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ON COUPLINGS OF SYMMETRIC OPERATORS WITH
POSSIBLY UNEQUAL AND INFINITE DEFICIENCY INDICES

V. 1. MOGILEVSKII

(Communicated by J. Behrndt)

Abstract. In the paper the known results on couplings of symmetric operators A, j € {1,2},
in the sense of A.V. Shtraus are extended to the case of operators A; with arbitrary (possibly
unequal and infinite) deficiency indices. In particular, we generalize to this case the coupling
method based on the theory of boundary triplets for symmetric operators. This enables us to
obtain the abstract Titchmarsh formula, which gives the representation of the Weyl function of
the coupling in terms of Weyl functions of boundary triplets for A} and A3. In applications
to differential operators on R this formula turns into the classical Titchmarsh formula, which
gives a representation of the characteristic matrix Q(+) in terms of Titchmarsh-Weyl functions
on semiaxes R and R_ . Moreover, by using the coupling method we parameterize all Naimark
exit space extensions A =A* of the second kind of a densely defined symmetric operator A with
finite possibly unequal deficiency indices.

1. Introduction

Let $) be a Hilbert space and let € (%) be the set of all linear relations in $),
i.e., the set of all closed subspaces in $>. A relation A € %?(55) is called symmetric
(self-adjoint) if A C A* (resp. A =A"), where A* € %;(ﬁ) is the adjoint relation to
A. Identifying of a symmetric not necessarily densely defined (self-adjoint) operator
A with its graph enables one to consider A as a symmetric (resp. self-adjoint) linear
relation.

Let $); be a Hilbert space, let A; be a symmetric relation in §;, let 5 =9H1DH
(so that 2 = H7®H3) and let IA’] be the orthoprojector in $ onto ﬁ% je{1,2}.
Recall [42, 11, 13] that a relation A =A* in 5 is called a coupling of relations A; if
f’jg:Af;, j€{1,2}.If A is a coupling of A; and A,, then Aj :Kﬁﬁﬁ, je{L,2}.

In the paper by A.V. Shtraus [42] all couplings A of densely defined operators A
with finite deficiency indices n(A;) are characterized in terms of boundary operators
for A%. In[11, 13] the coupling method for symmetric relations A with equal deficiency
indices n4(A) =n_(A) < = has been developed on a basis of the theory of boundary
triplets. Recall that according to [19, 8] a collection IT = {#,T,T';} formed by a
Hilbert space .7 and two linear mappings I'p and I'; from A* to JZ is called a
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boundary triplet for A* if the mapping I' = (I'p,I";) " from A* to .2 is surjective and
the following abstract Green’s identity holds:

(f.8)—(f,&) = (T1f,T08)r — (Tof- T18)es  [=1{f 1"}, 8={g.8'} €A™, (1.])

In the following theorem from [11, 13] a coupling construction in terms of boundary
triplets is presented.

THEOREM 1.1. Let A and A, be symmetric relations in $) and ), respectively
with equal deficiency indices ny.(A) =n+(A;) =d < oo and let 11 = {5, Ty,T'1} and
I, = {J, T, } be boundary triplets for A* and A} respectively. Then the linear
relation

A={fOf A" A : Tof —T}f, =T\ f — T} f, =0} (1.2)

is a coupling of A and A,. Conversely, let A be a symmetric relation in §) with ny (A) —
n_(A), let 1 = {2, 1,T1} be a boundary triplet for A*, let A D A be a self-adjoint
relation in the Hilbert space $ = b 9, satisfying

A=AN$H%, A" =PA (1.3)

(ﬁ is the orthoprojector in 52 onto .62) and let A, = gﬂﬁ%. Then there exists a unique
boundary triplet 11, = {7, T, T } for A} such that A is of the form (1.2) (hence A is
a coupling of A and A, ).

Let B(7) be the set of all bounded operators in 7. According to [14, 30] with a
boundary triplet IT = {57, T,T';} for A* one associates the operator function M(-) :
C\R — B(#) (the Weyl function of IT) defined by

Ci{f AL =MA)To{fi,Afr}, fr € M(A) :=ker(A"—1), L € C\R.

It turns out that M(-) belongs to the class R,[.#’] of uniformly strict Nevanlinna
operator-functions. The latter means that ImA - ImM(A) > oI with some oy > 0
and M*(A)=M(A), L € C\R.

An important ingredient in the theory of boundary triplets is a self-adjoint exten-
sion Ag :=kerTy of A associated with a boundary triplet IT = {J#,T,I'; } for A*. Let
M(-) and M,(-) be the Weyl functions of boundary triplets IT and IT, from Theorem
1.1. Then according to [11, 13] there exists a boundary triplet T1. = {2, T, T{} for
A* @A} such that A = 7 @, Aj(= kerIjj) coincides with the coupling A of A
and A, (see (1.2)) and the Weyl function M.(1)(€ B( & )) of I, is

(M) M) Le—(M(A)+M,2) M)
)= (1, Satoon ety ot ity ) RECIR
(1.4)

The Weyl function M, (-) turns out to be a very important and useful object in
extension theory and its applications. To illustrate this assertion consider the Sturm -
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Liouville expression /[y] = —y” + ¢(x)y with the real potential g(x) defined on R. Let
Tmm and Tmax be the corresponding minimal an maximal operator in LQ(R) and let

%1 and T, (T and T,,) be minimal and maximal operators in L>(R_) (resp.
L=(R.)) generated by the restriction of I[y] onto R_ = (—e0,0] (resp. Ry = [0,0)).
Assume that [[y] is in the limit point case at —eo and o (this means that n. (7, ; ) =

ny (T ) =1). Then there exist boundary triplets I1 for T}, and I, for T}, such that
the Weyl functions M(-) of IT and M,(-) of I1, coincide with the classical Titchmarsh
-Weyl functions for I/[y] on R_ and R, respectively [16]. Moreover, the coupling
(1.2) of T, and THT i1 18 Tnax = Tax (= Timin) and formula (1.4) for M.(-) turns into
the classical Titchmarsh formula for the characteristic function Q(A1) = M.(1) of the
Sturm - Liouville operator on R [44]. This fact enables one to consider (1.4) as an ab-
stract Titchmarsh formula for the coupling of symmetric relations with equal deficiency
indices. B _

Recall that a self-adjoint relation A D A in a Hilbert space $ D § is called an exit
space extension of A. In the case ny(A) = n_(A) the Krein formula for generalized

resolvents

Re(A):=Pg(Ac=2)" 1 9= (40— 2)"' —y(A)(c(A) +M(A) "'V (R), AeCy

(1.5)
gives a parametrization A=A, of all exit space extensions A=A* of A by means of
all Nevanlinna functions 7(-) : C; — % (%), which are holomorphic functions with
values in the set of all maximal dissipative linear relations in Z [26, 28]. In terms of
a boundary triplet IT = {J#,T,I';} for A* elements of (1.5) are defined as follows
[14,30]: Ao(=Aj) =kerT, ¥(-) : C4 — B(s#,%) is aunique operator-function such
that To(y(A),A¥(1))" = Ly (the y-field) and M(-) is the Weyl function of T1. More-
over, in [11, 13] the proof of the Krein formula (1.5) using the coupling construction
(1.2) is presented. For extensions A satisfying (1.3) this proof is based on the following
basic realization result: for every function T € R,[.77] there exists a symmetric relation
A, in $, and a boundary triplet IT, = {J7,T{),I"{} for A} such that the Weyl func-
tion of I, is 7(-) [28, 15]. This result, Theorem 1.1 and Titchmarsh formula (1.4)
with M, (1) = (1) enabled to show in [11, 13] that an exit space extension A = A,
satisfies (1.3) if and only if 7(-) € R,[.#¢']. Moreover, by using a certain modification
of the above results the authors of [11, 13] parameterized all extensions Xr which are
operators (when A is an operator) and all extensions A; of the second kind in the sense
of Naimark. Note also that the coupling construction (1.2) and formula for canonical
resolvents related to it were used in the recent paper [10] for studying of the compres-
sions of exit space extensions; moreover, a certain modification of such a construction
was used in [4, 6, 39] for studying of multidimensional Schrodinger operators.

As is known [30] each boundary triplet IT= {.7#,T,T'| } for A* satisfies n4(A) =
n_(A) = dims#. Therefore theory of boundary triplets is not applicable to couplings
of relations with unequal deficiency indices. At the same time in applications couplings
of relations (operators) A; and A, with unequal deficiency indices ny (A;) # n_(4;)
naturally appear. Consider for instance the differential expression I[y] = —iy®) of the
third order on R. Let Ty be the corresponding maximal operator in L?(R) and let

T= and T, be minimal and maximal operators in L?(Ry) generated by restrictions
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of I[y] on Ry. Then ny (Tt Y=n_(T . )=1,n_ (T )=n (T )=2 and T =
Ty is the coupling of T “and T .

In [34] a new construction of a boundary triplet with two Hilbert space .7 and
€1 was presented. Namely, assume that 77 is a Hilbert space, 77 is a subspace
in J%, 5 := ) © A and P; is the orthoprojector in J% onto %, j € {1,2}.
Then according to [34] a collection IT = {7 & 71,1, T'1 } with operators I'j : A* —

H;, j €{0,1}, is called a boundary triplet for A* if the mapping I' = (To,Ty) 7T is
surjective and the following Green’s identity holds forall f = {f, f'}, g={g.g'} € A*:

(f.8) = (£:¢)) = (T1f . To@) oty — (Tof T18) s + i(PT0f, PT08) s, (1.6)
If IT= {4 @® 7,To,T'1} is a boundary triplet for A*, then
dim A4 = n_(A) <ny(A) = dim 4 (1.7)

and hence it is applicable to relations A with possibly unequal deficiency indices n4(A).
By using this fact we extend in the present paper the above results from [42, 11, 13]
to couplings of symmetric linear relations with arbitrary (possibly unequal and infinite)
deficiency indices.

According to [34] with a boundary triplet IT = {4 & 5#,1,T'1 } for A* one as-
sociates two Weyl functions M (-) : C. — B(5%,54) and M_(-) : C_ — B(54,.74)
given by

Ci{fa, A}y =M (M)To{fa, A fr},  fr €M(A), 2 €Cy,
(T +iPTo){f1,Af} = M—(A)PTo{fr, A i}, fr€M(A), AeC_.

Assume that the block representations of My (1) are

My (L) =(M(A),N+ () : & 55 — A, AeCy, (1.8)
M_(2)=(M(A).N-(A))" : o — A @ A5, AeC_. (1.9)
Then according to [34, 36]the equalities
M) = (MBA)N@(M) DA — DA, AeCh (1.10)
2176
ML) 0 )
M) = ; IO DI — DG, AeCo 1.11
( ) (N_(A,) _§I=%ﬂ2 1 2 1 2 ( )

define the operator-function . (-) € R, [.7] with %) = 54 & .7 . In the present paper
we prove the following inverse theorem.

