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LINEAR MAPS ON BLOCK UPPER TRIANGULAR MATRIX
ALGEBRAS BEHAVING LIKE JORDAN DERIVATIONS
THROUGH COMMUTATIVE ZERO PRODUCTS

H. GHAHRAMANI, M. N. GHOSSEIRI AND L. HEIDARIZADEH

(Communicated by P. Semrl)

Abstract. Let T = T (ny,n, - ,n) € M, (€) be a block upper triangular matrix algebra and
let .# be a 2-torsion free unital 7 -bimodule, where ¢ is a commutative ring. Let A: .7 — 4
be a % -linear map. We show that if A(X)Y +XA(Y)+A(Y)X +YA(X) =0 whenever X,Y € T
are such that XY =YX =0, then A(X) = D(X)+ a(X)+XA(I), where D: .7 — ./ is a
derivation, o :.7 — ./ is an antiderivation, [ is the identity matrix and A(/)X = XA(I) for
all X € .7. We also prove that under some sufficient conditions on .7, we have o =0. As a
corollary, we show that under given sufficient conditions, each Jordan derivation A: .7 — .#
is a derivation and this is an answer to the question raised in [9]. Some previous results are also
generalized by our conclusions.

1. Introduction

In this paper, ¢ will denote a commutative ring with unity and all algebras and
modules will be unital over 4¥’. Let </ be an algebra. Recall that a % -linear map
A from & into an &/ -bimodule .# is a Jordan derivation if A(xy+yx) = A(x)y +
XA(y)+A(y)x+yA(x) forall x,y € o7 . Itis called a derivation if A(xy) =A(x)y+xA(y)
for all x,y € /. Also, A is called an antiderivation if A(xy) = A(y)x+ yA(x) for all
x,y € o. If A is only additive, we say that A is an additive (Jordan, anti) deriva-
tion. For an element m € .# , the mapping I, : & — .# given by L,(x) = xm — mx
is a derivation which will be called an inner derivation. Clearly, each derivation or
antiderivation is a Jordan derivation. The converse is, in general, not true (see [3]). The
question of determining the structure of Jordan derivations and the conditions under
which each Jordan derivation becomes a derivation attracted much attention of mathe-
maticians. Herstein [12] proved that every additive Jordan derivation on a prime ring
whose characteristic is not 2 is an additive derivation. Bresar [5] proved that Herstein’s
result is true for 2-torsion free semiprime rings. Sinclair [20] proved that every con-
tinuous Jordan derivation on a semisimple Banach algebra is a derivation. Johnson
showed in [17] that any continuous Jordan derivation from a C*-algebra </ into a Ba-
nach 7 -bimodule is a derivation. Further, Jordan derivations were studied on other
operator algebras (see [19, 21]). By a classical result of Jacobson and Rickart [14]
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every additive Jordan derivation on a full matrix ring over a 2-torsion free unital ring
is an additive derivation. The first author has proved in [8] that any additive Jordan
derivation from a full matrix ring over a unital ring into any 2-torsion free bimodule
(not necessarily unital) is an additive derivation which is a generalization of a result in
[14]. Also, in [4, 18], Jordan derivations of some rings (algebras) have been studied
that these algebras are generalizations of full matrix rings (algebras). Zhang and Yu
[22] showed that every Jordan derivation of triangular algebras is a derivation, and in
[6] their result was generalized to trivial extensions. In [11], the author studied the
Jordan derivations on a subring .# of a full matrix ring that contains the all upper tri-
angular matrices over a 2-torsion free ring and showed that in this case every Jordan
derivation on . can be uniquely represented as the sum of a derivation and a special
Jordan derivation. Benkovi¢ [3] determined Jordan derivations on triangular matrices
over commutative rings and proved that every Jordan derivation from the algebra of
all upper triangular matrices over a commutative ring into an arbitrary unital bimodule
over this algebra is the sum of a derivation and an antiderivation. In [9] the author gen-
eralized the main result of [3] to block upper triangular matrix algebras. In particular,
it is shown that any Jordan derivation from the block upper triangular matrix algebra
T =T (n1,n2,---,nx) C M,(€) into a 2-torsion free unital .7 -bimodule is the sum
of a derivation and an antiderivation, where % is a commutative ring; and at the end of
the article, the following question raised: under what conditions each antiderivation of
T is zero? In this paper we answer this question under some mild conditions.

There are many papers concerning the study of conditions under which Jordan
derivations of rings or algebras can be completely determined by the action on some
sets of points. We refer the reader to [1, 10, 13, 15, 16] and the references therein. In
this paper we consider the subsequent condition on a % -linear map A from an algebra
&/ into an .o/ -bimodule . :

x,yed, xy=yx=0=AX)y+xAQ)+AQy)x+yA(x)=0 (P).

