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ABSTRACT KOROVKIN THEORY FOR DOUBLE SEQUENCES
VIA POWER SERIES METHOD IN MODULAR SPACES

FADIME DIRIK, SEVDA YILDIZ* AND KAMIL DEMIRCI

(Communicated by T. S. S. R. K. Rao)

Abstract. In the present paper, we obtain an abstract version of the Korovkin type approximation
theorems for double sequences of positive linear operators on modular spaces in the sense of
power series method. We present an example that satisfies our theorem but not satisfies the
classical one and also, we study an extension to non-positive operators.

1. Introduction

The classical version of Korovkin theorem deals with the approximation only us-
ing test functions that provides the approximation in whole space [10]. This theorem
has been extended with the use of summability methods since they make convergent
a non-convergent sequence. The well known summability methods are power series
methods which includes Abel and Borel methods. The first usage of Korovkin theorem
in modular spaces was by Bardaro and Mantellini [4]. Then, this theorem was studied
by various authors on modular spaces in papers [0], [8] and [9]. In this paper, we study
an abstract Korovkin theorems by means of power series method for double sequences
on modular spaces. We present an example that satisfies our theorem but not satisfies
the classical one and also, we study an extension to non-positive operators.

We begin the following notations and definitions of power series method for dou-
ble sequences used in this paper.

Let (pmn) be a double sequence of nonnegative numbers with pgp > 0 and such
that the following power series

p(t,s):= Z Pont™s"

m,n=0

has radius of convergence R with R € (0,e] and #,s € (0,R). If, for all 7,s € (0,R),

1 -
lim " Xy = A
t7S—>R7 p (l7 S) m;;opmn mn I
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then we say that the double sequence x = (x,;,) is convergentto A in the sense of power
series method [7]. The power series method for double sequences is regular if and only
if

Y Pavt™ 2 Punsn
m0____ _0and lim =2 =0, forany u,v, (1)
ts—R= P (Z,S) ts—R= P (l7S)

hold [7]. Throughout the paper we assume that power series method is regular.

REMARK 1. Note that for R =1, if py, =1 and pp, = WI(HI), the power
series methods are Abel summability method and logarithmic summability method,
respectively. For R = eo and p,,, = —=, the power series method coincides with Borel

minl>
summability method.

Now, we recall the concept of Pringsheim convergence for double sequences.

A double sequence x = (xp,) is said to be convergent in Pringsheim’s sense if,
for every € > 0, there exists N = N(g) € N, the set of all natural numbers, such
that |x,,, — L| < € whenever m,n > N, where L is called the Pringsheim limit of x and
denoted by P — IJ,IEX’”” =L (see [17]). We shall call such an x, briefly, “P-convergent”.

A double sequence is called bounded if there exists a positive number M such that
|Xpn| < M, forall (m,n) € N?. Note that in contrast to the case for single sequences, a
convergent double sequence need not to be bounded.

Now let us remind that some well known notations and properties of modular
spaces.

Assume that Z be a locally compact Hausdorff topological space given with a
uniform structure % C 2%*Z that generates the topology of Z (see, [12]). Let % be
the o—algebra of all Borel subsets of Z and u : % — R is a positive o— finite regular
measure. Let L° (Z) be the space of all real valued y— measurable functions on Z with
identification up to sets of measure y zero, C(Z) be the space of all continuous real
valued functions on Z, C, (Z) be the space of all continuous real valued and bounded
functions on Z and C.(Z) be the subspace of Cp(Z) of all functions with compact
support on Z. In this case, we say that a functional p : L° (Z) — [0, <] is a modular on
L°(2) if it satisfies, (i) p (f) =0 if and only if f =0 u—almost everywhere on Z,
(i) p(—f)=p(f),forevery f € L°(Z), (iii) p(of +Bg) <p (f)+p(g). forevery
f,g€1°(Z) and forany o, B >0 with o+ = 1.

