{c(A)\ opw(A)} =0 or
1800w (A) N{0a(A) \ Oupw(A)} =0, then A € (P1) = A € (P1),and A € (P1) =
A+K € (P1), if and only if Eg(A+K) C Eg(A); A € (P2) = A € (P2)', and
A€ (P2) = A+K € (P2), if and only if Ef(A+K) C E§(A). For A,K such
that is00,(A + K) = is00,(A), 0pw(A) \ Oupw(A) = 0pw(A+K) \ Oupw(A + K) and
is00,(A) N{opw(A +K)\ ogw(A)} = 0, a sufficient condition for A € (Pi) implies
A+K € (Pi), i=1,2, is that is00,(A) N Ousw(A) = 0. Analytic Toeplitz operators
A€ B(H?*(02)), and operators A € B(.2") satisfying the abstract shift condition (such
that A is non-quasinilpotent and non-invertible), satisfy properties (P1) and (P2). We
prove that a sufficient condition for A+ K € (P1)V(P2) is E“(A+K)No,(A) =0, and
a necessary and sufficient condition for A+ K € (P1)V (P2) is o,(A+K)N{ow(A)\
Oaw(A)} =0.

The plan of this paper is as follows. After introducing (most of) our notation and
terminology in Section 2, we prove some complementary results on polaroid type op-
erators, and a functional calculus for such operators, in Section 3. Section 4 is devoted
to proving our main results, and Section 5 considers examples of analytic Toeplitz op-
erators and operators which satisfy the abstract shift condition.

2. Notation and terminology

In addition to the (explained) notation and terminology already introduced, we
shall use the following further notation and terminology.We shall use C to denote the
complex plane, and % to denote the complement of the subset S of C in C. (Thus
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6w(A)¢ =C\ 0,(A).) We use 2(0,r) to denote the open disc (in C)) of radius r
centered at 0, Z to denote (the open) unit disc, 9 to denote the closure of 2 and
dZ to denote the boundary of &. An operator A € B(Z") has SVEP, the single-valued
extension property, at A9 € C if for every open disc D;,| centered at Ao the only analytic
function f: Dy, — 2" satisfying (A —2)f(A) = 0 is the function f =0. Every
operator A has SVEP at points in its resolvent set p(A) = C\ 0(A) and on the boundary
do(A) of the spectrum o (A). We say that T has SVEP on a set S if it has SVEP at
every A € S. The ascent of A, asc(A) (resp. descent of A, dsc(A)), is the least non-
negative integer n such that A="(0) = A=("+1(0) (resp., A*(2") = A" (2")): If no
such integer exists, then asc(A), resp. dsc(A), = eo. It is well known that asc(A) < oo
implies A has SVEP at 0, dsc(A) < e implies A* (= the dual operator) has SVEP
at 0, finite ascent and descent for an operator implies their equality, and that a point
A € 6(A) is a pole (of the resolvent) of A if and only if asc(A —A4) =dsc(A —A) < oo
(see[1, 12, 14, 19]).

The operator A € B(.Z") is: left semi—Fredholm at A € C, denoted A € @ (A) or
A—Led(XZ),if (A—A)Z isclosed and the deficiency index ot(A—A4) < oo right
semi—Fredholm at A € C, denoted L € ®_(A) or A—A € Dd_(2),if B(A—A) =
dim(Z /(A—A)(Z")) <eo. A is semi—Fredholm, 4 € @ r(A) or A—A € Oy (Z), if
A — A is either left or right semi—Fredholm, and A is Fredholm, A € ®(A) or A— A €
®O(27),if A— A is both left and right semi—Fredholm. The index of a semi—Fredholm
operator is the integer, possibly infinite, ind(A) = o(A) — B(A). Corresponding to
these classes of one sided Fredholm operators, we have the following spectra: The left
Fredholm spectrum 04 (A) of A defined by 04 (A) ={A €0(A):A-A ¢ D, (2},
and the right Fredholm spectrum Oy.(A) of A defined by oy (A) ={A € 0(A):A—A1 ¢
®_(2)}. The Fredholm spectrum c,(A) of A is the set 0,(A) = Oy (A) U Oy (A).
A € B(Z") is Weyl (resp. a-Weyl) if it is Fredholm with ind(A) = 0 (resp., if it is
left Fredholm with ind(A) < 0). It is well known that a semi- Fredholm operator A
(resp., its dual operator A*) has SVEP at a point A if and only if asc(A— A1) < oo
(resp., dsc(A— A) < oo) [1, Theorems 3.16, 3.17]; furthermore, if A — A is Weyl ,
ie, if A € ®(A) and ind(A— A1) =0, then A has SVEP at A implies A € isoo(A)
with asc(A— L) =dsc(A— L) < o (resp., if A— A is a-Weyl , i.e., if A € D.(A) and
ind(A—A) <0, then A has SVEP at A implies A € is00,(A) with asc(A— 1) < o).
The Weyl (resp., the left or approximate Weyl) spectrum of A is the set

Gu(A) = {1 € 6(A): L ¢ D(A) or ind(A— )0}
(Guw(A) = {1 € G4(A) : A ¢ ®,(A) or ind(A—1)>0}).

