oerators
nd
atrices
Volume 14, Number 1 (2020), 117-128 doi:10.7153/0am-2020-14-09

MATRIX VALUED p-CONVOLUTION OPERATORS

ALI EBADIAN AND ALI JABBARI

(Communicated by D. Han)

Abstract. Let G be a locally compact group equipped with the left (or right) Haar measure mg,
M, be an n x n matrix with entries in C and let M(G,M,) be the Banach algebra consists all
M, -valued measures on G. We define left and right p-convolution operators on L”(G,M,),
where 1 < p < e and investigate some properties of these operators. For a locally compact
abelian group G, we consider the Fourier transforms of M, -valued functions and measures
and show that there is an isometric *-homomorphism (:-anti-homomorphism) from L™ (G,M,)
onto the space of all p-convolution operators.

1. Introduction

Let G be a locally compact group and 1 < p < .. A bounded operator 7 :
LP(G) — LP(G) is called a p-convolution operator of G if T(,f) =, T(f), for all
a € G and f € LP(G). These operators are also called translation invariant operators,
see [6], where Hormander’s studied these operators on R". Following [4], we denote
the set of all p-convolution operators of G by CV,(G). Suppose that Z (L?(G)) de-
notes the space of all maps from L?(G) into itself and B(L”(G)) denotes the Banach
algebra consists all linear bounded operators from LP(G) into itself. Then clearly,
CV,(G) is a subalgebra of B(L"(G)).

Let G be a locally compact group, mg be the unique Haar measure on G and
1 < p,qg<oosuchthat 1/p+1/g=1.Let M, be an nxn, n € N, matrix with entries
in C. We equip M, with the C*-norm. The trace Tr: M, — C is a positive linear
functional of norm n. Suppose that & is a o -algebra of Borel setsin G, u : G — M,
is countably additive function that we call it an M,,-valued measure on G and denote
by an n x n matrix y = (y;;) of complex valued measures (;; on G. The variation of
U is |u| that is a positive real finite measure on G defined by

WI(E)=supd 3 u(E)|:EcBy,
&z Eicy

where & is a partition of E into a finite number of pairwise disjoint Borel sets. Define
the norm of u as ||u|| = |u|(G). Following [1, 2], it has a polar representation dy =
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o -d|u| where @ : G — M, is a Bochner integrable function with ||@(-)]|=1. A
function f = (f;;) : G — M, is called p -integrable if each f;; is a Borel function and
the integral [ fijd g exist in which case. For any E € 4, the integral [ fdu is an
n X n matrix with ij-th entry

%/Efikd.ukf

Then, we have the norm of f,

H/fduH H/f x)d || (x

The trace-norm || - || is equivalent to the C*-norm on M, and M} = (M, || - ||:+),
by this, we can regard an M, -valued measure on G as an M, -valued measure on G,
and vice versa. We denote the space of all M, -valued measures on G by M(G, M)
with the total variation norm || - ||;~. This space is linearly isomorphic to the space
(M(G,M,),]|-1)- By Co(G,M,), we man the Banach space of continuous M, -valued
functions on G vanishing at infinity with the supremum norm and C¢(G,M,) denotes
the subspace of Cy(G,M,,) consists all M,,-valued continuous functions with compact
supports. By [1, Lemma 5], M(G,M;;) is linearly isomorphic order-isomorphic to the
dual of Cy(G,M,,), with the following duality formula:

)< Lrealue (1)

<"'> :CO(G’M") XM(GaM;) —C

for any f = (fi;) € Co(G,M,) and u = (u;;) € M(G,M,;). By [3, Proposition 2.4],
(M(G, M), ]| - |l:+) is a Banach algebra with the following convolution product:

(fopev) =To (/G/Gf(xy)du(x)dv(w), (13)
forall f € Co(G,M,) and u,v € M(G,M;). Also, (M(G,M,),|-||) becomes a Banach
algebra with the convolution product and is algebraically isomorphic to (M(G,M),|| -

llir). Let f = (fij) be a Borel M, -valued functionon G and u = (;;) be a M, -valued
measure on G. An M, -valued convolution fx u, if exists at x € G, is defined by

