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POSITIVE DEFINITENESS OF PIECEWISE-LINEAR FUNCTION 2

ANATOLIY MANOV

(Communicated by R. Curto)

Abstract. Let o, € (0,1), 0< < B <1, s€R and let wy g, be an even function with the
properties: we, g (x) =0 for x> 1, wg g ((0) =1, wep (1) =0, wg g ((x) = s for x € [er, B]
([o, 0] :={e}), wgp.s is linear over the intervals [0,cc] and [, 1]. In this paper we prove that
Wep,s is positive definite on R <= m(at,B) <s < M(a, ), where m(a, ) <0, M(at,3) >0.
If either (1+B)/c,(1—B)/ooeN or 1/oo ¢ N, B/a € N, then M(c,3) > 0, otherwise
M(a,B) =0. Ifeither (14 B)/c,(1-B)/ceNor 1/ooeN, B/o ¢ N, then m(ea,8) <0,
otherwise m(c,3) = 0. Moreover, we find explicit values of M(ot,f3), m(ct,f) for some o
and f3.

1. Introduction

A function f: R — C is said to be positive definite on R (f € ®(R)) if for every
n € N, and for every choice of xi,...,x, € R, the n x n matrix [f(x; —x;)| is positive
semidefinite (see, e.g., [2, Chapter 7]).

It is well-known that positive definite functions and kernels have applications in
various parts of mathematics: in approximation theory, probability theory [4, 6], op-
erator theory [3] and other areas. In particular, positive definiteness of an integrable
function on R is equivalent to positivity of some summation method of Fourier series
(positive operator) (see, e.g., [10, Lemma 10]).

This paper considers the following problem. Let o, € (0,1), 0 <o < B <1,
s € R and let wy g ¢ be an even function with the properties: wa’ﬁﬂs(x) =0 forx>1,
Wa,ﬁ,s(o) =1, Woc,ﬁ,s(l) =0, Wa,ﬁ,s(x) =s forx e [avﬁ} ([OC,(X] = {O{}), Wo,Bs is
linear over the intervals [0, o] and [, 1]. For each pairof o, € (0,1), 0< o < <1
find the set of all values of s € R for which w, g ; € ®(R).

IfO<a<B<lands=0,then wypg o€ P(R). Indeed, in this case wy g o(x) =
(I —|x/o])+ and it follows from the definition of positive definite functions and the
easily verified relation

sin?(z/2) it
dt R
(1— )+ 2/ e xe
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that wy, g o is positive definite. This also follows from Pélya’s theorem (see, e.g., [4,
Theorem 4.3.1], [6, Theorem 3.9.11]). Notice that if o # 8 and s # 0, then wg, g  is
not convex on (0, o), and therefore Pélya’s theorem does not apply.

The case o = 3 is known as Trigub problem, for which a solution has been pro-
vided by Zastavnyi and Manov in [5]. The following result provides necessary and
sufficient conditions for the function we o s to be positive definite.

THEOREM 1. ([5]) Let ot € (0,1), s € R. Then wg,q,s € P(R) <= m(0) <s<
1 — o, where m(o)) =0 if 1 /oo ¢ N, and m(a) = —c if 1/a € N.

In [8] Zastavnyi and Manov found necessary and sufficient conditions for positive def-
initeness of wq o When ¢ := s+ ih, for s,h € R. In this case the function wy g c
is defined by the relations: 1) wq ¢ is hermitian, i.e., wg g .c(—X) = Wa,a.c(¥), x €
R; 2) woac(x) =0 for x > 1, wg g is linear over the intervals [0,o] and [et, 1],
Wa,0,c(0) =1, woac(0) = ¢, wa.a.c(l) =0. Furthermore, in [8] new Bernstein type
inequalities for trigonometric polynomials were obtained by using Theorem 1. For
more details about the connection between sharp inequalities for trigonometric polyno-
mials and positive definite functions the reader is referred to [9].
The main result of this paper is the following theorem.