It is clear that each Jordan derivation satisfies (), so the problem of determining the
structure of maps satisfying () is a generalization of the problem of determining the
structure of Jordan derivations. In [1] the authors considered the Condition (P) on a
continuous linear map A from a C*-algebra &7 into an essential Banach .« -bimodule
A , and they showed that there exist a derivation D : &/ — .# and a bimodule ho-
momorphism ¢ : &/ — .# such that A= D+ ¢. In [8], the author considered an
additive map A from M,(Z), the ring of all n x n matrices over a unital ring %,
into a 2-torsion free unital M, (%)-bimodule .# which satisfies (P) and showed that
A(X)=D(X)+XA(I), where D : M,,(#) — .# is aderivation, I is the identity matrix
and A(I)X = XA(I) for all X € M,,(#). In [10] additive maps satisfying (IP) on a tri-
angular ring (of course, in a more general sense) are studied, and in [13] additive maps
satisfying (P) on a generalized matrix ring are considered. Also, in [7] (continuous)
linear maps satisfying (IP) on some operator algebras are investigated. Note that each of
the following conditions on a linear (or additive) map A : &/ — .# implies () which
have been considered by a number of authors (see, for instance, [2, 7, 13, 15, 16, 23]
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and the references therein):
xyed, xy=0=Alx)y+xA(y)=0;

x,yed, xy=yx=0= Alx)y+xA(y)=0;
x,yed, xy=0=Ax)y+xA(y)+A(y)x+yA(x) =0;
x,yed, xy+yx=0=A(x)y+xA(y) +A(y)x+yA(x) = 0.

Therefore, the results obtained for maps satisfying () still hold if any of the above
conditions is replaced by (IP).

In this paper we consider the problem of characterizing a % -linear map A satis-
fying (P) from & = J (ny,ny,---,n;), a block upper triangular matrix algebra, into
a 2-torsion free unital .7 -bimodule .# . In Theorem 3.2, we show that there exists
a unique derivation D : .7 — . and a unique antiderivation o : . — .# such that
A(X)=D(X)+ o(X)+A(I)X and A(I)X = XA(I) for each X € .7, where o has a
certain property. This result generalizes [9, Theorem 3.2]. Also, Corollary 3.3 (and
hence Theorem 3.2) is a generalization of [3, Theorem 1.1]. In Theorem 3.2, it is not
necessarily true that o = 0 and this theorem doesn’t determine when o = 0. In Theo-
rem 3.6, we apply some sufficient conditions to the block upper trangular matrix algebra
T = T (ny1,na,---,n;), so that if the € -linear map A: .7 — # satisfies (P) and .#
is a 2-torsion free unital .7 -bimodule, then there exists a derivation D : .7 — .# such
that A(X) = D(X) +A(I)X, where XA(I) = A(I)X foreach X € .7 . Corollary 3.7 ex-
presses the conditions under which each Jordan derivation A : .7 — . is a derivation.
Therefore, Corollary 3.7 is an answer to the question posed in [9].

2. Preliminaries

We denote the algebra of all n x n matrices over € by M, (¢") (n > 1), the subal-
gebra of all upper triangular matrices by 7,,(¢"), and the subalgebra of all diagonal ma-
trices by D, (¢). Let n > 1 and assume that n=n; +ny+---+ni, where ny,ny, -, ng
(k > 1) is a finite sequence of positive integers. The block upper triangular matrix al-
gebra T = 7 (n1,na,---,ny) is a subalgebra of M,(%’) of all matrices of the form

X1 X2 - Xig

0 Xy - X
X = . .o . )

0 0 - Xy

where X;; is an n; X n; matrix over €. Also, k is called the number of summands
of I (ny,na,---,ny). Note that if k=1 and n; = n, then M, (%) = .7 (n;) is a block
upper triangular matrix algebra. Also, when k =n and n; = 1 for each 1 <i <k, then
T (n1,ng,---,ng) = T(F).

We shall denote the identity matrix of M, (¢) by I. Also, E;; is the usual matrix
unitand x; ; is the (ij)th entry of X € M,,(¢') for 1 <i,j<n.Hence E;;XE;; = x; ;E;;
for X e M,(€¢) and 1 <i,j <n.
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Suppose that F} = ZiglEi and F; = Z;’-z"lEHnlJr...Jrnjfl for 2 < j < k, where
E; =Ej;. Then {Fj,---,F;} is a set of nontrivial idempotents of .7 (ny,ny,---,n;) such
that F1 +---+F, =1 and F;F; = F;F; =0 for 1 <i,j <k with i # j. Moreover, we
have F;. 7 (n1,np,- - ,mi)F; = My, (¢) forany 1< j < k. Weuse Z(ny,na,---,ni) for
the subalgebra of 7 (ny,ny,---,n;) defined by

D(ny,ny,---,mg) = 1T (ni,na, - ) Fr+ - + B T (ny,ng, - - ng ) F.

Note that, if 9(711,712, s ,nk) = Tn(%), then Q(nl,ng, s ,nk) = Dn(%) .
By [X,Y] =XY —YX we denote the commutator or the Lie product of the elements
X,Y e M,(%).