THEOREM 1.2. Let (M1,M_) be a pair of holomorphic operator-functions M. (-) :
Cy — B(54,74) and M_(-) : C_ — B(J4,54)) with the block representations (1.8),
(1.9) such that the operator function A () defined by (1.10) and (1.11) belongs to
Ry[7%)]. Then there exist a symmetric relation A in $ and a boundary triplet T1 =
{H @ 74,T0,T1} for A* such that My (-) and M_(-) are the Weyl functions of T1.
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By using Theorem 1.2 we show that a simple symmetric operator A with n;(A) =
n_(A) admits the representation A = A} @A, with the maximal symmetric operator A,
if and only if there is a characteristic function C(1) of A (in the sense of [43, 22, 30])
admitting the block representation C(4) = (Cl (()k) Czé?)) with the constant entry
C3. This statement covers the following known result [2, 27]: a densely defined simple
symmetric operator A with n4(A) = n_(A) admits the representation A = A ® A,
with the maximal symmetric operators A; and A, if and only if some (and hence any)
characteristic function of A is constant.

Next we prove the main coupling theorem concerning the coupling of symmetric
relations A in ) and A, in $, with possibly unequal deficiency indices satisfying
ny(A) = ny(—A,). Namely, we show that in this case Theorem 1.1 remains valid with
boundary triplets IT = {7 ® 1 ,To,T"1} for A*, I, = {J% & 74, T, T} } for (—A,)*

and the coupling A given by
A={f@®f €A*®A : Tof —TiJ.f, =T1f —'J.f, = 0} (1.12)

instead of (1.2) (in (1.12) J.{f,f'} :={f,—f'}, {f.f'} € H%, so that J,AX = —A¥).
Moreover, we show that there exists a boundary triplet IT, = {2, T, T{} for A* @A
(the coupling of boundary triplets IT and I, ) such that 7. = 74 & 76 © ], kerl'g =
A and the Weyl function M (1) (A € C) of I1, is

o) (AN, (1) Ly, +®(A)M(A)

Me(A) = | Ne_(=2)®(A) 3.5, + Nr_ (M) DN (A) Nr_ (—A)D(AM(A) | ,
MA(=2)®(2)  MA(=2)BRIN: () M(=A)B(A)M(A)

(1.13)

where ®(A) = —(M(A) —M,(—21) —iN, (A)N,_(—A))~L. In this equalities M(-) and
N, (-) are taken from the block representation (1.8) of the Weyl function M. (1) cor-
responding to the boundary triplet IT for A* and M,(-) and N,_(-) are taken from the
block representation

M, (2) = M)\ N, (2)) T : 4 — A oAb, z€C

of the Weyl function M,_(-) corresponding to the boundary triplet IT, for (—A,)*.
Equality (1.13) is the abstract Titchmarsh formula for the coupling of symmetric
relations (in particular operators) with arbitrary defects. Its role in the extension theory
of such relations is similar to that of the formula (1.4) for relations with equal defects.
For instance (1.13) enables us to describe all exit space extensions A = A* of a sym-
metric relation A with arbitrary defects satisfying (1.3). Namely, let A be a symmetric
relation in $ with n_(A) < ny(A) and let IT = {8 © 4,1, T'1} be a boundary
triplet for A*. Then according to [34] the Krein type formula for generalized resolvents

Re(A):=Py(Ac=2) " 19 =(A0=2) " =11 (1)Ko () (Ki (A)+ M- (2)Ko(A)) "2 (%)

with A € C, gives a parametrization A=A, of all exit space extensions A=A* of A
by means of pairs 7= {Ko(-),K;(-)} of holomorphic operator-functions K;(-) : C, —
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B(/A, ), j € {0,1}, belonging to the Nevanlinna type class R(, #]) (see sub-
section 2.2). In this formula Aj := kerT'y is a maximal symmetric extension of A with
n_(Ag) =0, y+(-) are y-fields (see Proposition 2.7) and M (-) is the Weyl function
of IT.

Using the realisation Theorem 1.2, the main coupling theorem 1.1 and Titchmarsh
formula (1.13) we parametrize in terms of 7 all extensions A; of the second kind (in
the sense of Naimark) of a densely defined symmetric operator A with finite possibly
unequal deficiency indices n4(A). In the case ny(A) =n_(A) such a parametrization
follows from the results of [13].

In the final part of the paper we demonstrate the obtained results on a symmetric
differential system [3, 18]

Jy —B(t)y=AH(t)y, teR, AeC (1.14)
on R. Here
00 —I R R
J=10i 0 |:C"eC"sC"—-C"C"C (1.15)
IV O O (C" (C"

and B(t) = B*(t), H(t) > 0, t € R, are n x n-matrix functions (n = 2v + V). Let
Tinin»> T, and Tntn be minimal (symmetric) relations in L>(H,R), L?>(H,R_) and
L?(H,R.) generated by system (1.14) and its restrictions onto R_ and R, respec-
tively [5, 29]. We show that in the case when 7, . ~and T;{in have minimal (unequal)

deficiency indices

n

ne(Ton) = V4V, n(Ty,) =V, ni(T;

min min min

)=V, n (T}

min

)=v+7, (1.16)

the relation T, = T,y is the coupling of 7, . ~and T;{in. Moreover, we show that in
this case the characteristic matrix Q(-) of the system in the sense of [9, 40] coincides
(up to a self-adjoint constant) with the Weyl function M, (-) of the coupling I1, of cer-
tain boundary triplets IT for (7, . )* and I, for (=T )* (see Proposition 4.14, (2)).
This implies that for system (1.14) abstract Titchmarsh formula (1.13) turns into the
Titchmarsh formula from [35], which gives a representation of Q(A) in terms of Weyl
functions m™(+) and m™(-) for restrictions of the system onto R_ and R respectively
(see Definition 4.13).

As is known [23] the equation I[y] = Ay, where [[y] is a formally self-adjoint dif-
ferential expression of an odd order can be reduced to system (1.14) with J of the form
(1.15). Therefore the results of the paper concerning system (1.14) can be reformulated
for differential operators on R, R4 and R_ generated by /[y] (c.f. [37]).

2. Preliminaries

2.1. Notations

The following notations will be used throughout the paper: §, 7 denote separa-
ble Hilbert spaces; B(J#],5%) is the set of all bounded linear operators defined on %]
with values in J%; Co(4,56) := {N € B(4),74) : ||N|| < 1} is the set of all strict
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contractions from 74 to % ; B() = B(H,); Co(H) :=Co(,7); €($)
is the set of all closed (possibly non densely defined) operators in $; A [ .Z is a re-
striction of the operator A € B(.7#{,.74) onto the linear manifold . C 74 ; C, (C_-)
is the open upper (lower) half-plane of the complex plane; D = {z € C: |z] < 1} is the
open unit disk in C. o

If S is a subspace in .7, then Py (€ []) denote the orthoprojectorin 7% onto
A and P (€ [3%7, A’]) denote the same orthoprojector considered as an operator

from 7 to .

Recall that a linear manifold 7 in the Hilbert space ) & 9 (€ ® ) is called
a linear relation from J7j to 77 (resp. in 7). The set of all closed linear relations
from %) to 57 (in ) will be denoted by %?(%,ffi) (resp. ‘57(%”)) In the
following an operator T € €'($)) is identified with its graph gr7 . This enables one to

consider (%)) as a subset of €(9).

For a linear relation T € € (%), #]) we denote by domT7,ranT and kerT the

domain, range and kernel of T respectively. For T € € (54),741) we will denote by
T~ (e (A, #)) and T* (€ € (4, 74)) the inverse and adjoint linear relations of
T respectively.

As is known a linear relation T € %($)) is called symmetric (self-adjoint) if T C

T* (resp. T =T*). Let Jg € B($?) be the operator given by

_ (0 —Is). .
Jsa—<1yj 0 >.55€Bﬁ ND9H. (2.1

Then for T € €' ($)) the following equivalence holds:
TCT" < (Jgf,8)=0, f.g€T. (2.2)

For an operator T =T* € B($)) wewrite T >0 if (Tf,f) >0, f€$H,and T >0
if T — ol > 0 with some o > 0.

Recall that a holomorphic operator function ®(-) : C\R — B(.%) is called a
Nevanlinna function if ImA - Im®(1) > 0 and ®*(1) = ®(L), A € C\R. The class
of all Nevanlinna B (.7)-valued functions will be denoted by R[7#]. Moreover, we
denote by R,[.7] the set of all functions ®@(-) € R[] such that ImA - Im®(1) >

0, L € C\R.

2.2. The classes R(./,.741) and R(.¢)

In the following .77j is a Hilbert space, .77] is a subspace in J%), 56 := 74 © 74,
Py =Py and P, = Py, .

DEFINITION 2.1. [33, 36] A function 7(-) : C; — €' (7%, ) is referred to the
class R(J4,74) if:

() 2Im(hy,ho) — ||Poshol|*> = 0, {ho,h} € T(A), A € Cy;
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(i) (t(A)+iP)~' € B(H4, ), A € C4, and the operator-function (T(4)+iPy)~!
is holomorphic on C. .

According to [33, 36] the equality
T(A) = {{Ko(A)h, K1 (A)h} :he 54}, A eCy
establishes a bijective correspondence between all functions 7= 7(-) € R (%, 74) and

all pairs {Ko(-),K(-)} of holomorphic operator-functions K;(-) : Cy — B(J#4,5¢}), j €
{0,1}, with the block representation

Ko(A) = (Kot (A),K2(A)) " : 54 — S0 & 5 (2.3)
satisfying for all A € C the following relations:
2Im(Kgy (A)K1 () = Kp(A)Kna(A) 20, (Ki(2) +iKo1 ()™ € B(A7). (2.4)

In the following we write T = {Ko(-),K;(-)} identifying a function T € R(.%%,.74)
and the corresponding pair {Ko(-),K;(-)} of holomorphic operator functions satisfying
(2.4)(more precisely the equivalence class of such pairs [33]).

DEFINITION 2.2. A pair T = {Ko(-),Ki(-)} of holomorphic operator-functions
K;(-):Cy — B(JA,5)), j €{0,1}, is referred to the class R, (7, 71) if

Ko(A) = (L, Kn(R)) " = 4 — A 5, A eCy (2.5)
(that is, Ko(A) has the block representation (2.3) with Koi(4) =14 ) and
2ImK; (A) — Ky (A)Kpp(A) >0, A eCy. (2.6)

REMARK 2.3. (1) If T:{Ko(-),Kl(-)}eﬁu(%7%),thenby (2.6) ImK; (1) >
Q and, consequently, tlie second relati~on in (2.4) is satisfied. Therefore 7 €
R(5%y,74]) and hence R, (7, 74) C R(5%, 7).

(2) Inthe case 7/ = %) =: F the class ﬁ(% ,) coincides with the well-known
class R(#) of Nevanlinna € () -valued functions (Nevanlinna operator pairs)
T ={Ko(4),Ki(A)}, 2 € C; (see e.g [11]).Moreover, identifying a function
®(-) € R[] with a pair T = {ly,®(1)} € R(H,H), L € Cy, one gets
Ru(%ﬂ%) :Ru[%}'

2.3. Boundary triplets and Weyl functions

In the following we denote by A a closed symmetric linear relation (in particular
closed not necessarily densely defined symmetric operator) in a Hilbert space ). Let
My (A) =ker(A* — L) (A € C\R) be a defect subspace of A, let My (A) = {{f,Af}:
FE€M(A)} and let ne(A) :=dimMN, (A) < oo, A € Cy, be deficiency indices of A.

