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NORMS, KERNELS AND EIGENVALUES OF SOME INFINITE GRAPHS
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MARTINEZ-AVENDANO AND ELYSSA SLIHEET

(Communicated by M. Zinchenko)

Abstract. In this paper we study the adjacency matrix of some infinite graphs, which we call
the shift operator on the L” space of the graph. In particular, we establish norm estimates, we
find the norm for some cases, we decide the triviality of the kernel of some infinite trees, and we
find the eigenvalues of certain infinite graphs obtained by attaching an infinite tail to some finite
graphs.

1. Introduction

The study of infinite graphs, and in particular of their spectral properties, is rela-
tively new. Perhaps one of the first investigations on the subject was the 1982 paper by
Mohar [14], which examined the basic properties of the spectrum of the adjacency ma-
trix of an infinite graph. His paper gave norm estimates and described other functional
analytic properties. In [16], Mohar and Woess give a survey of the results known up to
1989. It seems that many results about the spectrum of infinite graphs were proven in
the context of harmonic analysis on graphs and on discrete groups, and can be obtained
as corollaries of those results, especially in the case of regular graphs and regular trees.

Nevertheless, the spectra of infinite graphs has only recently been studied in greater
depth, perhaps motivated by the many results that have been obtained for the spectrum
of the Laplacian of an infinite graph. For example in [8] Golinskii computes the spectra
in L? of several graphs which are formed by attaching an “infinite ray” to a finite graph.
Further results on the spectrum of infinite graphs can be found in [1, 6, 9, 11, 12], to
cite just a few.

In the present paper, we deal with the adjacency matrix of an infinite, locally finite
graph. We consider this matrix as an operator, which we call the shift operator (usu-
ally called the adjacency operator in the literature), defined on the set of p-summable
functions, themselves defined on the vertices of the graph.

We first obtain some results about the norm of the shift operator: we show that the
shift on the L? space of a graph G is bounded if and only if G has bounded degree.
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We show the norm is bounded by the maximum degree (Theorem 3.1); this result is
probably well-known, but we include a proof since it seems that only the proof for one
direction is available in the literature. More importantly, we show that for a class of
graphs, the norm is exactly the maximum degree (Theorem 3.3). This improves an
(unmentioned) corollary of Theorem 2.1 in [1], where it is shown that, under stronger
hypotheses than ours, the spectral radius in L? is the maximum degree (from this, it
follows that the norm equals the maximum degree). We also obtain a norm estimate
for trees in Theorem 3.6; a special case of this theorem appears to have been noticed in
the literature but the proof for the case p # 2 does not seem to be available elsewhere.
We show (Theorem 3.7) that this estimate is sharp if the tree is “almost regular”, which
does not seem to have been observed elsewhere.

We then move to study the triviality of the kernel of the shift operator on the
L? space of a tree. This question looks to have been overlooked in the literature (a
related result can be found in [3]). We show (Theorem 4.3) that the kernel of the
shift is trivial if some conditions on p, on the “essential” maximum degree, and on
the “essential minimum” degree hold; and we show that these conditions cannot be
improved (Example 4.4). We also show, in Theorem 4.5, that if some conditions hold,
then the kernel of the shift is nontrivial, and we give an example (Example 4.6) which
shows that, in some cases, these conditions cannot be improved. We leave open the
question of whether these conditions can be improved in the rest of the cases.

Lastly, in Section 5 we describe an elementary method to find the eigenvalues of
some graphs obtained by attaching a ray to a finite graph. Results similar to ours have
been obtained in [8], but we believe our method is more elementary. We give several
examples of this method: the kite with an infinite tail, the fly-swatter with an infinite
tail, and the comb with an infinite tail. We also show that finding these eigenvalues
actually gives the full spectrum of the shift, and finish by finding the spectrum of the
infinite comb.

We would like to thank the referee for valuable comments, which improved the
presentation of the paper.