3. Main results

Let .# be aunital € -module. Given that cm =mc (¢ € €,m € .4 ), the zero map
is the only linear derivation from % into .# and each ¢ -linear mapping T : ¢ — 4 is
as follows: T(¢)=cT(1)=T(1)c, where 1 is the unity of ¢ and ¢ € €, it follows that
for each € -linear mapping A : ¢ — 4 satisfying (P) we have A(c) = 8(c)+A(1)c
and cA(1) = A(1)c for all ¢ € €, where 6 is the zero derivation. In view of this fact
and [8, Theorem 2.1], we have the following lemma which will be needed in the proofs
of our results.

LEMMA 3.1. Let M, (%), for n > 1, be the algebra of all n X n matrices over
€ and M be a 2-torsion free unital My(€)-bimodule. Let A : M,(€) — M be a
€ -linear map satisfying (P). Then there exists a derivation 6 : M,(€) — M such
that A(X) = 8(X) +XA(I) and A()X = XA(I) for each X € M, ().

The following theorem is one of the main results of this paper.

THEOREM 3.2. Let T = F (ny,ny,---,ng) be the block upper triangular algebra
in My(€¢) (n>1) and A be a 2-torsion free unital .7 -bimodule. Let A:.T — H
be a € -linear map satisfying (P). Then there exist a derivation D : T — A and
an antiderivation o : T — M such that A(X) = D(X) + a(X)+A(I)X and A(DX =
XA(I) for each X € 7, and a(P(n1,na,---,n;)) = {0}. Moreover, D and o are
uniquely determined.

Proof. We prove by induction on k, the number of summands of 7 . When
k=1, 9 =M,(¥¢) and ZP(n;) = M,(¢). By Lemma 3.1, there exists a deriva-
tion D : M, (6¢) — .4 such that A(X) = D(X) +A(I)X and A(I)X = XA(I) for each
X € M, (¢). In this case oo = 0 is the only antiderivation such that a(Z(n;)) = {0}.
Hereon the result is correct.

Assume inductively that k£ > 1 and the result holds for each block upper triangular
algebra 7 (ny,ny,---,ng) with k summands.

Let = J (ny,na,---,mev1) € My (%) be ablock upper triangular algebra with
k41 summands. Set P=Fy and Q=1—P=F,+---+ F;+1. Then P and Q are
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nontrivial idempotents of .7 such that PQ = QP =0. Also, 0.7P = {0}, PP and
0.7 Q are subalgebras of .7 with unity P and Q, respectively, and we have the de-
composition . = PIP+PT7Q+ Q.7 Q as a sum of ¢ -linear spaces. Moreover,
PTP=M, (¥¢) and QTQ = T (ny,n3,--,np+1) < My, (€¢) (% -algebra isomor-
phisms) is a block upper triangular algebra with k summands, where % (ny,- -+, ngy 1) =
BIB+ -+ F 1 T .

Suppose . is a 2-torsion free unital .7 -bimodule and A: . — # is a € -
linear map satisfying (P). Define A: .7 — .# by A(X) = A(X)—Ip(X), where
B = PA(P)Q — QA(P)P. So A is a ¢ -linear map which satisfies (P) and PA(P)Q =
OA(P)P =0. Also, A(I) = A(I). We establish the theorem for A.

The proof will proceed in several steps:

Step 1. A(PXP) = PA(PXP)P and A(QXQ) = QA(QXQ)Q forall X € 7.

Let X € 7. Since P(QXQ) = (0XQ)P =0, we have
A(P)OXQ+ PA(QXQ)+ A(QXQ)P+ QX QA(P) = 0. (3.1)

Multiplying this identity by P on both sides, we have 2PA(QXQ)P=0. So PA(QXQ)P
= 0. Multiplying (3.1) on the left by P and on the right by Q, and using the fact that
PA(P)Q = 0, we arrive at PA(QXQ)Q = 0. Similarly, from (3.1) and the identity
OA(P)P = 0, we see that QA(QXQ)P = 0. Therefore, from above conclusions we
arrive at

A(QXQ) = QA(QXQ)Q
forall X € 7. Applying A to (PXP)Q = Q(PXP) =0 we obtain

A(PXP)Q+ PXPA(Q) + A(Q)(PXP) + X A(PXP) = 0. (3.2)

From the identity A(QXQ) = QA(QXQ)Q, (3.2) and using a similar method as above
we get
A(PXP) = PA(PXP)P

forall X €¢ 7.
Step 2. A(PXQ) = PA(PXQ)Q + QA(PXQ)P forall X € 7.