A modular p is N—quasi convex if there exists a constant N > 1 such that the
inequality

p(af+pBg)<Nap(Nf)+NBp(Ng)

holds for every f,g € L°(Z), o, >0 with a+ B = 1. Note that if N = 1, then p
is called convex. Furthermore, a modular p is N—quasi semiconvex if there exists a
constant N > 1 such that p (ocf) < Nop (Nf) holds for every f € L°(Z) and o €
(0,1].

The modular space LP (Z) generated by the modular p, is given by

LP(Z):= {f VAR A11:1([)1+,) (Af) = 0}
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and EP (Z) :={f €LP(Z):p(Af) <oo, forall A >0} is the space of the finite ele-
ments of LP (Z). Also, we note that if p is N—quasi semiconvex, then the space

{feL’(Z):p(Af) < o, for some A >0}

coincides with LP (Z).
Now we recall the modular and strong convergence for double sequences.

DEFINITION 1. Let (f;nn) be a double function sequence whose terms belong to
LP(Z). Then, (fin) is said to be modularly convergent to a function f € LP (Z) iff

P_l,fff}p(%(fm"_f)) =0, forsome Ay > 0.

Also, (fun) is F—norm convergent (or, strongly convergent) to f iff

P—1limp (A (fum — f)) =0, forevery A > 0.

The two notions of convergence are equivalent if and only if the modular satisfies
a A,—condition, i.e. there exists a constant M > 0 such that p (2f) < Mp (f), for
every f € L°(Z), see [14].

Now we also give convergences in the sense of power series method in modular
spaces:

DEFINITION 2. Let (finn) be a double function sequence whose terms belong to
LP (Z). Then, (fin) is said to be modularly convergent to a function f € LP (Z) in the
sense of power series method iff

lim p (A{) <# i Dont”™s” frun —f)) =0, forsome A > 0.

1,5—=R~ p (l7S) m,n=0

Also, (fun) is F—norm convergent (or, strongly convergent) to f in the sense of power
series method iff

lim p (k (L Z DPont™ " frum —f>> =0, forevery A >0.

1,5—R~ p(t,s) [l

Recall the following notions that we use in this paper.

A modular p is said to be monotone if p(f) < p(g), for |f] < |g|. A modular p
is finite if y4 € LP (Z) whenever A € & with U (A) < . A modular p is strongly
finite if x4 € EP (Z), for all A € A such that i (A) < e and a modular p is said to
be absolutely continuous if there exists an & > 0 such that: for every f € L°(Z) with
p (f) < oo, the following conditions hold:

o foreach &> 0 there exists aset A € 2 such that 1 (A) <eo and p (afxz24) <&,

o for every € > 0 there is a 6 > 0 with p (afys) < €, for every B € & with
u(B)<$.
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If a modular p is monotone and finite, then C(Z) C LP (Z). If p is monotone
and strongly finite, then C(Z) C EP (Z). Also, if p is monotone, strongly finite and

absolutely continuous, C,. (Z) = LP (Z) with respect to the modular convergence in the
ordinary sense (for details and properties see also [11, 13, 15]).

2. Korovkin type theorems via power series method

In this section we prove some Korovkin type theorems with respect to an abstract
finite set of test functions e, eq,...,e; in the sense of power series method. First, we
recall a Korovkin type theorem via modular convergence for double sequences:

Set eg(v) =1, forall ve Z, let e, r=1,2,....k and a,, r =0,1,2,....k, be
functions in Cp, (Z). Put

k
P(v)=Yar(u)e (v), uyveZ, 2)
r=0

and suppose that P, (v), u,v € Z, satisfies the following properties:
(P1) P,(u)=0, forall ueZ;

(P2) for every neighbourhood U € % there is a positive real number 1 with P, (v) >
n whenever u,v € Z, (u,v) ¢ U (see [3]).

