perators
nd
atrices
Volume 13, Number 4 (2019), 1035-1054 doi:10.7153/0am-2019-13-72

CONSTANT NORMS AND NUMERICAL RADII OF MATRIX POWERS

HwA-LONG GAU™, KUO-ZHONG WANG AND PEI YUAN WU

(Communicated by H. Radjavi)

Abstract. For an n-by-n complex matrix A, we consider conditions on A for which the operator
norms [JAX|| (resp., numerical radii w(A¥)), k > 1, of powers of A are constant. Among other
results, we show that the existence of a unit vector x in C” satisfying |(A¥x,x)| = w(A¥) = w(A)
for 1 <k <4 is equivalent to the unitary similarity of A to a direct sum AB®C, where [A|=1,
B is idempotent, and C satisfies w(C* ) <w(B) for 1 <k <4. This is no longer the case for
the norm: there is a 3-by-3 matrix A with ||A%x|| = ||A¥|| = v/2 for some unit vector x and for
all k> 1, but without any nontrivial direct summand. Nor is it true for constant numerical radii
without a common attaining vector. If A is invertible, then the constancy of ||A¥|| (resp., w(AX))
for k==+1,42,... is equivalent to A being unitary. This is not true for invertible operators on
an infinite-dimensional Hilbert space.

1. Introduction

For a bounded linear operator A on a complex Hilbert space H , its operator norm,
numerical range and numerical radius are

IA[] = sup{||Ax[| : x € H,[|x]| = 1},

W(A) = {{Axx) x € H, x| = 1},

and
w(A) = sup{[(Ax,x)| : x € H, ||x[| = 1},

respectively, where (-,-) and |- || denote the inner product and its associated vector
norm in H, respectively. In this paper, we are concerned with the problem when the
powers of A have constant norms or constant numerical radii. One type of operators for
which this occurs is that of idempotent ones, namely, those A’s satisfying A> =A. Thus
it seems natural to ask whether the constancy condition for norms or numerical radii
would imply A having a modulus-one multiple of an idempotent operator as a direct
summand. Though this is indeed the case when H has dimension 2 (Proposition 3.2),
it fails for H with larger dimensions (Proposition 3.4). Note that if an operator A on a
finite-dimensional space H has an idempotent summand, then its powers have a com-
mon attaining vector for their norms and numerical radii. The latter means that there is
aunit vector x in H for which ||A¥x|| = [|A%|| = ||A|| (resp., [{AFx,x)| = w(A¥) = w(A))
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for all k > 1. We show in Theorem 4.2 that the existence of a common attaining vector
for the numerical radii for powers up to 4 would guarantee the idempotent summand.
That “4” is the smallest such number is shown by the example in Proposition 4.4. Un-
fortunately, this is not true for the norm: the 3-by-3 matrix A; in Proposition 3.4 is a
counterexample. Finally, we turn to invertible operators in Section 5. We show in The-
orem 5.1 that an invertible operator A on a finite-dimensional space is such that [A*||
(resp., w(A¥)), k= =+1,42,..., is constant if and only if it is unitary. This is not the
case for A acting on an infinite-dimensional space: we show in Theorem 5.3 that for
any € > 0, there is an invertible A such that ||AF|| = 1 + & (resp., w(A¥) = 1 +¢) for
all k=4+1,42,....

In Section 2 below, we consider the general question of which sequence of non-
negative numbers can be the norms (resp., numerical radii) of powers of an operator.
Here only some preliminary results are obtained in preparation for later discussions on
constant norms and constant numerical radii. The constancy problems are addressed in
Section 3. Section 4 considers these problems under the extra condition that powers of
the operator have a common attaining vector for their norms or numerical radii. The
case of invertible operators is taken up in Section 5.

Recall that the spectrum and spectral radius of an operator A are 6(A) = {A €
C:A— Al notinvertible} and p(A) =sup{|A|: A € 6(A)}. A is irreducible if it is not
unitarily similar to an operator of the form B & C; otherwise, it is reducible. To show
the irreducibility of A, we usually verify that the only projection P (P = P* = P?)
commuting with A is either I or 0. A is power-bounded if sup{||A¥|| : k> 1} < oo. We
use ReA and ImA to denote the real part (A+A*)/2 and imaginary part (A—A*)/(2i)
of A, respectively. An operator on an n-dimensional space will be identified as an n-
by-n matrix. The n-by-n Jordan block J,(A) with eigenvalue A is the matrix

Al
1
1
A

We use diag (A1,...,4,), I, and 0, to denote the n-by-n diagonal matrix with diagonal
entries Ay,...,A,, the n-by-n identity matrix and zero matrix, respectively, and D to
denote the open unit disc {A € C: |A| < 1}. The transpose of a matrix A is denoted
by AT . For a subset M of H, we use VM to denote the closed subspace of H spanned
by vectorsin M.

Our references for general properties of operators and finite matrices are, respec-
tively, [4] and [6]; our reference for numerical ranges and numerical radii is [5, Chapter
1].

We end this section with a list of properties concerning the numerical radius from
[5, Chapter 1] which are to be used frequently in later discussions.