THEOREM 2. Let 0< o< B <lands€R. Then wy g€ ®R) <= m(c,f) <
s<M(a,B), where

1-B 1-p
M(O@ﬁ) = ) m(mﬁ) = , (D)
1= p—am (S, 122) 1= p—ams (. 12F)
and mi(vi,v2), ma(vy, V), Vi,V, > 0 are defined by
(i, va) = inf sm(vlt)sm(vzt)7 ma(Vi, V) = sup sin (vy1) sin (V1) 2

R\7Z sin®(¢) R\7Z sin’(1)
Moreover:

1) Ifeither (1+B)/a,(1—-B)/aeNorl/agN, B/a €N, then M(a, ) >0,
otherwise M(ct,3) =0.

2) Ifeither (1+B)/o,(1—B)/oeNor1/aeN, B/o ¢ N, then m(o.,3) <O,
otherwise m(o.,3) = 0.

In the following we find explicit values of m;(vy,Vv2), ma(vy, V) for some values
of vi and v».

THEOREM 3. Let vy, vy > 0 and my(vy,V2), ma(Vy, Vo) as defined in equation
(2). Then the following assertions hold.

1) If |[vi — 2| =2, then m; (v, v2) = —1.
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2) If vi,v2 €N, then my(vy,v2) = vivy and my(vy,va2) = —Viva. 1If; in addition,
vi and Vv, have opposite parity, then mi(vy,V;) = —V|V;.

3) If vi =p1/q, v2 = p2/q, where py,p2,q €N, then

o Up—1(0)Upy—1 (%) Up,—1(x)Up,—1(x)
m;(vi,va)= inf 2 P2 ,ma(Vi,va)= su Pl P2 ;
V)= T e Y= R T W

where A :={x:U,_(x) =0}, and Up,(cos(t)) :=sin((p+1)t)/sin(t), t € [0, 7],
p € Z. are the Chebyshev polynomials of the second kind.

4) mi(1,1) =1, m(1,3) = —1, m(1,5) = =5/4, m(1,7) = — (74 14/7)/27,
my(1/2,7/2) =17/4.

Notice that Theorem 2 is proved in the same way as Theorem 1 in [5], but the
result essentially depends on the extremal properties of a function of a certain type (see
Proposition 1).

Let us note that combination of Theorem 2 and Theorem 3 provides the following
sufficient conditions for positive definiteness: let g € C(R) be an even function, which
is nonnegative, nonincreasing and convex on (0,4o0), and let o0 =2/(2m+2k+ 1),
B=02k+1)/2m+2k+1), mkeN, s €R. Define

X B X s
caps) = (=00 (5) =g (5) + g0 ek
If —1/(m+2k) <s< 1/(m+2k+2), then gop, € P(R). Indeed, in this case the
function g can be represented in the form (see, e.g., [6, 3.9.12]):

~+o0

g = [ (1= bul)sdu(u). xR,
0

where (1 is a finite nonnegative Borel measure on [0, 4). It is easy to prove that

a0 = (=91~ /ey —s P a1 = /B = i xR, @)

and hence
o0

8ups8) = [ Waup(x)dp ), xR,
0

For o, B and s as above we have wy, g ; € ®(R) (see Example 3), and s0 g4 g, € P(R)
(see, e.g., [10, Lemma 1]).

Let us note one more corollary of Theorem 2. A function f is said to be completely
monotone on the interval (0,+o0) (f € €. ) if f € C*(0,+e0) and (—1)"f"(x) >0
forall k € Z, and x > 0. Let o, € (0,1), a,b,c € R and define the function fglﬂ
by

o.B a b c

f‘“b’"(x) = x(x2 + o2) + x(x2+ B2) + x(x2+1)

, x> 0.
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If o« = f3, then

(a+b+c)x*+ (a+b+a’c)
x(¥2+a?)(x+1)

fope(®) = , x> 0.
In this case, it follows from Theorem 4 in [8] that if & € (0,1) and (a+b+c¢)? + (a+
b+ a*c) #0, then

o(l—a)e

o0 2
fa7b706<5/// — a—|—b—|—c>0, a+b+ o C>O, m(Oc) < m < I—OC,

where m(c) is defined as in Theorem 1.
In the case 0 < or < B < 1 the following theorem holds true.