As before we assume that 77 is a Hilbert space, J# is a subspace in 7 and
S = HH© 4, so that JG = S © 5. Moreover, welet Py =Py 7 and P, =Py .

Below within this subsection we specify some definitions and results from [34, 36].
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DEFINITION 2.4. A collection IT= {4 ® .74 ,Ty,I'| }, where I'j : A* — ,%”j, je
{0, 1} are linear mappings, is called a boundary triplet for A*, if the mapping I": f —
{l"of,l"lf} f € A*, from A* into 7% @ S is surjective and the Green’s identity (1.6)

holds for all f = {f,f’},g {g,8'} A",

By using the operator Jg (see (2.1)) one may rewrite (1.6) as
~(I5f.8) = (T1f.Tog)n, — (Tof T18)t5 +i(PaTof , PTog) s, fLE €A™ (2.7)

In the following propositions some properties of boundary triplets are specified.

PROPOSITION 2.5. If T1 = {4 @ 74,T0,T'1} is a boundary triplet for A*, then
(1.7) holds. Conversely, let A be a symmetric relation with n_(A) < ny(A). Then
for any Hilbert space 74 and a subspace 7 C 7 satisfying (1.7) there exists a
boundary triplet 11 = { % & 54,1, } for A*.

PROPOSITION 2.6. Let 11 = {% ® 71,T0,T'1} be a boundary triplet for A*.
Then:

(1) kerT'oyNkerI'y =A and T is a bounded operator from A* onto 7¢;, j € {0,1}.

(2) The equality Ag :=kerTg = {f € A* : Tof = 0} define a maximal symmetric
extension Ay of A such that n_(Ag) = 0.

PROPOSITION 2.7. Let 11 = {4 ® 71,T0,T'1} be a boundary triplet for A*.
Then there exists a unique pair of operator-functions Y. (-) : Ci — B(94,$) and
Y-(-) : C_ — B(74,9) (y-fields of the triplet T1) such that v, ()74 C My (A),
v-(A) 1 C My (A) and

DoVs(A) =Ly, AeCy;  PLGY-(A) =1, AeC_, (2.8)

where . (A) = (74(2), A +(7L)) (€ B(%,ﬁz)), A€Cy, and
7-(A) = (r-(A),A7-(2)) " (€ B(1,9%), A e C_.

DEFINITION 2.8. The operator functions M. (-): Cy — B(5,74) and M_(-) :
C_ — B(J4, ) defined by

M. (A)=T17(A), 2€Cy; M_(A)=(T1+iPT0)7-(1), AeC. (2.9
are called the (abstract) Weyl functions of the triplet IT = {J% ¢ 24,1, } for A*.
It was shown in [34] that the operator-functions ¥4 () and M4 (-) are holomorphic on

their domains and M (1) = M_(A), A € C.. Moreover, the following theorem was
proved in [36].
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THEOREM 2.9. Let A be a symmetric operatorin $), let 11 = {6 & 74,To,T1}
be a boundary triplet for A* and let My be the Weyl functions of T1 with the block rep-
resentations (1.8), (1.9). Then : (i) the equalities (1.10) and (1.11) define the operator-
Sfunction A (-) € R,[74); (ii) the operator A is densely defined if and only if the fol-
lowing two conditions are satisfied:

s—lim #/(iy) =0 and  lim yIm(.# (iy)h,h) = e, h€ A5\ {0}, (2.10)

y—oo

2.4. Exit space extensions and generalized resolvents

In the following with each unitary operator U € B($)1,$2) we associate a unitary
operator U:==UasU e B(ﬁ 562)

DEFINITION 2.10. Linear relations 7} € ‘g(ﬁj), J €{1,2}, are said to be unitar-
ily equivalent if there exists a unitary operator U € B($)1,%7) such that T, = UT;.

_ DEFINITION 2.11. Let $ be a subspaci in a Hilbert space 9. The relation A=
A* € €(9) is called $-minimal if span{$H,(A—1)"1H:1 € C\R} = H.

Recall further the following definition.

DEFINITION 2.12. The operator function R() : Cx — B($)) is called the gener-
alized resolvent of a symmetrlc relation A € ‘@”(ﬁ) if there exist a Hilbert space $ D 9
and a self-adjoint relation A € () such that A C A and the following equality holds:

R(A) =Py s(A=2)"" 19, AeCy, 2.11)

The relation A € f(fj) in (2.11) is called an exit space self-adjoint extension of A.
Such an extension exists for any symmetric relation A.

According to [28] each generalized resolvent of A is generated by some §)-minimal exit
space extension A of A. Moreover, if the $)-minimal exit space extensions A 1€ %(551)
and A, € €($,) of A induce the same generalized resolvent R(A), then there exists
a unitary operator V € [5%1 © 55,52 © $] such that A 1 and Xz are unitarily equivalent
by means of the unitary operator U = I © V. By using this fact we suppose in the
following that an exit space extension A is $)-minimal, so that it is defined by (2.11)
uniquely up to the unitary equivalence.

A description of all generalized resolvents of a symmetric relation A with possibly
unequal deficiency indices ny (A) is given by the following theorem obtained in [34].

THEOREM 2.13. Assume that n_(A) <ny(A), N={4®71,19,T1} is a bound-
ary triplet for A*, Ay =kerT'y and v+ () and M. (-) are the y-fields and the Weyl func-
tion of 11 respectively. Then the equality (the Krein formula for generalized resolvents)

Re(2) = (Ao—A) " = 2 (W)Ko(A) (K (1) + My (M)Ko(A) 'y (), A €Ty (2.12)
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establishes a bijective correspondence R(A) = R(4) between all pairs T =
{Ko(-),Ki(-)} € R(4,74) and all generalized resolvents R(L) of A.

REMARK 2.14. It follows from Theorem 2.13 that formula for resolvents (2.12)
together with the equality

Ri(A)=Ps (Ac—A)"'[9, AeCy (2.13)

9,9

gives a parametrization A=A; ofall (§ -minimal) exit space self-adjoint extensions A
of A by means of all pairs T = {Ko(-),K|(-)} € R(%,74).

REMARK 2.15. If J# = 7 := S, then the triplet TT = {4 @ 54,T0,T1} in
the sense of Definition 2.4 turns into the boundary triplet (boundary value space) Il =
{7, Ty,I'1} for A* in the sense of [19, 8]. In this case:

(i) n+(A) =n_(A) =dim.#Z and the Green identity (1.6) takes the form (1.1).

(ii) Ao = A{ and the y-fields y+(-) of IT turn into the y-field y(-) defined in the
papers [14, 15, 30] as a unique operator-function y(-) : C\R — B(4,9) such
that y(1).2 C M, (A) and

ToY(A) =Ly, Ae€C\R (2.14)

with 7(A) = (y(1),Ay(A)) (€ B(#,9%)), A € C\R. Moreover, the Weyl
function M, (-) of II turns into the Weyl function M(-) defined in the same
papers by

M(A) =T1¥(4), A € C\R. (2.15)

(iii) M(-) is a Q-function of the pair (A,A¢) and formula (2.12) turns into the clas-
sical Krein formula for generalized resolvents of a symmetric relation A with
equal deficiency indices [26, 28, 14, 30].

PROPOSITION 2.16. [14, 30] Let ny(A) =n_(A) and let T1 = {2, Ty,T1} be
a boundary triplet for A*. Then for each operator B = B* € B() the equality

Ap = {f € A" :T'\f = BUof} defines a self-adjoint extension Ag € €($) of A and
the following Krein formula for canonical resolvents holds:

(Ap—2)"" = (Ado—2) ' +7(A)(B-M2)"'v'(X), AEC\R. (2.16)

3. Inner characterization of the Weyl functions
Recall that a symmetric relation A € €() is called simple if there is not a de-
composition § = H; B H, such that H, # {0} and A = A} & A, with symmetric

Ay € (1) and self-adjoint Ay € €'($)2). The simplicity of A is equivalent to the
equality $ =3span{M, (A): A € C\R}. If A € €(9) is simple, then A € €' (), that
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is A is an operator. Moreover, for each symmetric A € €'($)) there exists a unique pair
if decompositions

5 =91 N, A=A DA, 3.1

with a simple operator A; € €'($)1) (the simple part of A) and a self-adjoint relation
Ay € Cg(f’_’)z) .

DEFINITION 3.1. Let A; € €/($),) andlet TT; = { % & 4, TS T} be abound-
ary triplet for A%, j € {1,2}. The boundary triplets IT; and II, are called unitarily
equivalent if there exists a unitary operator U € B($1,5),) such that

UA =435 and T =TP0 147, ke{o,1}. (3.2)

If boundary triplets IT; = {J% EB,%”l,FE)’ ),1"(1’ )} for A’ are unitarily equivalent and
U € B($1,9>) is a unitary operator such that (3.2) holds, then l7A1 =A,,i.e., relations
A; and Aj; are unitarily equivalent.

The inner characterization of abstract Weyl functions for symmetric relations A
with equal deficiency indices is given by the following two theorems [14, 15, 16].

THEOREM 3.2. Let Il = {5, T,I'1} be a boundary triplet for A* and let M(-)
be the Weyl function of T1. Then M(-) € R,[F].

Conversely, let 7 be a Hilbert space and let M(-) € R,[7]. Then there exist a
Hilbert space %, a simple symmetric operator A € €($)) with n.(A) =n_(A) and a
boundary triplet 11 = {7 ,Ty,T'1} for A* such that M(-) is the Weyl function of T1.

THEOREM 3.3. Assume that A; € € ($);) is a simple symmetric operator with
ni(Aj)=n_(4;), I1; = {,%”71"(()")71"5")} is a boundary triplet for A and M;(-) is the
Weyl function of T1;, j € {1,2}. Then the triplets I1; and I1, are unitarily equivalent
if and only if Mi(A) =Mr(A), A € Cy.

Our next goal is to extend the above theorems onto symmetric relations A with unequal
deficiency indices n4(A). To this end we first introduce a new class of holomorphic
operator-functions. Namely, let .77 be a Hilbert space, let .74 be a subspace in %)
and let 54 = 78 © 54, so that 58 = 74 © 5.

DEFINITION 3.4. A pair (M;,M_) of holomorphic operator-functions M, () :
Cy — B(H,74) and M_(-) : C_ — B(J#, ) with the block representations

My (M) = (M(A),Ns (M) : 4 & — i, A eC. (3.3)
M_(A) = (M(A),N-(A))T : i — Ja 5, A eC. (3.4)

will be referred to the class R, [, 7] if M{(A)=M_(A), A € C, and

2AmM(A) — N (A)NT(A) >0, AeCy (3.5)
2ImM(A)+N* (A)N_(A) <0, AeC_ (3.6)
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REMARK 3.5. (1) Clearly each function M. (-) of the form (3.3) (M_(-) of the
form (3.4)) satisfying (3.5) (resp, (3.6)) generates a pair (My,M_) € R[5, 7]

(with S = J4 & 76 ) by means of the equality M_ (1) =M% (1), A € C_ (resp.
M (A)=M*(L), L €Cy).