THEOREM 1. Let p be a monotone, strongly finite, absolutely continuous and
N— quasi semiconvex modular. Suppose that e, and a,, r =0,1,2,....k, satisfy prop-
erties (P1) and (P2). Let T = (T,y,) be a double sequence of positive linear operators
from D into L°(Z) with C,(Z) C D C L° (Z) such that the inequality

P—limsupp (A (Tuh)) < Rp (Ah)

m,n

holds for every h € Xt, A >0 and for an absolute positive constant R. If (Type,) is
strongly convergent to ey, r =0,1,2,....,k, in LP (Z) then (T,y,f) is modularly conver-
gentto [ in LP(Z) and f is any function belonging to DNLP (Z) with f —Cy(Z) C
Xr.

Let T = (T,,) be a double sequence of positive linear operators from D into
L°(Z) with C,(Z) c D C L°(Z). Let p be monotone and finite modular on L°(Z).
Assume further that the double sequence T, together with modular p, satisfies the
following property:

there exists a subset Xy C DNLP (Z) with Cp, (Z) C Xy the inequality

1 oo
limsupp | A Pt Tynh | < Rp (Ah 3)
t,s—R~ ( p (t, S) m%o ( )

holds for every i € X1, A > 0 and for an absolute positive constant R.
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Throughout the paper S;; is defined by

1 oo
Stsf = St.s‘ (f’ ) = Z pmntmsnTmn (f7 ) 5

p (t7s) m,n=0

for each 7,5 € (O,R).
In order that to obtain our main theorem, we first give the following result.

THEOREM 2. Let p be a monotone, strongly finite and N— quasi semiconvex
modular. Suppose that e, and a,, r =0,1,2,....k, satisfy properties (P1) and (P2).
Let T = (T,) be a double sequence of positive linear operators from D into L°(Z).

If

lin; p (Ao (Siser —er)) =0, for some Ay > 0, 4
t,s—R™
r=0,1,2,....k, in LP (Z), then for every f € C.(Z)
lim_p (y(Sisf =) =0, for somey>0 )
1,s—R™

in LP (2). If
lim p (A (Siser—er)) =0, forevery A >0,

t,s—R~

r=0,1,2,....k, in LP (Z), then for every f € C.(Z)

‘linlgip (A (Sisf—f)) =0, forevery A >0

t

in LP(Z).
Proof. We first claim that, for every f € C.(Z),

linlg p(v(Sisf—f)) =0, forsome y>0. (6)
t,s—R™

To see this assume that f € C,(Z). Then, since Z is endowed with the uniformity %,

f is uniformly continuous and bounded on Z. By the uniform continuity of f, choose

€ (0,1], there exists a set U € % such that |f (u) — f(v)| < &€ whenever u,v € Z,
(u,v) €U.

For all u,v € Z let P,(v) be as in (2), and 1 > 0 satisfy condition (P2). Then

for u,v € Z, (u,v) ¢ U, we have |f (u)—f(v)| < %PM(V) where M :=sup|f (v)|.

veZ

Therefore, in any case we get |f(u)— f(v)| < e+ %PM (v), for all u,v € Z, namely,

e 2R W< rw-ro e+ TR0, ™

Since T, is linear and positive, by applying T, to (7), for every m,n € N, we have

2M 2M
—ES8;s (eo;u)— FSts (Pu§u) < f(bl) Sis (€0§M)—Sts (f,bl) AT (eO;u)"‘TSts (Pu§u) .
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Hence

Sus (F310) — £ ()] < |81 (F3) = F (1) Sux (e0320) |+ | ()] [Ses (e0320) — e (1)
< €81 (eos0) + %Ms (Pustt) + M |Sis (e0:10) — e0 (u)

< e+ (e4+M)|Si (eosu) —eo (u H——Zar )[Sts (ersu) — ey (u)].