Forall X,Y € .7 wehave (PXQ)(PYQ) = (PYQ)(PXQ)=0. Applying A to this
identity, we find that

A(PXQ)PYQ+ PXQA(PYQ)+ A(PYQ)PXQ+ PYQA(PXQ) =0.
Multiplying this equation on both sides by P and by Q, we get respectively
PXQA(PYQ)P+ PYQA(PXQ)P =0, (3.3)
and

OA(PXQ)PYQ+ QA(PYQ)PXQ = 0. (3.4)
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We have (PXP+ PXPYQ)(Q —PYQ) = (Q— PYQ)(PXP+ PXPYQ) = 0 and so

A(PXP+PXPYQ)(Q—PYQ)

+ (PXP+PXPYQ)A(Q — PYQ)

+ A(Q — PYQ)(PXP+ PXPYQ)
+(Q—PYQ)A(PXP+PXPYQ) =0

(3.5)

for all X,Y € 7. Multiplying (3.5) by P on both sides, replacing X by P and then

using Step 1 and (3.3), we get
PA(PYQ)P =0

forallY € 7. Also, (OXQ+PYQXQ)(P—PYQ)=(P—PYQ)(QXQ+PYQXQ)=0
forall X,Y € . Applying A to this identity, we find that

A(QXQ+PYQXQ)(P—PYQ)
+(QXQ+PYQXQ)A(P—PYQ)
+A(P—PYQ)(QXQ+ PYQXQ)
+(P—PYQ)A(QXQ+PYQXQ) =0

(3.6)

for all X,Y € 7. Multiplying (3.6) by Q on both sides, replacing X by Q and then
using Step 1 and (3.4), we arrive at

OA(PYQ)Q =0
forall Y € .7 . Now from previous equations it follows that

A(PXQ) = PA(PXQ)Q+ QA(PXQ)P

forall X € 7.
Step 3.
PA(PXPYQ)Q = PXPA(PYQ)Q + PA(PXP)PYQ .
~ PXPYOA(Q)Q. G-D
PA(PYQXQ)Q = PYQA(QXQ)Q+PA(PYQ)0XQ (3.8)
—PA(P)PYQXQ, ’
and
PA(P)PYQ = PYQA(Q)Q 3.9)

forall X,Y € 7.

Multiplying (3.5) by P on the left and by QO on the right and using Steps 1 and 2,
we get (3.7). Multiplying (3.6) by P on the left and by Q on the right and using Steps
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2 and 3, we obtain (3.8). Replacing X by P in (3.7) we find (3.9).

Step 4.
PXQA(PYQ)P=0 and QA(PXQ)PYQ =0
forall X,Y € 7.

Multiplying (3.5) and (3.6) on the left by Q and on the right by P, by Step 1, for
all X,Y € J we have

QA(PXPYQ)P = QA(PYQ)PXP;
OA(PXQYQ)P = QY QA(PXQ)P.

Let 1 <i, k<nj and n; < j, [ < n be arbitrary. By (3.10) and (3.3), we have

(3.10)

EiiA(Ex)P = E;jjA(Ex;Eq)P = EijA(Ej)Ey;
= EijA(E;jEj1)Ey; = EjjEjyA(E;j)Ey; = Ey A(Eij)Ey
= —E;jAE;)Ey; = —EijAN(EEy)P = —E;jA(Ey)P,
since Ey; € PTP, E,‘j, E;, Ey € PgQ, and Eﬂ € QyQ So E,'J'A(E]d)P =0. Also,
by (3.10) and (3.4) we find that
OA(E;;)E = ONEqyE;j)Eyy = EjjA(Ej)Ey
= EjjAMExEw)En = EijA(Eq)EjEn = EjjA(Ey)Ey
= —E;;A(Ey)Ey = —QA(EjE;j)Ey = —OA(E;j)Ey,
since Ey € PIP, Ejj, Ejy, Ey € P7Q, and Ej; € Q.7 Q. Hence,
QA(Eij)Ekl =0.
Forany X,Y € .7, let
ni n
PXQ=Y Y xijE;j
=1 jmm 41

and
np n

PYO= 3 yukEu.

k=1 l:n|+l

From the equalities
EijNEw)P =0, QA(Eij)Ey=0

and linearity of A, it follows that

np n ny n
PXQA(PYQ)P=Y 3 xiEyjA (Z D yk,lEkl> P

i=1j=n;+1 k=11=n;+1

n
= N xijviiEijA(Eq)P =0,
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and

ny n ny n
QA(PXQ)PYQ Y OA(D Y xijEij | yeiEu
k=1l=n;+1 i=1j=n;+1
ny n ny n
=y Z Y, xijykiQA(Eij)Ey = 0.
k=1l=n+1i=1 j=n;+1
Step 5.
PA(PXPYP)P = PXPA(PYP)P+ PA(PXP)PYP
— PXPYPA(P)P,
and

PA(P)PXP = PXPA(P)P
forall X,Y € 7.

Define J: P7P — P.# P by J(PXP) = PA(PXP)P. Clearly J is a well-defined
% -linear map. If PXPYP = PYPXP =0 (X,Y € ), by hypothesis and Step 1, it
follows that

PXPJ(PYP)+J(PXP)PYP+ PYPJ(PXP)+J(PYP)PXP = 0.