(2) Let M, (-) and M_(-) be operator-functions (3.3), (3.4), let .# (1) be given by
(1.10), (1.11) and let 5% = 4 ® 5% . One can easily verify that (M, M_) €
Ru[#%,.74] if and only if . (-) € R,[7%)]. Therefore in the case .7 = ] =:
S onhas R[5, 7] = Ru[H].

The following lemma directly follows from Definitions 2.2, 3.4 and Remark 3.5, (1).
LEMMA 3.6. The equalities

Ko(R) = (L, —iN_(—A)) : o4 — H4 & 75, Ki(A)=—M(=A), A€Cs,

establish a bijective correspondence between all pairs (M ,M_) € R,[7, 7] with
the block representation (3.4) of M_ (L) and all pairs ©={Ko(),K;(-)} € Ry(%,74).

In the following proposition we specify a connection between pairs (M4, M_) €
R, |74, 741] and strictly contractive operator-functions.

PROPOSITION 3.7. Let ¢ be a conformal mapping of C onto D given by
o) =A—-D)(A+i)"", reCy (3.7)

and let

Y1=<ZI”' 0 ):ffi@%ejfi@%, Y2:<lf)ﬁ>:%i—>ffi@ffé’

0 V21
3.8)
Y3 = (—ily, 0) : O D6 — . (3.9)
H,_/
Hy
Then the equality
Mz)=+M (o7 (2) (M + LM (97 (2) !, zeD (3.10)

establishes a bijective correspondence between all holomorphic operator-functions
M, ():Cy — B(s4,74) with block representation (3.3) satisfying (3.5) and all holo-
morphic operator-functions M(-) : D — Co (54, 74).

Proof. Since

Yi+ LM (97 (2) = (M((pl(g))Hbﬁ N+\(/(%I;ﬂ(1))> R
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and by (3.5) ImM (¢! (z) > 0, the operator Y| +Y2M (¢~ '(z)) is invertible. Therefore
the equality (3.10) gives a bijective correspondence between holomorphic functions
My (-):Cy — B(Hp,54) and M(-) : D — B(5,54).

Let ze D and let A = ¢~!(z) € C... Then the operator M(z) admits the repre-
sentation by means of the following two equalities:

ko = (Vi +YaM (A))ho = (M. (A)ho + iho) @ V2hoa, (3.11)
M(2)ko = (Y3 -+ My (A))ho = My (X)ho — ihor,  ho = ho1 © hoy € H6 & 6 = 4

and the immediate calculations give

[1kol1® = 1M (2)ko[* = 4(B(A)ho, o), (3.12)

1

where B(1) = ( II?MEM 2i]1V+(7L)

~ENLQ) s )Y

it follows from (3.11) and (3.12) that |[M(z)|| < 1 if and only if B(4) > 0 or, equiv-

alently, (3.5) holds. Hence M(z) € Cy(5%,7) for any z € D if and only if M, (1)

satisfies (3.5) forany A € C...
Recall that an operator V € B(domV,$) with the closed domain domV C §) is

called an isometry in § if |V f]| = ||f]|, f € domV . Clearly a linear relation V € Z($))
is (a graph of) an isometry if and only if V C V~!*

) . Since the operator ¥; +Y2M. (1) is invertible,

DEFINITION 3.8. [31, 32] Let V be an isometry in §. Then a collection =
{jf%\ & j‘/fi\ , fo,fl} consisting of Hilbert spaces 3‘?? and linear mappings IA" v
%, JjE€ {0 1}, is called a boundary triplet for V if the mapping r= (Fo,fl)T
vyl %’6 @%ﬂ is surjective and

(f/ug/) - (f7g) = (r0f7r0§) - (r1f7f1§)7 f: {f»f/}7 g\: {gvg/} € V_l*' (313)

PROPOSITION 3.9. [31,32] Let T1 = {%69,%”171"0,1"1} be a boundary trlplet
for'V. Thenfor each z € D the operator Ty [‘ﬂz(V_l) isomorphically maps ‘ﬁ (v
onto ,%” and the equality

To [NV ) =ML 19L(v7!), zeD (3.14)
correctly defines the holomorphic operator function M ():D—Cy (,}/fi\ , j/%\)

The operator-function M (+) is called the Weyl function of the triplet . Actually the

Weyl function M(-) is the characteristic function of some contraction A DV in the
sense of [7, 38].
The following theorem directly follows from the results of [31, 32].

THEOREM 3.10. Let # and JA be Hilbert spaces and let M(.) :D—>C0(J;’i%)
be a holomorphic operator-function. Then there exist a Hilbert space ), an isometry
V in § and a boundary triplet Tl = {,%/’669 I, To,T1} for V such that M(-) is the
Weyl function of .
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LEMMA 3.11. Let V be an zsometry m 9, let = {%69%”171"0,1"1} be a
boundary triplet for V with Hy C I, let I = H66 Hy and let M(-) be the Weyl
function of I1. Moreover, let

1 ilg Iy
x= <_uﬁ Iﬁ) HEH— 5D, (3.15)

Then:
(1) The operator X is unitary and the equalities
A=X*gtV, Ar=xv I (3.16)
define a symmetric relation A € %;(.6) and its adjoint A*.

(2) The equalities

A=A, A= (3.17)
Tof = ﬁ(lﬁof— Pﬁ@ﬁf)@l’;ﬁ%ﬁf, I f= \%(Fox-l-P OIA"U?),
(3.18)

where [ €A* and ¥=Xf € V™* define a boundary triplet T1 = {7®4,10,T1}
for A*.

(3) The Weyl function M (-) of the triplet I1 is connected with M (+) via (3.10).

Proof.

w1 (—ilgy ilg
(1) Since X \/-< I I

erator X is unitary. Let f = {1} g— {g,¢'} and x = {x,x'}, y {y,y'} be
elements of > connected via X=X f and y = Xg or, equivalently, f X*x and
g =X"y. This means that

) , it follows that X*X = XX* = I and hence the op-

=G5 +if), ¥ =5 =if), y=J58+ig), ¥ =5 —ig)
and, consequently,
(x/,y/)—(x,y)=i[(f/,g)—(f,g/)}. (319)

Let A:=X*grV € €(). Then by (3.19)
{f,f}ed" <= (X x}eV' <= {x}ecv I

end hence A* = X*V~1*_ Moreover, since grV C V~!* it follows that A C A*,
i.e., the relation A is symmetric.



48 V. 1. MOGILEVSKII

() Let f={f,f'},8={g,g} €A* and let X,5 € V~!* be given by ¥ = {x,x'} :=
Xf,y={y,y'} :=Xg. Then in view of (3.18) and (3.19) one has

(T1f,T0g) — (Tof,T18) +i(PTof, PTog) = i((T1%,T'15) — (Tox, To3))
=—i((x, ") —(x y)) ( 8)—(f.¢)

(here we made use of the equality J% (= 4 © ) = j‘/fé\ , which follows from
(3.17)). Hence the operators I'y and T'; satisfy the Green’s identity (1.6). Sur-
jectivity of the operator (I'g,T";) " directly follows from (3.18) and surjectivity
of (To,T1)"

(3) It follows from (3.18) that
\/Efl)?: erof—F erlf‘, \/Ef‘())?: Y3F0]?—|— l"lf,

where fe A% X = Xf and Y; are operators (3.8), (3.9). Let A € C; and let
z=0(A) € D, where ¢ is the mapping (3.7). Assume that h € J# (= J4).

Since the operator Y, +Y>M (1) is invertible, there exists f= {f,Af} e ‘YIA (A)
such that

h= (Y +Y2M (A)Tof =YTof + Yo'y f = V2T%,
where
T=X{fAf} = A+ A =Dfy =2 {f e eV,
Hence ¥ € 9.(V~") and
M(z)h = V2M ()T x = V2Tox = (Y3 + My (A)Tof
= (B4+M(A) (Y + M (L) h.
This yields statement (3).

The following lemma directly follows from [36, Proposition 4.2].

LEMMA 3.12. Let T1 = {56 ® 74,T0,T'1} be a boundary triplet for A* and let
M, () be the Weyl function of T1 represented as in (3.3). Moreover, let A, be a simple
maximal symmetric operator in a Hilbert space $), with n(A;) =0, n_(A,) =dim 7%
and let o :=9DH,. Then A, :=ABA, is a symmetric relation in 9., A} :=A* BA;
and there exists a linear mapping T : A} — F such that the operators

T5f. = PTof ® (PaTof +Tofy) (€ 74 @ ), (3.20)
TS =Tife (Pl -T.,) € Aamb), fi=fafcA @A  (321)

form a boundary triplet 11, = {,1,T } for A} and the Weyl function . (-) of Tl,
admits the representation (1.10).
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Now we are ready to prove the two main theorems of this section, which provides an
inner characterisation of abstract Weyl functions for symmetric relations with arbitrary
(possibly unequal) deficiency indices (cf. Theorems 3.2 and 3.3).

THEOREM 3.13. Let A € %?(53) be a symmetric linear relation with deficiency
indices n_(A) < ny(A), let 11 = {4 © 74,T0,T'1} be a boundary triplet for A* and
let M1 (-) be the Weyl functions of this triplet. Then (M, M_) € R, [}, 74].

Conversely, let g be a Hilbert space, let €1 be a subspace in ) and let
(M4 ,M_) € R,[.74),74]. Then there exist a Hilbert space $), a simple symmetric op-
erator A € € (9) with n—(A) < ny.(A) and a boundary triplet 11 = {5 ® 54,10, }
Sor A* such that M1 (-) and M_(-) are the Weyl functions of 1.

Proof. The direct statement of the theorem follows from [34, Corollary 3.18].

Let the assumptions of the inverse statement be satisfied. Then by Proposition
3.7 equality (3.10) defines the holomorphic operator-function M ():D— Co(ffi\ , % )
with ,;? 0, j{% = 77 and according to Theorem 3.10 there exist a Hilbert space
$, an 1sometry Vin $ and a boundary triplet = {%@%@,ro,rl} for V such
that M (+) is the Weyl function of 1. Let A= X*grV, where X is given by (3.15).
Then in view of Lemma 3.11 A is a symmetric relation in $) and the equalities (3.17),
(3.18) define a boundary triplet IT = {J% @ 74,T,I';} for A*. Denote by M (+)
and Mp_(-) the Weyl functions of the triplet IT. In accordance with lemma 3.11
M1, (+) is connected with M(-) via (3.10) (with My, instead of M, ) and since the
correspondence (3.10) is one-to-one, one has M1 (A) = M+ (A1), A € C,. Moreover,

M_(A) =M (A) =M, (A)=Mn_(A), A €C_.

Next assume that A; is a simple part of A. Then in view of decompositions (3.1)
A" = A] @A, and by Proposition 2.6, (1) I'y [ A, =T'; [ A, = 0. Hence the equalities
F’j =T [ A}, j € {0,1}, define a boundary triplet IT" = {J%,®.¢1,T(, T} for A}
with the same Weyl functions M4 ().

