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A GENERALIZED LEMOS-SOARES NORM INEQUALITY

JIAN SHI* AND WEI REN

(Communicated by F. Hansen)

Abstract. In this short paper, we show a Lemos-Soares type norm inequality, which extends the
relative result before.

1. Introduction

Thoughout this paper, a capital letter, such as T', stands for a bounded linear oper-
ator on a Hilbert space.

A >0 means that A is positive and A > 0 means that A is positive and invertible.

In [3], F. Kubo and T. Ando introduced the ¢ -power mean of A and B, where
o € [0,1], which is defined by

AT(A"IBA"7)%A3, A,B>0;

AlaB = lim (A-+eDta(B+el). A,B>0.
E—

Similarly, if 7 ¢ [0,1], Ay B is defined by

AZ(A"IBA"1)AZ, A,B>0;
ASB =1 tim (A4 en)u(B+en). AB>0,
£e—0

There are many perfect results on Kubo-Ando mean, such as [1, 2, 5].
Very recently, R. Lemos and G. Soares ([4]) introduced a notation which enlarge
the definition of Kubo-Ando mean as follows,

A%(Af%BA*%)fA%, A,B > 0;
Als B = lim (A-+el)g,(B+el), AB>0.
£—0

where 5,1 € (—oo,+o0).
Also, they obtain a beautiful norm inequality in [4] as follows.
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THEOREM 1.1. (Lemos-Soares norm inequality, [4]). Let A,B > 0, then
II(AhrtB)(Ahy 1-B)| < A1 (L.1)
holds for r,s > 0 and - <2t < 2’“

In this short paper, we show an extension of Lemos-Soares norm inequality.
In order to prove the main result, we list a famous operator inequality first.

THEOREM 1.2. (Lowner-Heinz inequality). A > B > 0 ensures A* > B% for
€[0,1].

2. Main result and its proof

In this section, we will show the main result and prove it.

THEOREM 2.1. Let A,B> 0, ri,ry, -, >0, then
1(Atr,4,B) (A, 14, B) -+ (Allr, 1, B) (Allry 1, B)|| < A 72 1B (2.1)

holds for & <21 < 212 < 2(1 +15) < 2P L0 (1 +1p +13) < 2R
__2r1+r2+ -EZI’,, 2+r—1 <2(l1+t2+"'+tn,1)< 2r1+2r2+'~2';+2r,,,1+r,1’ f bttty =
1, where T2 ri+r+---+r,.

Proof. We only need to prove that
At tm—1 p2 Aritry =1 <I (2.2)
ensures that
(Ahrn:tnB).”(AhrZ:tZB)(Ahrl’tlB) X (Ahrl’tlB)(AhrZ:tZB) e (Ahrn’tnB) <. (2~3)

(2.2) is equivalent to

B2 <A—2(r1+r2w+r,,—1). (24)
Applying Lowner-Heinz inequality to (2.4), we have
B Al (nFrzt) (2.5)
It follows that . |
A"IBAT2 < Attt (2.6)

By the definition of the notation f,, the left side of (2.3), denoted by K(A,B), is
just that

K(A,B) 2.7)
=(Abr, 5, B)(Alr,_y 4, B) -+~ (Allry 1, B) (Ally 1, B)

X(Ahrl A1 )(Ahrz’tz )"'(Ahrn Lifn—1 )(Ahrn In )
=A% (A" 2BA~ 2)’”A (A 3BA- S 142

nl

(A’%BA*%)’"*Z
. (A"ZBA™? )’ZA " (AT2BATI)1AN(A"IBA )’IA Z(A"2BATT)"

"n— l+rn 2 1 r”+'n 1

(ATIBATR)n2 AT (AT BAT Y IAT T (AT IBA 2 )nA Y
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Put A} 2 A-(n+n+4m) — A= B A A=3BA~} thus we have that

K(A,B) (2.8)
R = L . _In=2 el 5
— 22 pln 2 n— 2 n—
=A, *BA] B A, BY
r2+r 1 r2+r3
A BQA 2): BllA 2 B['A 2): BIZA 2z
1
n—2t—1 n—1trm

2,477 25  ph-l47" 25 plhp" 2%
Bl Al Bl Al BlAl

_n
Notice that By <A from (2.6) and 3= € [0,1]. It is easy to obtain that A| * <

n
B, * according to Léwner-Heinz inequality. It follows that

K(A,B) (2.9)
I'p—1tm 'p—2+r—1

'n
— 5 — s phil A — ph—
<A1 2>:BtnA 2% Bn 1A1 ) Bln 2

,’2*’3 , N oo _nino i3
A 2z BZA oyt B zAl 2z Blel 2z
rp—2+rp_1 'p—1+rm

'n
In—2 4~ ) In—1 4~ " 2% In A 728
BI2A, BI'A] ByA ™.