PROPOSITION 1.1. For an operator A on H, the following properties hold:

(@) if A=A DAy, then w(A) = max{w(A;),w(A2)};
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(b) w(A) < [|A] <2w(A);

(c) if A is an eigenvalue of A and is in the boundary of W(A), then A is unitarily
similar to [A] @ B;

(d) w(A) = sup{[[Re(e®A)| : 6 € R};

(e) ifA= {8 lc)] with a and c real, then w(A) = |ReA||;

) ifA= {8 IC]} and a,c and 0 are collinear, then
w(A) = (la+c|+/]a—c|?+|b]?) /2

(g) w(AX) <w(A)X for k=1 (power inequality).

2. Norms and numerical radii of powers

‘We start with a known result, due to Wallen, from [4, Problem 92].

PROPOSITION 2.1. Let py >0 for k > 1. Then py = ||AX|| for some operator A
and for all k > 1 if and only if the py’s satisfy pjx < pjpk for jk>1.

If py > 0 forall k > 1, then the operator A = [a;;];”;_; on /%(N) given by

g A pilpic1s it j—i=Tlandi>1(po=1),
Yo, otherwise,

satisfies ||A*|| = py for all k; otherwise, if ko is the smallest integer for which py, =0,

e 0, where

then we would have p; =0 forall k > ko and hence A = [a;;];’ 1

o pi/pifh ifj—i:landl<i<k0—17
dij = 0, otherwise,

will do.

It would be interesting to know whether a (modified) condition as above on the
pr’s would guarantee the existence of an n-by-n matrix A satisfying ||A¥|| = py for all
k. The next proposition is a preliminary try.

PROPOSITION 2.2. For py,p2 =0, the condition p; < p% is necessary and suffi-
cient for the existence of a 2-by-2 matrix A with ||A¥|| = py for k=1,2.

Proof. To prove the sufficiency, we may assume that p; > 0 and let

p2/pi \/p%—(pz/pl)zl _
0

A=
0

Then it is easily seen that [|A¥|| = p; for k=1,2. O
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Note thatif py,pr >0, p3=0 and py < p% , then there is no 2-by-2 matrix A with
|A¥|| = px for 1 < k < 3. This is because if there is such an A, then ||A%|| = p3 =0
implies that A is nilpotent, which yields A> =0 or p, = 0, a contradiction. On the other
hand, the arguments for the proof of Proposition 2.1 show that for p; >0, 1 <k<n—1,
and p, = 0, the existence of an n-by-n matrix A satisfying ||A*|| = p; for 1 <k <n
is equivalent to the py’s satisfying p;x < pjpi for jk > 1 with j+k<n—1. As
pointed out by the referee, when py,...,p, > 0, this characterization may turn out to
be true. This we have difficult in proving at this stage.

We next turn to the numerical radius. Since w(A7T%) < w(A))w(AK), j k> 1,
do not hold in general (by the example in [1]), the best replacement for [|A/7¥| <
|A7|[||A¥||, j,k > 1, is the power inequalities (cf. Proposition 1.1 (g)). Because of the
difficulty in computing the numerical radius even for a general 2-by-2 matrix, whether
such inequalities would be enough to characterize w(A¥)’s is quite open. There is one
case when the numerical radius of a 2-by-2 matrix is easy to compute, namely, when

A= [8 ]g} is such that a,c and 0 are collinear (cf. Proposition 1.1 (f)). Using this, we
may obtain the following analogue of Proposition 2.2.

PROPOSITION 2.3. Let wi,wy > 0. Then wy < w% is necessary and sufficient for
the existence of a 2-by-2 matrix A with w(AX) = wy for k=1,2.

Proof. For the sufficiency, we may assume that w; > 0 and let

A lwz/wl Zw/w%—wz] .

0 0

From Proposition 1.1 (f), we can easily show that w(A*) = w; for k=1,2. O

As before, if wi,wp >0, w3 =0, and wy < w%, then there is no 2-by-2 matrix A
satisfying w(A¥) = wy for 1 < k < 3. However, the next proposition says that there are
3-by-3 matrices satisfying these conditions.

PROPOSITION 2.4. For wi =0, the conditions wy,wy > 0 and wy < W% are nec-
essary and sufficient for the existence of a 3-by-3 matrix A with w(AX) = wy for
1 <k<3.

Proof. To prove the sufficiency, we may assume that w; > 0 and let

0a
A= 0b|, ab>0.
0

Then w(A) = |ReA|| = va®+ b?/2 (since W(A) is a circular disc centered at 0) and

00 ab |
w(A?) :w( 00 ) = Sab.
0
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If b= (2w} +2(w}—w3)!/?) 250 (since w < w})and a =2w, /b, then w(A¥) =wy
for 1<k<3. O

Note that if w; =wy =1, w3 = 1/2, and wy = 0, then, through some tedious
computations, we can show that no 4-by-4 matrix A of the form

0a
0b
0c
0

satisfies w(A) = wy, for 1 < k < 4. However, this does not rule out the possibility that
other 4-by-4 nilpotent A will satisfy these conditions.

We conclude this section with the following relevant information on the norms and
numerical radii of matrix powers.

PROPOSITION 2.5. For an n-by-n matrix A, the following conditions are equiv-
alent:

@) [|A%]] = ||A[[F (resp., w(A¥) = w(A)X) for some k larger than or equal to the
degree of the minimal polynomial of A ;

(b) [IAM|| = JA[* (resp., w(A¥) = w(A)*) forall k> 1;
© Al =p(A) (resp., w(A) = p(A));

(d) A is unitarily similar to a matrix of the form [a] ® B, where |a| = ||A|| and
IIB|| < |a| (resp., |a| =w(A) and w(B) < |al).