THEOREM 3.14. Assume that A; € ‘5(57_) j) is a simple symmetric operator with

n_(Aj) <ny(A;), I, ={Hd4,T (() ,T } is a boundary triplet for A’ and mY )( 3
is the Weyl function of IT;, j € {1,2}. Then the triplets 1) and 11, are umtartly

equivalent if and only ifM(+1)(l) = Mf)(l)7 ALeCs.

Proof. If triplets I1; and T, are unitarily equivalent, then obviously Mil)(/l) =
Mf)(/l). Conversely, let Mi’)(k) = (MY(2), Nfrj)(k)) be the block representations

of M(j)( A), j€{1,2}, and let M(l)(k) Mf)(l) A € C4. Moreover, let A, be a
simple max1mal symmetnc operator in a Hilbert space $), with n(A,) =0, n_(A,) =

dim.J74, let ﬁe =9H; D9, and let A( /) =A;®A,, j€{1,2}. Then by Lemma
3.12 the equahtles 3. 20) and (3 21) with Ty = é’ ) and Ty = 1"(1’ ) define a boundary
triplet ny = {4, F } for (A AY )) (= A} ®A}) and the Weyl function .;(-)
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MU () NY (1)
0 3ln
Theorem 3.3 there is a unitary operator U, € B (5321),5322)) such that

of Y is .a7;(A) = ( ) , A eC,. Clearly, .#,(A) = .#(A) and by

UM = APy and T =10, 1 Ay, ke {o,1}. (3.22)
Let 7/)(-) be the y-field of I Since 9, (AY)) =9, (A;) &N, (A,) and for each
A € C_ the operators 1"6(" V19, (AY) and Pll"éj VoA j)) are invertible, it fol-
lows from (3.20) that the operator Ff)(’ ) [ ‘ft;L (A,) isomorphically maps ‘ft,l (A,) onto
% and hence )/e(‘”(l)fé =M (A;), A € C_, j e {l1,2}. Moreover, in view of
(3.22) ye(z)(/l) = Ueye(l)(k) and, therefore, U, M, (A,) =N, (A,), A € C_. This and
the equality $), = span{M, (A,) : A € C_} imply that U9, = $, and, consequently,
U, = U @ U, with unitary operators U € B($)) and U, € B($),). Combining this fact

with (3.20), (3.21) and (3.22) one obtains the equalities (3.2). Thus triplets IT; and I,
are unitarily equivalent.

DEFINITION 3.15. [22,30]Let A€ €($), ACA*, ny(A) =n_(A) and let IT=
{#,Ty,T'1} be a boundary triplet for A*. An operator function C(-) : C+ — B(5)
defined by

C(A)(T1 +iTo) [ M (A) = (T —iTo) [ M (A4), A€Cq (3.23)
is called the characteristic function of A.

For a special triplet IT for A* the function C(-) coincides with the characteristic func-
tion of A in the sense of A. Shtraus [43].

LEMMA 3.16. Let 11 = {5,1y,I'1} be a boundary triplet for A*, let M(-) be
the Weyl function of T1 and let C(-) be the characteristic function of A. Assume also
that 7 is decomposed as

H = 7D 5. (3.24)
Then M(A) has the block representation

M(2) = (Mlél)Mfw(f)) LA — DA, EC (3.25)

with the constant entry Ms if and only if C(A) has the block representation
C(A)= (Cl(()mczéf)) LB — DA, AeC, (3.26)

with the constant entry Cs.
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Proof. 1t follows from (3.23) that M(A) and C(A) are connected via
C(A)=M@A)—i)M@A)+i)~', AeCy.

Now the immediate checking gives the result.

In the following theorem we characterise in terms of the Weyl functions and character-
istic functions symmetric operators A admitting the representation A = A G A, with
the maximal symmetric operator A.

THEOREM 3.17. Let A € €($)) be a simple symmetric operator with equal defi-
ciency indices ny(A) = n_(A). Then the following statements are equivalent:

(1) There exist decompositions
N=9H109, A=AA,, (3.27)

where Ay and A, are symmetric operators in 1 and $, respectively such that
n+(Az) =0, n_(Ay) # 0 (this implies that A, is maximal symmetric).

(2) There exist a boundary triplet 11 = {7, T,T'1} for A* and decomposition (3.24)
with 7% # {0} such that the Weyl function M(-) of TI has the block represen-
tation (3.25) with the constant entry Mz or, equivalently, the characteristic func-
tion C(-) of A has the block representation (3.26) with the constant entry C (see
Lemma 3.16).

Moreover, ny. (A1) =dim.7Z, n_(A;) =dimJ# and n_(A;) = dim.7%.

Proof. (1)= (2). Let s# and 5% be Hilbert spaces with dims# =n_(A;),
dim.s% = n_(A;) and let %) = 4 © 5. Since

dim G = n_ (A1) +n_(Az) = n_(4) = n. (4) = n (A1)

and hence n_(A) < ny(A;), it follows from Proposition 2.5 that there exists a bound-
ary triplet Il = {J% & 4,10, I'1} for A]. Applying to this triplet Lemma 3.12 we
obtain a boundary triplet IT, for A* with the Weyl function .# (-) of the form (1.10).
(2)= (1). Let IT= {,T,T'; } be a boundary triplet for A* such that for some
decomposition (3.24) of .7 the Weyl function M(-) of IT has the block representation
(3.25). Assume that K := ReM;3, N := ImM;. Since M(-) € R,[7], it follows that

N > 0. Let
0 0 Ly O
X:< La ] _1), YZ(OILN5>
0 —iN"2KN"3 7

and let #Z(A)=X+Y*M(A)Y, A € C\R. Clearly, X* = X and the operator Y is
invertible. Therefore according to [14, 30] .#(-) is the Weyl function of some bound-
ary triplet I1 = {0 To, 1:1} for A*. Moreover, the direct calculations show that in the
upper half-plane .# (1) is of the form (1.10) with some M(A) and Ny (A). Since
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M (-) € R[], it follows from Remark 3.5 that a par (My,M_) with M (1) =
(M(A),N (L)), A € Cy4, and M_(L) = M (1), L € C_, belongs to R,[,].
Therefore by Theorem 3.13 there exist a Hilbert space $)’, a simple symmetric operator
A" in $' and a boundary triplet IT" = {7 & 71,1, "} } for (A")* such that M (-) is
the Weyl function of IT'. Let ), be a Hilbert space and let A, be a simple maximal
symmetric operator in ), with ny(A,) =0 and n_(A,) = dim 7% . Moreover, let

e = ﬁ/®~6r7 Ae :A/@AI" (3.28)

Clearly A, is a simple symmetric operator in §), and according to Lemma 3.12 there
exists a boundary triplet IT, = {7, T, I'{} for A} such that the Weyl function of IT,
coincides with .#(-). Thus, triplets I for A* and II, for A* have the same Weyl
function .# (-) and by Theorem 3.3 there exists a unitary operator U € B($),$) such
that grA = UgrA,. This and (3.28) imply that (3.27) holds with $; = U$/, 552 =U%,
and symmetric operators A| € € (1) and Ay € €($,) given by grA; = UgrA’ and
grA; = UgrA, . Moreover, ny (Ay) =n, (A,) =0 and n_(A2) =n_(A,) = dim 7% #0.

COROLLARY 3.18. Under the assumptions of Theorem 3.17 the following state-

ments are equivalent:

(1) There exist decompositions (3.27) with maximal symmetric operators Ay and A,
satisfying n_(Ay) = ny(Az) =0.

(2) For some (and hence for all) boundary triplet T1 for A* the Weyl function M(-) of

I1 is constant or, equivalently, the characteristic function C(-) of A is constant.

Proof. According to [30] the Weyl functions M(-) and M(-) of boundary triplets
= {2 Ty} and I1 = {#,T, T} for A* are connected by

M(A) = (X3 +XuM(A)) (X, + XoM(A)) ™!, A eC\R

with some operators X; € B(). Therefore if M(A) is constant for some boundary
triplet, then the same holds for any triplet. Observe also that in Theorem 3.17 n_(A;) =
0 if and only if 5 = {0}. This and Theorem 3.17 yield the result.

REMARK 3.19. For adensely defined operator A Corollary3.18 by another method
was proved in [2, 27].

4. Couplings and their Weyl functions

4.1. Couplings of symmetric relations

In the sequel we use the following assumptions:

(Al) $ and $), are Hilbert spaces, A € %?(55) and A, € %?(53,) are symmetric
linear relations with n_(A) = n_(—A;) < ni(A) =ny(—A,), D ={® 54,To, T}
and I, = {4 ® J1,1,T"|} are boundary triplets for A* and (—A,)" respectively
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and y+(-) and M+ (-) (%+(-) and M,+(-)) are the y-fields and the Weyl functions of

IT (resp. I1,) with the block representations

Y+(A) = (¥(A),0: (1)) : DA — $H, AeCy,
My(A)=(M(A),N+(R)): 1 © 5 — H, Ae€Cy,
M_() = (M(A),N-(A))" : M — A&, LeC.,
Yt (M) = (% (1), 0.+ (X)) : A 5 — 9y, A €Cy,
My (3) = (M, ()N (M) 6 © 6 — A, A C
Mo (A) = (M,(A),N,—(A))T : 4 — A4 o6, AeC_.

(A2) § is a Hilbert space given by
5 =HDH
In the following J, € B($?) is the operator given by
I 0
L= L9, DN — N0 9,
0 —Iy,

Clearly, the equality J,A} = (—A,)" is valid.

LEMMA 4.1. Let the assumptions (A1) and (A2) be fulfilled. Then:

(1) The equalities
A, =ADA,, AL =A"DA;
define a symmetric relation A, € €($)) and its adjoint A:.
(2) The Hilbert space ¢, and the operators I:j 1AL — I, given by

He = T0 & D A,

4.1)
(4.2)

(4.3)
(4.4)
4.5)
(4.6)

4.7)

(4.8)

(4.9)

(4.10)

TS(f & fr) = PTof @ P(ToJrfr+ Tof) @ PITGJ fr(€ A4 & B @ A4,

4.11)

T(f& f) = T f & Po(Thd, o — Tof) @ (~TlI ) (€ J6 & A6 A7) (4.12)

form a boundary triplet I,

(3) Foreach A € C_ the y-field Y,(A) of T, admits the representation

. ~(A) 0 0
Ye(A) = (,-5”(7:1)]\/@) =284 (—2) 7:(—=A)

Proof.

= {jﬁ,l:f)ff}for A} (here fe A* and ﬁ € AX).

(4.13)
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(1) Statement (1) is obvious.

Q) Let §=F@f, Y=g@g €A:, where [ ={f,f'}, §={g,¢} €A* and f, =
{fraf;}7 8r = {gr,g;} GAt Then

o={o.0t={fof.fof}, v={vv}i={e®s.¢d®e}

and hence
( (p V/ f7 ) (f;,gr)_(fr,g;)
=(F1f,F0g) —(Tof,T1g) +i(PTof, PTog)
— (T4 fr Todi8r) + (ToJrfro T 0181) — i(PaT o fr, PTG 85
On the other hand

(T99,T59) — (T59,T{ )
=(T'1f.T0g) — (Tof.T18) — 5(PTJ.fr — PoTof, PaThJ,8r + PaTog)

- %(P2r6jrﬁ + Pzroﬁ P2r61r§r - P2r0§) - (rq‘lrﬁ»r(r)‘lrgr) + (r(r)‘lr]?h rq-]rgr)
=(T'1f,T08) — (Tof,T18) +i(PTof, PaT0g) — i(PToJ, fr, PaTJ 2))

- (F{J,ﬁ,r()lrg,) + (r(r)‘,r]?r»rg-]rgr)
This yields the Green identity (1.1) for mappings 1~"6 and 1~"ﬁ . Surjectivity of the

operator (T%,T%)T directly follows from surjectivity of (o, Ty) T, (T, T4) T and
(4.11), (4.12).