2. Preliminaries

Let us set the notation that we will use throughout this article. Recall that a graph
G is a pair (V,E), where V is a nonempty set, called the set of vertices of the graph,
and E is a collection of subsets of V of cardinality two. The set E is called the set of
edges of the graph. If {u,v} € E we will say thay u and v are adjacent and denote
this relation by u ~ v. A path of length n between two distinct vertices u and v is a
finite sequence {u = ug,uy,us,...u,—1,u, = v} of distinct vertices such that u;_; ~ u;
for j =1,2,...,n. We say that the graph is connected if there exists a path between
any pair of distinct vertices. All of the graphs we will consider here are assumed to be
connected. Clearly there exists a path of minimum length between any two vertices u
and v and we denote the length of such path by d(u,v), which we define to be zero if
u =v. Itis clear that d defines a metric on the set of vertices of the graph.

Here, we will deal mostly with infinite graphs. A graph is infinite if the set V is
countably infinite. All of the graphs here will be locally finite, which means that the set
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{veV :u~v} is finite for every u € V. The degree of u is the cardinality of said set,
which we denote by deg(u). We will say that a locally finite graph has bounded degree
if the set {deg(v) : v € V} is bounded (this is also called uniformly locally finite in the
literature).

All of our graphs will have a distinguished vertex, which we will usually denote
by the letter o. We define |v| :=d(o,v). We denote by y(n) the cardinality of the set
{veV :|v|=n}.

We say that a graph T is a tree if for every pair of distinct vertices there is only
one path between them. The distinguished vertex of a tree is called the root of the
tree and we refer to T as a rooted tree. For every vertex v # o in a tree, there exists
a unique vertex w such that d(v,w) =1 and w is in the path from o to v. We call
such a vertex the parent of v and denote it by par(v). We define par”(v) inductively:
obviously par!(v) := par(v) for every vertex [v| > 1 and for n € IN, with n > 2 we
define par(v) := par(par"~!(v)) for every vertex |v| > n. For every v € V, the set
{u eV 1ur~vu+#par(v)} is called the set of children of v and is denoted by Chi(v).
Also, forevery ve V and n € IN with n > 2, we set

Chi"(v) :={u €V par"(u) =v}.

If Chi(v) is empty for some v € V, we say that v is a leafof T. If T has no leaves, we
say the tree is leafless.

We denote the vector space of all functions f:V — C as .% . As is customary, we
denote by LP(G) the set

1/p
rez |flp= (Z If(V)”> <o
veV
if 1 < p<eo,and by L”(G) the set

{fe Z 2|l = suplFO)| < oo}.
veV

Clearly L?(G) is a Banach space, since it is isomorphic to ¢ (V).
Our main object of study is the shift operator S. This is defined on % as

(SF)() = 2 (V).

If the graph is finite, the matrix of S with respect to the canonical basis of the vector
space .# is the well-known and much-studied adjacency matrix of the graph.

We denote by x4 the characteristic function of the set A C V. Clearly x4 is in
L= (G) but, for 1 < p < oo, the function y, is in L?(G) if and only if A is finite. If A
is a singleton {v} we write ), := ¥a.

The following version of Jensen’s inequality will be used. If {a;,as,...,a,} are
nonnegative numbers, then

n

<a1+a2+...+an>p< al +ah+...+df
h n
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for 1 < p < eo. We will also use Young’s inequality: if a,b > 0 then ab < % + % for
I<p<e and g = p%l. Lastly, we will use the following inequality, which follows
from the convexity of the function ¢ — ¢” (for 1 < p < o) and a trivial induction
argument: if {aj,as,...,a,} are nonnegative numbers, then

(ai+a+...+a)’ 2adl +d5+...+d}

for 1 < p < oo,
From now on every graph is assumed to be locally finite and connected.

3. Boundedness

In this section we study the norm of the shift. This has been studied for the case
p =2 in several places (see for example, Theorem 3.2 in [14] or Theorem 3.1 in [16]).
The “if” part of the following result can be found in [18], but we have not been able
to find a proof of the “only if” part for arbitrary p > 1, although it is probably well-
known. For completeness, we have decided to include here the proof of both directions
(our proof differs from the proof of Theorem 3.1 in [18]).

THEOREM 3.1. Let G=(V,E) be a graphandlet 1 < p < oo. Then S is bounded
in LP(G) if and only if G has bounded degree. In this case,

IS]| < max{deg(v) : v V}.

Proof. First, assume that G has bounded degree and let M := max{deg(v) : v €
V}.