Because that & < 27 2’1+’2 , we can obtain that 0 < 2¢; — & < ”;’2 <1.1Itis

<
n i
easy to obtain that B 17T ¢ A T It follows that
2 i _In=2 el
Al ZZBnA 2 Bn—lA 2 Bln—Z

ntr3 r rit+rn rp+r3

"Al_ 2z BIZA 2): B fAl—TBllel— )

T 7’)172+r)171 1 _In—1tm PR
n— A 2% B~ A 2 B nA 2%
1 1 1771
+rn n_2+r,_1 rp+rsy _2rptny rp+r3

—1 _ 2t _ 2r 41y _nitn
<A 2thnA oy tln—lAl ) Btlnfz_._Al o BtzA b Btlel )

P 7'n72+'n71 P 7rn,l+rn ; _m
n— Al 2% Blnf Al 2% BlnAl 22'

Similarly, because that 0 < 2””2 =2t =+ =211+ ”*’2 < ’1”2 < 1, we have

2
21— 'l;rZ

A

2r1 +r
21— =12
<B,' ¥ . Thus, we have that

m P Iy—1+mm fo1 - n_2+r,_1 - iy . _2rptny . rp+r3
A ZZBnA 2% B A 2% B"2...A 2): BZA z BZA 2T
1 1% 1 1 1 1 1471
hn . — r)1722t:rnfl 1 A — r,1721>:+rn P %1:
n— n— n
Al Bl Al Bl Al
Tp—1+n Fp_o+r,_ 2r1+ +
n—11'n n—2"T"n—1 261 +21— '"12 r2A7'22>:r3
1

N M s N _n4n3
2% pin 2% n— 2z n— )
<A, ZBTA, B 'A, Bi?---A] = B

2ty _ a1t _In
In—2 AT = Btn—l A 2 g2
1 1 1 1771 .
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Next, because that 0 < 2¢ + 2, — 2”% < ’22’3 < 1, we have that

y_1+m Ty_p+r,_ 2r1+rp it

n 1 - rtr3
—5% —t— 1 Sy — =52 2142t —
AlzthlnAl 2% Bln 1A1 ) Blnz"'Al ) Bll 2 T Al 2T
fn A= rp_o+r,_1 P rp—1+m p _m
n— — 2= phn- — 25 ph 2%
"'Bl Al Bl Al BlAl
T'n—1tmm —2+m—1

m 2r1+2rp+r3
AT 2 phiel g s pln2 M+ — 5

<A, *B7A, B ™A, B{7*.--A]

I'p—2tr—1 I'p—1tm

'n
2 A~ " 35 — phh—1 4" 35 —7%
"'BlnzAl 2% Bln 1A1 2% BtlnAlzz'

Continue to use the above method, we can obtain the following results.

m Ip—1+mm n_2+tr,_1 2r1+2rp+r3
R plipg T oS pln-l g s phea | 4212 st
Al Bl Al Bl Al Bl Al
hn . — r)1722t:rnfl ol A — r,1721>:+rn P %1:
n— n— n
e Bl Al Bl Al Bl Al
2r1+2rp+- 421, _1+m
— 2(t) gttty ) — A2 nl —fu
23 pin 172 n—1 - T ph 23
<A EBUAT BUA,

2r1+2ry+42r, 1+
I 2t Attty ) — 1 2 n—1 _m
e
<A BT ALE
2ry+2rp+-+42r,_1+2m
2+t tty) - —————————
<A1(1 2 )

=A22=A"=1.

Together with above inequalities, we can obtain that K(A,B) < I. Then we com-

plete the proof. [

REMARK 2.1. If we take n = 2 in the Theorem, it just is Theorem 1.1.
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