A generalization of Fredholm and Weyl spectra is obtained as follows. An operator
A € B(Z') is semi B-Fredholm if there exists an integer n > 1 such that A"(2") is
closed and the induced operator Ay, = Alsn(27), Ajo) = A, is semi Fredholm (in the
usual sense). Itis seen thatif A, € ®.(2") for aninteger n > 1, then A, € PL(2)
for all integers m > n, and one may unambiguously define the index of A by ind(A) =
a(A) —B(A) (=ind(A,))) (see [7] and [4] for relevant references). Upper (or, left)
semi B-Fredholm, lower (or, right) semi B-Fredholm and B-Fredholm spectra of A are
then the sets 0,37(A) = {A € 6(A) :A—A is not upper semi B-Fredholm}, o;5¢(A) =
{A €0(A):A—A isnotlower semi B-Fredholm}, and op.(A) = 0,7(A) Uoips(A).
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Letting 0, (A) ={X € 6(A): X € 0g.(A) or ind(A—A)#0}, ouw(A)={2A €
0u(A): A € oupr(A) or ind(A—2A) L0}, opw(A) ={A € 05(A): A € oj7(A) or
ind(A—A) 2 0} denote, respectively, the B-Weyl, the upper B-Weyl and the lower B-
Weyl spectrum of A, we have 0py(A) = Oupw(A) U0y (A), and Oupw(A) = O1py (A¥).
Just as in the case of Weyl and a-Weyl operators, if A has SVEPat A € 6(A) and A— A
is B-Weyl, then asc(A —4) =dsc(A — 1) <o and A € isoo(A) (resp., if A has SVEP
at A € 0,(A) and A — A is upper B-Weyl, then asc(A —A) < e and A € isoo,(A)) [7].

We say in the following that A € B(.Z") is polaroid (resp., finitely polaroid) if
isoo(A) CTI(A) (resp., isoo(A) C Iy(A)), left polaroid (resp., finitely left polaroid)
if isoo,(A) CIT*(A) (resp., isooa(A) CTI5(A)), a-polaroid (resp., finitely a-polaroid)
if isoo,(A) CTI(A) (resp., is00,(A) C TIp(A)). It is clear that a-polaroid operators
are polaroid, T1o(A) C IT§(A) C T19(A) and I1g(A) C TI(A) C T14(A) [4, 7, 15].

— =

3. Polaroid operators and compact perturbations
Given operators A,K € B(Z") with K compact, it is clear that

A+ K is finitely polaroid <= isoc (A + K) C TTp(A + K)
<= iso6(A+K)No,(A) =0,
A+ K is finitely left polaroid <= isoo,(A + K) CITj(A + K)
<= i500,(A+ K) N 04y(A) = 0; and
A+ K is finitely a-polaroid <= iso0,(A + K) C TTp(A +K)
<= is00,(A+K)No,(A)=0.

—_ — ~— ~—

A version of these observations extends to polaroid, left polaroid and a-polaroid opera-
tors. Recall from [9, Section 3] that

O (A) = 0,y (A) \ P (A) and Gupw(A) = Oaw(A4) \ D, (A),

uBw

where
DI (A) = i500,,(A) N OB (A)Y and DS, (A) = is00u,(A) N Oupw(A)Y.

Recall also that for every A € isoo(A 4+ K), either A € 6,,(A+K) = 0,,(A) or A €
0, (A+K)% =0, (A)? (similary, forevery A € isoo,(A+K), either A € G, (A+K) =
Ouw(A) or A € 04y(A+K)? = 04y(A)?). Hence, since 6,,(A+K)? Nopy(A+K) =
0= Gaw(A +K)<6/ n GMBW(A + K) S

isoo(A+K)Nopy(A+K) = {isoc(A+K)No,(A+K)} Nopw(A+K)
C iso0,,(A+K)Nopw(A+K)
= 500y (A) N opw(A +K)

and

is00,(A+ K) N 0yupw(A + K) = {is00,4(A + K) N Oau(A + K)} N Oupw(A +K)
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C iso0uw(A+K) N oupw(A+K)
= 800,y (A) N Ouw(A + K).

The following theorem, which gives a necessary and sufficient condition for the
perturbation of an operator by a compact operator to be polaroid (left polaroid,
a-polaroid), improves [6, Theorem 6.4]. Let [isooy(A)]x and [isoo,w(A)]k denote,
respectively, the sets

[isoow (A)]k = {A € isooy(A) =isoow(A+K): A €isoc(A+K)}
and
[is00aw (A)]k = {4 € 1800, (A) =is00uw (A +K) : 4 € iso0,(A+K)}.

Clearly, is06(A + K) N opw(A +K) = 0 < [isoow(A)]k N opw(A +K) = 0 and
is00,(A +K) N oysw(A +K) = 0 <= [is00,w (A)]gk N ouw (A +K) = 0.

THEOREM 3.1. If A,K € B(Z"), then:

(i)
A+ K is polaroid <= isoc(A+ K)Nopw(A+K) =0
< [iso0,,(A)|kNogw(A+K)=0;
(ii)
A+ K is left polaroid <= is00,(A+K) N oupw(A+K) =0
< [is004(A)|xk NOupw(A+K) = 0;
(iii)

A+K is a-polaroid <= isoc,(A+K)Nopy(A+K) =0.

Proof. Start by observing that

M(A+K) =TIy(A+K) UTT.(A+ K)

and
M(A+K)=TI5(A+ K) UTIL (A +K),
where
Me.(A+K) =isoc(A+K)N{ow(A+K)\ opw(A+K)}
and

ITE(A+K) = is00,(A + K) N {04(A+K) \ ousw(A +K)}.
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(i) We have:
is00(A + K) = {isoc (A +K) N6, (A +K)? } U{isoc (A +K)
N(ow(A+K)\ osw(A+K))} U{isooc(A+K)Nopw(A+K)}
=TIH(A+K)UTT.(A+ K) U {isoo (A + K) Nopw(A+K)}
=TI(A+K)U{isooc(A+K)Nop,(A+K)}
=II(A + K) U{[iso0,,(A)|x Nopw(A+K)},

which implies

iso6(A+K) =TI(A+K) <= isoc(A+ K) N opw(A+K)

