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THE QUINTIC COMPLEX MOMENT PROBLEM

H. EL-AZHAR, A. HARRAT, K. IDRISSI AND E. H. ZEROUALI

(Communicated by H. Bercovict)

Abstract. Let y(’”) = {%j}o<i+j<m be a given complex-valued sequence. The truncated complex
moment problem (TCMP in short) involves determining necessary and sufficient conditions for
the existence of a positive Borel measure u on C such that y; = [Zdu for 0 <i+j<m.
The TCMP has been completely solved only when m =1,2,3 and 4.

We provide in this paper a concrete solution to the, almost all, quintic TCMP (that is,
when m = 5). We also study the cardinality of the minimal representing measure. Based on
the bi-variate recurrence sequences properties with some Curto-Fialkow’s results. Our method
intended to be useful for all odd-degree moment problems.

1. Introduction

Given a doubly indexed finite sequence of complex numbers

Y= Y(m) = {%’j}ogiﬂgm = {700, %1,710, -, Yomy- - - s Ym0 }»

with y0 > 0 and ;; = ;i for 0 <i+ j < m. The truncated complex moment prob-
lem (in short, TCMP) associated with y entails finding a positive Borel measure u
supported in the complex plane C such that

y,-,:/z"zfdu, 0<i+j<m. (1.1)

A sequence {7 }o<i+j<m satisfying (1.1) will be called a truncated moment sequence
and the solution u is said to be a representing measure associated to the sequence
{ijosivjsm-

In [34] J. Stochel has shown that solving TCMP solves the widely studied Full
Moment Problem (see, for example, [1,2,3,17,29,30,33,36]). More precisely, a full
moment sequence {%;}i jcz, admits a representing measure if and only if each of its
truncation y(m) admits a representing measure.
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The truncated complex moment problem serves as a prototype for several other
moment problems to which it is closely related. Its application can be found in subnor-
mal operator theory [31,24,35], polynomial hyponormality [12] and joint hyponormal-
ity [4,5]. It is also related to the optimization theory [26, 25,27,28,29] and arises in
pure and applied mathematics, in physics and in several other domains.

For the even case m = 2n, Curto and Fialkow developed in a series of papers an
approach for TCMP based on positivity and flat extensions of the moment matrix, see
Section 2. This allowed them to find solutions for various particular cases of truncated
moment problems (see, for instance, [6,8,7, 10, 11,21,20]). However, only the cases
m =2 and m = 4 are completely solved (cf. [6,9, 19, 14]).

In the odd case m = 2n+ 1, a general solution to some partial cases of the TCMP
can be found in [22] and [23] as well as a solution to the truncated matrix moment
problem; a solution to the cubic complex moment problem (when m = 3) was given
in [23], see also [16]. The solution is based on commutativity conditions of matrices
determined by {%; }o<itj<2nt1-

Therefore, only the cases m = 1,2, 3 and 4 (the quadratic, the cubic and the quartic
moment problem) have been completely achieved. All the other cases (quintic, sixtic,
...) are open and interest several authors; as indicated in many recent papers (see, for
instance, [13, 15, 16,37, 38]).

In this paper, we provide a concrete solution to the, almost all, quintic moment
problem (i.e. m =5) when one desires a minimal representing measure. To this aim,
we investigate the structure of recursive complex-valued bi-indexed sequences and we
combine the obtained observations with some results due to R.Curto and L. Fialkow,
to provide a new technique for solving the odd-degree TCMP. We notice that our tech-
niques furnish a short solution to the cubic moment problem (we omit the proof because
the cubic moment problem is already solved, see [16,23]) and expected to be useful for
higher odd-degree truncated moment problems.

Let )/(5) = {¥ij}o<it+j<5 be a given complex valued bi-sequence. We associate
with Y1) the next two matrices that will play a crucial role in our approach.

Yoo Y1 Y10 Y02 Y11 Y20 Y3 Y12 Y21 Y30
Y10 Y11 Y20 Y12 Y21 Y30 Y13 Y22 V31 Y40
M(2) = Y1 Y2 Vit Y3 N2 Y21 | p._ | Y04 Vi3 Y22 V31 | (1.2)
Y20 Y21 Y30 Y22 V31 Y40 Y23 V32 Y41 Y50
Yi1 Y12 Y21 Y13 Y22 V31 Y14 Y23 V32 Y41
Y02 Y03 Y12 Yo4 V13 V22 Y5 Y14 Y23 V32

Let us recall that thanks to Douglas factorization theorem, we have Rang B C Rang M(2)
if, and only if, there exists a matrix W such that B = M(2)W . We will show, in Section 2, that
the Hermitian matrix W*M(2)W is symmetric with respect to the counter diagonal (persymetric),

then one can set
abcd
" befc
W*MQ2)W = cTeb (1.3)
dcha
As we will see in the sequel, the entries a,b,e and f in the matrix W*M(2)W encode the
complete information on the cardinal of the support of the minimal representing measure.
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THEOREM 1.1. Let %5> = {%j}i+j<s be a given finite sequence, such that
M(2) >0, Rang BC Rang M(2) and a+# e or b= f.