Let y> 0. Now foreach r=0,1,2,....k and u € Z, choose M > 0. The last inequality
gives that

k
YISis (fsu) — f (u)| < ye +K72 |Sis (ersu) — e, ()],
r=0
where K := €+ M+ %Mo. Now, applying the modular p to both sides of the above
inequality, since p is monotone, we get

k
p(y(Ssf—1)<p (78 +KYY |Siser — erl> :

r=0
Thus, we can see that

k

P (1(Sisf =) <p((k+2)78)+ X p (k+2) Ky (Suer —e1)).
r=0

Let Ay > 0 be as in the hypothesis (4), such Ay > 0, by hypothesis, does exist. Let
Y >0 be with (k4 2)Ky < Ay and since p is N— quasi semiconvex and strongly finite,
we have

k

P (V(Sisf = 1)) <Nep ((k+2)yN) + X.p (Ao (Siser —er)) (8)

r=0

without loss of generality, where € € (0, 1]. By taking limit superior as 7,5 — R~ in the
both sides and by using the hypothesis (4), we get

lim p(y(Sisf = 1)) =
t,s—R
which proves our claim (6).
The last part of theorem can be proved similarly to the first one. [
Now, let us give our main theorem of this paper.

THEOREM 3. Let p be a monotone, strongly finite, absolutely continuous and
N— quasi semiconvex modular. Suppose that e, and a,, r =0,1,2,....k, satisfy prop-
erties (P1) and (P2). Let T = (T,y,) be a double sequence of positive linear operators
satisfying (3). If

lim p (A (Siser—e,)) =0, forevery A >0,

t,s—R~
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r=0,1,2,....k in LP (Z), then for every f € DNLP (Z) with f—Cp(Z) C Xr,
lim p (Ao (Ssf — f)) =0, for some Ay >0
t,s—R~

in LP (Z) and D, Xt are as before.

Proof. Let f € DNLP (Z) with f—C},(Z) C Xy. Itis known from [5, 13] that there
exists a sequence (gx;) C C.(Z) such that p (34 f) < e and P—llimp (32 (gej— 1)) =
J

0, for some QLS‘ > 0. This means that, for every € > 0, there is a positive number
ko = ko (&) with
p (3%‘ (gkj —f)) < g, forevery k, j > ko. 9)

For all m,n € N, by linearity and positivity of the operators T;,,, we have
A6 1St (f1u) = £ ()] < A6 [t (f = Ghokos ) | + 24 [Srs (Skokos ) — Skoko ()]
_|_A‘(>)k |gk()k() (M) - f(u)|

holds for every u € Z. Now, applying modular p in the last inequality and using the
monotonicity of p, we get

P A5 (Sisf = 1) < p (B¢ (Sts (f — 8koko))) + P (B¢ (Sts8koky — ko)) (10)
+p (315 (gkoko _f)) :

Then using the (9) in (10), we have

p(Ag (Sisf = f)) <e+p (315 (S” (f_gkoko))) +p (316‘ (stgkoko _gkoko)) :

By property (3) and also using the facts that gix, € Cc(Z) and f — gk, € XT, We
obtain

hmsupp (Z,S( (StSf_f)) < £+Rp (32’8( (f_gkoko)) +hmsupp (3)(6 (stgkoko_gkoko))

t,s—R~ t,s—R~

< €(1+R)+limsupp (32,6‘ (S”gkoko — gkoko))

t,s—R~

also, resulting from previous theorem,
0= . 111’11'%71) (3}(,5 (Stsgkoko — gkOkO)) = hmsupp (3}L(>)k (Stsgkoko - gkoko)) ’
W

t,s—R~

which gives
0 < limsupp (Ag (Sisf — f)) < €(1+R).

t,s—R~

From arbitrariness of € > 0, it follows that limsupp (A (Sisf — f)) = 0. Furthermore,
t,s—R~

tsh—{g—p (2'6‘ (Stsf—f)) — O,

and this completes the proof. [J
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REMARK 2. Note that, in Theorem 3, in general it is not possible to obtain strong
convergence in the sense of power series method unless the modular p satisfies the
A, — condition.

Now, we give an application showing that in general, our results are stronger than
classical ones.

EXAMPLE 1. Let us consider Z = [0,1]* C R? and let @ : [0,00) — [0,00) is
a continuous function with ¢ is convex, ¢ (0) =0, ¢ (x) > 0, for any x > 0, and
limy_,. @ (x) = oo. Then, the functional p? defined by

11
p?()= [ o enldsdy. for feL’(2),
00

is a convex modular on L°(Z) and
L9(2):={feLl’(2):p?(Af) < +oo, forsomeA >0}

is the Orlics space generated by ¢.