(Fem@ = [ flo! (1.4)

The left convolution u *, f is the following integral if it exists:
(50 f)(x /du (x€G). (1.5)

The transposed integral [; d p(x)f(x) which is defined to have ij-entry

(/du ) Z/fk, )dpax
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H/Gd“@ @] < LIf@ldiule. (L6)

For given u € M(G,M,), following [2, Page 24], we consider [ € (G,M,) by
dpi(x) = du(x~1), forall x € G. Consider the complex vector space L”(G,M,,). Then
by [5], the dual of L?(G,M,) is identified by L7(G,M;) with the following duality
formula:

Also,

() : LP(G,My) x LY(G,M;;) — C

—Tr ( [ rsx)ama )) (17)

For any f € L?(G,M,) and g € LY(G, M), we have

o) =Te( [ [ eoonsautianan) =ire.
GJG
Following [2], by (1.1) and (1.6) we have

1 ullp < [ fllpllall, and [l fllp < 1F11p Ml (1.9)
forall f € LP(G,M,) and u € M(G,M,), where

151 = ( [, Lo amo >)

In the next section, we introduce the notions of left and right p-convolution oper-
ators on L?(G,M,) Banach spaces, where G is a locally compact group equipped with
the left or right Haar measure. We give some results and properties of aforementioned
operators. In the Section 3, we consider Fourier transforms of matrix valued functions
and show that for abelian locally compact group there are isometric homomorphism and
isometric anti-homomorphism from L*(G,M,) onto the space of all p-convolution op-
erators.

2. Matrix valued p-convolution operators

In this section we define matrix valued left and right p-convolution operators and
give some results related to these operators defined on L”(G,M,). We start with the
following definition.

DEFINITION 2.1. Let G be a locally compact group, 1 < p < e. A bounded
operator T : LP(G,M,) — LP(G,M,) is called a matrix valued left p-convolution
operator of G if T(,f) =, T(f), forall a € G and f € L?(G,M,). We denote the set
of all matrix valued left p-convolution operators of G by LCV,,(G,M,). Similarly, we
define the right p-convolution operator with entries in M,,, if T(f,) = T(f)a, for all
a€ G, feLP(G,M,) and we denote the set of all such operators by RCV,(G,M,).
We denote the space of matrix valued p-convolution operators by CV,(G,M,) that is
LCV,(G,M,) NRCV,,(G,M,).
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Clearly if G is alocally compact abelian group then CV,,(G, M, ) = LCV,(G,M,) =
RCV,(G,M,,).
DEFINITION 2.2. Let G be a locally compact group and 1 < p < oo.

(i) Define N7, : M(G,M,) — (L’ (G,M,)) such that for every u € M(G,M,),
Ne (1) - LP(G,M,) — LP(G,M,) is defined by N7.(u)(f) = f * 1L, for every
fELP(G,M,).

(ii) Define <% : M(G,M,) — B(LP(G,M,)) such that for every u € M(G,M,),

AL(u) : LP(G,M,) — LP(G,M,) is defined by AZ.(u)(f) == f,forall f €
LP(G,M,).

LEMMA 2.3. Let G be a locally compact group, mg be the left or right Haar
measure and 1 < p < eo. Then XF(1) : LP (G,M,,) — L?(G,M,) is a linear bounded
left p-convolution operator such that

N () (f) (x) = /G £ (o) du(y), 2.1

forall xe G, f € LP(G,M,) and i € M(G,M,). Furthermore, ¢ has the following
properties:

(i) forall a€ G and f € LP(G,My,), N7, (84) (f) = fa-
(ii) W& (8ap) =N (8a) oNE(8p) forall a,b e G.

(iii) for every u € M(G,My), NG(1) = [ G (8)du(y).
Proof. Forall xe G, f € Cc(G,M,) and u € M(G,M,),
(= [ £ i) = [ £ aue™) = [ f@)du0).