(3) Let 7:(A) = (r=(A),A1:(1))" and %+(4) = (%=(2),A%+(A))", 4 € Cx.

Then by (4.1) and (4.4)
7o) = (F(A),8, (M) : A @5 — 5, AeCy,
5

T (A) = (H(2),8+ (1)) : A © A5 — $57, A €Cx,

T, %) = (5(A),A%(A) " and &, (1) =
o,

+(A),A8,+(A))". This and (2.8), (2.9) yield
PIToY(A) = PATy3(A) =Ly, PTod.(A) = PT84 (A) =0, A e€Cu,
(4.14)
PTo7(A) = PT37(A) =0,  PTo8i(A) =PTh6(A) =L, A€Cy,
(4.15)

PTo7-(A) =PT%—(A) =L, A€C_;  T17(A) =M(A), A €Cy,
(4.16)
T8 (A) =Ny(A):, Ti%(A) =My(R), T84 (A)=Ny(A), AeCy,

4.17)
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T17-(A)=M(L), PTo7-(A)=—iN_(1), AeC_, (4.18)
% () =M, (L), P45 (A) = —iN,_(A), AeC_. (4.19)

Let A € C_, let %(A) be given by (4.13) and let ?e(?t) = (%(A),A%(1))(e
B(A2,9%)). Since y- (1) =My (A), 8,4 (—1) 7 C Ny (—A4,), %(—A)H
CN_4(—A,) and N, (—A,) =My (A;), 4 € C_, it follows from the equality
M, (Ae) = M, (A) © Ny (A,) that T(A). 7 C My (Ac) . Next, the operators 7,(1)
and I'§ have the block representations

. 7-(A) 0 0\
0= (45, (AW 1) 200 1) 7))
-9’ e 9H;
(D00
L= | 5Pl s [AL | A" GAL — & 60 . (4.20)
0 PIuJ[A

Therefore for A € C_ one has

P 0 -
-~ : . (L) 0 0 )
I57.(A)=| 4Py sPIGJ, | Af 2 ~
67.(2) (2 2o 2[’121"60Jr rrAt><er6r+(—)L)N () —2is8,1 (1) I3 (A

Iy 0 0
=lad) Ly 0 |,
0 0 Iy

a(A) = £PyTo7-(A) — PT84 (—A)N-(A) = IN_(X) — IN_(2) =0

where

(here we made use of the relations (4. 14)- (4.19)). Thus fgi(l) = I, and by
Remark 2.15, (ii) 7,(1) is the y-field of TI,.

PROPOSITION 4.2. Let the assumptions (A1) and (A2) be satisfied and let A, and
A% be the same as in Lemma 4.1. Then:

(1) The Hilbert space ¢, of the form (4.10) and the operators I 1AL — I given
by

T§(f @ f) = PITof © s Py(ToJefr+ Tof) @ T o€ SG © M A7) (421)
TS(f @ f) = D0 f @ Po(Thd,fr — Tof) @ PITLLfo(€ A4 & 7@ HR)  (4.22)

form a boundary triplet 1, = {7, T, T} for A} (here fe A* and j/‘; EAY).
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(2) The y-field Y.(-) and the Weyl function M,(-) of the triplet I1, are

() = (ym —2i5, (1) i5+(?L)Nr_(—?L)M71(—?L)> oA

0 0 Y- (=AM (1)
(4.23)
Ye(?t)=<y (MSO) HBHDH— HDH,, AeC_ (4.24)

M(A) =2iN4(A) iN4 (A)N,—(=A)M; ' (=4)
MA?L):( 0 2il —2iN,_ (=AM 1(=2) ):%@%@%&
0

0 M (-A)
(4.25)
Proof.
(1) One can easily prove that a collection I1, = {4 ® 54,13,1} with
= (0PI 1 Ar — A ob,  T=-PT, (4.26)

is a boundary triplet for AY. Substituting I"; (instead of 1"; )into (4.11) and (4.12)
and taking Lemma 4.1, (2) into account one gets statement (1).

(2) Let %(A) be given by (4.23) and let 7,(A) = (. (1), A%(1))(€ B(,H%)).
Then the same arguments as in Lemma 4.1 show that 7,(1)52, C M, (A.). Let
(), 8, (-) and 7,—(-) be the same as in Lemma 4.1. Since 7,(1) and I has the
block representations

- F(A) ~2i8, (1) 18, () r7< A) ;1< A)
)= (T 2B B M- COMHED) g ec,
P1F0 0
I§= | iPTo PIyJ, [ A —P2F0 P2r0 rA* ],
0 IhJ, [ A; PiTyJ, [ Al

it follows that

ATy 0 - 2 2 _
oo = [ ipre iprry tar | (YA) —2i04(A) i (A)N,—(-2)M, ' (1)

Iz 0 0
=| 0 LycQ)]|,
0 0 Iy
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where

¢(R) = —APTo8. (AN (—2)M; \(=2) + LB (~A)M; ()
— AN (MM (=R + S (—iNe (<)M (<R) =0

(here we made use of the relations (4.14) - (4.19)). Thus I§Y.(A) = I and
by Remark 2.15, (ii) 7.(1) (A € C) is the y-field of I1,. Moreover, applying
(2.15) to the triplet I1, and taking (4.14) - (4.19) into account we obtain that the
Weyl function M,(-) of the triplet IT, is

Me(A) =T{%(2)

_ _g}opﬂf " ((M 215, (A) zcw> <—A>M:1<—A>)

r —1

M(R) ~2iN, (3) iV (N, (M (-2)
0 2ily c(A) . AeC.,
0 0 M71(=1)

where
c(A) = —iPaT08 (A)N,— ()M (= 1) + PaT3 (—A)M; ' (—A) =
= —iN,— (=AM, (=A) = iN,— (= 2)M;  (=2) = =2iN,—(=A)M, ' (=)

Hence M, (A) is of the form (4.25). Finally, (4.24) directly follows from Lemma
4.1 applied to the triplet IT,.

Assume that § and $), are | Hllbert spaces, 53 NP H,, P (P)is the orthoprojector in
$ onto § (resp. $,) and P (P,) is the orthoprojector in $2 onto $? (resp. £H2):

P{h,W'} = {Ph,PH'},  P{h,HW}={Ph,Ph}, {hi}eH
For a self-adjoint relation A € €(%) we let
A=AN$H%, A, =ANH, (4.27)
T =PA={{Ph,Ph'}: {h,h'} €A}, T,=PA={{PhPh}:{hh}cA}. (4.28)

Clearly, A € %?(53) and A, € %?(Sﬁr) are closed symmetric relations and T and 7,

are not necessarily closed linear relations in §) and ), respectively. If T and 7, are

operators, then A is an operator, which is a coupling of 7" and 7, in the sense of [42].
The following relations are valid [12, 42]:

() = (-A)=n-(4),  n-(A)=n_(-A)(=ni(4) (429
A* =closT, A’ =closT, (4.30)
closT =T <= closT, =1, (4.31)

It follows from (4.30) that T C A* and T is closed if and only if A* =T



58 V. 1. MOGILEVSKII

THEOREM 4.3. Assume that §) is a Hilbert space, A € ‘67(57_)) is a symmetric re-
lation in ) with n—(A) <ny(A), U ={®4,T0,I'1} is a boundary triplet for A*
and 5t = 76 © I, so that ) = 7 ® 74 . Moreover, let §, be a Hilbert space, let
HD=9DN, andlet J, € B(ﬁ%) be operator (4.8). Then:

(D) If A, € €(9,) is a symmetric relation in $, with ni(—A,) =ny(A) and 11, =
{4 ® 74,1, } is a boundary triplet for (—A,)*, then the equality

A={fof,eA DA Tof =Tl fr, Tif =T10: 11} (4.32)

defines a self-adjoint relation A € E(9) suchthat A C A and
ANSH*=A, A"=T(=PA). (4.33)

Moreover, A, = AN 533.

(2) If a relation A=A*€ C(9) satisfies (4.33) and A, = gﬂﬁf, then there exists a
boundary triplet T1, = { 6 & 74,1, T} } for (—A,)* such (4.32) holds.

Proof.

(1) Let A, =A@ A,. Then according to Proposition 4.2 the equalities (4.10) and
(4.21), (4.22) define a boundary triplet T, = {7, T, T'{} for A}. Let

0 Oljfl
B=B":=| 00 0 |: 0080 - H4DHHDH. (4.34)
1 0 0 p2 p?

Then according to Proposition 2.16 the equality
Ap={fef e A" eAl:T{(faf)=BT§(f )} (4.35)

defines a self-adjoint extension A p of A, and the immediate checking shows that
A =Ap. Hence A = A*.

Let us show that A satisfies (4.33). Since A C A, C A, it follows that A C (gﬁ
$H?). Conversely, let f € AN$H%. Then f = f @ f, € A* G A’ with f, =0 and
hence

Tof =T4Jifr =0,  Tif=T7Jf=0.

Therefore by Proposition 2.6, (1) fe A and, consequently, (X N 552) C A. This
yields the first equality in (4.33).

Next, in view of (4.30) one has T C A*. gonversely, let fe Ai’ Sincg the
mapping (T, I) " is surjective, there exist f. € A} such that I,J,.f, = o f and
F{J,f, = Flf. Therefore f@fr € A and hence fe T . This implies that A* C T,
which gives the second equality in (4.33).
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(2) Let A=A* € €(9) satisfies (4.33) and let A, :==AN$HZ2. Then A, € € (9,), A, C
A; and by (4.30), (4.31) A7 = T,(= PA). Hence J,P,A =J,A; = (—A,)". Let
fo€Aand J,Pf, =0. Then f, € AN$H> =A and hence T';Pf, =T;f, =0, j €
{0,1}. Therefore the equalities

h=%EBf, T =TPf, ficA (4.36)

correctly define linear operators I'; : (—A,)* — J¢;, j € {0,1}. Let us show
that IT, = {4 ® J¢,T),T"} is a boundary triplet for (—A,)*. Since obviously
JS% =diag(Jg,J5,) (see (2.1)), it follows from (2.2) that

= (Jgfer8) = UnPfe,PE) + (U, Prfes PBe),  for8e €A (437)

Let fr, gr € (—A))*. Then there exist fe, g € A such that (4.36) holds and
g = J.Pg., F,g, =T; Pge7 j€40,1}. By using (4.37), (2.7) and the equality
JiJg,Jr = —Jg, one gets

~(Us, Jr:8r) = =, B fes I P8e) = U, Prfes Pige) = — (U PJe, PRe)
= (T1Pf,,ToPg.) — (ToPf.,T1Pg.) +i(PaToPf,, PToPg,)
= (T /7, T687) — (To/r, T1&) +i(PoT5 fr, PaT58))-
Thus the operators I'; satisfy the Green identity (2.7).