1. Suppose 1 < p < eo. Then, for every f € L?(G)

IsrE=3 |3 0| <3 (z If(u)|>p

veV lu~v vevV \u~v

< Y deg(v)? 'Y [f(u)|”  (byJensen’s inequality)

veV U~y

<MY N fw)l

veV u~y

<M1

Hence [|Sf||) < M? | f|]}, forall f € L”(G) which implies that S is a bounded
operator from L”(G) into L”(G) and ||S|| <M.

2. Suppose p =. Let f € L”(G). Forevery v € V we have
[SfW)I = 2 1f ()] < M]|f]l...

u~y

Taking the supremum over all v € V we obtain [|Sf]|.. < M||f]|.. and hence S is
a bounded operator from L”(G) into L”(G) and ||S|| <M.
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Now assume G has unbounded degree.

1. Suppose 1 < p < eo. Since G has unbounded degree, there exists a sequence of
vertices {v,} such that deg(v,) > 2"7.

Let f € % be a function such that forall ve V,

)= {2", if v =y,

0, otherwise.

Then »
115 =D 1fO)IP =D [27"P <o
n=1

veV
so f € LP(G). But

p oo
Isflz =3 (2 f<u>) > 3 T () = 3 deglon) 5"

veV \u~v veVury
n 1 14
np _ _
> 2 2 <2n> = oo
n=1

Hence S is unbounded.

2. Now suppose p =oo. Let f € F suchthat f(v) =1 forall ve V. Then ||f|l. =
1,s0 f€L”(G). But

> ()

u~y

187 = sup{ } — sup|deg(v)] = oo
veV veV

since the degree of G is unbounded. Hence S is unbounded. [

In addition to the last theorem, observe (this had already been noticed in [18,
Theorem 3.1]) that in the case p =1 and p = oo, we have ||S|| = max{deg(v) : vE V}.
Indeed, let v be a vertex with k := deg(v) = max{deg(u) : u € V}. If p =1, then
llavll; =1 and ||Sxy|l; = &, which shows that ||S|| =k. For p=oco,let A={ucV:
u~v}. Then ||yall.. =1 and ||Sxall.. = k, which shows that ||S|| = k.

The natural question is whether the bound for the norm of the shift found above is
optimal also for the cases 1 < p < eo. We now give several definitions which allow us
to introduce a class of graphs for which the bound will be optimal.

Hoo

DEEINITION 3.2. Let G = (V,E) be an infinite graph.

e We say G is almost k-regular if deg(v) <k forall v € V and there exists a finite
set of vertices Vj such that deg(v) =k forall ve V\ V.

e For the following definition, recall that, for n € IN, y(n) is defined to be the
number of vertices at distance n from the distinguished vertex. We say G is
k-almost-Euclidean if the graph is almost k-regular, and if

y(n) +y(n+1)

(O E R R R M
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Let us make a few comments on this definition. First of all, observe that, since the graph
is infinite, lim y(0) + y(1) 4+ 7(2) +...4 y(n) = . Hence, for any m € IN; we have
Nn—o0

YO)+y(1)+y(2)+...+y(m)

= 2
n—=e y(0) +y(1) +v(2) +...+ y(n)
Also, notice that if the expression (1) holds, we get
. v(n)
lim =0, 3)
n=ey(0) +¥(1) +7(2) +...+ y(n)
and hence, for 0 < m < n we obtain
lim ym)+ym+1)+...+y(n—1) @

n== y(0) +¥(1) +y(2) + ...+ v(n)
Observe that if y satisfies y(n+1) > y(n) for all n greater than some ny € IN and

lim vt 1)
n=ey(0)+y(1) +7(2) +...+ 7(n)

then expression (1) is satisfied. (Hence the name of the second part of Definition 3.2,
which is based on the definition in [1].)

Note added: Professor L. Golinskii has kinldy pointed to us that if there exists a
constant ¢ > 0 such that y satisfies y(n+1) > cy(n) forall n greater than some np € IN
and expression (5) is satisfied, then expression (3) is also satisfied. Hence, the limit (1)
also holds.

We can now prove that for a certain class of graphs, the norm of the shift equals
the maximum degree of the graph.