0
= [i500y (A)]k N Opw(A +K) = 0

(i) Again:
i500,(A + K) = {is00,(A + K) N Gu(A+K)? } U{is00,(A +K)
N(Oaw(A+K)\ oupw(A+K))} U{is0o, (A +K)Noyw(A+K)}
=TI5(A+ K) UTIL(A + K) U{isoo, (A + K) Noupw(A+K) }
=TI“(A+K)U{is00,(A+ K) N oupw(A+K)}
=I*(A + K) U{[is00w (A)]x N Ousw (A +K)},
which implies
is00,(A+K)=T*(A+K) <= iso0,(A+K)Noupw(A+K)=10
= [150Guy(A)]x N Cup (A +K) = 0.
(iii) Finally
i500,(A +K) = {is00,(A +K) N6, (A+K)?} U{isoo, (A +K)
N(Gw(A + K) \ Opw(A + K))} U{isoo,(A+ K) N 0py(A+K)}
= TIp(A + K) UTIw(A + K) U {isoo,(A + K) N opw(A+K)}
=TI(A+K)U{isoo,(A+ K)Nopw(A+K)},

which implies
is00,(A+K) =TI(A+K) <= isoo,(A+ K)Nopw(A+K) =0.

This completes the proof. [

REMARK 3.2. Commuting Riesz operators. Translated to operators A € B(2Z")
and Riesz operators R € B(:Z") such that [A,R] = AR—RA =0 and o0p,(A+R) =
opw(A) (resp., 0upw(A+R) = 0,w(A)) Theorem 3.1 implies that: A+ R is polaroid if
and only if isoo(A)Nopw(A) =0, equivalently if and only if A is polaroid (resp., A+ R
is left polaroid if and only if iso0,(A) N Oypw(A) =0, equivalently if and only if A is left
polaroid). An important example of a class of operators satisfying the above spectral
hypotheses is that of operators F € B(Z") satisfying [A,F] =0 and F" is finite rank
for some natural number n [9, Proposition 3.3].
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Functional calculus Given A € B(2"), let Holo(c(A)) denote the set of func-
tions f which are holomorphic in a neighbourhood of o (A), and let Holo.(c(A))
denote those f € Holo(o(A)) which are non-constant on the connected components of
6(A). If we let op(A) denote the Drazin spectrum of A,

op(A)={A €0c(A):asc(A—A)#dsc(A—A)},
then op(A) satisfies the spectral mapping theorem

op(f(A)) = f(op(A)),f € Holo.(c(A));
the left Drazin spectrum ojp(A) of A,

oip(A) = {1 € 0,(A) : there does not exist an integer p > 1
such that asc(A—A) <p and (A—A1)P"(2") isclosed},

also satisfies a similar spectral mapping theorem:

op(f(A) = f(oip(A)),f € Holo(c(A))

[16]. Tt is straightforward to see that: A is polaroid if and only if isoo(A) Nop(A) =0;
A is left polaroid if and only if isoo,(A) No;p(A) =0, and A is a-polaroid if and only
if isoo,(A)Nop(A) = 0. It is well known (see, for example, [5, Lemma 4.1]) that if
f€Holo.(c(A)), then isoo(f(A)) = f(isoo(A)). Hence, for f € Holo.(c(A)),

f(A) is polaroid <= isoc(f(A))Nop(f(A)) =0
< f(isoo(A))Nf(op(A)) = f(isoo(A)Nop(A)) =0
<= A is polaroid.

(See [5] for other alternative arguments.) This argument does not extend to left po-
laroid operators (for the reason that the spectral mapping theorem fails for isoo,(A)).
However, given a A € isoo,(f(A)) for an f € Holo.(6(A)), there always exists a
u € is00,(A) such that f(u) = 4. Hence

A is left polaroid = f(isoo,(A)No;p(A)) =0

= {/f(u) : u € (isoou(A)} N foip(A)) =0
< {A €isoo,(f(A): A = f(u),u €isoo,(A)}Nop(f(A) =0
= 1800, (f(A))Nop(f(A)) =0 <= f(A) is left polaroid.

For the reverse implication, a hypothesis guaranteeing f(isoo,(A)) = isoo,(f(A)),
such as f is injective or isoo,(A) Cisoc(A), is required. It is clear that A is a-polaroid
implies isoo,(A) =isoo(A). Hence

A is a-polaroid = f(A) is polaroid = A is polaroid.

Combining with Theorem 3.1, we have:
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COROLLARY 3.3. Given operators A,K € B(Z") with K compact, and an [ €
Holo.(o(A)):
(i) f(A+K) is polaroid if and only if [isoc,,(A)|xk Nop(A+K) =0;
(ii) if f is injective, then f(A+K) is left polaroid if and only if [iS00.w(A)]k N

op(A+K)=0;
(iii) if f isinjective, then f(A+K) is a-polaroid if and only if isoc,(A+K)Nop(A+
K)=0.

Proof. The proof is immediate from Theorem 3.1 once one observes that if an
operator T has SVEP at a point A, then A € 0p,,(T) (resp., A € 6,p,(T)) if and only
if L € op(T) (resp., A € o;p(T)). O

4. Properties (P1), (P2) and compact perturbations

Neither of the properties (P1) and (P2), or their finite kernel versions
(PLY  E(A)=TI(A) and (P2)  E&(A) =Tly(A),
travels well from A € B(Z") to its perturbation by a compact operator K € B(Z").