Then the quintic moment problem, associated with }/(5), admits a solution . Moreover, the
smallest cardinality of supp W is:

e card supp W=r <= a=eand b= f;

a—e

a#eand “5¢ <|b—f

a>eand “5¢ 2| b—f

e card supp U=r+1 <

>

e card supp U=r+2

where r is the rank of M(2) and the numbers a,b,e and f are given by (1.3).

Since (as we will show in Section 2) M(2) > 0 and Rang B C Rang M(2) are two neces-
sary conditions for the quintic TCMP, associated with 7/(5) to own a solution, then Theorem 1.1
provides a concrete solution to the quintic complex moment problem, except for the case a = e
and b # f. The difficulty that we encountered in solving the remaining case ( a = e and b # f)
is technical, not a failure in the method, see Section 5.

This paper is organized as follows. In Section 2, we will give useful tools and results
usually used in the treatment of the truncated complex moment problems. We will investigate in
Section 3 the complex-valued recursive bi-sequences and we will present in section 4 a solution
for the quintic TCMP associated with each, as well as a solution to the minimal support problem.
Finally, in Section 5, we give several examples illustrating the different cases arising in the quintic
complex moment problem.

2. Preliminaries

First, we recall a fundamental necessary condition. To this end, let us assume that }/(2") =
{%j}i+j<on is a given moment sequence and let u be the associated representing measure. Then,
for every p= Y ay7'zF € C[z,z], we have

h.k

2 _ [ shtk _k+h _
0< / |p|°du= 2 AnkAn'x’ / Tz = 2 Ankap' k' Ytk k1 s

hk i K

hok,h K

or equivalently, the moment matrix M(n) = M(n)(y'®"), defined below, is positive semi-definite.

M[0,0] M[0,1] ... M[0,n]
M[1,0] M[1,1] ... M[1,n]
M(n) := . ) , 2.1)
M(n,0] M[n,1] ... M[n,n]
where

Yij o Yi+1,j-1 -+ Yi+j0

o Yi—ij+1 Yij o - Yikj-1,1

Mli, j] = ) . )

VW,i+j Yitj-1 - Vi

Considering the lexicographic order,

,2,2,22,72.7%,....2" . 2" \Z,... 77"

1 5n

Wz, (2.2)
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to denote rows and columns of the moment matrix M(n). For example, the M(3) matrix is

1 7z Z 72 77 7 7 727 77 7
1 o | Y1 vo | Y2 v o | W3 M2 1 %o
z vio | v v | vz v o mo | omz v v wmo
z oo | v v | W e vt | s Nz 2 Bl
Z o | o owmo | v o womo | oms wm onm %o
ZzZ ol v I Mmoo vl ova s v v | (23)
Z Yo | ovws vz | v Mmoo o2 |l s e M3 Y
Z I wo | oo omo | om owm %o | s m Y Yo
sz ro|l v o wmo |l om m o ow | s M3 oM Y
Z3Z e | vz v | s s w2 | ons va B3 Y
z Wl s Mzl W s v | We ms Y4 B

Observe in passing that each block M]i, j] has a Toeplitz form. That is each of its diagonals
contains constant entries. On the other hand, it is easy to see that the matrix M(n) detects the
positivity of the Riesz functional given by

Ayon 1 p(2,2) = Y aiFd — Y aijv
0<i+j<2n 0<i+,j<2n
on the cone generated by the collection {pp: p € C,[z,2]}, where C,[Z,Z] is the vector space
of polynomials in two variables with complex coefficients and total degree less than or equal to
n. .

It is an immediate observation that the row ZkZl , column 7'z entry of the matrix M (n) is
equal to A en) (FH IRy = Yit1,j+k - For reason of simplicity, we identify a polynomial p(Z,z) =
>.a;j7'z/ with its coefficient vector p = (a;;) with respect to the basis of monomials of Cy[Z,z]
in degree-lexicographic order. Clearly, M(n) acts on these coefficient vectors as follows:

(M(n)p,q) = Nyen (P7)- (2.4
A theorem of Smul’jan [32] shows that a block matrix
A B
= >
M (B* C> >0, (2.5)
if and only if:
() A>0;

(ii) there exists a matrix W such that B = AW ;

(iii) C>W*AW.
Since A = A*, we obtain that W*AW is independent of the choice of W provided that B = AW .
Moreover, rank M = rank A < C = W*AW for some W such that B = AW . Conversely, if

A > 0, any extension M satistying rank M = rank A (if this condition is satisfied, we say that
M 1is a flat extension of A) is necessarily positive. Notice also that from the expression

10\, (I-W\_(A 0
—wer)"\o 1 )" \oc-wraw)
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where I and I’ denote the unit matrices, we deduce that
rank M = rank A+ rank (C—W*AW). (2.6)

By Smul’jan’s theorem, M(n) > 0 admits a (necessarily positive) flat extension

M(n+1) = (MB(f) 2) @7

in the form of a moment matrix M(n+ 1) if and only if:
(i) B=M(n)W for some W
(i) C=W*M(n)W is a Toeplitz matrix.

Furthermore, we have the next result due to Curto and Fialkow.