This is proved in [8, Theorem 2.1] (resp., [3, Theorems 2 and 3]).

COROLLARY 2.6. For an n-by-n matrix A, the following are equivalent:
@ [A"[|=llAll =1 (resp., w(A") =w(A) =1);
() ||AK| =1 (resp., w(A*) = 1) forall k> 1;

(¢) A is unitarily similar to [a]® B with |B|| <|a| =1 (resp., w(B) <|a| =1).

3. Constant norms and constant numerical radii

We start by observing that if A is such that [|A¥|| = ¢ (resp., w(A¥) = ¢) for all
k> 1, then either c =0 or ¢ > 1 (resp., ¢’ =0 or ¢’ > 1). This is even true for power-
bounded A and is an easy consequence of Gelfand’s formula p(A) = limy [|AX | '/*
(resp., p(A) = limy w(A%)/¥) (cf. [4, Problem 88]).

The next lemma concerning properties of idempotent operators follows easily from
results in [12].

LEMMA 3.1. If A is an idempotent operator on H, then:
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(a) AK=A forall k>1
(b) A is unitarily similar to an operator of the form 0B 1D [8 ?] on HH ®H, ®

(Hs ® H3), where B on Hj is such that {Bx,x) > 0 for any nonzero vector x in
Hs and is unique up to unitary similarity;

(© [|A]l=/1+]B|>

d) w(A) = (1++/1+[B]?)

(e) A is reducible when 3 < dimH < oo,

For a 2-by-2 matrix, the constancy of the norms or numerical radii of its powers
does indeed imply that it has a multiple of an idempotent as a direct summand.

PROPOSITION 3.2. Let A be a 2-by-2 matrix.
(a) The following conditions are equivalent:
() [|AF| =1 forall k>1
(i) w(A) =1 forall k>1;
(iii) A is unitarily similar to A [(l) 2] , where |A| =1 and |a| < 1
(b) The following conditions are equivalent:
() [|AF|=c>1 forall k> 1
(i) wAY) =c > 1 forall k>1;

(iii) A is unitarily similar to AB, where |A| =1 and B is a non-Hermitian
idempotent.

Moreover, ¢ and ¢’ are related by ¢’ = 1—|—c)/2 Under (i) (resp., (ii)), B may

be taken as [(l) v 0_ } (resp., [1 2Ve C_l}

The following lemma is needed for the proof of (a) (ii) = (iii) and also needed later
in Section 4. It is from [2, Lemma 1.5].

LEMMA 3.3. Let A be a nonzero 2-by-2 matrix. Then A = w(A [)1, } if and

onlyif |x| <1, y=—%, and z = (1 — |x|*)u — |x|? for some u with |u| < 1.
Proof of Proposition 3.2.

(a) The implications (iii)=-(i) and (iii) = (ii) are trivial. We now prove (i) =>(iii).
By Gelfand’s formula, we have p(A) = 1 and hence A is unitarily similar to

;L[(l) g] with |A| =1, a>0 and |b| < 1. Since 1 = [|A|| > VI +d?, we ob-

tain a = 0 and thus A is unitarily similar to A [(1) 2} as required. On the other
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hand, under (ii), w(A) = w( [(l) z} ) = 1. The implication (ii)=>(iii) follows
immediately from Lemma 3.3.

Note that the equivalence (i) <> (iii) (resp., (ii) < (iii)) also follows directly from
Corollary 2.6.

We need only prove (i)=-(iii) and (ii)=-(iii), and may assume that A = AB,
where [A|=1, B= [(1) z} ,a>0,and |b| < 1. To prove (i)=>(iii), we consider
four cases separately:

(I) b= 1. In this case, we have B = [(1) kfl} and hence ¢ = [|A¥|| = ||B¥|| >
V14 k2a? for all k > 1. This implies that ¢ = 0, which contradicts our assump-
tion.

(Il) || =1 and b# 1. Let kj, j > 1, be positive integers such that lim; ki =1.
Then

ok [La(l—=bh)/(1—b
11;113’6/ :]1;11 [0 ( b,?j/( )} =1 (1)
and hence ¢ = lim; ||BY/ || = 1. Again, this contradicts (i).

(1) 0 < b < 1. Since

limBkzlim[l a(l—bk)/(l—b)] _ [1 a/(l—b)]7
k k

0 bk 0 0
we obtain
L k| La/(L=b)] _ aZ  \ip
c_111£nB||_||{0 0 ]y|_(1+(1_b)2) : 2)

On the other hand, it can be computed that

1/2
c=IBl =] [(1) Z] |= (%(a2+b2+l+(a4+b4—|—1+2(a2b2+a2_b2))1/2)> .

(3
The equality of (2) and (3) yields that

A ((1=b)* + (@ +b%) (1 - b)*) =a*(a® + (1 - b)?).
As a > 0, we deduce from above that

, (=b*+B*—1)(1-b)?* 2(1-b)*b-1) 0
“ = —(1-b)? D RS

which is absurd.

(IV) 0 < |b| < 1 and b is notin (0,1). Let ko > 1 be such that Re b < 0. Then,
as in (2),

2

a2|l—bk0|2 1/2 a 1/2
1+ S ) B == (14 =)
(1 =5 1B == {1+ 7=
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from which we obtain a|l —b%| < a. As a >0, we have Re (1 —bk0) < |1 —
b*| < 1 or Reb* > 0, which contradicts our choice of k.