THEOREM 4. Let 0 < o0 < B < 1, a,b,c € R, and suppose that

a _bB-1) . o
Then lefc cC M — m(o,B)<s<M(c,B), where m(a,3), M(ct,B) are defined
as in Theorem 2.

This paper is organized as follows. Section 2 contains some auxiliary facts and
statements. In Sections 3 and 4, we prove Theorems 2 and 3, respectively. In Section 5,
we give some examples of application of Theorem 2, in particular we obtain Theorem
1. In Section 6, we prove Theorem 4.

2. Auxiliary facts and statements

Let f € ®(R). Then f is continuous at the origin if and only if f is continuous
on R. Furthermore, if f,g € ®(R) then |f(x)| < £(0), f(—x) = f(x), x€R and f,
Rf, fg € D(R). The following theorem was proved independently by S. Bochner and
A. Khinchin in 1932.

THEOREM 5. (Bochner-Khinchin) f € ®(R)NC(R) if and only if there is a finite
nonnegative Borel measure |1 on R such that

fx) = / Mdu(r), x € R.
R

The proof can be found in [4, 6, 7, 1]. As a consequence, we obtain the following
criterion for positive definiteness in terms of the Fourier transform.

~

COROLLARY 1. If f € C(R)NL{(R), then f € ®R) < f(t) >0, t €R,
where

flo):= [ f(x)e ™ dx, 1 € R.
/
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The following lemma is needed in the sequel.

LEMMA 1. ([5]) Let V be an arbitrary nonempty set and h € R, let G:V — R,
M :=supG(r), and m:= ing(t). If M >0 and m <0, then the inequality 1 —hG(t) >
v

0 is satisfied forany t €V <= 1/m<h<1/M.
For completeness, we give a proof here.
Proof. Let us find all 7 € R such that the inequality
1—-hG(t) >0 &)

is satisfied for any ¢ € V. Solve this problem for each set of the following partition of
V:

Vor={teV:G()=0},Vo:={reV:G@k) <0}, Vs :={reV:G(t) > 0}.

From the conditions of the lemma it follows that V_ and V., are nonempty and the
following equalities are true:

M =supG(t) =supG(r) and m = infG(r) = inf G(¢).

v vy \%4 V-
For t € V;y inequality (5) is satisfied for any /4. For ¢t € V_ inequality (5) holds if and
only if h > sup 1/G(t) = l/infG(t) =1/m. For r € V.. inequality (5) holds if and only

if h< 1nf1/G( )= l/squ( )=1/M.Lemma I is proved. O
Deﬁne the functlon Ky, v, by

sin(vy1)sin(vat)

Ko (t) := sin? (1)

, Vi,Vo > 0. (6)

The values of Ky, y, at points t = wn, n € Z are defined by continuity, whenever

possible. The following properties are easily obtained: 1) Ky, v, is an even function; 2)

Ky, v, is symmetric with respectto vy, v2,i.e. Ky, v, =Ky, v, ; 3) Ky, v, is nonnegative

on its domain if and only if v; = v, ; 4) the supremum (the infimum) of K, y, over its

domain is the same as that over R\ 7#Z. In addition, m;(vi,v,) = IRi\anK\,hv2 () and
T

m2(v1av2) = sup KV[ Vz( )
R\nZ

PROPOSITION 1. Let vi,v; > 0. Then the following assertions hold.
1) Ky, v, is bounded on R if and only if vi, v, € N.

2) Ky, v, is bounded below but not bounded above on its domain if and only if
vi,v» €N and |v| — v;| = 2n for some n € Z .

3) Ky,,v, is bounded above but not bounded below on its domain if and only if
vi, Vo € N and v + v, = 2n for some n € N.
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4) Otherwise, Ky, v, (t) is neither bounded above nor bounded below on its domain.
In particular, when a) vi € Q, vo € Q; b) vi,vo € Q and vy = p1/q1, Vo =
P2/q2, pi.qi €N, q1 # q2, where p; and q; are relatively prime.