It is easy to see that f [ is continuous and by (1.9), we have |f = ||, <
| £llplle]l. Since Cc(G,M,) is dense in L*(G,M,), the formula (2.1) holds. We now
show that >\f; is a p-convolution operator. By (2.1), we have

ONB) () = o (700 () = (F 1) (@)
= [ ra)dnt) = [ oft)due)
= (uf <) () = (N (W) (),

forall x € G, f € LP(G,M,) and u € M(G,M,). Hence, X2 () is a p-convolution
operator. The implications (i) and (ii) hold by applying (2.1).
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(iii) For any f € LP(G,M,) and g € L(G,M;;), we have

-8 =T [ N0 eame)
by (2. 1>—Tr< /. / Fl)g >dmc(x>)
bym—Tr( [, ] 0ra(@)0) Wetaian e
AT (f))(X)du(y)>g(X)dmc(X)>
= ([ ne(&)()du0)8)-

Thus, Ng(K) = [ G(8))du(y), forevery u € M(G,M,).
Similar to the above Lemma, we have the following result for K’é where we omit its
proof because it is similar to the aforementioned result.

LEMMA 2.4. Let G be a locally compact group, mg be the left or right Haar
measure and 1 < p < eo. Then AL(1): L (G,M,) — LP(G,M,) is a linear bounded
right p-convolution operator such that

¥) = /G du(y)f (), 2.2)

forall x € G, f € LP(G,M,) and i € M(G,M,). Furthermore, K. has the following
properties:

(i) forall a€ G and f € LP(G,M,), NI, (84) (f) =a f-
(ii) AT (8up) = AL (84) 0 AL (8p), forall a,b € G.

(iii) for every € M(G,M,), Ag(1) = [ du(y) A ().
Let G be a locally compact group, L?(G,M,) and L?(G,M,) be as before. For all

feLl?(G,M,) and g € L1(G,M}), [;f(x)g(x)dmg(x) is in M, . We denote this M, -
valued integral by

| F0ex)dma() = (7).

indeed it is M, -valued duality formula and Tr ((f,g)m,) = Tr(f,g). By this notation
we have the following result:

PROPOSITION 2.5. Let G be a locally compact group, mg be the left or right
Haar measure and 1 < p < oo. Then Np(U* V) = NE(1) oXE(V) and AL (u*v) =
AL () o AZ(Vv), forall pu,veM(G,M,).
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Proof. We investigate only the case XL, and the case <7 is similar. For all f €
L?(G,M,) and g € LY(G,M;;), Lemma 2.3 implies

(NGO XEM) (1):8) = (MBI NG W) @)
=10 ([ N0 )" () e

=10 [ [ 76O () @)y )amet)

Let f € LP(G,M,), g € L1(G,M;;), and set h(x) = X (8)(f), for every x € G.
Then by (1.2) and (1.3) we have

= 1o ( [ 0@ (1), du()ave)).

This implies that (N (1) o XE(V)) (f),8) = ((NE(u=v)) (f).g), forall f €
LP(G,M,) and g € L1(G,M;;). Hence, Xp(u* V) = XE(u)oXL(v), forall u,v e
M(G,M,).

Let f € L'(G,M,), then f-mg € M(G,M,) with the following total variation

||f-mg||=|f~mc\(G)Z/Gllf(X)IIde(X)ZHf||1~
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We identify L!(G,M,) as a closed subspace of M(G,M,) such that contains all ab-
solutely continuous M), -valued measures on G and it also is a right ideal of M(G,M,,),
because (f-mg)*u = (f*u) -mg, forall f€L'(G,M,) and u € M(G,M,). For any
f €LY (G,M,), we put \&.(f) = RE(f -mg). From (1.5), we have the following left
convolution product

(f0g)(x) = /G dma(y) F()g(y 1), 23)

forall f € L'(G,M,) and g € L?(G,M,). This together (1.9) implies that || f gl , <
lgllpllfll1, forall £ €LY (G,M,) and g € LP(G,M,). Thus, L*(G,M,) is a left Banach
L'(G,M,)-module.

THEOREM 2.6. Let G be a locally compact group, mg be the left or right Haar
measure on G, 1 < p <eoand T € B(LP(G,M,)). Then T € LCV,(G,M,) if and only
ifT(f*g)=f*T(g), foral fecL(G,M,) and g € LP(G,M,).