As each of the above four cases leads to a contradiction, we arrive at the remain-
ing option of »=0. Thus A = AB with [A|=1 and B= [(1) 8] idempotent. As
c=All = [(1) 8} || = V14 a2, we have a = v/¢2 — 1 as asserted.

We next prove (ii) = (iii). As before, we consider four cases separately:

(I) b= 1. In this case, we have

= w(AX) = w(B") =w( [(l)kla} )= 1+%ka, k>1.
This yields a = 0, a contradiction.
() |p|=1and b # 1. Let k;, j > 1, be as before. Then liijkJ' =1 asin (1)
and hence ¢’ = lim;jw(BY) = 1, again contradicting (ii).
For the remaining two cases, let b = |b|e**9', where 6 is real.
() 0 < |b] < 1 and 6 =m/n with n > 1 and m integers. Then

11;113":15?1 [(l)a(l —b’;))k/(l—b)] _ {(1) a/(lo—b)] .

Hence

c’zli]glw(B"):w([l“/(l_b)]): (1+( 1+| l "2, @

1
0 0 2

by Lemma 3.1 (d). Since b" = |b|"e*™ = |b|" > 0, we also have

_pn _ 1
— w(B") :w([(l) 1)/ b)} ) = 5 (B (-5 (14| L))
(5)
by Proposition 1.1 (f). The equality of (4) and (5) yields that " = b"(1+ |a/(1 —
b)[*)'/2 . Since b # 0, we obtain a = 0, which contradicts our assumption.
(IV) 0 < |b| < 1 and 8 irrational. In this case, the set {¢*™%: n > 1} is dense
in . Let ko be such that Reb* < 0 and b* is very close to Reb 0. Let

_ |1 la/(1=0)]|
e~ [y
such that (Cx,x) = w(C) (cf. [7, Proposition 3.3]). Letting

ja(1=5%)/(1=b)]
b= [0 bko ’

we claim that Re (Dx,x) > w(C). Indeed, this is the same as

] and let x = [x] x]7 be a unit vector in C? with x1,x, > 0

(l—b
1—

2

x|+ ’ |x1x2 + (Reb 0)xd > x7 + ’ |x1x2
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or
a X1

1—b'xy

|1 —bho|—1
Re b*o

Since a # 0 as before, we deduce from

+1<0, whered = |

a 1 a |2
3t [rg i =w(€) = S (14 1+ |75 [)"?) > 1 and g = 1 -

that |a/(1 —b)|x1x2 > x3, which yields d > 1. As

[1-b%|—1 [1—Reblo|—1 —Reb

Rebko Re bko T Rebko
we do have .
|1 —b%|—1
— 4+l -d+1<0
Reblo + +1<0,

which proves our claim. Thus
¢ = w(A%) = w(D) > |(Dx,x)| > Re (Dx,x) > w(C),
which contradicts the fact that
= 1i]£nw(A") = liinw(Bk) =w(C).
As before, b =0 is the only option for us and hence A = AB with |A| =1

and B = [(1) 8} . Finally, from ¢’ = w(A) = w(B) = (1+V1+a?)/2, we have
a=2+/c(c’—1) and c and ¢ arerelated by ¢’ = (1+¢)/2. O

After the positive results in the preceding proposition, it seems conceivable that an
n-by-n matrix A with the |JA¥||’s (resp., w(A¥)’s) constant should have a summand of
the form AB, where |A| =1 and B is idempotent. This turns out to be not the case as
the following examples show.

PROPOSITION 3.4. If

V2/2 -1/20 11 0
A1: 1 \/5/20 (resp.7A2: 0—1 \/3—\/6 )7
V2/2 -1/20 00 0

then ||AX|| = V2 (resp., w(AX) = /6/2) for all k > 1, and A, (resp., A3) is irre-
ducible.

Proof. For A;, we have AjA| = diag(2,1,0) and, by induction,

A AR = A7 (AT A A = A7 (diag (2,1,0))A, = diag(2,1,0), & > 2.
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Hence ||A¥|| = /2 forall k> 1.
As for A, , note that

10 V3—-6
A=101-V3-6
00 0

is idempotent. Hence A3*~! = A, and A3 = A3 for k > 1. We now show that w(A;) =
w(A3) =/6/2. To prove w(A;) = 6/2, we make use of Proposition 1.1 (d). For any
real 6, consider the matrices Uy = diag (¢*%,¢? 1) and

e? 1 0
Be=U(e®A)Up=| 0 —e® \/3—1/6
0 0 0

Then

cos 6 1/2 0
ReBg= | 1/2 —cos® /3-+6/2
0 V3-16/2 0

has characteristic polynomial

6 3—-+6
po(x) = det(xls —ReBy) = x° — (1 —%—i—cosze)x—i— cos 0.
Since, for each fixed 6, the derivative
6 6 6
() =322 — (1 —§+cos29) > 3x2—2+\/7— >0 forx> %

pe(x) is strictly increasing on [v/6/2,0). This together with

P(%):%\/E (1- \26+c0s29)?+3_4\/6c0s9
> e (1= X0 ) I 0= ()

yields that pg(x) > 0 on (v/6/2,00) for all 6 in (—z,x). Thus all eigenvalues of
Re By are less than or equal to v/6/2 for any 8 and 1/6/2 is an eigenvalue of ReB;.
This says that |[ReBg|| < /6/2 forall 6 and ||[ReB,|| = v/6/2. Applying Proposition
1.1 (d) then yields that w(A,) = supy |[ReBg|| = v/6/2. Moreover, from Lemma 3.1

(d), we obtain w(A3) = (1+1/1+2(3—+6))/2 =/6/2. Hence w(A%) = v/6/2 for
all k> 1.