Forevery (x,y) € Z,let ey (x,y) = a3 (x,y) =1, e1 (x,y) =x, e2(x,y) =Y, e3(x,y)
= ag (x,y) = x> +y%, a1 (x,y) = —2x, ap(x,y) = —2y. For every m,n € N, uy,u, €
[0,1], let Ky (ur,u2) = (m+1) (n+1)uf'uy and for f € C(Z) and x,y € [0,1] set

1 1
My (f;x,y)Z//Kmn (w1, u2) f (w1x,u2y) durdus.
00

Then we get

1 1

11
//Kmn(ul,uz)dulduzz(m—i-l) /quul (n+1) /ugduz =1,
00

0 0

and hence, M, (eg;x,y) = eg (x,y) = L. Also, we know from [2] that

1 1
| My (e15x,y) — €1 (x,y)] < L [Minn (€25x,y) — €2 (x,y)] < Pt
2 2
2. 2 2. 2
|an (elsx,y) —e1 (X,Y)’ < i3 |an (e35x,y) — €3 (X,Y)’ < a3

and for each m,n > 2, f € L?(Z) we get p®(Munf) < 32p®(f). Moreover, (M)
satisfies the condition (14) in [16] with Xy = L?(Z) and (M, f) is modulary conver-
gentto f € L?(Z). Using the operators M = (M,,,) , we define the double sequence of
positive linear operators T = (T,,,) on L?(Z) as follows:

Ton (f5%,9) = (L4 Syn) My (f3x,) , for f € L(P(Z)’



ABSTRACT KOROVKIN THEOREMS VIA POWER SERIES METHOD 1031

x,y € [0,1] and m,n € N, where s,,, = 1, m,n are squares and 0 otherwise. Also let
R=1, p(t,s) = m and for m,n > 0, p,, = 1. As it is well known, in this
case the power series method coincides with Abel method. Then, (sy;,) is convergent
to 0 in the sense of power series method. If ¢ (x) = x?, for 1 < p <o, x > 0 then
L?(Z) = Ly(Z) and we have for any function f € L?(Z), p®(f) = | f|}-

Then, for every L; (Z), A > 0 that

p

! Z DPint™8" Tunh

A——k
p(l‘ S)mn =0

p? (A

1 o
Pint™s" Tunh) =
p(t’s) m%O

p

""" || AMnh||D
p(t,s)mgiopmn N || mn ||p

p

1 oo
2 Pt " Mynh
p(t’s) m,n=0

<2°p? (Ah).

<274

Now, observe that T, (ep;x,y) — eo (x,¥) = smn, hence, we can see, for any A > 0, that

14
1 - 1
(A t"s" Tuneo — eo) = || A """,
P ( p(t,s)mmzzopmn S Lmn€o eO) p(l S)m;()pmn S Imn€o — €0 ,
1 P
=||A Z pmnt " S|
p(t m,n=0 p

then, since (sy,,) is convergent to O in the sense of power series method, we get

lim p%?(A t"s" Tuneo — €g) = 0.
m_}RJ) ( p(t7s)m§;0pmn mn€0 0)

Also, we have

P
1 1
p? (A Pt Tyner —e1) = || A Pt Tne1 — eq
p(l )mnzo mn mn p(l S)mnzo mn mn ,
(- !
<2P 2 Pmnth"anel—el <2P 2 pmnt H?L mnel_el)”
P(t75)m7,,:0 » L,s mn 0

from above inequality, since (M, f) is modulary convergentto f € L?(Z), we have

1
lim p?( Pt Tyney —e1) = 0.
1,5—R~ plt,s mgo
Similarly, we get
1
li (A t"s" Tyynes — 0,
t,sl—>nR}*p ( p(t.s) m;Opmn §"Tymes — e2) =
. 1
lim p(P( Z pmnt s Tmn€3 3) 0.