THEOREM 2.1. [6, Theorem 5.13] The finite sequence 7/(2"> has a rank M (n)-atomic
representing measure if and only if M(n) > 0 and M(n) admits a flat extension M(n+1). That
is, M(n) can be extended to a positive moment matrix M(n+ 1) satisfying rank M(n+1) =
rank M(n).

An important step in our approach is to show that the Hermitian matrix W*M(n)W is
persymmetric, that is, it is symmetric across its lower-left to upper-right diagonals. For this
purpose, we introduce first some additional notations.

‘We denote the successive columns of W and B (given as in Expression (2.7)) by
"V\Z"“vVV\ZZ"v“w"V‘z”“ and B‘ZM,B‘ZZ,,,...,B‘ZHH , respectively.

(n+1)(n+2)
2

Let us consider the -matrix built as follows,

My(n):=Jo®J1®... BJy;

where J, = (8i1j p+1)1<i,j<p With & ; is the Kronecker symbol given by &; 4 = 1 for k=1 and
zero otherwise. For example

01 001
Jo=(1), J1= (1 0) and/o,=1010
100
LEMMA 2.2. Let My(n), M(n) and B-i,; (i=0,...,n) be as above, then:
1. (My(n))?=1;
2. (Mg(n))" =My (n);
3. Mp(n)Bi,,; =B-i,, i=0,...,n;
4. My(n)M(n) =M(n)My(n).

Proof. The assertions (1), (2) and (3) are obvious. Only the fourth assertion requires a
proof. To this aim, we recall that M(n) = [M(i, j)]o<i j<n- see (2.1). Therefore

[M(p(”)}M(") |:@Ji] [M(ivj)}i.,jén = [JiM(ivj)}i.,jén = [M(ivj)Jj}i.,jén
i=0

[M(i, /)i j<n {@J,} =M(n)My(n). O
i=0



1008 H. EL-AZHAR, A. HARRAT, K. IDRISSI AND E. H. ZEROUALI

PROPOSITION 2.3. Let n be a given integer and let M(n) and W be as above, then
W*M(n)W is an Hermitian Persymmetric matrix.

Proof. Setting W*M (n)W = (c;j)o<i, j<n» then we have

Cn—jn— I—W M(n)Won-i 2.8)

7' zi z zv

By multiplying left sides of the fourth equation in Lemma 2.2 by M (n) we obtain

My (n)My(n)M(n) = My(n)M(n)My(n). 2.9
Hence, by applying Lemma 2.2-(1), we get
M(n) = Mg (n)M(n)Mg(n). (2.10)

It follows, from (2.8) and (2.10), that

Cn—jin—i = Wauj Mo (m)M ()Mo (n)Wop-i (2.11)

7' zi z 'z

The fact that My (n) is self-adjoint allows to write
.
it = (M(p( W /Z,> M) (M(,,( W, Z,) . (2.12)
By using the assertions (3) and (4), in Lemma 2.2, we deduce that:
M(n)My(n)W.u-i,, = Mo (n)M(n)W,u-i,, = Mg (n)Bu-i,, = B,i ..

Therefore, (2.12) implies that

Cn—jn—i = (M(p( ) 7 /Z,) Bziznfi = WZ*” ijM(P( )M(n)wzfzn—i

((M( ) ( )) W 7 /Z/) WZ’Z” i (M(p(n)M(n)anijj) WZ’Z" i
( (n) ( )W i ij) W, lzn i = (M(n)Wijn—/) W ’Zn i WZ*/Z” jM(n)Wzizn—i
= Ci,j~

This concludes the proof of the Proposition 2.3. [

3. Complex-valued recursive bi-sequences

Let ¥ = {;}i1j<n» With %j = ¥j; and n € NU {40}, be a given complex-valued se-

quence and let P - = > a7’z be in C4[z,7], the vector space of polynomials in
I+k<d
(Lk)#(e.d—e)

two variables with complex coefficients and total degree less than or equal to d (we assume
that d < n). The sequence 7/(") is said to be recursive, associated with a generating polynomial
e d—e
fada

—Peeja-e, if
Yetid—etj=Ayn (FPerae), foralli+j<n—d, (3.1)
or, equivalently, if

Yetid—e+j = Y auViigrj i+j<n—d. (3.2)
I+k<d
(1.k)#(e.d—e)
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We notice that, because of the equality % = ¥;i, Equation (3.2) is equivalent to the follow-
ing one:
Yd—etie+j = Y @Verii+ ) (3.3)
I+k<d
(Lk)#(ed—e)
for all integers i and j, with i+ j<n—d.
Therefore, 74~ ¢z —Patepe (Where Pa-ee = = Pe_a-. ) is, also, a generating polynomial, associated

with 7/(") ; that is,
YVi-etieti = Dy (T2 Paee), i+j<n—d. (34
The following proposition provides a connection, via A, between the polynomials Per ;1

and szﬂzf .

PROPOSITION 3.1. Let ) = {¥;;}irj<n be a recursive bi-sequence and let 7/z/*! —
Por r+1 be an associated generating polynomial, then

Ay( (l+lz szf“) Ay( ( +1P/+1 ) l+k<n—2f—2,
Proof. For all integers [ and k, with [ +k <n—2f —2, we have

Ay (2 Py i) = Yrrrst ekt = VrokrLprial = Ay @ 2Py )
= Ay(n) (lekHszz, ). O
It is well known that the classical singly indexed recursive sequence can be defined by the

initial data and the associated recurrence relation (or, characteristic polynomial), see [18]. In a
similar way, one can define recursive bi-sequences as observed below.