The irreducibility of A; (resp., A») follows by showing via simple computations
that the only projections commuting with A; (resp., Ap) are 0z and I3, which we
omit. [
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The preceding proposition shows that A; and A, there have no (proper) summand
of the form AB with |A| =1 and B idempotent. Nor are they themselves idempotent
either by simple computations or by Lemma 3.1 (e).

In view of the fact that Aif and A% are both idempotent, the referee suggested that
the following may be true: If the n-by-n matrix A is such that ||A¥||’s (resp., w(AK)’s)
are constant, then some power of A has a modulus-one multiple of an idempotent as a
direct summand. We leave it has as a conjecture.

4. Common attaining vector

As seen in last section, the condition of constant norms or constant numerical
radii of matrix powers AX, k > 1, does not guarantee the existence of a multiple of
an idempotent summand for A. In the present section, we consider a strengthening
of the constancy condition. Since an idempotent A is equal to all its powers, there
is a unit vector x such that ||Afx| = ||A%|| = ||A|| (resp., |(A*x,x)| = w(A¥) = w(A))
for all k> 1. It is thus natural to add such a common attaining vector condition to
the constancy to check whether this would lead to the expected conclusion. This is
indeed the case for the numerical radius as to be proved in Theorem 4.2 below, but,
unfortunately, not for the norm in general: the 3-by-3 A; in Proposition 3.4 is such that
|A%x|| = ||A%|| = v/2 for x=[100]” and all kK > 1. However, for 2-by-2 matrices, the
next proposition shows that our expectation is fulfilled.

PROPOSITION 4.1. For a 2-by-2 matrix A, the existence of a unit vector x in
C? such that ||A*x|| = ||A¥|| = ||A|| for k=1,2 (resp., 1 <k <3) is equivalent to the
unitary similarity of A to A [(l) 2] , NB, or [”2 g} (resp., A [(l) 2] or NB), where

Al=Inl=181=1,

al <1, and B is idempotent.

Proof. We need only prove the necessity. Assuming that A # 0, let y be a unit
vector orthogonal to x, and let A be represented as C = [a; JLz =1 with respect to the
orthonormal basis {x,y} of C2. Since ||Ax|| = ||A||, we have

lan |+ |aai |* = ||A[% (6)

Moreover, the equalities [(A*Ax,x)| = [|Ax|*> = ||A||> = ||A*A]|||x||* yield that A*Ax =
ox for some scalar or. Hence (Ax,Ay) = (A*Ax,y) = a(x,y) = 0, which, in terms
of the entries of C, is the orthogonality of [a;; a21]T and [a)2 azz}T. It follows that
[a12 axn]T = B[—dy1 @1]" for some . Thus

el

ayy Bay

and C*C = diag (||A||?,|B|?||A||?) from (6). On the other hand, since ||A%x|| = ||A%|| =
||A||, we can repeat the above arguments to obtain C2*C? = diag (||A%]|?,%) =
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diag (||A]|?, ). It follows that
HA||2 0:| * (VK [ a a) ] |:||A2 0 ] |:a11 —ﬁ521:|
=C'(CC)C= - = _
R R I | R PR | P
_ [(ﬂ112+ |B*laa1 [*)]A[2 0} .

Baian||A|F(=1+|BJ?) *
The equalities of the (1, 1)- and (2, 1)-entries yield

(lai1]® +1BPlaxi ) AI* = |Al* and Banax|A|*(~1+|B*) =0,

respectively. The former gives
jan? +[BPlax* =1 (7)
and the latter aj; =0, az; =0, B =0 or |B| = 1. We treat these four cases separately:

(1) a1 =0. Then C = [a‘gl ‘ﬁo“zl] , laz1| = ||A]| by (6), and |Baai| =1 by (7).

Thus B is unitarily similar to [2” g] ,with |E| =1.

(H) any =0. Then C:diag (an,ﬁﬁn) with |a11| = ||AH =1 by (6) and (7) Thus
A is unitarily similar to C = ay; [(1) Bayy fay, | With lan| =1 and |Bay fan| <€) =
Al =1.

(II1) B =0. Then |a;;| =1 by (7), and A is unitarily similar to

o a“O —u 1 0 —anB
az 0 "Wlayfay 0] 1

with B idempotent.
(IV) |B| = 1. Then C is unitary by (7) and the orthogonality of its two columns,

and hence is unitarily similar to A [(1) 2} ,with |[A] = a| = 1.

Finally, assume that A = [9\” g] , with |&| = 1, satisfies ||A%|| = ||A||. Then

Al =1 = | g e ® 0]l = maxtian gy,

which yields ||A|| > ||A||?. On the other hand, we also have

> a2 = ||| S o [ =na.

Thus ||A||> = ||A]| or ||A]| = 1. Hence A = {(1) g] is unitary and is unitarily similar to

10 .
) [0 a} with [A| = |a|=1. O
We now turn to the case for constant numerical radii. The next theorem is our
main result in this section.
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THEOREM 4.2. For an n-by-n matrix A, the existence of a unit vector x in C"
such that |{A*x,x)| = w(A¥) = w(A) for 1 <k < 4 is equivalent to the unitary similarity
of A to AB&C, where |A| =1, B is idempotent, and w(Ck) <w(B) for 1 <k<4.