=0, ®)

THEOREM 3.3. Let G = (V,E) be a graph, let 1 < p < oo and let S:L?(G) —
L?(G) be the shift operator. If G is k-almost-Euclidean, then ||S|| =

Proof. Let o be the distinguished vertex of G. Choose m € IN large enough such
that if |v| > m—1, then deg(v) = k. For every n € N, n > m, define f, : V — C as
fa(v) =11if |v| <n and f,(v) =0 otherwise.

First, observe that if m < |v| < n then (Sf,)(v) =k, and if [v| > n+1 then

($fa)(v) =0

It then follows that, for n > m,

1S fully = ZVIan \”=HZ |(Sf) (V) [” + lfl, \(an)(V)I”+HZ_I(an)(V)”
+ Y 1(SfH(

[v|=n+1

We have
Y SHMIP =Y kP =k (y(m) +yim+1)+---+y(n—1)).

m<|v|<n m<|v|<n
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We also obtain the inequalities

2 ASHOIP+ X NSO < X RP+ X K7 =k (y(n) + v(n+1))
[v|=n

[v|=n+1 [v|=n [v|=n+1

and

D SHMIP < Y kP =k (r(0) +¥(1) + ¥(2) + -+ y(m—1)).

[v|<m [v|<m
Since || fu[|;, = ¥(0) + (1) +¥(2) +-- -+ ¥(n), by expression (4) we have

SO SfH)W)P
i mgM<n‘( )l K (yim)+y(m+ )+ +y(n—1)) o

R—ee 1l Cnme s Y(0)+y(1) +7(2) + -+ v(n)

Also, since the graph is k-almost-Euclidean by expression (2) we have

2 (S

v[<m

0< lim i O+ +¥2) + ..+ y(m)
Same o fllh Tame y(0)+y (1) +(2) + - 4 ¥(n)

Using the same argument, we have by the limit (1) that

L SHOIP+ E ISHMIP

[v|=n [v|=n+1

lim =0.
n—eo ([ fally
Hence, »
ISRl
n—eo IIntI” ’

and therefore ||S|| > k. By the previous theorem, we obtain the equality. [

EXAMPLE 3.4. Forevery d € IN, the lattice Z¢ (where two points are adjacent if
and only if their Euclidean distance in R is 1) is 2d -almost-Euclidean.

Proof. The lattice Z? is obviously 2d-regular. Set the origin o as the distin-
guished vertex. Clearly y(0) = 1. The set of points at distance 1 from o are the vertices
of a d-dimensional octahedron (i.e., the 1-skeleton of a cross-polytope or orthoplex;
see, e.g., [4, §7.2]): hence, there are 2d of them. The set of points at distance 2 from o
are the vertices of a d-dimensional octahedron and the midpoints of its edges. Hence,
since there are 2d(d — 1) edges, we have y(2) =2d(d — 1) 4+ 2d . Analogously, the set
of points at distance 3 from o are the vertices of a d-dimensional octahedron and the
points obtained by trisecting its edges: hence y(3) =2(2d(d — 1)) +2d . In general, the
set of points at distance n from o are the vertices of a d-dimensional octahedron and
the points obtained by dividing its edges in n equal parts. Hence we have

y(n) = (n—1)(2d(d—1)) +2d.
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It is then straightforward to check that

lim Y(n) +y(n+1) o,

n=ey(0) +y(1) +¥(2) + ...+ 7(n)

and hence the lattice Z¢ is 2d -almost-Euclidean. [

EXAMPLE 3.5. The triangular tesselation of the plane is 6-almost-Euclidean and
the hexagonal tesselation of the plane is 3 -almost-Euclidean.

Proof. The triangular tesselation of the plane is a 6-regular graph and we have
¥(0) =1 and y(n) = 6n. The hexagonal tesselation of the plane is a 3-regular graph
and we have y(0) = 1 and y(n) = 3n. The result follows.

We should also point out that the graphs obtained by removing finitely many edges
from the previous graphs (while keeping them connected) are also k-almost-Euclidean.

Also, any almost k-regular graph for which ¥ is bounded is k-almost-Euclidean.
For example, the semi-infinite ladder graph is 3-almost-Euclidean (thanks to Professor
L. Golinskii for pointing out this last example).