1,5—R~ p(1,5),5%
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So, our new operator T = (T,,,,) satisfies all conditions of Theorem 3 and therefore we
obtain

lim p?(Ay
t7s—>pr ( p(t s

Z Pt Ty f — f) =
m,n=0
for some Ag > 0, forany f € L,(Z). However, (T,ue0) is not modularly convergent,
thus (T,,,) does not fulfil the Theorem 1.

3. An extension to non-positive operators

In [1, 2, 3], they relax the positivity condition of linear operators in the Korovkin
theorems. Following this approach, we give some positive answers also for modular
convergence in the sense of power series method and prove a Korovkin type approxi-
mation theorem.

Let I be a bounded interval of R, C?(I) (resp. C2(I)) be the space of all func-
tions defined on I, (resp. bounded and) continuous together with their first and second
derivatives, Cy :={f € C;(I): f >0}, CL:={feCi(I): f" >0}.

Lete,, r=1,2,...kand a,, r=0,1,2,....k, be functionsin C; (), P,(v), u,v €
I, be as in (7), and suppose that P, (v) satisfies the properties (P1), (P2) and

(P3) there is a positive real constant Sy such that P (v) > S, for all u,v € I (here the
second derivative is intended with respect to v).

Now we prove the following Korovkin type approximation theorem for not neces-
sarily positive linear operators.

THEOREM 4. Let p and o, be as in Theorem 2 and e, ar, r =0,1,2,....k and
P,(v), u,v €1, satisfies the properties (P1), (P2) and (P3). Assume that T = (T,,)
is a double sequence of linear operators and T, (C+ N Ci) C Cy, forall myn e N. If
Toner is modularly convergent to e, in the sense of power series method in LP (I), for
each r =0,1,2,....k, then Ty, f is modularly convergent to f in the sense of power
series method in LP (I), for every f € Ca(I).

If Tone,r is strongly convergent to e, in the sense of power series method, r =
0,1,2,...,k, in LP (I), then Ty,f is strongly convergent to [ in the sense of power
series method in LP (I), for every f € C2(I).

Furthermore, if p is absolutely continuous, T satisfies the property (3) and Tne,
is strongly convergent to e, in the sense of power series method, r = 0,1,2,....k, in
LP (I), then Ty, f is modularly convergent to f in the sense of power series method in
LP (1), forevery f € DNLP (I) with f—Cp(I) C X7.

Proof. Let f € Cg (I). Since f is uniformly continuous and bounded on I, given
€>0 with 0 < € < 1, there exists a 0 > 0 such that |f («) — f(v)| < e, forall u,v €1,
lu—v| < 8. Let P,(v), u,v €1, be as in (2) and let n > 0 be associated with &,
satisfying (P2). As in Theorem 2, for every 8 > 1 and u,v € I, we have

—e-BERw < rw-ro) e+ BPRO), a



ABSTRACT KOROVKIN THEOREMS VIA POWER SERIES METHOD 1033

where M = sup|f (v)|. From (11) it follows that

e
)i+ LB (0) +£(0) 11 > (12)
)= e+ LR 0) = F0)+ £ W) 20 (13
Let Hy satisfy (P3). Foreach v € I, we get
MOF %ﬁ*’o P, () > 2M5H° —f" ).

Because of f” is bounded on I, we can choose 8 > 1 in such a way that /] 8 (v) >0,
h’iﬁ (v) 20, for each v € I. Hence hig,hap € Cy ﬁC%r and then, by hypothesis
Ton (hjpsu) >0, forallmneN, ueland j=1,2 (14)

and hence
Sts (hjpgiu) =0, fort,s € (O,R), ueland j=1,2.

From (12)-(14) and the linearity of T;,,, we get

€8s (eosu) + 2Mp Sts (Pusut) + Ses (fsu) — f () Sis (eosu) = 0,

£is (eost) + 2B . (Pus) — Sus (f:1) + F () Sus (e0:t) > 0,

thus,

2M
—&8ys (eosu) — i

Sis (Pusu) < f (u) Sis (eosu) = Sus (f3u0)
MB

2
< €85 (eg;u) + TS,S (Pusu).