REMARK 3.2. (i) A generating polynomial z¢ — P, (or, equivalently, z° — Px ), where
deg P < e, with the initial data {%;}; j<. verifying %; = v;;, stand together to furnish
the sequence 7/(") .

(ii) For a generating polynomial 7z¢~! — Pre-1, with deg Pyt < e, we need (all) the data

{%jtij<e U{W)} j=e....n and the equality %; = yj; to get the recursive bi-sequence )

In the next lemma, we provide useful results for solving the quintic moment problem.

LEMMA 3.3. Ler 7/(8 = {%ij}it+j<8, with %j = vVji, be a truncated bi-sequence and let
- P4 (where Ps = B3 +R, and RZ4 € Cy[z,2]) be an associated generating polynomial.
Assume that 722 — P> (where P, = Ocz +R.2, a0 #0 and R,» € Cy[7,2]) is a generating
polynomial for %6> U{y34,%3}, then 72 — P,» is a generating polynomial for 7/(8).

Proof. We have z* — P is a generating polynomial for %8> , that is,
Yiojra = Ay (FPa) = B jus + Ay (FR), i+ j<4. (3.5)
As shown in (3.4), the last equality (3.7) is equivalent to

Yirdj = Dy (@2 Pa) = Bliys j+ Ay (FR), i+ <4 (3.6)
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where P := P4 = B2 +R.2.
Also, the polynomial 7z> — P> is a generating one for '}/(6) U{734,%3}; that is, for all i+ j <3
and (i,/) =(2,2),(3,1):

Vi1, j42 = Ays) (ZiZjPzzz) = 0% j+3 +Ays) (ZiZijzz), 3.7)
or, equivalently, for i+ j <3 and (i, /) = (2,2),(1,3):
Yirz i1 = Ay (T Payt) = Thiga j+ Ay T/ R2,), (3.8)

where Po =P, > = BZ + Rz, see (3.4).
We have to show that (3.7) remains valid for all integers i and j, verifying i+ j < 5. To this
end, we consider the recursive bi-sequence )7<8) = {Vj}i+j<g defined by

{Zi“m = Ay (@P), i+ <5, (3.9)

Yi.j =Y. otherwise;

and we will show that )7(8) = y(g). Notice that since 7z> — P is a generating polynomial for
)7<8) , then 27— P, is an other one. Thus

Yir2,j1 = Mg (F'2/Ps,), i+j<5. (3.10)
It follows from (3.7) and (3.9) that, for n4+m <6, n=0 and (n,m) = (3,4),(4,3):
Yom = Ay<8) (anm) = A?{x) (znzm) = ?nm (3.11)

Remark that if %, = Yum then Y = Yom = Tom = Yonn -
Therefore, it remains to show (3.11), only, for (n,m)=(2,5),(1,6);(1,7),(2,6),(3,5),(4,4).
We start with y»5 and 76

Yos = Ay (Z2Py) utilizing (3.5)
employ (3.8) and deg P+ <3

=034 + Ay (Z4R22z) applying (3.5)

= 0+ Aqe (*Rz,) use degz*R2, < 6and (3.11) (3.12)
= Ay (@t + Z4R22z)

= Ay (P2,

= A)A,@;) (223 Po:) according to Proposition 3.1

=Ps from (3.10).
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use(3.5)
employ (3.7) and degPs+ <3

Y6 = Ay (22 P)
= Ay(s) (PpPa)

= Ay(g) (aZSPZA + Rz PZ4)

= 007 + Ay (*R=p) utilizing (3.5)

(3.13)
using (3.11) and degz*Rs.» < 6

= a7 + A?{x) (Z4RZZZ )
= Ay (02" + *R-2)
= Ai;(s) (Z4P222)
=76 according to (3.9).

Thus, the equality (3.11) is valid for every integer n and m with n+m < 7. In other words,

Yam = Ay(x) (zan) = A?{x) (Z"z'”) = 5/\}1}‘)17 n+m<7. (3.14)

Hence one can generalize relation (3.7) as follows

Yertjr2 = Ay (T2 Pez) = 0 jus + Ay (F2/Rz2), i j <4 (3.15)
Now, let us show (3.11) for the remaining cases (n+m = 8).
Y8 =08, by the construction of 7®) see (3.9). (3.16)

N7 = Ay (32 Pas)
= Ay(x) (zPuPyp)
= Ay(x) (ZSPZZZ)

according to (3.5)
because degzPs < 4 and (3.15)
utilizing (3.5)

= oAy (2°) + Ay (PRy2) (3.17)
= oAz (2°) + Mgy (PRy2) using (3.16) and (3.14)
= Agw) (Z°P.p)
=%7 applying (3.9).
Y6 = Ay (2222P14) according to (3.5)
= AY(S) (zP4P.p2) use degzP. < 4 and (3.15)
= Ay (Z*Pp) utilizing (3.5)
= ah s (Z2]) + Ay (2 Ry2) (3.18)

= oAy @)+ Ag) (ZZ4Rzz2)

= Ay (z*Po2)

= "6

by using (3.17) and (3.14)

according to (3.9).