Proof. As we discussed the above, L?(G,M,) is a left Banach L!(G, M,)-module.
Now, suppose that T € LCV,(G,M,) with the left convolution product. Then

(T (g).h) = Tr ( IR <x>h<x>dmc<x>)

=10 [, [ ane) 07 (@0 et

dmc<y>f<y><r<y1g>,h>M,z)

G

ama(3)f() ;12 T*(h»M,I)

=10 [, [ amat)r 01T () w)amat)
= (f*0g,T"(h)) =(T (f*eg),h),

forall f € L'(G,M,), g € LP(G,M,) and h € LI(G,M;). Thus, T (f*18) = f+T(g),
forall f € L'(G,M,) and g € L’(G,M,,), where 1 <g <o and 1/p+1/q=1.

Conversely, assume that T (f*,g) = f*,T(g), for all f € L'(G,M,) and g €
L?(G,M,). For every € > 0, we have

lf = fllp <&, 2.4
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for every f € LP(G,M,). Let (eq) C L'(G) be a bounded approximate identity for
L'(G), where eg’s have compact supports and |leq||; < 1, then L'(G,M,) has a
bounded approximate identity (E) as follows:

eq - 0
Eo =

O s €q

where Eg’s are My -valued functions such that ||Eq||11(g,) < 1. This together (2.4)

implies that one can choose an element f € L!'(G,M,) with compact support and
1111 (Gm,) < 1 such that || f+,g—gl|, < &, where & depends on €. Thus, for every
ae G,wehave ||, (f*/g) — 4&ll, < €. This implies that

[aT (f%08) —aT(@)|lp = lla(f*¢T(g)) —aT(g)lp < &1, (2.5)

for every a € G. Since T is a bounded linear operator, by (2.5), we have

1T (a(f*08) =T () llp <ITler, and [laT ((f*,8))=aT (&), <IITl[e1, (2.6)

for every a € G. Also, for all g € LP(G,M,) and a,x € G,

A 2e8)0) = () @) = [ dme(f(lg(an™) = [ dmo()f() agloy™)
= (f*rag)(x). 2.7

The above argument implies that

T(a(f#08)) =T (fx0a8) = (f*¢T(ag)) = (f#0aT (8)) =a (f ¢ T(g)), (2.8)

forall g € L?(G,M,) and a € G. Now, set & = €/2||T||. Then by (2.6) and (2.8), we
have

1T(ag) —aT@)llp < IT(g) =T (a(f*e8)) lp + 1T (a(f*¢8) —a T ((f*e&)) I
+HaT((f*€g)) _aT(g)HP

<&,

forall g € LP(G,M,) and a € G.
In light of (1.4), we define the following convolution product

(541 = [ 8o )r0)dma(s), (2.9)
forall g € L?(G,M,), f € L'(G,M,) and x € G.
THEOREM 2.7. Let G be a locally compact group, mg be the left or right Haar

measure on G, 1 < p <eoand T € B(LP(G,My)). Then T € RCV,(G,M,) if and only
ifT(gxf)=T(g)*f, forall fcL'(G,M,) and g € LP(G,M,).
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Proof. By (1.9) we get ||gx* fll, < llgllp||f][1, for all ¢ € LP(G,M,) and f €
L'(G,M,). This shows that L”(G,M,,) is a right Banach L'(G,M,)-module. Assume
that T € RCV,(G,M,). By a similar argument in the proof of Theorem 2.6, we have

(T(g)*fh) = (T (g*[)h)

forall g € LP(G,M,), h € LY(G,M}) and f € L' (G,M,), where 1 < g <o and 1/p+
1/g=1.