By arguing similarly as in the proof of Theorem 2, using the modular p and for 7,5 €
(0,R), we have the assertion of the first part.

The other parts can be proved similarly as in the proofs of Theorem 2 and Theorem
3.0

REFERENCES

[1] G. A. ANASTASSIOU AND O. DUMAN, Towards intelligent modeling: Statistical approximation the-
ory, Intelligent System Reference Library, Springer-Verlag, Berlin, Heidelberg, New York, 2011.

[2] C.BARDARO, A. BOCCUTO, K. DEMIRCI, I. MANTELLINI, S. ORHAN, Korovkin-type theorems for
modular Y — A— statistical convergence, J. Funct. Spaces, 2015, Article ID 160401, 2015, pp. 11.

[3] C.BARDARO, A. BOCCUTO, X. DIMITRIOU AND I. MANTELLINI, Abstract Korovkin type theorems
in modular spaces and applications, Cent. Eur. J. Math., 11, 10, 2013, 1774-1784.



1034

[4]
[5]
[6]
[7]
[8]
[9]

[10]
[11]

[12]
[13]

[14]
[15]
[16]

[17]

F. DIRIK, S. YILDIZ AND K. DEMIRCI

C. BARDARO AND I. MANTELLINI, Korovkin's theorem in modular spaces, Commentationes Math.,
47,2,2007, 239-253.

C. BARDARO, J. MUSIELAK, G. VINTI, Nonlinear integral operators and applications, de Gruyter
Series in Nonlinear Analysis and Appl., Vol., 9, Walter de Gruyter Publ., Berlin, 2003.

C. BARDARO AND I. MANTELLINI, A Korovkin Theorem in multivariate modular function spaces, J.
Funct. Spaces Appl., 7, 2, 2009, 105-120.

S. BARON, U. STADTMULLER, Tauberian theorems for power series methods applied to double se-
quences, J. Math. Anal. Appl., 211, 2, 1997, 574-589.

A. BoccuTo AND X. DIMITRIOU, Korovkin-type theorems for abstract modular convergence, Re-
sults in Mathematics, 69, 3—4, 2016, 477-495.

S. KARAKUS, K. DEMIRCI, O. DUMAN, Statistical approximation by positive linear operators on
modular spaces, Positivity, 14, 2, 2010, 321-334.

P. P. KOROVKIN, Linear Operators and Approximation Theory, Hindustan Publ. Co., Delhi, 1960.
W. M. KOZLOWSKI, Modular function spaces, Pure Appl. Math., Vol. 122, Marcel Dekker, Inc., New
York, 1988.

K. KURATOWSKI, Topology, Volls I and II, Academic Press, New York-London, 1966/1968.

I. MANTELLINI, Generalized sampling operators in modular spaces, Commentationes Math., 38, 1,
1998, 77-92.

J. MUSIELAK, Orlicz spaces and modular spaces, Lecture Notes in Mathematics, Vol. 1034 Springer-
Verlag, Berlin, 1983.

J. MUSIELAK, Nonlinear approximation in some modular function spaces I, Math. Japon., 38, 1, 1993,
83-90.

S. ORHAN, K. DEMIRCI, Statistical approximation by double sequences of positive linear operators
on modular spaces, Positivity, 19, 1, 2015, 23-36.

A. PRINGSHEIM, Zur Theorie der zweifach unendlichen Zahlenfolgen, Math. Ann., 53, 1, 1900, 289—
321.

(Received August 3, 2018) Fadime Dirik

Department of Mathematics
Sinop University

Sinop, Turkey

e-mail: fdirik@sinop.edu.tr

Sevda Yildiz

Department of Mathematics
Sinop University

Sinop, Turkey

e-mail: sevdaorhan@sinop.edu.tr

Kamil Demirci

Department of Mathematics
Sinop University

Sinop, Turkey

e-mail: kamild@sinop.edu.tr

Operators and Matrices
www.ele-math.com

oam@ele-math.com