Before we continue the proof of our lemma, let us remark that the relation (3.14) implies

that, for all i+ j <5,

Az @) =Ygy = Ay (77 (a2’ +Rz2)),
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therefore
A)A,(x)( Z]+3) *A)A,(x) 4 o (222 —R2)), i+j<5. (3.19)
Now, we write
Vs = Ay (T2Pys) according to (3.5)
= Ay (Z2P.s) because degz’zP.s <7

1
= A?(s (= (P2, —Rz,)7Pa)

=2
= EA?@;)((Z Z_RZZZ)ZPZ4)

= lAy@)((z 2—R2 )zP4) applying (3.14)
. éAw) (@) - EA%S) (&°Rz.) (3.20)
= é}% — é/\?(g) (ZSRZZZ) remark that degz5 R2 <7
- éf% - é A (R from (3.18)

1
= A?(s) (E(PEZZ —REZZ)ZS)

= Ay Z2)

= Agw (T'2Pa) using (3.14)
1

= Agw (— (P2, — R2,)ZP;s) by (3.19)
1

= aAa;( (z°zPa4) Ai’\( (ZP4R-.)
1 1

= A, (272Pa) A5 (ZPaR2,)
N ! o 3.21)
= 15— o My (@PaRz,)
1. 1 _
=GP gMe (zP4R2,) applying (3.20)

This finishes the proof of Lemma 3.3. [

4. Solving the quintic moment problem

Let YO = {y, jYitj<s be a given complex-valued bi-sequence, with 10 > 0 and 7%; =
Yji for i+ j <5. The quintic complex moment problem involves determining necessary and
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sufficient conditions for the existence of a positive Borel measure p on C (called a representing
measure for 7/(5)) such that

y;j:/zizf'du, fori+j <5.

In this section we will show that in almost all cases the classical necessary conditions
M(2) >0 and B = M(2)W, for some W, (with M(2) and B are as in (2.7)) guarantee the
existence of at most (r+ 2)-atomic (here r:= rank M(2)) representing measure for 7).

According to Proposition 2.3, the Hermitian 4 x 4-matrix W*M(2)W is symmetric with
respect to the counter diagonal, then one can set

W M)W = .1

S 0
Q0 X

QU ol
ol %l &

The next theorem gives a concrete solution to the
for the case a =e¢ and b # f.

uintic complex moment problem, except

e}

THEOREM 4.1. Let ) = {%ij}it+j<5 be a given sequence, we assume that M(2) > 0 and
Rang B C Rang M(2), and a# e or b= f.

Then the quintic moment problem, associated with '}/(5), admits a solution |L. Moreover,
the smallest cardinality of supp L is given by:

e card supp U=r <= a=eand b= f;
o card supp U=r+1 <= a#eand 5° <|b—f|;
o card supp W=r+2 < a>eand ¢ =|b—f|;

where a,b,e and f are as in (4.1).

Before we develop the proof of our theorem, let us introduce some notations. For n € {3,4}; let
y(2”> = {7:j}i+ j<on be a truncated complex bi-sequence and let M(n) be the associated moment
matrix. As before, we denote by B(n) and C(n) the (n— 1) x n-matrix and the n x n-matrix,

respectively, such that
_ (M(n—=1) B(n)
M(n) = ( B*(n) C(n)) . 4.2)

Let B=%B(n) = {ZiZj}(iyj)Gm (where R=R(n) C{0,1,...,n} x{0,1,...,n}) be a basis
for the column space of M(n). Let us remark that the r x r-matrix M(n)|g , where r = r(n) :=
card R(n), the restriction of the moment matrix M(n) to the basis 9B, is invertible.

Proof of Theorem 4.1. The main idea is to extend the initial data '}/(5) to an even-degree
7/(6) (by adding the sixtic moments Y50 = Y06, ¥51 = 715, Y42 = 24 and Y33 € R) such that the
associated moment matrix M(3), for an appropriate choice of the missing moments, is either a
flat extension of M(2) or admits a flat extension M(4). Theorem 2.1 yields that M(3) has a
representing measure; and as a consequence, %5> also admits a representing measure [ . Itis
also proved that the smallest cardinality of supp u will be r:=rank M(2) or r+1 or r+2.

By virtue of the Smul’jan’s Theorem, we need to find a Toeplitz square matrix C(3), built
with the new, sixtic, moments as entries and such that C(3) —W*M(2)W > 0. Setting

B3—aY—bY1—c Yo—d

b yz—eyp—f y1—c¢
C3) -WMRWw = | 470 1B e , 43
®) @ Yis—Cha—f B3—eyn—b @

Yoo —d Yi5—¢ a—b y33—a
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in the sequel, we distinguish two cases:

Case I: a=¢ and b= f. In this case the matrix W*M(2)W is a Toeplitz one, then
it suffices to consider that C(3) = W*M(2)W. According to (2.6), the matrix M(3) is a flat
extension of M(2) and thus %6> (and in force 7/(5) ) has a r-representing measure.