For its proof, we need the following lemma, which is an easy consequence of
Lemma 3.3.

LEMMA 4.3. Let A be an n-by-n matrix, x be a unit vector in C" such that
[{Ax,x)| =w(A), and y be a unit vector orthogonal to x. Then:

(@ |(Ax,y)] < w(A);
(b) [{Ax,y)| = w(A) if and only if

] -] 5]

Al=1.

for some A,

Note that the 2-by-2 matrix in (b) above is unitarily similar to [8 2W(A)] .

0

Proof of Theorem 4.2. We need only prove the necessity. For this, we may as-
sume that A # 0, and (Ax,x) = w(A). Expand the vector x to an orthonormal basis
{x,x2,...,x,} of C" in such a way that {x,x,} forms a basis of a two-dimensional sub-
space containing \VV{x,Ax}. Let A be represented as [a;;]} ;_; with respect to this basis.
We have a;; =0 for 3 <i< n. Since aj; = w(A), we may apply Lemma 3.3 to the

. ai:
submatrices | 411 41
ajr ajj

Let C = [a;]} ;. If a2 =0, then A = [a;)]®C and A* = [a},] & C*. Note that
ai; = w(A) = w(A?) = a?,, where the last equality follows from

},2<j<n,toobtaina21:—512 and a;; =0 for 3 < j<n.

w(C) < w(C)? <w(A) =dl,

via the power inequality (Proposition 1.1 (g)). Hence aj; =1 and A = [1]® C with
w(CK) <w(C)F < 1 forall k, 1 < k <4, as required.

In the following, we assume that aj» # 0. Let A% be denoted by [al(f)]f‘ o1 2<
k < 4. We claim that a(lkl) = w(Ak) for each k. Indeed, for the agjz-) ’s, we have

2 _ 2 2 (2) _
ay) =aj —lan|”, a3y =ap(an +axn), a3 =—aa(a +an),
and ) )
aj =apaxy, a = —dpagn for k> 3.

In particular, aﬁ) > 0 by Lemma 4.3 (a), and hence, by [{Ax,x)| = w(A?), is equal to
w(A?). By Lemma 4.3 (a) again, we have

2 2
ajp =w(A) = W(Az) = agl) > |a52)\ = |ayz||ai1 +axn|.
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Together with ajy > |ajs|, this yields a?, > |a12|?|a11 + azz|. On the other hand, from
Lemma 3.3, we infer that

2)

2 _ _ _
ap(an +axn) = aﬁz) =—ay, =ap(an +an).
Since ajp # 0, this implies that aq + ay; is real. Hence

(3) _ 2) (2)

a;y =anay| +anay :a%1+a12(—512(a11—|—a22)) = a“ \a12| (a11+a22)

> ai) — |a|*lan +axn| >0

3)

Therefore, we also have aj;’ = w(A®) via our assumption |(A%x,x)| = w(A?). From

3 2
—lan*(an +axn) = aﬁl) =w(A?) =w(A?) = a§1> =aj, — |af,
we obtain aj; +ay = 1. From
2
a =w(A) =w(A?) =a}) = a}, — |anal?, ®)

we solve ajy as (14 +/1+4|a2|?)/2. Then axn = (1F+/1+4|a12|?)/2 and, there-
fore, a22 la12|> = a2y . Note that, from ajray = aﬁ) = E,({zl) =apap, k>3, we

infer that ay; = ay, for k > 3. Thus

n n
2
asy = —|anf* + a3 + > anan =an+ Y, laxl’,

k=3 k=3

3 2 2 2 2
a&} = 611161(12) + a12a§2) =ayap(ay +axn) +a12a§2) =a(a +a£2))

n n
=ap(an +an+ Y, laxl?) =an(1+ Y laxl?), )
=3 =

and

4 3 3 i n
a(n) = agl)au +a§2)a21 = a%l +apax (1+ z |a2k|2) = a%l — \a12|2(1 + Z |a2k\2)

k=3 k=3
(10)
Since

an —an |a12 | = lana|(1+ 2 |ax]?)
=3

by (9), we have
aiy = lan(1+ Z la?)? = lan(1+ Y, lax|*)
k=3

Applying this to (10) yields a\¥ > 0 and thus a|*) = w(4*). Therefore, by (8) and (10),
we have

—Janl? = ain = w(A) =w(a*) =d\} = | — Jan|X( 1+Z laze|),
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which then implies that ¥, \a2k|2 =0 or ay;y = ayy =0 for all k > 3. This shows that

o o apl ap| - L. .. 1 \/2(\a12|2—a11a22)
A=B&C, where B = {_512 6122} is unitarily similar to 0 0

(since a1 +axy =1, ajjaxn + \a12\2 = an(l —a11) + |a12|2 =0 by (8), and a%l +
a%z +2|a12|2 = (au +a22)2 —2ay1an +2|a12|2 =1 +2(|a12|2 —a“azg)) and hence is
idempotent, and C satisfies w(C*) < w(A*) = w(A) =w(B) for 1 <k <4. O

In the preceding theorem, the condition |(A*x,x)| = w(AK) = w(A) for k up to 4
cannot be further reduced to “3” in general as the next example shows.