EXAMPLE 4.1. Ifwelet A=U & Q € B(J€ @ ), where U is the forward uni-
lateral shift and Q is an injective compact quasinilpotent operator, then
6w(A) = 0Bw(A) = D,0,,(A) = 02 U{0} = 6upw(A),is00,,(A) = 0,
is004,(A) = {0} and E(A) =TI“(A) =0 = E“(A) =TI(A).
Let K € B(H® ) be the compact operator K =0® —Q. Then the perturbed operator
A+ K =A®O0 satisfies
0w(A+K)=0py(A+K)=2D,04(A+K)=9d2U{0},
Ouw(A+K) =02 and isoc,(A+K) = isoo,(A);
hence

E(A+K)=0#TIA+K),E‘(A+K) = {0} £TI(A +K) = 0.

EXAMPLE4.2. Let A=U®I € B({?® (%) and K =0& F € B((*> & (?), where
U € B(£?) is the forward unilateral shift and F is the compact operator F(x1,x3,x3,--)
=(—%,0,0,---). Then
1
is00,,(A) = is00,,(A) = 0,is00,(A) = 0 # {5} =is00,(A+K)

and

Eo(A) =TI5(A) =0 = EG(A) =TIy (A),

Mo(A+K) =TI(A+K) = E(A+K) = Eg(A+K) =0,

mm+m=mm+m:mm+m:mm+m:%}
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EXAMPLE 4.3. If we let A =U @0 € B({> @ (?), where (as before) U is the
forward unilateral shift, then

0(A) = 0w(A) = D,04u(A) = 02 U{0} # Oupw(A) = 02,
is00,,(A) = 0 # is00,,(A) = {0}
and
Eo(A) =TI5(A) =0 = Ej(A) =TIo(A).
Let K € B({> ® (?) be the compact operator K = 0@ Q, where Q is the compact
operator Q(x1,X2,%3,...) = (0,%,%,---). Then
6w(A+K)=0y(A+K) = 2,0, (A+K) =92 U{0} = oup(A+K),
E(A+K)=E)(A+K)=IH)(A+K)=TI(A+K) =0,
11

MH(A+K) =T"(A+K) = {5737

“hES(A+K)=E(A+K)={0, %, %,...}.
Evidently,

Eo(A+K)#AT§A+K),E(A+K) #TT*(A+K),

E§(A+K) #I1y(A+K) and E“(A+K)#TI(A+K).

The above examples show that neither of the hypotheses isoo,(A) = isoo,(A + K),
Opw(A) = ow(A+K), Oupw(A) = Oupw(A +K), is00,,(A) = 0, i500,4,(A) =0 and
(even) [A,K] = 0 is sufficient to guarantee the transfer of either of the properties (P1),
(P1)', (P2) and (P2)" from A to A+K. Recalling, [9], 0w (A) = 0,,(A) \ @59 (A) and
Ouw(A) = O'QW(A)\(I?;ng(A), where @50 (A) =is00,,(A) OGBW(A)% and @9 (A) =
500, (A) NG, (A)? , we have

Bo(A) = D0 (A +K) = op(A) = 0pw(A+K), and

whw(A) = OB (A+K) = 0upw(A) = Oupw(A+K).
Furthermore, if also isoo,(A) = isoo, (A + K), then

1(A) = i506(A) N Opyw(A)Y =is00,(A) N Opw(A)Y =is00,(A+K)Nop(A+K)¢
—TI(A+K),

and
I“(A) =isoo,(A) N GMBW(A)(K =is00,(A+ K) N oyupw(A+ K)(g =MA+K).

This, however, is not enough to warranty the passage of properties (P1) and (P2) from
Ato A+K.

EXAMPLE 4.4. Choose A = Q1 ® Q, € B( @ ), where Q) is an injective
compact quasinilpotent operator and Q5 is an injective quasinilpotent such that Q5 (¢)
is non-closed for all natural numbers n. Then

0y(A) = 0gw(A) = Oupw(A) = Oaw(A) = {0},is00,,(A) = is004(A) =0
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(= @A) = @5,(4) = 0), E(A) = E“(A) =T1"(A) =T1(A) = 0.

uBw

Now let K € B( & ) be the compact operator K =—Q1®0. Then A+K=050,
satisfies

is004(A+K) = is00,4(A),0,(A+K) = 0w(A+K) = Ouw(A+K)
= Ou(A+K) ={0},i500,,(A) = is00u,(A) = {0} (= P32 (A +K) = ®E9 (A+K)
=0),E(A+K)=EA+K)={0} #TT°(A+K) =TI(A+K) = 0.

REMARK 4.5. We note for future reference that the hypothesis ®39(A) = 0 im-
plies Opw(A) = 0,/(A) and the hypothesis @, (A) = 0 implies Oupw(A) = Caw(A).
Furthermore, the hypothesis @8 (A) = 0 also implies 0p,,(A) = 0,,(A), as the fol-

uBw
lowing argument proves. Evidently

oo (A) =0 = 500,y (A) N Cupyy(A)7 =0 = 15004(A) C Gupw(A) C Opw(A).
Take a A ¢ opyw(A). Then
A € 08u(A)% C 0upw(A)? = Ouw(A) = A € 6,,(A)?

(since A € 0, (A)? implies ind(A—A) =0, hence A ¢ 0, (A) implies (A—A)(Z) is
closed and ind(A — 1) =0). Thus A ¢ 6,,(A), consequently 6,,(A) C op,(A) (implies
0 (A) = oBw(A)).