So J satisfies (). Also, P.ZP is a 2-torsion free unital P.7P-bimodule. By Lemma 3.1
and the facts that P.7P = M, (¥¢) and P = F is the identity element of this algebra,
there exists a derivation 0 : P.7 P — P.# P such that J(PXP) = 6(PXP)+ PXPJ(P)
and J(P)PXP = PXPJ(P) foreach X € . So, we have

J(PXPYP) = §(PXPYP)+ PXPYPJ(P)
= 8(PXP)PYP + PXP8(PYP) + PXPYPJ(P)
= (J(PXP)— PXPJ(P))PYP
+ PXP(J(PYP) — PYPJ(P))
+ PXPYPJ(P)
= J(PXP)PYP+ PXPJ(PYP) — PXPYPJ(P),

forall X,Y € 7. Now using the definition of J and the equality J(P) = PA(P)P, we
conclude Step 5.

Step 6. There exist a derivation g : Q.70 — Q.# Q and an antiderivation 7y :
07 Q — Q. Q such that

OQA(QXQ)Q = g(QXQ) +Y(QX Q) + OXOA(Q)Q,

and

OXQOA(Q)Q = QA(Q)0XQ
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forall X € 7. Moreover, Y(F,. T Fo+ -+ + Fi+1.7 Frt1) = {0}, and

PXQy(QYQ) =0

forall X,Y € 7.

OMQ is a 2-torsion free unital Q.7 Q-bimodule. Define G: Q.70 — Q.# Q by
G(0XQ) = OA(QXQ)Q. Clearly G is a well-defined % -linear map. Let QXQYQ =
QYQXQ =0 (X,Y € 7). From hypothesis and the definition of G, we see that

0XQ0G(QYQ) +G(0XQ)QYQ + QYQG(0X Q)+ G(QYQ)0X Q0 =0.
Hence, G satisfies (IP). In view of the isomorphisms
Q‘gQ = 9("2,1’13, e 7nk+1) g M"*nl (%)7

D(n2,..omp1) 2RI+ -+ F 1 T Fiy

and induction hypothesis, there exist a derivation g: Q.7 Q — Q. Q and an antideriva-
tion y: 070 — Q.#Q such that QA(QX0)Q = G(0XQ) = g(0X0) + (X Q) +
OXQA(Q)Q and QXQA(Q)Q = QA(Q)QXQ forall X € 7, and Y(Z(na, ....nis1)) =
Y TF+ -+ Fro1 T Fp1) = {0}. We will show that PXQy(QYQ) = 0 for all
XYeT.

By (3.8) and (3.9), for all X,Y,Z € .7 we have

PA(PXQYQZQ)Q = PA((PXQ)(QY0ZQ))Q
— PXQA(QYQZ0Q)0+ PA(PXQ)QY QZQ
— PXQYQZOA(0)Q.

Replace X by YOZ in QA(QXQ)0 = g(0XQ) + y(0X0) + OXOA(Q)Q and then
multiply it by PXQ on the left. From above conclusion we obtain

PA(PXQYQZQ)Q = PXQg(QYQZQ) + PXQy(QYQZQ)
+ PXQYQZOA(Q)Q + PA(PXQ)QY QZQ
—PXQYQZQA(Q)Q
= PXQg(QYQZQ) + PXQy(QYQZQ)
+ PA(PXQ)QY QZ0.

On the other hand, by (3.8) and (3.9), for all X,Y.Z € 7 we have

PA(PXQYQZQ)0 = PA((PXQYQ)(0Z0Q))Q
= PXQYQA(QZQ)Q + PA(PXQYQ)0ZQ (3.11)
—PXQYQZQA(Q)Q
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Using again (3.8) for PA(PX QY Q)Q in the last equation and then replacing QA(QY Q)0
by g(QY Q)+ y(QY Q)+ QYQA(Q)Q forall Y € .7, we arrive at

PA(PXQYQZQ)Q = PXQYQA(QZQ)Q + PA(PXQY 0)QZQ

— PXQYQZOA(Q)Q

= PXQYQA(QZQ)Q + PXQA(QYQ)0Z0
+ PA(PXQ)QYQZQ — PXQYQA(Q)0ZQ
— PXQYQZQA(Q)Q

= PXQYQg(0Z0)Q + PXQYQY(QZQ)
+PXQYQZOA(Q)Q + PXQ0g(QY0)0Z0
+PXQy(QYQ)0ZQ + PXQYQA(Q)QZQ
+ PA(PXQ)QYQZQ — PXQYQA(Q)0ZQ
— PXQYQZOQA(Q)Q.