Let v, v, > 0 and denote by S(v;,V;) the set of all k € Z for which the values of
Ky, v, at points t = mk can be defined by continuity. It is obvious that

S(vi,v2) ={k € Z: sin(vy k) = 0 and sin(v,k) =0}.

Since 0 € S(vy,Vv,) for all vi,v, >0, we have S(v,V,) # &. It is easily seen that if
k€ S(vi,v2), then |Ky, v, (k)| = vi v,. From the definition of S(vi, V) it follows that
the domain of Ky, v, is R\ w(Z\ S(vi,v2)).

The following lemmas are needed to prove Proposition 1.

LEMMA 2. Let vi,vo > 0. Then:

1) If the function Ky, v,(t) is bounded below but not bounded above on its domain,
then S(v1,Vv2) # Z and the inequality sin(v,7k)sin(vamk) > 0 holds for every
ke Z\S(Vl,VQ).

2) If the function Ky, v, (t) is bounded above but not bounded below on its domain,
then S(vi,V2) # Z and the inequality sin(vimk)sin(vomk) < O holds for every
ke Z\S(Vl,VQ).

Proof.

1) Suppose Ky, v, (t) is bounded below but not bounded above on R\ w(Z \ S(vi,v2)).

Hence, there is a point #p = mkg, ko € Z such that Ky, v, (r) is unbounded in
a neighborhood of 7y, and so S(vi,v,) # Z. Let us show that sin(v;7k) # 0
and sin(vymk) # 0 for all k € Z\ S(v1,v»). Assume that sin(v;mky) = 0 and
sin(vamko) # 0 for some ko € Z\ S(vi1,Vv2). Hence, the function sin(v,r) does
not change sign in the neighborhood of 7y = kg, but sin(v;#) changes sign in the
same neighborhood. Therefore, Ky, v, () is neither bounded above nor bounded
below, so we have a contradiction. Since Ky, v, () is bounded below, we have
Sin(VlfL'k) Sin(\/zﬂk) >0, ke Z\S(Vl,VQ).

2) Assertion 2) is proved analogously. [

REMARK 1. If the function Ky, v,(f) is bounded below (above) but not bounded
above (below) on its domain, we may assume that either vi,v» ¢ Q or v; = p1/q,
Vo = p2/q, p1,p2,9 €N, g > 1, where p; and ¢ are relatively prime. In these cases,
S(vi,v2) ={0} and S(vy,v2) = gZ, respectively.

Indeed:

1) If vi, v, € N, then S(v;,v») =Z.

D IfvieQ, vo¢Q and vy = p/q, p,q €N, then k=q € Z\ S(vy,v2) and
sin(vy7k)sin(vowk) = 0.
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3) If vi=pi/q1, Va=p2/q2, pi,qi €N, q1 # q2, where p; and g; are relatively
prime, then &k = min{q1,q2} € Z\ S(v1,v2) and sin(v,7k)sin(vowk) =0

The formulation of the following lemma is due to Zaraisky.

LEMMA 3. Let h >0, xp € R and T(x) := Z cje"lf", x € R, where Aj,cj € R.

If éX" £ 1, j=0,....n and &ti=—2)h £ lfor];«ép and T (xo +kh) = 0 for every
k€Z+,thencj:Of0rJ— RN

Proof. Consider the partial sums

Syl 1= i T (xo + kh) = 2 ZC ohi(xo+kh) icjei 0 ie’“f’h.
Jj=0 k=0

k=0 k=0 j=0

Since et £ 1, j=0,...,n, we have

m o _i(m+1)Ajh
Zezkl_,-h _|L=e - ! < 2,1 .
P 1 ohih 11— et
Therefore,
Sm+1 = ‘Serl‘ X 2 ‘CJ| z?L h‘

Since T (xo+ kh) > 0 holds for every k € Z, it follows that the series E T (xo + kh)
k=0
is convergent. Hence T (xg + kh) — 0 as k — oo.