THEOREM 4.6. Given operators A,K € B(Z"), K compact, such that isoc,(A) =
is00,(A+K), if either ®3°(A) =0 = DL (A+K), or D55 (A) =0=D5% (A+K),
then:

A€ (Pl) and A € (P1) = A+K € (P1) ifand only if Eo(A+

A€ (P2) and A € (P2) = A+K € (P2) ifand only if E§(A+

Proof. The hypothesis ®i5° (A) = 0 = ®° (A + K) implies
0y (A) = opw(A) = 0w(A+K) = 0, (A+K)
and hence
T1(A) = iso0(A) N o (A)? =isoc(A) N 0,(A)Y =TIh(A);
furthermore, if also isoo,(A) = isoo,(A + K), then

TI(A +K) = is00 (A + K) N 0yy(A + K) =is00(A+K) N 6,(A+K)C =TIo(A+K)
= i500,(A+ K) N 0p(A+K)% =is00,(A) N op,(A)¢ =TI(A)
= i500,(A) NG, (A)Y =TIyH(A).
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(Thus TI(A+K) =TTy(A+K) = To(4) = T1(A) ) Similarly, if ®i53, (A) =0 =D, (A+
K) and isoo,(A) =isoo,(A+K), then

Oaw(A) = Oupw(A) = Oupw(A+K) = 04 (A+K)
and

(A +K) = i5004 (A4 K) N Gupw(A+K)¢ = is00,(A+K) N Ca(A+K)?
= TI4(A + K) = 1500, (A) N Gupw(A) = T1%(A) = is00,(A) N G (A)¢
= TI5(A).

(Thus TI“(A 4+ K) = TT4(A + K) = TT4(A) = T1%(A) )

(i) If D (A) =0 =D (A+K), then

A€ (Pl) & E(A) = 1*(A) = [1(A) = Ey(A) = [1%(A) = ITy(A)
(= Ac (P1)) < Ey(A) = [§(A) = TTo(A) = TTy(4 + K),

and this since

4(A+K) = i5004(A+K) N Ou(A+K)% =1i500,(A) N 0wy (A) =TIG(A)
= Ty(A) =TIh(A+K)

implies
A€ (Pl)= A€ (P1) = Ey(A) =TI{(A+K) =TIH(A+K) C Ey(A+K).

Again, if D19 (A) =0 =D

oA+ K), then (0,,(A) = 0pw(A) = ow(A+K) =
ow(A+K), and)

A€ (P1) &= E(A4) = (IT%(A) = TI(A) =)IT§(4) = Eo(A) = TT§(A)
(= Ac (PLY) < Eo(A) = o(A) = TT§(4) = TT§(A + K),

and this since

TI4(A + K) = Tp(A) = i500,(A) N 6, (A)¢ =is00,(A+K) NG, (A+K)C
=IIH(A+K)

implies
A€ (Pl)=Ac (P1) = Ey(A) =TI{(A+K) =TH(A+K) C Eo(A+K).

Hence, in either case, A € (P1) = A € (P1) and A € (P1) = A+K € (P1)
if and only if Eo(A+K) C Ep(A).
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(i) If L0 (A) =0 = DL (A +K), then (since T1(A) = TTp(A), TI*(A) = ITy(A) C
T§(A) and TI§(A) € EG(A) € E*(A))

A€ (P2) <= E*(A)=TI(A) =T1"(A) = E{(A) =TH(A) =TI§(A) &= A € (P2)’
implies
EG(A) =TIp(A) =T1p(A+K) CEf(A+K).

If, instead, P9 (A) = (D:(I)}jgw(A—i—K) then op,(A) = 0,,(A) implies TT(A) =

)
Ih(A) =TIp(A+K), TT1%(A) = IT§(A) and IT§(A) € EG(A) € E“(A). Hence

A€ (P2) = E“(A) =T1(A)=IT*(A) = E{(4) =TIy(A) =IT§(A4) (=>A € (P2))
implies
Ej(A) =TIp(A+K) =TI5(A) =TIH(A+K) C Ej(A+K).

In either case, A € (P2) = A € (P2) and A € (P2) = A+ K € (P2)’ if and
only if E¢(A+K) C ES(A). O

The hypotheses of the theorem are not sufficient to guarantee E(A+K) = Eo(A+
K), or, E(A+K) = E§(A+K) (see Example 4.4). A sufficient condition ensuring
Eo(A+K) C Ep(A) in (i) and (ii) above is that the operator A is finitely a-polaroid.
This follows since A € Eg(A+K) or A € E*(A+K) implies A € isoo,(A), and the
hypothesis A is finitely a-polaroid implies A € ITp(A) (= Ep(A) in case (i) and =
E{(A) in case (ii)). Observe that the hypothesis is00,(A) N 0,,(A) = 0 guarantees both
®pn(A) =0 and A is a-polaroid, and the hypothesis i500,,(A) = 0 guarantees both
®ise (A) =0 and A is left polaroid.

Hypotheses is00,(A) =is00,(A+K) and @153 (A) = @0 (A+K), where A,K €
B(Z") and K is compact, imply

08w (A)\Ouw(A) =0 (A)\Ouw(A) =0 (A4 K)\ Cuw(A+K) = 0pw(A+ K)\Oupw(A+K)
and
isoo,(A) N{opw(A+K)\ opw(A)} =isoo,(A)N{ow(A+K)\ ow(A)} =0.

Observe here that if A € (P2) and E“(A+K) C E4(A), then E“(A) = is0o,(A) N
Oupw(A)? and hence A € E4(A+K) implies A ¢ o,p,(A). The following theorem
is an analogue of Theorem 4.6 for operators A € (P1) or (P2) such that A+ K € (P1)
or (respectively) (P2).