Case II: a # e. We proceed in two steps for this case. Obviously, the matrix W*M(2)W
is not a Toeplitz one. Therefore, for every choice of a Toeplitz 4 x 4-matrix C(3), we have
rank (C(3) —W*M(2)W) > 1. We will show, in first step, that the smallest possible rank of
C(3)—W*M(2)W will be either 1 or 2. In the second step, we will show that the moment matrix
M(3), obtained by extending Y5 with the entries of some suitable C(3), has a flat extension
and thus admits a rank M (3) -atomic representing measure, see Theorem 2.1.

Step 1: Construction of C(3). Firstly, let us observe that

rank(C(3) —W*M2)W)=1and C(3) —W*M(2)W >0 (4.4)

if and only if we have:

(0) 733 > max(a,e);

(@) [—bl=v(m—a)(r—e) and |ym-fl=rm—¢

(ii) (ns =) (2 —b) = (133 —a) (o4 — f);

(iii) (Yoo —d) (B2 —b)* = (133 —a)* (Y4 — f) and |6 —d |*= (133 —a).

4.5)

Remark that the equalities in (i) provide the compatibility of the two equalities in (iii) and vice
versa.
The condmon (i) means that 74> belongs to the intersection of the circles 4" =

b /(133 —a)(y33 —e)), of radius /(33 —a)(y33 —e) and centered at b, and ¢’ =€ (f, 133 —

It is geometricaly easy to see that, the two circles 4 and %’ have a nonempty intersection
if, and only if, there exists Y33 > max(a,e), such that

(B3—e)—V(m—a)(p—e) [<|b-fI<m—etV(B3—a)(rn—e). (4.6)
Since the function x — (x —e) — /(x —a)(x —e) is decreasing (on [max(a,e);+-o[), then
(x—e)—/(x—a)(x—e) e~ ¢ and (x—e)++/(x—a)(x—e) o~ +o0. Therefore (4.6)
X— o0 X—r 10

is verified if and only if a =e and b# f or a < e or a> e and |b— f| > £
Sub-caseII-1: a < ¢ or a> e and |b— f| > %€ It suffices to choose y33 verifying (4.6),
and thus 7y exists (as an intersection point of the two circles ¢ and ¢”). Furthermore , from

(0) and (i) we derive that

(Y2 —b) (a2 — f) #0. 4.7)

Equality (if) gives the moment ¥;5 and (iii) supplies Yy, and this completes the construction
of a Toeplitz matrix C(3) for which rank(C(3) —W*M(2)W) = 1. Note that,

rank M(3) )93 (2)u(zy = rank M(2)+1 = rank M(3).

Hence, in M(3), the columns ZZ>,Z°Z and Z" are linear combinations of the columns %(2) U
{Z3}. In particular, we can set

Z7* = P,2(2,7) = aZ’ + R.2(2,2), (4.8)

72



THE QUINTIC COMPLEX MOMENT PROBLEM 1015
with

M) Z2%|3(2)

det
b3 (2)) Ya2

M(2 772
det (3)\%@ 1B(2)

+ (2 —b) det| M(2))92) |

- [%B(2)
M(2)(2) Zig ) M(2)j(2) Zig )
. t . +(y3—a) det|M(2
(Ziw) 5 (2‘3%( Vo (133 —a) det|M(2)502) |

_ (b)) det|M2)ime) | -
(133—a) det|MQ2)j32)|  133—a

;é 0; by virtue of (4.7).

4.9
Sub-case II-2: a > e and %5 >|b— f |. Then rank(C(3) —W*M(2)W) > 2 for every
4 x 4-Toeplitz matrix C(3). Let us choose the sixtic moments as follows

Y33 > max(a,e),
| Y42 —b|= /(133 —a) (133 —e),

(4.10)
s ==L (pa— 1),
_ p _
W6 —d = (22=5)* (124 — ).
We notice that as the first sub-case 1I-1, we have
—b
Y=o _ ¢ 0. @.11)

V33 —a V33—a

The moments defined in (4.10) construct a Toeplitz matrix C(3) for which
rank(C(3) —W*M(2)W) = 2. Indeed, it suffices to observe that:
o (CO)-W'M2QW)(Z®) = L2=5(C(3) ~W*M(2)W)(ZZ?):

o (CO-WMQW)(Z') = B (CE) - WMQW)(Z'2):

e the columns (C(3) —W*M(2)W)(Z3) and (C(3) — W*M(Z)W)(ZS) are nonlinear (be-
cause (i) can not be verified).