There is a class of graphs for which there is a smaller bound for the norm: the
trees. The following theorem is well-known for p = 2, but the case p # 2 seems to
have gone unnoticed. First recall that if 1 < p < e and g := -+, the duality between

p—1
L?(G) and L4(G) is realized by the pairing

(f.8)=2 f(v)g(v),
vev
where f € L?(G) and g € LY(G).
Observe that the following result, if £ = 2, is included in Theorem 3.1. In fact,
if k=2, equality follows from Theorem 3.3 since in this case the tree is 2-almost-
Euclidean.

THEOREM 3.6. Let T = (V,E) be a tree such that there exists k > 2 with deg(v) <
k forevery v V. Let 1 < p <o andlet = 525 Then ||S|| < (k— DYP 4 (k—1)14,

Proof. Let o be the distinguished vertex of T'; i.e., the root of T'. Let f € L”(T)
and g € L9(T) with || f]|, <1 and ||g||; < L. Since T is a tree we can write

518 = 3, (Z 100 ) )

veV \w~v
=2< D f(W)>g(v)+ Y, f(par(v))g(v)
veV \weChi(v) veV\{o}

=2< > f(w))g<v>+zf<v>< Y g(w)).

veV \weChi(v) veV weChi(v)
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Applying the triangle inequality and then Young’s inequality to each summand we ob-
tain

[(SH1< DY D IfmlleMI+ Y, Y, [f0llelw

veV weChi( ) veV weChi( )

<X X (,%lf(w)\f’(k—l)”“’ﬂ+;\g(v>w<k_1>w/<p+q>>

veV weChi(v)

+2 X (1|f<v>\P(k—1>—P/<P+q>+5|g(w>|q<k_1>q/<p+q>)

veV weChi(v)
_1\2/(p+q) q/(p+q)
:%2 3 \f(w)|1’+(]€72 3
p veV weChi(v) vev weChl(v)

k— 1)~/ (p+a) k—1)4/(p+a)
(k—1) (k—1)

> X lfmIr+ > X lswl

p veV weChi(v) VeV weChi(v)
(6)

Since the root has at most k children and every other vertex has at most k — 1
children, we have

2 X W< k=1) X [gW)1+kgo)[!=(k—1) 3 [gm)|?+s(0)|’

veV weChi(v ) veV\{o} vev
= (k—1)[|glld+g(0)[?

and
2 X OIF<k=1) X [fOIP+fO)P=(k=-1) [fM)P+]f(0)”
ve€V weChi(v ) veV\{o} vev

= (k= D)7+ 7)1
also,
> Z wlP =[5 =1f)P and 3 > lgw)|?=gll§—|f(o)|
veV weChi(v VEVWGChl)

Substituting the previous expressions into inequality (6) we obtain

w p_ p _ q q
[(Sf:8)| < P (LA15 =1 )I7) + ((k=1)llgllg+1g(0)|)

—1)-p/(p+a) —1)4/(p+a)
+w((k—l)HfHZHf(O”p)"‘M

(k—1)P/rta) (g —1)'-r/(rta)
= +
p p

k— 1)/ Pta) (g —1)1—49/(p+a)
(k—1) (k—1)
+ + »

(k—1)~49/(p+a)

(llgllg—1g(o)I?)

1715

gl3
p q
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_((k 1)p/(p+a) (k—l)—P/(P+q)>|f(O>|p

p p
k—1)9/te)  (p— 1)~/ (r+9)
—<( _k=l) go)P
P q
k—1P/(ta) (g —1)4/(p+a)
<<( ihahg Ld): 171
P p
k— 149/ ta)  (k—1)P/(pta)
+<( e ) Il
P p
where we used the fact that 1 — m = m and 1 — m = m and that
_ 1)?/(pta) _1)-p/(p+a) _ 1)4/(p+a) _1)~4/(p+q)
(k—1) _(k 1) >0 and (k—1) _(k 1) >0
p P p q
Recalling that £ £ - Ll] and ﬁ = 1% we obtain

_1\/a _Nnl/r _1l/r _1l/a
(k=Y k=D (=) (k—1)
p P a q

[(Sf.8) | < = (k—1)Y94 (k—1)V7,

since || f][, <1 and [|g[lg <1

Since ||S|| = sup{|(Sf,&) | : [|fllp < 1,|lgllq < 1} (see, for example, Proposition
1.10.11 in [13]), we obtain the desired result. [

In some cases, the bound for the norm above is attained.