Next assume that hg € 7% and hy € 77 . Then there is fe A* such that l"of_
ho, F1 f = and by the second equahty in (4.33) there is fe € A such that
f Pfe Let fr ._JPrfe Then fr (—A,)* and by (4.36)

I'f, =T;Pf.=T;f=h;, je{0,1},

which proves surjectivity of the operator (1"671“{)T. Thus TII, is a boundary
triplet for A¥ and according to statement (1) the equality

Al = {f@fr EA*DAL: Tof = F{)Jr]?r’ rf= FTJrJ/c;}

defines a self-adjoint relation A €€(H). Let f,€A. Then f, = f@fr with f—
Pfe €A and f, = ,fe € AY¥. Moreover, by (4.36) T'; f T; Pfe =TI JP,fe =
I J,fr, JjE {0 1}, and hence f. €A’. Thus A C A" and the equality A* = A
yields A’ = A. This implies that (4.32) is valid.

DEFINITION 4.4. A self-adjoint relation A € %'($) defined by (4.32) is called the
coupling of linear relations A and A, corresponding to boundary triplets IT for A* and
I, for (—A,)".

REMARK 4.5. (1) Let A be a symmetric relation in §) with not necessarily
equal deficiency indices ni(A) and let TT = {4 @ J#4,T,T'1 } be a boundary
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triplet for A*. Then according to Theorem 4.3 there is a bijective correspondence
between all exit space self-adjoint extensions A of A satisfying (4.33) and all
couplings of A with symmetric relations A, € %;(56,) corresponding to IT and a
boundary triplet I, for A}.

Assume that A has equal deficiency indices ny(A) =n_(A) and IT= {5#,Ty,T'; }
is a boundary triplet for A* with a single Hilbert space .77 (see Remark 2.15).
Then the coupling in the sense of Definition 4.4 turns into the coupling of A and
A, €6($,) (ni(A;) =n_(A,) = ns(A)) corresponding to boundary triplets IT
for A* and I1, = {2, T, T} for A} (see [11, 13]). For this case Theorem 4.3
was provedin [11, 13].

Suppose that A is a densely defined symmetric operator in $). Then in Definition
2.4 of a boundary triplet TT = {74 @ #4,T,T'1 } for A* one may assume that
the operators I’y and T'; are defined on domA*. Letting

N 0 0 —I
T=i|l 0 —ilyy 0 |:00B04 - H0B054
1; 0 0 )

one rewrites (1.6) as
HATf.8) = (f,A"g)] = (JTa-f,Tag), [,g € domA™,

where Ty: = (I'p,I"y)". This implies that a linear space £ = J4) © /] with
an indefinite inner product [, /'] := (Jh,K'), h,h' € £, is a boundary space and
[y« : domA* — £ is a boundary operator of A* in the sense of A.V. Shtraus
[41]. Moreover, the coupling of densely defined operators A and A, in the sense
of Definition 4.4 is a coupling of A* and A} with respect to boundary operators
T4« and T'_4: (see [42]). Therefore in the particular case of a densely defined
operator A with finite deficiency indices n.(A) Theorem 4.3 follows from [42,
Theorems 1 and 2].

Weyl function of the coupling
THEOREM 4.6. Let the assumptions (A1) and (A2) be satisfied and let A be the

coupling (4.32) of A and A,. Moreover, let A, € €(5)) be symmetric linear relation

4.9)
®

and let J, be operator (4.8). Then:
The Hilbert space F¢, (see (4.10)) and the operators I 1Ay — I, defined by

T5(f @ f;) = (T fy —T1f) ® P(Tof — Tydify) ® Pi(Tof —Tdrfy)  (4.38)
TS (f@ f,) = PTof & LPy(Tof + T3, ) & THI, (4.39)

form a boundary triplet 11, = {¢,,T§,I{} for A} (here fEA* and f, € AY).
Moreover, for this triplet A = kerI.
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(i) @A) :=—(M(A)—M,(—=A)—iNL(A)N,_(=1))"' € B(44) (A € C,) and the
Weyl function M. () of the triplet T1. has the block representation

o) ®(A)NL(A) Ly, +®(A)M(A)
M.(A)= (N,(—)L)d)(?t) L7+ Ne (—A)D(ANL (A) N,(—A)@()L)M()L))
MA(=2)®(2)  MA(=2)BRIN: () M(=A)B(A)M(A)

(4.40)

A € Cy, with respect to decomposition (4.10) of .

Proof. Let I, = {J%,,T5,T'{} be boundary triplet (4.21), (4.22) for A}, let M, (-)
be the Weyl function (4.25) of I, and let B = B* € B(%,) be operator (4.34). Then
according to [15] the equalities I'y = BI'j —I'{ and I'{ = I} define a boundary triplet
I, = {7, T§,T5} for A} and the Weyl function M.(-) of this triplet is

M. (A)=(B-M,2))"', 2eC,. (4.41)

The immediate calculation shows that I and I'{ are of the form (4.38) and (4.39).

Moreover, the equality A= kerIy directly follows from (4.38).
Assume that

_ (M) N () _(M(=1) 0

Since by Theorem 3.13 (M4, M_) € R[4, 7] and (M, ,M,_) € R,[5, 7], it
follows from Remark 3.5, (2) that Im.# (1) > 0 and Im.#, (1) < 0. Hence the operator

A== (M0 )

satisfies Im.Z (1) > 0, A € C,, and, consequently, the operator .# (A) is invertible.
Therefore the operator

M(A) = My(~2) = Ny (A) (=ilgg) (~Ny (~2)) = M(R) = My(~A) = iN ()N, (~2)

is invertible, which implies that ®(1) € B(J]) . Moreover,

~(=2)
0 —2ily 2iN,_ (= A)M; 1 (=2) )
L 0 ~M; (=)

—M(A) 2iN{ (A) Ly, —iNy (AN, (—A)M
B_Me(l) = (

and the immediate checking shows that the operator-function M,(-) of the form (4.40)
satisfies

(B_Me(z'))Mc(l):I%”u A€Cs.

Therefore by (4.41) M,(-) is the Weyl function of IT.
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DEFINITION 4.7. The operator function M,(-) of the form (4.40) is called the
Weyl function of the coupling of A and A, .

REMARK 4.8. Let in Theorem 4.6 ny(A) =ni(A;) =n_(A) =n_(A,),let [1=
{H#,To,T1} (1" = {%ﬂ,f"(),f"{}) be a boundary triplet for A* (resp. A}) and let M(+)
(M,(-)) be the Weyl function of IT (resp. IT"). Then the equalities I'y= f{)J, [(—A)*,
I = —I:{Jr I (—A,)* define a boundary triplet IT, = {7, T, T'{} for (—A,)* with
the Weyl function M,(A) = —M,(—2) and, therefore, the Weyl function M.(-) of the
coupling of A and A, is

M(M—( —(MQA)+MA)TY L= (M(A)+M (1)) M()
T\ — M) (M) +M,(2)) ™ M) (M) M, (1)~ M(2)

Note, that this equality was obtained in [1 1, 13].

),)LE(C\R.

4.3. Parametrization of special exit space extensions

PROPOSITION 4.9. Let the assumptions (A1) and (A2) be satisfied, let Ae €(9)
be the self-adjoint extension (4.32) of A and let R(A) be the corresponding generalized
resolvent (2.11) of A. Assume also that Ag = kerT'y and

Ko(A) = (L, =iNe— (=) 1 54 — A4 © 5,  Ki(A) = —M:(=A), A €Cs.

(4.42)
Then
R(A) = (Ao—2A) "' — 7+ (M)Ko(A) (K1 (A) + My (A)Ko(A) ' V5 (R), A €Cy.
(4.43)

Proof. Let A, =A@®A,. Then according to Proposition 4.2 the equalities (4.10)
and (4.21), (4.22) define a boundary triplet TI, = {2, T, T } for A} (=A* ®A;) such
that the y-field 7.(-) and the Weyl function M, (-) of I, are of the form (4.23) - (4.25).
It follows from (4.32) that A= KB, where A, g is the extension (4.35) of A, with B=B*
defined by (4.34). Now applying Proposition 2.16 to the triplet Il, and the extension
A = Ap one gets

A=) = (A -2) "+ ) B-M) (), AeCy (4.44)
where Af = kerI is a self-adjoint extension of A.. It follows from (4.44) that

R(A) =Py o (A5~ A) " [ 54 Py %(A)(B-M(A) 'L (A) 19, 2eC.
(4.45)
Let f € Ag. Then f = f® f, with f, =0 and hence f € A*(= A* G A?). Moreover, by
(4.21) I'y f = 0 and, consequently, f € Af. This implies that A is an exit space self-

adjoint extension of Ag. Since by Proposition 2.6, (2) (Ag—A)~! € B($)(A € C,), it
follows that

Py o(AG—2) ' 1H=(40—-2)"", 2€C. (4.46)
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Next, in view of (4.23) and (4.24) one has
Py o %e(A) = (Y(A), =28, (1), i8 (A)N,— (= 2)M; (=1)) : A © 6@ 5 — 9,
%A 19=(V(2).0,0)" : 9 — ot A

and by (4.41) the operator (B—M,(A))~! is equal to the right-hand side of (4.40). This
implies that

Py o %e(A)(B=Mc()) ' (A) 1 9
= (¢(8). =218 (), 18 (N, (=2)M; ! (=2) | Ne— (=) | @(R)7" (B)

— — (Y(A) = i8: (AN~ (=2)) (M(R) = My (=) = iN- ()N, (—A)) "7 (7)
— 1 (KA (K: () + My (WKo(A) 7 (), A eCy.

Combining of this equality with (4.45) and (4.46) yields (4.43). _
In the following theorem we parameterize all exit space extensions A of a symmetric
relation A satisfying (4.33).

THEOREM 4.10. Assume that A € ‘év(ﬁ) is a symmetric relation in §) with defi-
ciency indices n_(A) < ny(A), I ={4 & 4,T0,T'1} is a boundary triplet for A*,
Ag =kerTy and vy (-) and M, (-) are the _Y+fields and the Weyl function of I1 respec-
tively. Moreover, let T = {Ky(-),K\(-)} € R(#,#) and let A; be the corresponding
exit space self-adjoint extension of A defined by (2.12) and (2.13) (see Remark 2.14).
Then A = A; satisfies (4.33) if and only if T € R, (), 7).

Proof. Let 5 D $ be a Hilbert space and let A= A} S %;(fj) satisfies (4.33).
Moreover, let 9, = 5 ©% and let A, = A Oﬁf. Then according to Theorem 4.3, (2)
there exists a boundary triplet I, = {J% & 74,1, I} } for (—A,)* such that (4.32)
holds. Assume that M+ are the Weyl functions of I, and let M,_(A) has the block
representation (4.6). Then according to Proposition 4.9 the generalized resolvent R(A) =
R:(A) generated by A = A; is of the form (4.43) with operator functions Ko(-) and
K, (-) defined by (4.42). Moreover, since by Theorem 3.13 (M,4,M,_) € R[4, 74],
it follows from Lemma 3.6 that Ko(-) and K, (-) form a pair 7" = {Ko(-),K1(-)} €
Ry(%,41). Since by Theorem 2.13 7 = 7', it follows that T € R,(,.741).