THEOREM 4.7. Given operators A,K € B(Z") with K compact, if isoc,(A) =
i506,(A+K), Opw(A) N Guw(A)¢ = 0pw(A+K) N Gupw(A+K)? and isoc,(A) N
{0Bw(A+K)\ opw(A)} =0, then a sufficient condition for

Ae(Pi)=A+Ke(Pi), i=1,2,

is that is06,(A) N Oupyw(A) = 0.
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Proof. Since A € (P1) if and only if E(A) =T1*(A) =TI(A), and A € (P2) if and
only if E“(A) =TI(A) =T1%(A), the hypothesis A € (Pi), i = 1,2, implies TI*(A) =
T1(A). Hence, if is00,(A) = is00,(A + K) and 0, (A) N 0upw(A)? = opw(A+K)N
Oupw(A -l-K)(g, then

0 = I1(A) \ II(A) = {is004(A) N Gupw(A)? } N {is00,(A) N o (A)F 17
= {is00,(A) N Gupw(A)? Nisoo,(A)? } U{is004(A) N oupw(A)? Nopw(A)}
= is00,(A) N{0pw(A) \ Oupw(A)} =is00,(A+ K) N{opw(A+K)\ oupw(A+K)}
= {is00, (A +K) N Gupw(A+ K) ¢} N {is00,(A+K) N op,.(A+K)¢ 7
=T*A+K)\II(A+K),

ie., M*(A+K) CTI(A+K). Since [I(A+ K) C TI”(A + K) always,
M(A+K)=T“(A+K).
Again, since

I1(A) \ [TI(A+K) = TI(A) N {isoo, (A + K) N op (A + K)€ }¢
= {is00,(A) N 0p,w(A)? } N {is00,(A) N opw(A+K)C}7
= i500,(A) N {0pw(A+K)\ Ou(A)} =0,
we must have
[1(A) CTI(A +K).

Consider now a A € E(A+K). If is00,(A) N ousw(A) = 0, then A is left polaroid,
hence A € E(A+K) implies

A €i500,(A) N Gupw(A)? =TI*(A) =TI(A) = E(A+K) C E(A)
and, since [I(A+K) CE(A+K) CE(A) =TI(A) CTI(A+K),
E(A+K)=TI*(A+K) < A+K € (P1).
Considering, instead, a A € E“(A + K), the above argument implies
A ell*(A)=T1(A) CTI(A+K)
and hence, since TI(A+K) =TI1*(A+K) CE‘(A+K),
E‘A+K)=TI(A+K) < A+K € (P2).

This completes the proof. [l

If A € (P1), then the hypotheses of Theorem 4.7 imply E(A) =T14(A) =TI(A) CTI(A+
K)=TI“(A+K) C E(A+K); similarly, if A € (P2), then the hypotheses of Theorem
4.7 imply E4(A) =TI(A) =TI*(A) CII(A+K) =TI1(A+K) C E“(A+K). Hence a
necessary and sufficient condition for A € (P1) implies A+ K € (P1) (resp. A € (P2)
implies A+ K € (P2)) in Theorem 4.7 is that E(A + K) C TI(A) (resp., E“(A+K) C
T%(A)).
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COROLLARY 4.8. If A,K € B(Z") satisfy the hypotheses of Theorem 4.7, then

A€ (Pl)=A+Ke(Pl)<=EA+K)Nop,(A)=0, and
Ac(P2)=A+Ke (P2) < E“(A+K)N0yp,(A) = 0.

Proof. A straightforward consequence of the facts that E(A + K) C TI(A) if and
only if E(A+K)Nopw(A) =0 and E“(A+ K) CT1%(A) if and only if E*(A+K)N
ousw(A)=0. O

We conclude this section with a remark on Hilbert space operators.

REMARK 4.9. Given a Hilbert space operator A € B(.%¢), there always exists a
compact operator K € B(2) such that 0,(A+K) = q)SJ}(A) ={leoc(Ad):A-Ais
semi-Fredholm of ind(A— 1) >0} = CI)jf (A4K) [11, Proposition 3.4]. Considera A €
E(A+K)=0,(A+K)Nisoc(A+K),or, A € E*(A+K) = 0,(A+K)Nisoo,(A+K).
Since A+ K has SVEP at 4 € ®,¢(A+K) implies ind(A+ K — A1) <0 [1], we have
E(A+K)=E“A+K)=0. Hence E(A+K) =TI(A+K) =TI*(A+K) = EY(A+K) =
0,and A+K € (P1) A (P2). Conclusion: Given a Hilbert space operator A € B(.77),
there always exists a compact operator K € B(.7) such that A+ K € (P1) A (P2).

In the absence of similar results for perturbed Banach space operators, a corresponding
remark does not seem possible for Banach space operators.

5. Examples: Analytic Toeplitz operators and operators satisfying the abstract
shift condition

If we let Q denote the normalized arc length measure on d% and let H?> =
H?(dD) denote the Hardy space of analytic square summable (with respect to Q) func-
tions, then the Toeplitz operator Ty with symbol f is the operator in B(H?) defined
by

Tr(g) = Z(fg), s € H’,

where 2 is the orthogonal projection of L*(9%,Q) onto H?. The operator T is
analytic Toeplitz if f € H*(d%). (We assume in the following that f # a constant.)

If A € B(H?) is an analytic Toeplitz operator, then 6(A) = 6,,(A) is a connected
set, A (satisfies Bishop’s property () and so) has SVEP [14], and A has no eigenval-
ues [10, Page 139]. Hence

E(A)=E“(A) =T1(A) =TI(A) =0 = A € (P1) A (P2).