PROPOSITION 4.4. If

2 V20
A: _\/5_16 )
0 €20

where € = 1/100, and x = [1 0 0]T, then (A*x,x) = w(AF) = w(A) for 1 <k <3, and
A is irreducible.

Proof. It can be shown by tedious computations, which we omit, that Re (e A¥) <
215 for any real 6 and any k, 1 < k < 3. Moreover, since

200 2 0 0
ReA= [0 —1g|,Re(A*)=|0—-1+¢&>—¢|,and
0 g0 0 —& ¢

2 0 0
Re(A®)= |0 —1-2¢> —g(1-¢€%)|,
0—¢g(l-¢g?) —¢

we have ||Re (A%)|| =2 for 1 < k < 3. Combining these together yields w(AX) =2
for 1 < k<3 (cf. Proposition 1.1 (d)). The irreducibility of A can be verified as
before. [

Note that for a 3-by-3 matrix, its irreducibility also implies that it is not unitarily
similar to a multiple of an idempotent matrix (cf. Lemma 3.1 (e)).

For 2-by-2 matrices, the critical number can indeed be reduced to “3” as shown in
the following proposition. Its proof is modeled after that of Theorem 4.2.

PROPOSITION 4.5. Fora 2-by-2 matrix A, the existence of a unit vector x in C?
such that |(A*x,x)| = w(A¥) = w(A) for 1 <k <3 is equivalent to the unitary similarity

of Ato A [(1) 2} orto NB, where |A| =|n|=1,

a| <1, and B is idempotent.

Proof. To prove the necessity, we may assume, as in the proof of Theorem 4.2,

that A = [—C%iz Zéﬂ with aj; = w(A). If aj; =0, then a;; = 1 and |apn| < 1 as
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before. On the other hand, if aj» # 0, then aj; +ax» = 1 and ajjaxn + |ajp|> = 0.

{1 2(lar2]? — anazz)}
0 0

Thus A is unitarily similar to , which is easily seen to be

idempotent. [
That, for 2-by-2 matrices, the number “3” cannot be further reduced to “2” is seen
by the example below.

ala—1

PROPOSITION 4.6. If A = {_ a?a—l) V0 )}, where a =+/5/2, and
x=[10]T, then (A*x,x) = w(AK) = a for k= 1,2, and A is irreducible and is not a

multiple of an idempotent matrix.

Proof. 1t can be computed that the eigenvalues of A and

A= [_a\/ham}

are (a++v—3d?+4a)/2 and (—a(a—2)++/a>(—3a+4))/2, respectively. For a =
V5 /2, these are all real numbers. Hence, by Proposition 1.1 (e),

w(A) = |[ReA|| = | [8 8] |=a= g

and

ol

w(A?) = [|Re (4%)]| = || [8 _a(f_ IJ |=a=

The irreducibility of A can be easily verified as before. [J

5. Invertible matrices and operators

In this final section, we consider invertible matrices or operators A for which the
norms (resp., numerical radii) of powers of both A and A~! are constant. For invertible
matrices, all is well as demonstrated in the following theorem.

THEOREM 5.1. For an invertible n-by-n matrix A, the following conditions are
equivalent:

(@) ||[A%|| =c forall k==+1,42,...;
@) w@ah =¢ forall k=+1,%£2,...;

() ||AK| =c and |A™|| =d forall k> 1;
(") w(A¥) =" and w(A™K) =d' forall k > 1;

©) ||AY| =c and ||[A7*|| < d forall k > 1;
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(") w(Ah) =¢ and w(A=%) < d forall k> 1;
(d) A is unitary.

For the proof, we need the next lemma, which is based on a classical result of
Kronecker’s.

LEMMA 5.2. Let A be an n-by-n matrix.

(a) If A is power-bounded, then there is a sequence of positive integers ki, j > 1,
and an idempotent matrix B such that lim; Ak = B.

(b) If A is invertible and both A and A~" are power-bounded, then there are positive
integers kj, j > 1, such that lim; A% =1im;A~% =1,.

Proof.

(a) Let A = X"'JX, where X is invertible and J = (X, &J,,(A;)) & C, where
|Ai| =1 forall i and p(C) < 1, is the Jordan canonical form of A. If n; > 1 for
some I, then

lik k)Lik’l *
.
=] M
kﬂ,-k_l
Ak

and hence ||J;,,(4)¥|| > k|A*~!| = k for any k > 1. This leads to

A I ()] k

1A% > i > I 2 I
A XA X

for all k, which contradicts the power-boundedness of A. Hence n; =1 forall i,
1 <i<m,and J=diag(Ay,...,A,) ®C. Moreover, Kronecker’s theorem says

that there are positive integers k;, j > 1, such that lim; )Ll.kj =1 forall i (cf. [14,
Lemma 2.2]). Since p(C) < 1, C is similar to a matrix D with lim; D* = 0,_,,
(cf. [4, Problem 153]). Thus we also have lim;C* = 0,_,,. Combining these
together yields that lim;J ki = I,,®0,_,,. Thus A converges to the idempotent
B=X"'(I,©0,_,)X as j approaches infinity.

(b) If A is power-bounded, then Gelfand’s formula p (A) = limy ||A¥||'/* implies that
p(A) < 1. Similarly, the power-boundedness of A~! yields that p(A~') < 1.
Thus all the eigenvalues of A have moduli equal to 1. Then the arguments in
(a) show that the Jordan form J of A is a diagonal unitary matrix. Hence Kro-
necker’s theorem yields the existence of positive integers k;, j > 1, such that Jki
together with A% convergesto I,. [
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We are now ready to prove Theorem 5.1.