Comparing the two expressions (3.11) and (3.12) for PA(PXQYQZQ)Q, using Step 3,

the equality QA(Q)0XQ = OXOA(Q)Q (X € .7) and the facts that g is a derivation
and 7 is an antiderivation, we arrive at

PXQy([0YQ,0Z0]) =0 (3.13)

forall X,Y,Z € .7 . Now from the facts that Q = F> +---+ Fyy) and F;Q = QF; = F
forall 2 < j<k+1, we have

k+1 k+1 k+1
0XQ0— Y FiXFj=| Y F; | 0XQ— Y F/XF;
j=2 J=2 J=2

k+1

= 2. (FXQ— F;XF))
=
k+1

=2 FiX(Q—F))
=
k+1

ZF F;X(Q—F))]

(3.12)

(3.14)

forall X € 7. Note that F;,F;X(Q—Fj) € Q7 Q. By (3.13), 3.14) and y(F,.TF> +
o+ Fy1 T Fi) =0, we get

k+1 k+1
PXQy(QYQ) = PXQy (QYQ — Y FYFi+ Y FjYF/)
=2 j=2

=

k+1
= PXQy (QYQ - FjYFj>

k+1
= Y PXQY([F},F;Y(Q—F)])

J=2

0
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forall X,Y € 7.
Step 7. A(I)X =XA(I) forall X € 7.

By Step 1, we have
A(I) = PA(P)P+ QA(Q)Q.
By Steps 5, 6 and (3.9), we arrive at

A(I)X = (PA(P)P + QA(Q)Q) (PXP +PXQ+ QXQ)
= PA(P)PXP + PA(P)PXQ + QA(Q)QXQ
= PXPA(P)P+PXQA(Q)Q+ OXQA(Q)Q
=XA(I)

forall X € 7.

Step 8. The mapping 6 : 7 — 4 defined by
O0(X) =PA(PXP)P+PA(PXQ)0+g(0XQ)+ QA(Q)OX0 —A(1)X
is a derivation and the mapping o : .9 — .# defined by
o(X) = QA(PXQ)P+v(0X Q)
is an antiderivation such that o/(%(ny,na, -+ ,ni41)) = {0} . Moreover,
AX)=0(X)+a(X)+A()X
forall X € 7.

Obviously, J is a ¢ -linear map. Since Q7P = {0}, it follows that PXYP =
PXPYP, PXYQ = PXPYQ + PXQYQ and OXYQ = OXQYQ. So we have
8(XY) = PA(PXYP)P+ PA(PXYQ)Q
+g(0XYQ) + QA(Q)OXYQ — A(I)XY
— PA(PXPYP)P+ PA(PXPYQ)Q + PA(PXQYQ)Q
+g(0XQY Q)+ OA(Q)OXQYQ — A(I)XY.

Now, by Steps 3, 5 and the fact that g is a derivation, it is easy to see that

8(XY) = PXPA(PYP)P+ PA(PXP)PYP — PXPYPA(P)P
+ PXPA(PYQ)Q+ PA(PXP)PYQ — PXPYQA(Q)Q
+ PXQA(QYQ)Q + PA(PXQ)QYQ — PA(P)PXQYQ (3.15)
+8(0XQ)QYQ + QX 0g(QY Q)
+QA(Q)0XQYQ — A(D)XY.
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On the other hand, we have

3(X)Y = PA(PXP)PYP+ PA(PXP)PYQ + PA(PXQ)QYQ (3.16)
+g(0XQ)QYQ+ QA(Q)OXQYQ — A(I)XY. '

also, by Steps 6, 7 we have

X8(Y) = PXPA(PYP)P+PXPA(PYQ)Q + PXQg(QYQ)
+0X0g(QYQ) + PXQA(Q)QYQ + QX QA(Q)QYQ
— PA(P)PXPYP — PA(P)PXPYQ — PA(P)PXQYQ
—OA(Q)0XQYQ (3.17)
= PXPA(PYP)P + PXPA(PYQ)Q + PXQg(QY Q)
+ 0XQg(QYQ) + PXQA(Q)QYQ — PA(P)PXPYP
— PA(P)PXPYQ — PA(P)PXQYQ.

Hence, by the fact that PXQg(QYQ) = PXQ(QA(QY0)Q — Y(QY Q) — QY OA(0)Q)
and PXQy(QYQ) =0 (for all X,Y € 7) from Step 6 and comparing (3.15) to (3.16)
and (3.17), we arrive at §(XY) = 8(X)Y +X5(Y). Thatis 0 is a derivation.

It is clear that ¢ is a linear map. On the other hand, for each XY € .7, using

(3.10) and since 7y is an antiderivation, we have

o(XY) = QA(PXPY Q)P+ QA(PXQY Q)P + y(0X QY Q)
= QA(PYQ)PXP+ QYQA(PXQ)P+ QY QY(0X Q)
+7(QYQ)0XQ.

Moreover, by Steps 4 and 6, QA(PYQ)PXQ = PYQA(PXQ)P =0 and PYQy(QXQ) =
0 also, Y(QYQ)QXP = 0 by the fact that 0.7 P = {0}. Hence, we see

o(XY) = QA(PYQ)PXP+ QYQA(PXQ)P+ QY Qy(0XQ)
+7(QYQ)0X Q0+ OA(PYQ)PXQ+ PYQA(PXQ)P
+PYQY(0XQ) + y(QYQ)OXP
=Yo(X)+o(Y)X.