The connected property of o,,(A) implies that A+ K is polaroid for all compact op-
erators K € B(H?) [6, Theorem 6.4]; the connected property of 6, (A) also implies
that

0 (A) = 0yw(A) = Oy (A+ K) = 0,,(A+ K)

(consequently, TI(A + K) = ITo(A + K)) for all compact K € B(H?).
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For A,K € B(H?), A analytic Toeplitz and K compact, assume that E(A+K) # 0
and considera A € E(A+K). Since A+K is polaroid, A € [I(A+K) —TIp(A+K) and
hence (since TI(A+K) C E(A+K) always) E(A+K) =Eg(A+K) =TlH(A+K) =
IT(A+K). Recall that IT§(A 4 K) =TIy (A + K) if and only if isoo,(A + K) N {o, (A +
K)\ Ouw(A+K)} =is00,(A+K)N{0(A) \ Ouw(A)} = 0. Hence, if we now assume
that isoo,(A) = is0o,(A + K), then

A € i5004(A +K) N {0w(A)\ Gan(A)} = A € ES(A) N 6,(A),

a contradiction since A has no eigenvalues. Conclusion: Given operators A,K €
B(H?), with A analytic Toeplitz and K compact, if isoc,(A) = isoc,(A+K), then
A+K € (P1). We do not know if the hypothesis is00,(A) = is00,(A + K) is suffi-
cient to guarantee A+ K € (P2)’.

{Added 12.12.2018: The hypothesis isoo,(A) = isoo,(A + K) guarantees A +
K € (P2)' as the following argument shows. Evidently, ITo(A+K) C E§(A+K). Since
A € E§(A+K) implies 4 € isoo,(A), and since is00,,,(A) = 0 (see P. Aiena, Fred-
holm and Local Spectral Theory II, Lecture Notes in Mathematics 2235, Springer 2018;
Theorem 4.99),

A€ ESA+K) = A €i8004(A), A & Gup(A) = A € i300,(A) N Dy (A)
= A €II{(A) =TIy(A), since A € (P2)
— A €i300,(A+K)N®y(A+K) =Tlg(A+K).}

A hypothesis guaranteeing A + K € (P1) A (P2) is given by the following:

THEOREM 5.1. If A,K € B(H?), where A is analytic Toeplitz and K is compact,
satisfy E*(A+K)No,(A) =0, then A+ K € (P1) A (P2).

Proof. Tt is clear from the above that if A is analytic Toeplitz and K is compact,
then 0p,(A+K)=0,,(A+K) =0,(A) =0p,(A) and E(A+K)=TI(A+K) =TIH(A+
K)=Eo(A+K). Since Ilp(A+K) CII(A+K) C E§(A+K) and ITp(A+K) C Eg(A+
K) C Ef(A+K), it follows that Eo(A+K) =IIo(A+K) =II§(A+K) = E§(A+K) =
E“(A+K) if and only if E“(A+K) \ITo(A+K) = 0. We have:

E“(A+K)\Iy(A+K)=E*(A+K)N{is00,(A+K) N0, (A+K) }* =E*(A+K)N G, (A),
which implies
E‘A+K)\TI)(A+K) =0 E‘(A+K)No,(A) =0.

This completes the proof. [

The sufficient condition of the theorem is necessary too: For if A+ K € (P1) A (P2),

then E“(A+K) =T1(A+K) =IIp(A+K) = E§(A+K), and hence E“(A+K)\ITo(A+

K) = E“(A+K)N{isoo,(A+K)NG,(A+K)}C =E*(A+K)NG,(A) =0.
Operators satisfying the “abstract shift condition” A € B(Z") satisfies the ab-

stract shift condition, A € (ASC), if A~(2") =N A"(Z") = {0} [14]. Operators
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A € (ASC) satisfy the properties that o(A) is connected (so that either isoc(A) =0,
or, 0(A) = {0} in which case A is quasinilpotent), ot(A —A) = 0 for all non-zero
A € 6(A) (so that A has SVEP) and 6(A) = 0,,(A) [1, 14]. If we let r(A) denote the
spectral radius of A and define i(A) by

i(4) = lim {x(A")}» = sup {x(A")},

where
kK(A) =inf{||Ax|| : x € Z,||x]| = 1}

denotes the lower bound of A, then Z(0,i(A)) C 6(A). We assume henceforth that
A is not quasinilpotent and i(A) = r(A) for operators A € (ASC). Given a compact
operator K € B(Z"), we prove in the following that A+ K € (P1) V (P2) (‘inclusive’
or) if and only if is00, (A + K) NN G4y (A) = 0, where 1’04, (A) denotes the bounded
component of the complement of 6,,(4) in o,,(A).

An important subclass of (ASC) operators is that of weighted right shift operators
A, A€ (WRS), in B(¢P); P = (P(N),1 < p <eo. Itis well known (see [I, 14] and
some of the argument above) that

0(A) = 0y(A) = opw(A) = Z(0,r(A)), E(A) = E*(A) =0,
Ga(A) = Gaw(A) = Gqu(A) = 8@(07F(A))

for operators A € (ASC) (recall: A is non-quasinilpotent and i(A) = r(A)), and

0(A) = ow(A) = ow(A) = 2(0,r(A)), E(A) = E“(A) =0,
0u(A) = Ouw(A) = Oupw(A) = {4 1 i(A) <[A[ < r(A)}

for operators A € (WRS). It is clear that A € (P1) A (P2) for operators A € (ASC) V
(WRS).

THEOREM 5.2. Given an operator A € (ASC)V (WRS), and a compact operator

K such that K € B(Z") if A € (ASC) and K € B(¢{?) if A€ (WRS), A+K € (P1)V
(P2), inclusive or, if and only if isoc,(A+K)N{AL:0< |A] <i(A)} =0.