Therefore, in M(3), the column ZZ? is a linear combination of the columns in B(2) U {Z3}.
For reason of simplicity, we adopt the notation of the Relation (4.8), that is,

Z7* = P2 (2,Z) = aZ + R.n(Z,2), (4.12)
where b
_ Y- £0
Y3z—a

by using (4.11).
We conclude that, in the both cases /-1 and II-2, we have extended the initial data 7/(5) to

}/(6) so that the associated moment matrix M (3) has the following columns relation
77° =

(2,Z) = 0Z> +R.2(Z,Z), with o #0. (4.13)

722 72%

We also note that since a # e we get,

(133 —a)(133 —€)
V33 —a

Ya2 —
Y33 —a

o] =

£1. (4.14)
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Step 2: M(3) has a flat extension, and therefore has a representing measure. We will build
moments {%;};yj—7.8 for which the moment matrix M(4) is a flat extension of M(3).
The relation (4.13) yields that

(M(3)Z2*,7'7') = (M(3)P.2(Z,2),Z'Z"), foralli+j<3.
By applying (2.4), one obtains
Ao @) = Ao B/ P), i+ <3 (4.15)
Since || # 1, we derive that there exists a complex number 43 = 743 such that
Y3 = AZ2Psp), (4.16)
that is,
Ya3 = 0Y34 + 2 O, jYit3,j+1-
i+j<2
It follows, from (4.16) and (4.15), that 7z — P.

2z
. M(2) 3 2) Z\B%(z)
4,73} . Since B
{134,113} () 1

> is a generating polynomial of %6> U
) > 0, then there exists a (unique) vector, denoted here
P4 = ﬁZ3 +R = ﬁZ3 + z BijfiZj
77EB(2)
the associated polynomial, such that

(M(2) B(2) Z\}% )

_ T
L) )P = ((Yo4, V14, Y05, Y24, V15, Y06 ) |3 (2): V34) -

Therefore the sequence }/(6) U{y34, 743} verifies that

Yij+a =AEFZ/Ps), foralli+j<2and (i,j) = (3,0), (4.17)
and o

Yira,j = AF'Z/Py), foralli4j<2and (i,7) = (0,3). (4.18)
Thus z* — P+ is a generating polynomial of YO U {p4, 13}

We will build 78 = {y, it j<8 - the extension of 79 U {74, %3}, by using the generating
polynomial P and the initial data {y;;}; j<3 . that is,

Yijra =AEIP) = Brijis+ Y, BuVirjrks  i+i<4 (4.19)
FkeB(2)
or, equivalently,

Viraj =ATIP) =Briys+ D BuVrjr,  iti<4 (4.20)
7+eB(2)

Hence, Lemma 3.3 implies that 77> — P> and - P are two generating polynomials of

y®) . Therefore, in M(4), the columns Z4,ZZ3,ZZZ2,ZSZ,Z4 are linear combinations of the
columns {Z'Z/}; j<3 and thus M(4) is a flat extension of M(3). Indeed, it suffices to observe
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that P, P, P, Pa, €V =Vect(23,2°,72,22,7°,7,2,1), threfore zPy2,2P_ P2 €V . Also
one has, for all i+ j <4,

(M(#)Z*Z'2]) = (M(4)P4,Z'2));
(M#)Z"Z'7]) = (M(4)Pa,Z'2));
(M(4)ZZ3,Z'Z]) = (M(4)zP.»,Z'Z7);
(M(AZ°Z2Z'7)) = (M(4)zP.2, Z2'77);
and (M(4 )Z 2,771y = (M(4)zP2, Z'77).
This finishes the proof. [
5. Examples

We give in this section four examples illustrating the different solved cases.

5.1. Thecase a=e¢ and b= f

We consider the quintic sequence,

Yoo =06

Yoo=1+i no=1-i

ho=-2i y1=6 Yoo = 2i
Bo=-—2-2ip=2-2i Yo2=242 p3=—-2+2i
Ya0=0 Br=—4 =8 Yz =4i Yo4a =0

Vs0=—4+4i yy=—4—4i 3o =4—4i p3 =444 yu=-—4+4i ps=—-4—4i.

Then, we have

6 1+i 1—i 2i 6 —2i
1-i 6 —2i 242 2—-2i -2-2i
1+ 20 6 —242i242i 2-2i
M(2) = -2 2-2i -2-2i 8 —4i 0
6 242 2-2i 4i 8 —4i
20 =242 242i 0 4i 8
and
—2+42i 242 2-2i —2-2i
4i 8 —4i 0
0 4i 8 —4i

B=1 4vai 4a—4i —4—4i—4v4i

—A44i A+4i 4—4i —4—4i
—4—4i —A44i 4+4i 4—4i

The fact that M(2) is positive definite implies,
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and
12 -8 —4 &i
8 12 —8i —4
* _
WM = —4 8 12 -8i
-8 —4 8 12
Since a =e =12 and b = f = —8i, according to the main theorem, our sequence provides a

. i) 52 =
moment matrix for a 6 atoms measure. In fact, from W, we can see that Z> + w (z"— Zz) —Z

= —i) 52 L. . .
and Z2Z + % (Zz"— Zz) — Z are two characteristic polynomials for this moment sequence. The
common roots of the two polynomials are

{£1,4i,0,1+1i}.

Finally we can write that 4t =0; +6_1+6+6_1+ 0+ O14;-

5.2. Thecase a<e

We consider the quintic sequence,

Yoo =7

Y1=0 70=0

ho=—4y =8 yp=4

B0=0 11=0 y2=0 %3=0

Yao=—4 B1=-8 yn=12y3=8  yu=-4

50=0 % =0 y2=0 p3=4+4iy1=0 1ys;=0.