THEOREM 3.7. Let T = (V,E) be an almost k-regular rooted tree. Let 1 < p < oo
and let ¢ = 5. Then ||S|| = (k—1)"/7 4 (k—1)"/4,

Proof. Since T is almost k-regular, there exists N € IN such that deg(v) = k if
[v| > N. For each n > N we define the function

_ v .
) = {(k—l) b, AN < <n,

0, otherwise.

Clearly f, € L?(G) foreachne IN, n > N. '
Let C = y(N). It then follows that for each j > N, there are C(k — 1)/~ vertices
v with |v| = j. With this in mind, it follows that

£l = i Clk—1YNk—-1)"7=mn-N)Ck—-1)"V
J=N+1

‘We also have that

N+2 p

N+1
p

ISfllp =c|1-0+ - 1E-1"7 |

k1 ‘1 0+ (k—1)(k—1)"
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n . . . »
+ C(k—1)"’N‘(k—1)’]71+(k—1)(k—1)*%f
J=N+2
n—N n-1 p
+C(k—1) )(k I +(k_1)0‘
+C(k—1)"“‘N’(k—1)‘%+(k—1)o‘p
Simplifying yields
”an”g = C((k— 1)p—(N+1) + (k— 1)1+p—(N+2)
£ -N i1 J_ i+ |P
+ 2 (k=1 ‘(k—l)ﬁ P4 (k—1)(k—1)7
J=N+2
+(k—1)—N+1+(k—1)—N+1)
:C(k—l)N<2 P s 2 ) % k_l) p —|—2(k—1)>
j=N+2
—N —1 1 1—1|7
=C(k—1)™(2(k—1)" +(("—1)—(N+1))‘(k—1)p+(k_1) ;
+2(k—1)>.
From this, it follows that
P
Isplp 2607 =N =)= 17+ (=) [ 42k )
anHg n_N .
Therefore
lim ”S;C””,,” ==+ -1,

and hence

S

1
IS = (k=1)7 + (k—1)9.
By the previous theorem, it follows that
ISl = (6= 1)7 + (k= 1)
as desired. [J

4. Kernel of trees

In this section, we try to answer the question of when the kernel of the shift is
trivial or nontrivial in the case of leafless rooted trees. This question seems to have
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been overlooked in the literature and it yields some interesting results. Some results for
a modification of the shift can be found in [3].
First, we need some definitions.

DEFINITION 4.1. Let T = (V,E) be arooted tree and let v € V. We define B(v)
to be the number of children of v.

Observe that 3(v) = deg(v) — 1 for every vertex v # o and 3(0) = deg(o). Also,
B(v) =0 if and only if v is a leaf.

DEFINITION 4.2. Let T = (V,E) be a rooted leafless tree with bounded degree.
Consider the set .# defined as

A ={veV :B(v)=B(w) for infinitely many w € V}.

Since the tree has bounded degree, the set {$(v) : v € V} is finite and hence the set
V\ A is finite too. We define the numbers

Mi=max{BK)}, and  mi=min{B()}.

veM veH

Observe that m = 0 if and only if T has infinitely many leaves.

For the rest of this section, we will only consider leafless trees. We will say a few
words at the end of this section about the type of behavior that may occur if the tree has
leaves.

We will need the following key observation. If T = (V,E) is a leafless tree and
if f# 0 satisfies Sf = 0, then there must exist v € V such that f(v*) # 0. Let
w* € Chi(v*) (the set Chi(v*) is nonempty, since T is leafless). Since (Sf)(w*) =0,
we must have

= SHW) =0+ Y flu),

u€Chi(w*)

and hence there exists u* € Chi*(v*) with f(u*) # 0. That is, if f € ker(S) and f
is not zero at a vertex, then there is a grandchild of the vertex in which f does not
vanish. Applying this argument inductively, it is clear that for all n» € IN there exists
Uy € Chi®*(v*) with f(u,) # 0.