Proof of Theorem 5.1. Since the implications (a)=-(b)=-(c), (a’)=(b")=(c’),
and (d)=-(a), (a’) are trivial, we need only prove (¢)=-(d) and (¢")=-(d).

Note that, under (c), both A and A~! are power-bounded. Thus Lemma 5.2 (b)
says that lim; A% = I, for some positive integers k;, j > 1. Hence ¢ = lim; [|A/|| =
|lI,|| = 1. In particular, we have ||A]| = 1. As noted in the proof of Lemma 5.2 (b), all
eigenvalues of A have moduli equal to 1. If A is unitarily similar to the upper-triangular
A = [a,-j}gjzl, then |a;| = 1 for all i. Moreover,

C 1/2
1= Al > (F )" > laul =1,
Jj=i

for all i yields that a;; = 0 forall i < j. Hence A’ is diagonal unitary and A is unitary.

Now we assume that (¢’) holds. Since ||A¥|| < 2w(A¥) =2¢’ and ||A~F|| < 2w(AF)
< 2d', forall k > 1 (cf. Proposition 1.1 (b)), A and A~1 are both power-bounded with
eigenvalues all contained in dID. As before, apply Lemma 5.2 (b) to obtain that ¢/ = 1.
Let A; be an eigenvalue of A. Since |A;| =1 and w(A) =1, A; is in dW(A). Hence
Proposition 1.1 (c) implies that A is unitarily similar to a matrix of the form [A;]®A; .
We may repeat the above arguments to A; to obtain the unitary similarity of A; to
[A2] & A;, where A, is another eigenvalue of A. By induction, A is unitarily similar to
a diagonal unitary matrix and hence is itself unitary. [J

Finally, we turn to the case when A acts on an infinite-dimensional space H.
Some of the tools we used in proving Theorem 5.1 and Lemma 5.2 remain true. For
example, instead of relying on the Jordan form of a matrix, we have available a re-
sult of Sz.-Nagy’s [11, Theorem 1]: An invertible operator A with A and A~" both
power-bounded is similar to a unitary operator. Using Kronecker’s theorem, Wermer
obtained in [15, Theorem 6] that if A is a diagonal unitary operator, then there are
positive integers k;, j > 1, such that A% converges to I in the strong operator topol-
ogy. Another result relevant to our present discussions is the one by Stampfli: For an
invertible operator A, the following conditions are equivalent: (a) ||Al|,|A~1|| < 1, (b)
A, w(A~Y) < 1, (c) w(A),|[A~Y| < 1, (d) w(A),w(A~!) < 1, and (e) A is unitary
(cf. [9, Corollaries 1 and 2 of Theorem 1] or [10, Corollary 4 of Theorem 2]). Unfor-
tunately, despite all such supporting evidences, Theorem 5.1 per se is not true for an
infinite-dimensional A. This is shown in our final theorem.

THEOREM 5.3. Forany & > 0, there is an invertible operator A on (*(Z) & (*(Z)
such that |A¥|| = [|[A7%| = 14+¢ (resp., w(A) =w(A X =1+¢) forall k> 1. In
particular, A is not unitary.

Proof. We first consider the constant norm case. Let a =1/(1+¢€) and let A’ =
aijl7 on ¢%(Z) be such that

i, j=—eo
a, if (i,j) =(0,1),
aij=4q 1, if j=i+1land (i,j) # (0,1), (11)
0, otherwise.
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Then A’ is invertible and A’*, denoted by [agf)]‘;’jz_w for k > 1, is given by
a, if (ivj):(ka)v(_hk_1)7'~~7(_(k_1)71)7

al) =31, it j=itkandi#0,~1,...,—(k—1),

’ 0, otherwise.

As 0 <a< 1 and 1 appears as entries of A%, it is easily seen that ||A’*|| = 1 for all k >
1. On the other hand, A’ ~1" has the same matrix form as A’ except that its (0,1)-entry
is 1/a instead of a. Thus, as above, we easily obtain that ||A’| = [|A’*"|| = 1/a for
all k. Letting A=A'@ A~ on (2(Z)© (2(Z), we have ||AX|| = |A K| =1/a=1+¢
forall k> 1.

For the constant numerical radii, we let a = 1 +€—+/e(e+2). Then 0 <a < 1.
Let A’ be as in (11). Note that A’*, k > 1, is unitarily similar to the direct sum of &
copies of A’. Hence w(A’*) = w(A") =1 and w(A') = w(A™) = (i®>+1)/(2a) =
1+ ¢ for k > 1 (cf. [13, Theorem 4.9]). As before, A=A’ @ A’~! is the operator on
(2(7) @ (*(Z) satisfying w(AK) =w(A %) =1+eforall k>1. O

A final remark: in line with Sz.-Nagy’s result, the operator A in the preced-
ing theorem is similar to the unitary operator W & W, where W = [w;;]7";__, is the
simple bilateral shift given by w;; = 1 if i = j+ 1, and w;; = 0 otherwise. This
is seen by (XY)~'A/(XY) =W and X 'A""!X = W, where X is the diagonal op-
erator diag(...,1,1,1,1/a,1/a,...) on ¢*(Z) with its (0, 0)-entry underlined, and
Y = [yi]fj— o is such that y;; = 1 if i+ j = —1, and y;; = 0 otherwise.
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