Then, we have
7 0 0 4i 8 —4i
0 840 0 O
04 8 0 0 O

M2)=| 40 0 12 -8 -4
8 0 0 8 12 —8i
4 0 0 —4 8 12
and
00 0 0
8i 12 —8i —4
48 12 —8i
B=1"90 0 o
00 0 0
00 0 0

Since M(2) is positive semi-definite implies, we can take W as follows:

cooco -~ o
O O CuwmuIE O
o ocouwerl o
[V
cocool oo
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therefore
8 —12i —8 4i
12i % 4 _g
W*M(2)W = 3 @
@) -8 &%y
—4i -8 12i 8
Since a =8 <e = %, according to the main theorem, our sequence is a moment sequence
associated with a 7 atoms measure. In fact, examining (4.6) we can take y33 = 20, then Yy =

—16i. Therefore yps = —16i, then ZZ> = §Z3 +Z+ %Z_ is a characteristic polynomial and

. _ )
with 13 = 0 we derive another characteristic polynomial given by Z* = %Zz +7Z7Z— %Z . The
common roots of the two polynomials are

{£1,40,0,1+i,—1—i}.

Finally we get
U=08+01+6_1+6+6;+04;+6 1

5.3. Thecase a >¢ and a—e < 2|b— f|
We consider the quintic sequence,
Y00 ="T7,%1 =1+5i,710 =1-5i,
Yo = —64 — 601,711 = 230, %2 = —64+ 0601,
130 =277 — 161i, 151 = —203+257i,y12 = —203 —257i, Y3 = 277 + 1614,

Va0 = 3722+ 4320, 731 = —4816 — 4200i, 7o, = 10778,
Y13 = —4816+ 42001, Y4 = 3722 — 43204,

Y50 = —59219 — 29695i, 741 = 31021 — 115851, 730 = —16979 4243531,
Y3 = —16979 — 243531, 14 = 31021 + 11585i and Y5 = —59219 4-29695i.

Then M(2) =
7 1450 1-5i —64 —60i 230 —64 +60i

1-5i 230 —64+60i —203+257i —203-257i 277+161i

145 —64—60i 230 277—161i  —203+257i —203 —257i
—644-60i —203 —257i 277+ 161i 10778 —4816+4200i 3722 —4320i

230 —203+257i —203 —257i —4816 —4200i 10778 —4816 +4200i
—64—060i 277—161i —203+257i 3722+44320i —4816 —4200i 10778
and
277—161i —203 +257i —203 —257i 277+ 161i
—4816 —4200i 10778 —4816 +4200i 3722 —4320i
3722 +4320i —4816 —4200i 10778 —4816 +4200i

—16979 +24353i —16979 —24353i 310214 11585i —59219 +29695i
31021 —11585; —16979 +24353i —16979 —24353i 31021+ 11585i
—59219 —29695i 31021 —11585i —16979+-24353i —16979 —24353i
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The fact that M(2) is positive definite allows to calculate W and W*M(2)W . Finally, using the
same process in above, one gets the following expression of u

U=08+0_¢+08+0 7,+843 + 053+ 0 3.8

5.4. The remaining case a =¢ and b # f

We consider the quintic sequence,

Y00 =7

Y1 =9+9i Yio=9-9i

Y20 =22i Y1 =34 Yoo = —22i

Y30 = —18+18i 11 =58+58i Y12 =58—-58i Y3 =—18—18i

Yao = 40 Y1 = 164i Yoo =256 N3 = —164i Yoa =40

Y50 =304(141) 4 =128(i—1) y30 =480(i+ 1) Y23 =480(1 —i) y14 = —128(1+1)
Yos = 304(1 —1i).

Then, we obtain

7 9+49i 9—-9i 22i 34 —22i
9—9i 34 —22i 58+58i 58 —58i —18—18i
M(2) = 9+9i 22i 34 —18+18i 58 +58; 58 —58i
—22i 58—-58;{ —18—18i 256 —164i 40
34 58+58i 58—58i 164i 256 —164i
22i —18+18i 58+58i 40 164i 256
and
—18418i 58 +58i 58 — 58i —18—18i
164i 256 —164i 40
40 164i 256 —164i

480+4-480i 480—480i —128—128i 304 —304i
—128+128i 480+480i 480—480i —128—128i
3044304i —128+128i 480+480i 480—480i

Since M(2) is not invertible. We can take W as follows,

1041+10411 &“’93_9 1041+ 1041i 3483 | 3483i

+
3[9 T 319 9 319 T 3190 3197319
2061
— (20281) 379 — 319 (7521) 319
B —38T9 —o5(1220) -5 —-15(2496i)
W=l n % W S IR OO
ST S S
29— 29 29 T 29 29 29 T 29
0 0 0
and 719500 1 152956 1
350 319 (4485041) =15 —379 (622040:)
. 448504i 719500 —L(449800l) 152956
W MW = | %6 449%00i 31919500 | esny
319 1 319 — 3719.(448504i)
622040 159556 448504 719500
319 319 319 319
In this case we get a = e = % and b= 448504’ £ f= 449800’ . This is the remaining case

which is not covered by the main theorem. We notlce that thli sequence is a moment sequence
associated with a 7 atoms representing measure:

=081+ 06+ 0614+ 0112i + 6113+ 02y + 8314
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