Conversely, let T € R,(5%),741). Then according to Lemma 3.6 there exists a
pair (M,4,M,_) € R,[.74),74] with the block representation (4.6) of M,_(A) such
that the operator functions Ky(-) and K;(-) admit the representation (4.42). Moreover,
by Theorem 3.13 there exist a Hilbert space $),, a symmetric operator A, € € (9,) and
a boundary triplet T, = {J% ® J¢1,T),T"} for (—A,)* such that M,_(-) is the Weyl
functions of II,. Let 5 =9 & 9H,. Then according to Iheorem 4.3, (1) the equality
(4.32) defines an exit space self-adjoint extension Ae € (9) of A such that (4.33) holds
and by Proposition 4.9 the corresponding generalized resolvent R(A) of A admits the
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representation (4.43). Therefore by Theorem 2.13 A coincides with A; and hence A;
satisfies (4.33).

REMARK 4.11. Itfollows from Theorem 4.10 and Remark 2.3, (2) that in the case
n.(A) =n_(A) and aboundary triplet I[T= {7, T, T } for A" an exit space extension
A=A, of A satisfies (4.33) if and only if T € R,[7]. This fact was proved in [13].

Next assume that A is a closed densely defined symmetric operator in §), so that each
(% -minimal) exit space extension A =A™ of A is a densely defined operator as well (see
e.g. [13]). Recall that according to M.A. Naimark (see e.g. [1]) an extension A= A*
of A on a Hilbert space $ D $ is said to be: (i) of the ﬁrst kind, if domA ny = domA
(.e., if A acts in §); (ii) of the second kind, if domA N$H = domA; (iii) of the third
kind, if domA N$ # domA and domA n$ # domA. The set of all extensions of A of
the second kind will be denoted by Nai(A).

A description of the set Naiy(A) for an operator A with finite possibly unequal
deficiency indices is given in the following theorem.

THEOREM 4.12. Let in addition to the assumptions of Theorem 4.10 A is a densely
defined operator in $) with finite deficiency indices n—(A) < n4.(A). Then A; € Naiy(A)
if and only if T € R, (A, 74) (so that Ko(A) has the block representation (2.5)) and
the operator-function

a0 = (L8] Vitie s~ s, aec,
—iKo (A) jl%ﬂz —— 7
70 70

satisfies the conditions

lim 3 (iy) =0 and lim yIm(J# (iy)h,h) =, h € 7\ {0}. (4.47)
Yy Yy

Proof. Assume that g, acts in a Hilbert space 5 D% andlet §, = 5 &% . More-
over, let T and A, be operators in § and §, given by gr7 = P?grAT and grA, =
gri; ﬁﬁ% (see (4.27) and (4.28)). Clearly, A, is a closed symmetric operator. More-
over, since n4(A) < oo, the operator T is closed, that is A* = T'. Therefore by[13,
Proposition 7.5]

A, € Naiy (A) < grA= grgf N$H> and domA, = 9,. (4.48)

Since A* = T, it follows from Theorem 4.10 that grA = grfL N$H? if and only if
TE ﬁu(%7%ﬁ) (so that Ko(A) has the block representation (2.5)). Next, according
to Theorem 4.3 there is a boundary triplet I1, = {J% ® 74,1, T} for (—A,)* such
that A is a coupling of A and A, corresponding to triplets IT and TT,. Let M,_(-) be
the Weyl function of I, with the block representation (4.6) and let .#,(1), A € C_,
be the corresponding operator-function (1.11). Then by Proposition 4.9 M,_(-) and
T={Ko(-),K|(-)} are connected via (4.42) and hence M,(—1) = —K; (L), N,—(—1) =
iKpp(A), A € C4. Therefore # (1) = —4:(—A), A € C,, and by Theorem 2.9
domA, = §, if and only if conditions (4.47) are satisfied. This and (4.48) yield the
statement of the theorem.
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4.4. Example: coupling of symmetric systems

Let .% = (a,b), —eo < a < b < o, be an interval in R. As is known (see e.g
[3, 18]) a symmetric differential system on .# is of the form

JY —B(t)y=AH(t)y, t€.#, A€eC, (4.49)

where J € B(C") is an operator (n x n-matrix) satisfying J* =J~! = —J and B(t) =
B*(t), H(t) > 0 (a.e. on .#) are B(C")-valued operator functions (n x n-matrix func-
tions) on .# integrable on each compact subinterval [o;,] C .# . We assume that system
(4.49) is definite. The latter means that for some (and hence all) A € C there is only a
trivial solution y(¢) = 0 of (4.49) such that H(z)y(t) =0 (a.e. on .¥).

Denote by L*(H,.#) the Hilbert space of all (equivalence classes of) vector-
functions f(-) : .# — C" such that [(H(z)f(¢),f(t))dr < o. With system (4.49) one

I

associates the maximal relation
Tiax = {{0, f} € (L*(H,.%))*: y € AC(.#) and Jy'(t) — B(t)y=H(t)f(t) ae.on .#}
and the minimal relation 7,;, defined as the closure of

Trin :={{,f} € Tmax : y has the compact support}.

It turns out that Ty, is a closed symmetric relation in L?(H,.#) with finite deficiency
indices n (Tiin) < n, which coincide with the number of linearly independent solutions
y € L*(H,.%) of (4.1) for A € C. Moreover, the equality T = T is valid (see
e.g. [5,29]).

In the following we consider system (4.49) on .# =R and systems on the semiaxes
R_ = (—o0,0] and R} = [0,0) obtained by restriction of (4.49) onto R_ and R.. We
assume that all these systems are definite. Moreover, without loss of generality we
assume that n =2v +V (hence C" = C" @& CY & C") and the operator J is given by
(1.15).

Put § =I2(H,R), $ =L*(H,R_), $, = L*(H,R,) and denote by T, (Ti.
and T,_.. (Tr:l”in) the maximal and minimal relations in £ (resp. $),) generated by
restriction of the system (4.49) onto R_ (resp. R, ). In the following we assume that
the relations 7. and Tntn have minimal deficiency indices (1.16), i.e., system is in the
limit point case at co and —eo. Then

Tow =100 f Y ETm:y (0)=0},  ThH ={{",fT} el yH(0)=0}

and Tiin(= Tmax) 18 a self-adjoint linear relation in 5 (see e.g. [5, 29]).Moreover,
according to [35, 37] the equalities

FO{y_vf_}:{y’j_(o)7_ly2_(0)}7 rl{y_vf_}:yl_(o)7 {y_7f_}€THTaxv
(4.50)

To{y™, /7= {v3(0),—iy; (0)}, T =00), T e Tk
4.51)
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define boundary triplets [1= {CV+V€BCV o,y } for Ty and T1,={CV*V & CY I, I}
for —T, .. In (4.50) and (4.51) y- ; £(0) are taken from the representations

Yy o=y (t)=y; (t)®y, (1) Dy; (1)(€ CV@CQ@CV), reR_,
Y=yt ) =y @yi)eyit)(eC’eC’eCY), reR,

of functions y~ € dom7,,, and y© € dom (-7}, )(=domT,,).
Let

M. (A)=(M(A),N+(A)):C’*&C’ - C", A€Cy,
M () = (M,(A),N,—(A))T:CY >’ &C, AeC_

be the Weyl functions of triplets IT and I1, respectively.

DEFINITION 4.13. [35, 37] The operator-functions

m(A) = (ml(l) mz(l)> - (M(l) N+_(M)) reC,, (4.52)

0 %I; 0 %k
Cmt) 0N [ —M,(~2) 0

are called the m-functions (Titchmarsh - Weyl functions) for restrictions of the system
(4.49) onto R_ and R respectively.

The Weyl functions M4 (-) and hence m-functions m*(-) can be expressed in terms
of values at 0 of certain matrix solutions of the system with entries belonging to
L*(H,R<). Moreover, m*(-) € R[C¥ @ C"] and spectral functions of m_(-) and m. (-)
are matrix pseudo-spectral functions of the dimension v + V for generalized Fourier
transforms generated by restrictions of the system onto R_ and R, respectively (for
more details see [35, 37]). Observe also that m~ (A) = .# (1) and m™ (1) = —.4,(— ),
A € C4, where .#(-) and .#,(-) are operator functions (1.10), (1.11) for M, (-) and
M,_(+) respectively.

Let Y(-,A)(€ B(C")) be the fundamental solution of the system (4.49) with Y (0,1)
=1I,. Then according to [9, 40] there exists a unique operator (matrix) function Q( )€

R[C"] (the characteristic matrix of the system) such that the resolvent (Tpi, —A)~! of
Tnin(= Tyy) 18
((Tn=2)"'0) () = [ Y(52)(Q2) + sgnlt =) (L DHWS 1) dr, [ €.

This fact enables one to describe spectral properties of Tpy, in terms of Q(+).
It follows from [35, Theorem 5.9] that the following Titchmarsh formula holds

(1) ®(A)m; (1) Ly + (A)my ()
Qa)=|  —mM®QR) LS5 my (A)O(A)my (A) —my (M)D(A)m; (2) | |
L S (O®(R) T —mf (W)@, () —my (2)D(A)my A)

(4.54)
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where ®(A) = —(my () +m{ (A)+im; (A)mf (A))~', A € Cy, and m; (1) are taken
from (4.52), (4.53). If system (4.49) is Hamiltonian (this means that V = 0), then
m-functions m~(-) and m*(-) in the sense of Definition 4.13 turn into m-functions
(Titchmarsh-Weyl functions) for Hamiltonian systems on R_ and R respectively [17,
20, 24] and (4.54) takes the well known form [21, 25]

[ )+t ) M (o () +art () ()
@)= (—%Iv+m+<?t><m—m>+m+<A>>—1 rfz*(?t)(m‘(?t)+m+(?t>)‘1m‘(?t)) '

A connection of abstract objects from this section with symmetric systems is given
by the following proposition.

PROPOSITION 4.14. Let symmetric system (4.49) on R satisfies the above as-
sumptions and let T = {CV"V & CY, Ty, I'1} and T, = {CV"V & C" T}, T'| } be bound-
ary triplets (4.50), (4.51) for Ty, and —T,, respectively. Then:

(1) Twin is acouplingof A=T_. and A, = T;{in corresponding to boundary triplets

in

IT and 11, (see Definition 4.4).

(2) The characteristic matrix Q(-) of the system is associated with the Weyl function
M, (-) of the coupling Tiin (see Definition 4.7) via

QA) =M. (A)+C, L € Cy, (4.55)
where

0 0-11 - -
C=C"= 0 0 O CVepCveCY -CVpCVe .

1,0 o0

2V

Proof. Statement (1) is immediate from (4.50), (4.51) and definition (4.32) of the
coupling. Moreover, combining (4.54) with (4.52), (4.53) and (4.40) we arrive at state-
ment (2).
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