Let p € {0,...,n}. Consider the sequence

n
14(p) 1= e T (xo + k) = cpe™ o D ¢ jeti0 iy Ap kh
J=0.j#p

Since #;(p) — 0 as k — oo, it follows that the arithmetic mean of the sequence {#(p)}
converges to zero as well. On the other hand, since ¢/%~%)" =£ 1 for j # p, we have

n n

i(m+1) (A~ Ap)h

_ ol
iR o (AN kh i l—e
e\ i Ap 2 cje' Ry

5

CJ' =
k=0 j=0,j#p j=0,j#p
1 2
< Z ‘Cj‘4|l_ei(kj—l,,)h|'
j=0,j#p
Therefore,

1 )
m+1 (to(p) + - +tm(p)) — Cpell”xoa k — oo,

and hence ¢, =0. U
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Proof of Proposition 1. Let vi,v, > 0. Let us prove Assertion /). Necessity.
Since Ky, v, (t) is bounded on R, we have S(vi,v2) =Z. Then, 1 € S(vi,v2), ie.,
sin(v;7) = sin(v,7) = 0, hence there are k;,k; € Z such that v; =k, v, = k;. Since
Vi, Vo >0, we have ky,k, € N.

Sufficiency. Let vi,v, € N. Then sin(vymk) = sin(vomk) = 0 for all k € Z.
Therefore, S(vi,v2) = Z. Since Ky, y, is continuous on [—7x,7], Ky, v, is bounded

n [—m, 7). Since Ky, v, has period 27, Ky, v, is bounded on R.

Let us prove Assertion 2). Necessity. Suppose the function Ky, v,(7) is bounded
below but not bounded above on its domain. Then from lemma 2 it follows that
S(v1,Vv2) # Z and the inequality

sin(v1 TL'k) Sin(VQTEk) >0 (7

holds for every k € Z\ S(vi,v»). If k € S(vi,v2), then sin(vymk)sin(vomk) = 0.
Therefore,

cos((v) — va)mk) —cos((vi + v2)mk) = 2sin(v k) sin(vamk) > 0, k € Z4.
Let xo=0, h=m and

T (x) := cos((vi — v2)x) —cos((v) + v2)x)

1 1 _. 1 . |
_ Eel(vlfvz)x + Eefl(vlfvz)x N Eel(vHrvz)x . Eeﬂ(vﬁrvz)x.
Let Al =vi—wvy, L==Vvi+Ww, 3=Vvi+V;, 44 =—Vv|— V,. Since v|,v» €N,

we have e2VI% £ 1, ¢*227 oL | Tt follows from Lemma 3 that at least one of the
following equalities holds: e*/(A1—22)T — p£2(i=V2)m — | | pFi(l3—Aa)m — pEi2(vitva)m —
1, eFMT = pEWVi=V)T — | oFihT — F(WVI+V2)T — | g0 either V| — Vo =m or V| +
Vo =m, where m € Z.

If vi +Vv, =2n, n € Z then sin(v,mk)sin(vamk) = —sin’(v,mk) < 0 holds for
every k € Z. . This is a contradiction, since S(vy, V) # Z and inequality (7) holds for
some k € Z\ S(vi,v2).

Suppose vi,v, € Q. Then Z\ S(vi,v,) = Z\ {0} (see Remark 1). If vi + v, =
2n+1, n € Z, then there is an even k € Z\ S(v1,v2); hence sin(v,7k)sin(vo k) =
—sin?(v,mk) and we have a contradiction, since the inequality (7) does not hold. If
Vi —Vy=2n+1, n€Z,thenthereis an odd k € Z\ S(vy, v2) ; hence sin(v, k) sin(v, k)
= — sinz(vz mk) and we have a contradiction. Therefore, vi — Vv, = 2n, n € Z, and so
[Vi—wa|=2n,neZ,.