Let F1X1Fi + BEXo Fo+ -+ -+ Fyy 1 Xgr 1 Fis 1 be an arbitrary element of 2 (ny,ny, - -, ng1q).
Since Y(F,TF + -+ Fiy 1T F1) = {0}, F1QO = Q0F =0, PF; = FjP = 0 and
FiQ = QF; = F; forany 2 < j <k, it follows that

a(FiX1Fi + EBXoFo + -+ Foy 1 Xer 1 Fir 1)
=0A(P(FiX\F\ + F,XoF, + - + Fy 1 Xk 1 Fi 1) Q)P

+Y(Q(FiX1Fi + BXoFo + -+ - + Fi 1 Xi 1 Fit1) Q)
=Y(B2XoF2 + -+ Fy 1 Xir 1 Fi1) = 0.
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Therefore, ot(D(ny,n2,- - ,m+1)) = {0}. Now by Steps 1, 2 and 6, for every X €
we have
PXP)P+ PA(PXQ)0+ QA(PXQ)P+ QA(QX Q)0
PXP)P+PA(PXQ)Q+ QA(PXQ)P+g(0XQ)

+7(0XQ0) + OA(Q)0XQ — A(D)X + A(1)X
=0(X)+oaX)+A)X.

By the above results and the definition of A we obtain
AX)—I(X)=AX)=0X)+o(X)+A()X

for all X € .7, where 6 : 7 — . 1is a derivation, & : .7 — .# 1is an antiderivation
and a(2(n1,na,- -+ ,mey1)) = {0}. Also, A(I) = A(I) and so, A(I)X = XA(I) for all
X € .7 .Define D: J — .# by D(X)=0(X)+15(X). Hence D is a derivation and

A(X) =D(X) +a(X) +A(I)X

forall X € 7.

Finally, we will show that D and o are uniquely determined. Suppose that
AX)=DX)+d(X)+A()X (X € .T), where D' : T — . is a derivation, o/ :
T — A is an antiderivation and o/ (Z(ny,ny, -+ ,nt+1)) = {0} . Hence, we have

DX)+d(X)+ADX =DX)+aX)+ADX (X€T).

So, D' — D = o/ — ¢.. Therefore, o — o : .7 — .# is both a derivation and an an-
tiderivation. Hence
(o —a)([X,Y]) =0

forall X,Y € . As in the proof of Step 6, it can be shown that

k+1 k+1
X— Y FXFj= Y [Fj,FiX(I-F;)] (k>1,X€ ).

=1 =1
Since (o' — a)(Z(ny1,na, -+, ngy1)) = {0}, it follows that
k1 kt1
(o —o)(X)= (/' — ) | X = Y FjXF;+ Y FiXF;
=1 =

J
k+1
:((X/—OC) X — FjXFj

=1
k+1 '
=Y (o' —a)([F}, FiX (I - F;)])
=

=0.

So o' = o and hence D' = D. This completes the proof of the theorem.
The following corollary is immediate.
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COROLLARY 3.3. Let T,(%¢) (n > 1) be an upper triangular matrix algebra and
A be a 2-torsion free unital T, (€')-bimodule. Let A: T,(¢) — A be a € -linear map
satisfying (P). Then there exist a derivation D : T,(¢") — .# and an antiderivation o :
T,(€¢) — A suchthat A(X)=D(X)+a(X)+A(X and a(D,(€))={0}, XA(I) =
A(DX forall X € T,(€). Moreover, D and o are uniquely determined.

If .# is a 2-torsion free unital .7 (ny,ny,---,ng)-bimodule and A: .7 — # is aJordan
derivation, then A satisfies () and A(I) = 0, and so we have the following corollary
which is the main result of [9]. Thus Theorem 3.2 is a generalization of [9, Theorem
3.2].

COROLLARY 3.4. Let T = 7 (ny,ny,---,nx) be a block upper triangular matrix
algebrain M,(¢) (n>1) and A be a 2-torsion free unital 7 -bimodule. Suppose
that A: T — M is a Jordan derivation. Then there exist a derivation D : T — M and
an antiderivation o.: 5 — M such that A= D+ o and o.(2(n1,na,---,ng)) = {0}.
Moreover, D and o are uniquely determined.

By Corollary 3.4 (or Corollary 3.3) we have the following corollary, which is proved in
[3]. So Theorem 3.2 (and Corollary 3.3) generalizes [3, Theorem 1.1].

COROLLARY 3.5. Let T,(¢) (n> 1) be an upper triangular matrix algebra and
M be a 2-torsion free unital T,(€)-bimodule. Suppose that A : T,(¢) — A is a
Jordan derivation. Then there exist a derivation D : T, (€) — .# and an antiderivation
o : T,(€) — A such that A= D+ o, o(D,(€)) ={0}. Moreover, D and o. are
uniquely determined.