We are now ready to prove the following theorem.

THEOREM 4.3. Let T = (V,E) be a leafless tree with bounded degree and con-
sider the shift S on LP(T), with 1 < p <logy(m)+1if M >1, 0or 1 < p<ooif
M = 1. Then ker(S) is trivial.

Proof. Assume there exists f € ker(S) such that f # 0. Then there exists v* € V
such that f(v*) #£0.
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Since T has bounded degree, there exists N € IN such that for all |[v| > 2N, we
have v € .# . We claim that

()< X lwp Q)

ueChik (v*)

forall k € IN with £ > N, where

c=(m) " T Wl

ueChi?N (v*)

To prove the claim, observe first that, since f(v*) # 0, the observation before
this theorem implies that there exists # € Chi* (v*) such that f(u) # 0. Hence, C is
positive.

We proceed by induction on k. Observe that for k = N the inequality (7) is trivially
satisfied. Now, assume that for a fixed k € IN, with k > N the inequality (7) is satisfied.

Let w* € Chi**(v*) and let vo be a child of w*. Then, since (Sf)(vo) =0 we have

0=fw)+ Y flu).

ueChi(vg)

It then follows that

FWII< X fw)l,

u€Chi(vg)
and therefore, by Jensen’s inequality and since 3(vo) < M, we have

FOOIP<BE)P™ Y P <Mt X )l

u€Chi(vg) u€Chi(vg)

The above inequality holds for all vy € Chi(w*). We know w* has at least m children,
SO

AV YIS S "L VD VN VA (0]
vo€Chi(w*) vo€Chi(w*) ueChi(vg)
=Mty |fw)”,

ueChi? (w*)

and therefore

=l U YOI

ueChi? (w*)
The above holds for all w* € Chi?*(v*). By the induction hypothesis we have

k+1
() Sqp X W= X Bl

w*eChi?k (v) w*eChi?k (v)

< D Y W= X fwl.

w*eChik (v*) ueChi? (w*) ueChi2(k+1) (y%)
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Thus, our claim is true by induction.
To finish the proof, observe that

= =

SUWPY Y wpscy (rm)

weV k=N yeChi (v+) k=

Since 575 > 1 by hypothesis, the above series diverges, which is a contradiction,

since f € L”(T). Hence ker(S) = {0} for 1 < p < 1+logy(m), if M > 1 and for
I1<p<eo,if M=1. O

The following example shows that the bound for p in the theorem above cannot
be improved.

EXAMPLE 4.4. Let M > m be natural numbers and construct a tree T as follows.
Let o be the root and add m children to it. To each of these new vertices add M
children. To each of the latter vertices add m children, and to each of those vertices add
M children. Continue in this manner. Consider the shift S on L”(T), with log,,(m) -+
1 <p<oeoif M>1o0r p=-ooif M=1.Then ker(S) is nontrivial.

%

Figure 1: Constructing 7 in Example 4.4.

Proof. Define f:T — C as follows:

0, if |v| is odd,
ﬂw={ 4

(—=M)~I"I72 ) if |v] is even.
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We first verify that Sf = 0. Indeed, if |v| is even, then if w is adjacent to v, we
have f(w) =0 and hence (Sf)(v) = 0. Now, if |v| =2k -+ 1 is odd, then f(par(v)) =
(—=M)~* and, if w € Chi(v) then f(w) = (—M)~*~!. Hence,

(Sf)W) = flpar()+ Y, fw)=(=M) " + 3

weChi(v) weChi(v)
=(-M)F+m(-m)* " =0.

Itis clear that f is bounded, which settles the case p = oo.
Now, if M > 1, let log,(m)+1 < p < eo. We will show that f € L”(T). Observe
that, for each k € INy, there are exactly (Mm)* vertices v with |[v| = 2k. We then have

U= 3 0P =3 3 0P =3 3 M =S (Mm) M|

vev Iv] even k=0 v|=2k k=0 |v|=2k k=0
- 2 ( P—1> ’
k=0 M

which converges since p— 1 > log,,(m). Hence f € L”(T) and kerS is nontrivial. O
The idea in the construction of the nontrivial function in the example above is used
below to give a more general theorem.