Suppose Vi = p1/q, V2 = p2/q, p1,p2,9 €N, g > 1, where p; and ¢ are rel-
atively prime. Then Z\ S(vi,v») = Z\ gZ (see Remark 1). If g > 2, then 1,2 €
Z\ S(v1,v2), so the same arguments as above shows that |v| — vo| =2n, n € Z..

In case of ¢ =2 we have v| = p;/2, v, = py/2, where pj,p; are odd. If v; +
Vo) =2m+ 1, meZ, then p;y =2(2m+ 1) — p; hence v; — v, = (2m+ 1) — p,. Since
p2 is odd, so v — v, is even. Therefore, |v; — V2| =2n, n € Z, .

Sufficiency. Let vi,v, € N and |v| — vo| = 2n, n € Z, . Without loss of a gener-
ality we may assume that v, = v; +2n for some n € Z, . Since vi,v2 € N, Ky, v, (t)
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is unbounded on its domain. From the inequality

sin(vyt) sin((vy +2n)r)
2

sin“(z)
_sin(vyz)(sin(vi¢) cos(2nt) +cos(vit)sin(2nt ) ) — sin®(vy1) +sin (1)
B sin®(7)
0 2sin’(nt) | (sin(viz) + (1/2) cos(vit)sin(2n1))? 1 cos*(vi) sin*(2n1)
= —sin"(vy) sin® () * sin?(¢) 4 sin® (1)

—3n’, t£ 7k ke,

it follows that Ky, v, (¢) is bounded below but not bounded above on its domain.
Assertion 3) is proved analogously. Assertion 4) follows from Assertions 1)—
3). O

3. Proof of Theorem 2

Let us prove the main assertion of Theorem 2. Let o, € (0,1), 0<a < f <1
and s € R. The function w, g ; has the following explicit form:

1-s
— &l +1, [x[ €0, e,
s, |x| € [, B,
_ﬁ‘x‘—’_ﬁv |)C| € [ﬁ7l}»
0, x| >1

Wep,s(X) = O<a<B<l,seR.

Since wy g is a continuous function with compact support, it follows from Corollary
I that wg g s € D(R) <= Wy, Wo gs(t) =0 forall t € R, where

bt (3) | [asint () dsin (5P sin (15%)
Wapsll) = =5~ or? (1-B)?

,tER.

Let Eqp:={s€R:wyp, € P(R)}. Since nce We.p.s Weo.ps(?) is linear with respect to s, it
follows that for fixed 7 € R the inequality wy, B Wa g (t) = 0 holds for every s € [y, +oo) or
s € (—oo,7], where y € R. Obviously, E, g is the intersection of closed, convex sets,
s0 Eq g is convex and closed. If s € E, g, then wy, g, € ®(R) and hence [wq, g ,(x)| <
Wep,s(0) =1 forall x € R. For x = o we have [s| < 1. Since E, g is a convex, closed,
bounded subset of R, it follows that Eg, B is a closed interval (or a degenerate interval),
ie, Eqp= [a,b]. In addition, E, g contains the origin, and hence a <0, b > 0.

It is obvious that wy g (1) >0, 1 €ER <= (l/a)@ﬁ\(Zt/a) >0, t€R. Since
m is continuous on R, it follows that the last inequality is equivalent to the follow-
ing inequality: (1/0t)wg g,(2t/0t) >0, 1 € R\ A, where A := 11Z\ {0}.
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Let us find all s € R such that the inequality

=

(148 ) i (1-B
(2 sin(r) sin®(r) o S\ Tg t)sin{ 5t
(1/0)We s ( )z z S\ e T ( >1‘2 ( ) >0 (8)

holds for all 7 € R\ A. Since sin?(z)/¢> > 0 (at the origin the function is defined by
continuity) for all £ € R\ A, we can divide inequality (8) by sin?(z) /¢%:

8, gin (1L
1—s 1—lf‘ﬁsm< Slzzs(ltn)< ) >0. 9)