In Theorem 3.2, it is possible that the antiderivation & be zero. But this theorem doesn’t
say when o = 0. In the next theorem, we add some mild conditions to the block upper
trangular matrix algebra .7 = .7 (ny,n,,---,n;) so that ¢ =0.

THEOREM 3.6. Let T = T (ny,ny,--+,nx) C€ My (€) be a block upper trangular
matrix algebra with n > 2. Let n; > 2 for each 1 <i <k and .# be a 2-torsion free
unital 7 -bimodule. If the € -linear map A: T — M satisfies (P), then there exists
a derivation D : T — M such that A(X) = D(X)+A()X, and XA(I) = A()X for
each X € T .

Proof. The proof is by induction on k the number of summands of 7. When
k=1 then .7 = M, (%) and the result is established by the Lemma 3.1.

Assume inductively that k > 1 and the result holds for any block upper triangular
algebra 7 (ny,ny,---,n;) with k summands, where each n; > 2 for 1 <i < k. Let
T = T (n1,ny,---,ng+1) be a block upper triangular algebra with k& + 1 summands
andeach n; 22 for 1 <i<k+1.Weset P=F and Q=I—-P=F,+---+F as
in the proof of Theorem 3.2. Let A: .7 — .# be a € -linear map which satisfies (IP).
Define A: .7 — 4 by A(X) = A(X)—Ip(X), where B = PA(P)Q — QA(P)P. It is
clear that A is a € -linear map which satisfies (P). Moreover, PA(P)Q = QA(P)P =0
and A(7) = A(I). We will show that the result is correct in this case.
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All the results obtained for A in the Steps 1-3 and equations 3.10 of the Theo-
rem 3.2 hold here too. We prove that QA(PXQ)P =0 for all X € . By (3.10), we
have

OA(PXPYPZQ)P = QA(PZQ)PXPYP
= QA(PXPZQ)PYP
= QA(PYPXPZQ)P

forall X,Y,Z € 7. Hence QA([PXP,PYP]ZQ)P =0. So
OA(PZQ)[PXP,PYP] =0
forall X,Y,Z € 7. Thus
OA(PZQ)PW, P|PXP,PY P|PW,P
—QA(PW,PZQ)[PXP,PYP|PW>P =0

forall X,Y,Z W, W, € 7. Let .# be the ideal generated by all commutators in P.7 P;
i.e., the ideal generated by [P.7P,P.7P] in P.7P. Then

OA(PZQ).7 =0
forall Ze 7. Since PTP =M, (€), n =2, it follows that & =PTP. So
QA(PZQ)P =0

forall Ze 7.
On the other hand, by a proof similar to the proof given in the Step 5 of Theo-
rem 3.2, we obtain

PA(PXPYP)P = PXPA(PYP)P+ PA(PXP)PYP — PXPYPA(P)P,

and
PA(P)PXP = PXPA(P)P.

forall X,Y € 7.

Q.7 Q is a 2-torsion free unital Q.7 Q-bimodule. Define G: Q.7 Q — Q. Q by
G(QXQ) = OA(QXQ)Q. As in proof of the Step 6 of Theorem 3.2, we see that G is
a well-defined % -linear map satisfying (). According to the isomorphism Q.7 Q =
T (na,n3,--- ngy1) € Mu—p, (6) and the fact that n; > 2 for all 2 <i<k+1, by
induction hypothesis, it follows that there exists a derivation g : Q.70 — Q.# Q such
that G(OXQ) = g(0X Q)+ 0XQG(Q) and OXQOG(Q) = G(Q)0X Q. By the definition
of G, G(Q) = OA(Q)Q. Hence we have

OA(0X Q)0 = g(0XQ) + 0XQA(Q)Q,

and

OA(Q)0XQ = 0XQA(Q)Q.
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Moreover, by the fact that g is a derivation we have

OA(QXQY Q)0 = OXQA(QYQ)Q + QA(QXQ)QYQ — QA(Q)QXQYQ

forall X,Y € 7.

Define the mapping 6 : .7 — .# by 6(X) =A(X)+A(I)X forall X € .7 . From

the above results one can check directly that § is a derivation and A(I)X = XA(I)
for all X € 7. (similar to the proof of Theorem 3.2). Now define D : .7 — .#
by D(X) = 6(X)+Ig(X). Clearly, D is a derivation, A(X) = D(X)+A(I)X, and
A(NX =XA(I) forall X € 7.
At the end of [9], it is asked under what conditions every Jordan derivation from the
block upper triangular matrix algebra .7 = .7 (ny,na,- -+ ,n;) C M,(%€) into a 2-torsion
free unital .7 -bimodule is a derivation? The following corollary of Theorem 3.6 an-
swers this question for the case when n; > 2 forall 1 <i<k.

COROLLARY 3.7. Let T = .7 (ny,na,---,n;) C My (€) be a block upper trangu-
lar matrix algebra with n > 2. Let n; > 2 for each 1 <i <k and .# be a 2-torsion
free unital 7 -bimodule. Then every Jordan derivation A : T — M is a derivation.
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