Proof. If A € (ASC)V (WRS), then is00,,(A) = 1500, (A) = 0 implies that A+ K
is both polaroid and left-polaroid (see Theorem 3.1). Consequently,

AEEA+K)=—A€TlI(A+K), hence E(A+K)=TI(A+K)
and
AEeEYA+K)= A €Il(A+K), hence E‘(A+K)=TI"(A+K).
Thus

A+K e (P1)V(P2) < M(A+K)=TI(A+K)
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<= MM(A+K) CTI(A+K) <= TI“(A+K)\II(A+K)=0
<= 1500, (A+K)N{ogw(A+K)\ oupw(A+K)} =0
= 1500, (A+K)N{0(A+K) N Cu(A+K)?}
=is00,(A+K)N{A:0< A <i(A)} =0
(where i(A) = r(A) if A € (ASC)). O
Operators f(A) Let f € Holo.(c(A)), where A € (ASC) or (WRS) or A is

an analytic Toeplitz operator. (Recall: If A € (ASC), then i(A) = r(A) and A is not
quasinilpotent.) Since A has SVEP (everywhere) and o,,(A) = 6(A),

o(f(A))=f(o(A))=f(ow(A))=0w(f(A));f(A) is polaroid and E(f(A)) =TI(f(A)).

Recall that 0,(A) = 0: We claim that 0,(f(4)) = 0. For suppose there exists a 4 €
0,(f(A)). Then there exists a u € o(A) such that

fA)=A = f(A) = f(u) = (A—n)*p(A)g(A),
for some integer & > 0, a polynomial p(z) such that p(u) # 0 and an analytic function
g(z) which does not vanish on o(A). But then (f(A) —A)x =0, x# 0, implies u €
0,(A) — a contradiction. This proves our claim. The fact that 6,(f(A)) = 0 implies
E“(f(A)) =0 ensures (since TI(f(A)) CTI%(f(A)) C E*(f(A))) that

E(f(A)) =T1(f(A)) =TI°(f(A)) = E“(f(A)) == f(A) € (P1) A (P2).

Consider now operators A,K € B(H?) such that A is analytic Toeplitz and K is com-
pact. Given f € Holo.(c(A)), isoo(f(A)) = isof(c(A)), f(A+K) is polaroid and
hence

E(f(A+K)) =TI(f(A+K)).

Assume further that f is injective and is00,(A + K) = iso0,(A). Then isooc,(f(A +
K)) =iso0,(f(A)), hence (since A has no eigenvalues)

iso0, (f(A 4+ K)) N{ow(f(A+K)) \ caw(f(A+K))}
= f(iso0,(A+K)N{ow(A+K)\ caw(A+K)})
= f(is004(A) N{ow(A) \ oaw(A)}) = f(TTH(A) Now(A)) = 0
(since IT§(A) =TIp(A)). Thus:
PROPOSITION 5.3. If f € Holo.(0(A)) is injective, then f(A+K) € (P1) for

analytic Toeplitz operators A € B(H?) perturbed by a compact operator K € B(H?)
such that 1500, (A + K) = is00,(A).

The following theorem, an analogue of Theorem 5.1, gives a necessary and suffi-
cient condition for f(A+K) € (P1)A(P2).

THEOREM 5.4. Given operators A,K € B(H?), where A is analytic Toeplitz and
K is compact, and an injective function f € Holo.(c(A)), f(A+K) € (P1)A(P2) if
and only if E*(A+K)No,(A) =0.
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Proof. 1f the operators A,K and the function f are as in the statement of the
theorem, then isooy (f(A +K)) = isoox(f(A)), oy = o or o,, f(A+K) is polaroid
(hence E(f(A+K)) =TI(f(A+K)) = f(II(A+K))) and f(A+K) is left polaroid (so
that TI*(f(A+K)) = f(I1*(A+K))). Consequently, f(A+K) € (P1)A(P2) if and
only if

E(f(A+K)) =TI(f(A+K)) =TI*(f(A+K)) = E“(f(A+K))
— EY(f(A+K)\T(f(A+K)) = TI*(f(A+ K) \TI(f(A+K)) = 0.
Recalling that op,(A+K) = 0,,(A+K) = 6,,(A), we have
fAA+K) e (PI)AN(P2) = TI*(f(A+K))\II(f(A+K))=0
— f(NY(A+K)\II(A+K))=0
— f(I(A+K)Nop,(A+K)) =0
— f(E‘A+K)N0,(A) =0 <= E“(A+K)No,(A) =0.

This completes the proof. [

For operators A € (ASC)V (WRS), iso0,(A+K) =iso0,(A) (=0) implies f(A+K) €
(P1)A(P2) for all injective f € Holo.(o(A)): The hypothesis is00, (A 4+ K) = 0 may
be relaxed.

THEOREM 5.5. Given operators A and K, where A € (ASC)V (WRS) and K is
compact, and an injective f € Holo.(6(A)), f(A+K) € (P1)V (P2) if and only if
is00,(A+K)N{A:0< A <i(A)} =0.

Proof. The injective hypothesis on f € Holo.(c(A)) implies

isoox (f(A+K)) = f(isoox (A +K)),0x = 0 or oy,

and A 4 K (alongwith being polaroid) is left polar01d. Since

o (f(A+K)) = 0u(f(A+K)) = f(0w(A+K)) = f(OBw(A+K))
and

Oupw(f(A+K)) = 0w (f(A+K)) = (0w (A +K)) = f(Oupw(A + K)),

we have

E(f(A+K))=TI(f(A+K)) and E(f(A+K)) =1 f(A+K)).
Thus

FA+K) € (PL)V (P2) = TI(f(A+K)) CTI(f (
< 1500, (f(A+K)) Nf{opw(A+K)\ ouw(A+K)} =
— f(is00a(A+K)N{ow(A+K)\ oaw(A+K)}) =0
= i500,(A+ K) N {0w(A) N 0w (A)?} =0
< is00,(A+K)N{A: 0< |A]| <i(A)} =0.

(Recall: i(A) = r(A) for A € (ASC).) O

K))
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