Conversely, suppose that T(g = f) = T(g) = f, for all g € LP(G,M,) and f €
LP(G,M,). We do similar to the converse case of the proof of Theorem 2.6. For every
€ >0, we have

Ifi—fll<e (feLP(GM,),xEG). (2.10)

We now choose an element f € L!(G,M,) with |||, (G.m,) < 1 and the compact
support such that for every & > 0, we have ||g * f —g||, < &, where & depends on
€. Thus, for every a € G, we have || (g* f), — 8all, < €. This implies that

1T (8 f)a=T(&)allp = 1(T(8) % f)a=T(&)allp < &1, 2.1D)

for every a € G. Then by (2.11) and since T is a linear bounded operator, we have

1T (g% f)a) =T (a) lp < ITller, and [T (g% /)y =T @)allp <ITler, 2.12)

for every a € G. On the other hand, for all g € L?(G,M,,) and a,x € G, we get

(8% £)alx) = (g4 £)(x /gylxa Ddn(y) = [ gl ) )ame()
= (ga*f) (2.13)

Then

T((g*f)a) =T (8a*f) = (T(ga) *f) = (T(g)a* f) = (T () *f),, (2.14)

forall g € LP(G,M,) and a € G. We now set & = £/2||T||. Then by (2.12) and (2.14),
we have

1T (8a) = T(8)allp < 1T(8a) =T (& a) llp+ 1T (% f)a) =T (&%) llp
HIT (g% )= T(&)allp

< e,

forall g € LP(G,M,) and a € G.
By the following results we investigate the duals of left and right p-convolution opera-
tors.

PROPOSITION 2.8. Let G be a locally compact group with the left Haar measure
mg and let 1 < p,q < oo suchthat 1/p+1/q=1.If T :LP(G,M,) — LP(G,Mp) is
in LCV,(G,M,), then T* : LY(G,M,;) — L4(G,M,,) is in LCV,(G,M;).
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Proof. Forall a € G, f € LP(G,M,) and h € LY(G,M,),

Gt o) =o( [ T s wamet )= (/T 91 S0

= (T () = (T (1), 1) = (o

—e( [ mw;)= (/T )i () )
(T (f) ) = (T ().

This implies that 7% € LCV,(G,Mj;).
The proof of the following result is similar to the above proof exactly and we so omit
it.

PROPOSITION 2.9. Let G be a locally compact group with the right Haar mea-
sure mg andlet 1 < p,q <oeo suchthat 1/p+1/q=1.If T :L*(G,M,) — L (G,M,)
is in RCV,(G,M,), then T* : LY(G,M;;) — L1(G,M;;) is in RCV,(G,M}).

By Propositions 2.8 and 2.9 we have:

COROLLARY 2.10. Let G be a unimodular locally compact group and let 1 <
p,q <o suchthat 1/p+1/q=1.If T : LP(G,M,) — L’(G,M,) is in CV,(G,M,),
then T* : L9(G,M;;) — L1(G,M;;) is in CV,(G,M;;).

3. Fourier transform and p-convolution operators

In this section, we consider Fourier transform of matrix valued functions, we sup-
pose that G is a locally compact abelian group with the Haar measure mg and by G,
we denote the dual of G. Following [2, Section 3. §3], for any 7 € G, ueMG,M,)
and f € L'(G,M,), we define their Fourier transforms by

ﬁ(m:/Gn(x*l)du(x), G.1)
and
/ £ () dmg(x). (3.2)
Also, . N L
pref=pf and fru=fu, (3.3)

for all u € M(G,M,) and f € L'(G,M,). We denote by M, the vector space M,
equipped with the Hilbert-Schmidt norm and we also consider LZ(G,MM) as a Hilbert
space with inner product (,-). Forevery f € L'(G,M,2)NL*(G,M,>), by [2, Lemma
3.3.9], ||fH2 = ||f|l> and there is a unique continuous map .% : L*(G, M, 2) —

12(G.M, 2) suchthat 7 (f) = . Similar to [4, Definition 1.3.2], forany ¢ € L™(G,M,),
we define

AsO)(N)=F 1 (OF(f), (fE€L*(GM,y)). (3.4)

We now give a result similar to [4, Theorem 1.3.2] as follows:
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THEOREM 3.1. Let G be a locally compact abelian group. Then Ag is an iso-
metric %-isomorphism from L=(G,M,) onto CV5(G,M,,).