Consider the function

(148, i (1B
Gy 1 lfﬁsn< +Slr>12s(tn)( o ’) —1- lfﬂthVZ(t),tER\A

where
1—
=w(a,B) = —ﬂ (10)

o

:Vl((x,ﬂ) =

It is easily seen that G(0) = (oo —1 — 8)/oc < 0. On the other hand, since v| # vy,
from properties 3), 4) of Ky, v, (see Introduction) it follows that there is a #o € R\ A
such that Ky, v,(f9) < 0, and hence G(tp) > 0. Therefore, we can apply Lemma 1 to
the function G on V := R\ A. From Lemma 1 it follows that inequality (9) holds for
all r € R\ A if and only if

1
+ﬁa \%)
o

1 1 1 1
= <S< = .
inf G(t) 1—%zsupKy, 1, () supG(t) 1— % infKy, (¢
Inf (r) l,ﬁ%lig vi.v, (1) EKE () rp inf viv (1)
Obviously,
1 1
M = = —
R\A R\A

where M (o, B) and m(o, ) are defined by (1). Thus inequality (9) holds for every ¢ €
R\A <= m(a,B) <s<M(a,B). We have proved that E, g = [m(c, B),M(a,B)].
The main assertion of Theorem 2 is proved.

Let us prove /). If Ky, y, is bounded below on R\ #Z, then m;(vy,v>) attains
finite, negative value, and hence M(c,) > 0. If K, y, is not bounded below, then
M(o,B) = 0. By Proposition 1, Ky, v, is bounded below on R\ #Z if and only if
either vi,v, e N or |v| —v,| =2n, n € Zy, v,v2 ¢ N (we may assume that n € N).
Taking into account equation (10), we obtain

viiweN < (14+8)/o,(1-B)/aeN.
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If [vi —v2| =2n, n e N, then B =na. Inthiscase vi =1/0+n, vo=1/a—n. The
condition v, Vv, € N is equivalent to 1/a ¢ N. Therefore,

Vi—wal=2n,neN, vi,n &N < 1/o¢N, B/aeN.
Let us prove 2). If Ky, v, is bounded above on R\ 7Z, then my(vy,v>) attains
finite, positive value and we have

1- B2

my(Vi,v2) = Ky, v,(0) =viva = o2

It easily seen that m(a,) < 0. If Ky, v, is not bounded above, then m(a, ) = 0.
By Proposition 1, Ky, v, is bounded above on R\ #Z if and only if either vi,v; € N
orvi+v,=2n,neN, vy, N. If vi+ Vv, =2n, n € N, then 1/ = n. In this
case vi =n+nfl=n+p/o, vo=n—nf =n— /a. The condition vi,v, N is
equivalent to 3/c ¢ N. Therefore,

vitva=2n,neN, viyn¢N < l/aoeN, B/a&N.

Theorem 2 is proved. [J

4. Proof of Theorem 3

Let vi,v, >0 and m; (v, Vv2), my(Vvy,v2) be defined by (2).
Let us prove 1). Let |v; — v»| = 2. Without loss of generality we may assume that
Vi > V;. In this case v = v» +2 and

sin((va +2)1) sin(vat) _ cos(2t) —cos(2(va+1)t) _ 2 sin?(t) +2sin®((va 4 1)t)

sin?(7) 2sin’(r) 2sin’(1)
‘2
Vo + 1)t
— w 1>,
sin”(r)
Since 0 < 1/(v2+1) < 1 we have sin(rw/(v2+ 1)) # 0. Therefore, for t =7 /(v2+1)
the last inequality is an equality, and so my(vy,v,) = —1.

Let us prove 2). Let v;, Vv, € N. From the inequality |sin(m¢)| < m|sinz|, which is
satisfied for any m € N and 7 € R it follows that |Ky, v,(f)| < viVv2. On the other hand,
Ky, v,(0) = vivo. Therefore, my(vi,v2) = supKy, v,(t) = viva and m(vi,vp) >

R

—vivy. If, in addition, v; and v, have different parity, then Ky, v,(7) = —v;v, and
ml(vl, Vz) = iﬁvath (t) = —ViVs.

Let us prove 3). Let v; = p1/q, V2 = p2/q, where pi,p2,q € N. Obviously,
the infimum (the supremum) of sin(p;t/q)sin(pat/q)/sin®(t) over R\ nZ is same as
the infimum (the supremum) of sin(p;)sin(p,t)/sin(gt) over [0,x]\ (7/¢)Z, and so
Assertion 3) follows from formula:

_ sin((p+1)1)

Up(cos(z)) : sin(0)

,te0,x|, peZy,

where U, is the Chebyshev polynomial of the second kind.
Assertion 4) follows from Assertion 3). [
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5. Examples

EXAMPLE 1. Let a € (0,1), B =0, seR. Then wy g € P(R) <= m(o, o) <
s < 1—o, where m(o,00) = —a,if 1/oc € N and m(o,00) =0, if 1/o ¢ N.

Proof. From Assertion 1) of Theorem 2 it follows that M (o, o) > 0. From As-
sertion 2) of Theorem 2 it follows that m (o, o) < 0 if and only if 1/0 € N.

It follows from Theorem 3 that m;((1+)/c,(1—)/o) = —1 and my((1+
B)/a,(1-B)/a) = (1 —o?)/a?, if 1/oc € N. Therefore, M(ca,ct) = 1 — o and
m(a,a)=—a,if 1/ e Nand m(a,a) =0,if l/a ¢N. O

EXAMPLE 2. Let o € (0,1/2), B=1— o, s € R. Then:
1) If 2/o ¢ N, then wy, j—qs € P(R) <= s=0.
2) If 2/a € N, then

L<S< !
2(1—a) =" T 1-—m(2/a—1,1)

Wol-as € PR) = —
Moreover, if 2/a is odd, then 1/(1—m;(2/0c—1,1)) = at/2.

Proof. From Assertions 1), 2) of Theorem 2 it follows that
Mo,1—0)>0 < 2—a)/aeN < 2/aeN
and
m(a,l —a) <0 <= 2—0o)/ooeN < 2/aeN.
From Theorem 3 it follows that if 2/a € N, the mp((2— o)/, 1) = (2— ) /o and if
2/o is even, then mi(2— o) /o, 1) =—2—a)/a. O

EXAMPLE 3. Let oo =2/(2m+2k+1), B = (2k+1)/(2m+2k+ 1), where
m,k € N. Then wy g € D(R) <= —1/(m+2k) <s<1/(m+2k+2).

Proof. Ttis easily shown that (1+f)/cc =m+2k+1 and (1—)/o =m. Since
the last two number have opposite parity, it follows from Theorem 2 and Theorem 3
that M(a,) =1/(m+2k+2) and m(o.,B) = —1/(m+2k). O

EXAMPLE 4. Let o = 1/2, B =3/4, s € R. Then wyp, € ®(R) <= s €
[-2/5,0].
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6. Proof of Theorem 4

The following theorem (see, e.g., [6]) is needed to prove Theorem 4.

THEOREM 6. (Hausdorff-Bernstein—-Widder) f € €.# <~

“+oo

Flx) = /e—wu(z), x>0 an

0

where L is a nonnegative Borel measure on [0,~+e0) such that the integral (11) con-
verges for all x > 0.

Let us prove Theorem 4. From equation (3) we see that

1 —cos(a) s 1 —cos(Pr) s 1 —cos(r)
— + R t
ot? 1-p 12 1-8 ¢

(1/2)Wqp5(1) = (1—5) €R.

It is obvious that (1/2)wg p5(t) 20, 1 € R <= g(t) := (12/2)Wap,(t) =0, 1 €
[0,+e0). From Theorem 6 it follows that g(¢) >0, ¢ € [0,+) «— ZL[g] € €.,
where Z[g] is the Laplace transform of g, i. e.

~+oo
Llel(x) = / g(t)edt, x € (0,+0).
0
It is easy to verify that
(=9 sp? 1 s 1
20 = o T B T By

Taking into account conditions (4), we obtain .Z[g] = fglf .» 80 the assertion of Theo-

rem 4 follows from Theorem 2 and Corollary 1. Theorem 4 is proved. [
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