Proof. By a similar argument in the proof of [4, Theorem 1.3.2], A is an alge-
braic homomorphism i.e., for all ¢,y € L(G,M,) and f € L*(G,M,5),

Ag(OW)(f) = Ag(8) (Ag(w)(f))- 3.5)

Also, it is injective and for any ¢ € L=(G,M,) and f,g € L*(G, M),
(8GO = (6.5 (0" F ) = (F(0).0° (1)

=10 [ 07071 ame

= (07(0). 7)) = (7 0F(6).) = (A6(0)(2).)

= (&:A5(9)"(/))-

This shows that Az is a - homomorphism

By proof of [2, Propos1t10n 3.3.12], Ag is a x-isomorphism. On the other hand,
every x-isomorphism between C* algebras is an isometry [7, Corollary 1.5.4], thus,
Ag is an isometry. Denote by i the canonical map of G onto G. For every a € G,
neGand fel?(G,M,,),

m) = [ flaate o) = [ f@n(ea(a)ame()
- n(a / SR (x) = t6(@)(m) F (£) (m)
~ (i6(a >f<f>><n>. (36

One can identify L=(G,M,) as a C*-subalgebra of B (L*(G,M,,)). Then [i €
L“(@,Mn). From this fact, Lemma 2.4, (3.3) and (3.6), we have
«(Ag@)() =« (FTHEZ () =a (FTHF (x50 1) =a (W0 f)
= e of =F T (e of)) = F (LT (0f))

= A1) (af), 3.7)
forall a € G, f € L(G,M, ) and [i € L*(G,M,). Similarly, we have
(A(E)(N), = Ag(B) (o), (3.8)

forall a € G, f € L*(G,M,>) and i € L™(G,M,). Thus A5(l) is in CV>(G,M,), for
all i € L=(G,M,).
Similar to (3.4), for every ¢ € L*(G,M,,), we define

Os(0)(f) =F " (F()e), (f€L*(G,M2)). (3.9)

Similar to Theorem 3.1, we have the following result for ©.
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THEOREM 3.2. Let G be a locally compact abelian group. Then O is an iso-
metric %-anti-isomorphism from L=(G,My) onto CV5(G,M,).

Proof. Forall ¢,y € L™(G,M,) and f € L*(G,M,5),

Oz(0w)(f) = Z 1 (ZF(N)oy) =F " (F()9)w) =F ' (F (05(0)(f)) w)
=05(w) (05(0)(/)) -
Thus, 95 is an anti-homomorphism. Also, similar to AG one can show that 96

is a x-map and consequently, it is a *-anti-homomorphism between C* -algebras. This
implies that it is an isometry. By Lemma 2.3 and (3.3), similar to the relations (3.7) and
(3.8), we obtain for ©5. Hence it is in CV2(G,M,).

Acknowledgement. The authors would like to thank the referees for the careful
reading of the paper and for their useful comments.

REFERENCES

[1] C.-H. CHU, Matrix-valued harmonic functions on groups, J. reine angew. Math., 552(2002), 15-52.

[2] C.-H. CHU, Matrix convolution operators on groups, Lecture Notes in Mathematics, Springer-Verlag
Berlin Heidelberg, 2008.

[3] C.-H. CHU AND A. T.-M. LAU, Jordan structures in harmonic functions and Fourier algebras on
homogeneous spaces, Math. Ann., 336(2006), 803-840.

[4] A. DERIGHETTI, Convolution operators on groups, Lecture Notes of the Union Mathematica Italiana,
Springer, 2011.

[5] J. DIESTEL AND J. J. UHL, Vector measures, Math. Surv. 15, Amer. Math. Soc., 1977.

[6] L. HORMANDER, Estimates for translation invariant operators in LP spaces, Acta Math., 104(1-
2)(1960), 93-140.

[71 M. TAKESAKI, Theory of operator algebras I, Springer-Verlag, New York Inc., 1979.

(Received February 11, 2019) Ali Ebadian
Faculty of Science

Department of Mathematics, Urmia University

Urmia, Iran

e-mail: ebadian.ali@gmail.com

Ali Jabbari

Department of Mathematics
Payame Noor University

Tehran, Iran

e-mail: jabbari_al@yahoo.com

Operators and Matrices
www.ele-math.com
oam@ele-math.com