THEOREM 4.5. Let T = (V,E) be a rooted leafless tree with bounded degree and
consider the shift S on LP(T), with log,(M)+1 < p < e, if m>1; or p=-oo, if
m = 1. Then ker(S) is nontrivial.

Proof. First, we will construct a function f :V — C such that (Sf)(v) =0 for all
v € V. Later, we will show that f € L?(T).

We proceed inductively. Define f(o) = 1. For all v € V with |v| = 1, define
f(v) =0. Ttis then clear that (Sf)(0o) = 0. Now, assume that, for a fixed n € IN, we
have defined f(v) forall |v| <7 and that Sf(v) =0 for all v with |v| < n.

—f(par*(v))
B (par(v))

v € V with |v| = n we have, since T is leafless (and hence 3(v) # 0), that

For each v € V with |v| =n+ 1, we define f(v) = . Then for all

Ef Sf(par(v)) + 2 f(u) = f(par(v)) + Z M

u~v u€Chi(v) u€Chi(v) (par ))
. fpar) f(par(y)
[ (par( +u€§:(v) B = f(par(v)) + B (v)— B0
=0.

This completes the induction step; we conclude that Sf(v) = 0 for all v € V. Note that
f is clearly not identically equal to 0, as f(0) = 1. Note also that for all odd n € IN, if
v eV and |v| =n, then f(v) =
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It remains to be shown that f € L”(T). Observe that |f(v)| <1 forall ve V and
hence f € L=(T). Assume then that m > 1 and log,, (M) + 1 < p < eo.

Since T has bounded degree, there exists N € IN such that for all |v| > 2N, we
have v € .# . We now prove that for all n € N with n > N,

MNc
P
Y Wl < oy (8)

|u|=2n

where C = ¥,—on | f()|”. Clearly the desired inequality (8) is true for n = N. Now,
assume (8) holds for some fixed n with n > N. By the definition of f, we obtain

2 u p
fwr= Y Y pwr= Yy |Fear)
lu|=2(n+1) w|=2n-+1ueChi(w) Iw|=2n-+1ueChi(w) (par(u))
_ o[£ ar(w) |7 1 .
_‘w‘;m,Jrlﬂ( ) ﬁ(w) ‘ \W\Ez;ﬂrlﬁ( ) 1\f(pa( ))|
< m,fﬂ Y fpar(w))|”,
[w|=2n+1

where in the last line we use the definition of m. We also obtain

Y fparw)”= 3 X fparw)fP = ¥ X

[w|=2n+1 [v|= 2nweCh1(v) M*ZrzweChi(v)
= > BOIrMmIF<m Y, If(v)
[v|=2n [v|=2n

Combining the past two expressions, and using the induction hypothesis, we get

M M M"NC MH=Ne
P _
Y )P < Z FWIF < S 1 DN DN

lu|=2(n+1) m? |V| 2n

Thus the desired inequality holds for n+ 1 and the induction step is complete.
Observe that, since f(u) = 0 for all v € V such that |u| is odd, to show that
f € LP(T) we only need to prove that

> f ()l
n=N |u|=2n
converges. But
- = MvNC = ( M\
fWl”< Y~ =€ ( ) ,
220 B e =€ 2 o

which converges for p > 1+1log,, M. Therefore f € LP(T). Having shown Sf =0
while f#0 and f € LP(T), we conclude that ker(S) is nontrivial. [

If m =1, the above theorem cannot be improved, as the following example shows
(observe that the case M = m =1 is already covered by Theorem 4.3).
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EXAMPLE 4.6. Let M € IN, with M > 1. Choose a sequence of positive integers
(tj) such that

I
= M-Dp

diverges for every p > 1. (For example, choose 7; = 20-1% or ti=j71)

Define a tree T as follows. Set the root o and assign M children to o. Now, to
each of these children, assign a path of length 27; — 1. At each vertex at the end of
each of these paths (we call each such vertex a bifurcation node), assign M children.
To each of these children, attach a path of length 27, — 1. At each vertex at the end
of each of these paths, assign M children. To each of these children, attach a path of
length 2¢3 — 1. Keep going in this way.

Then, kerS is trivial in L?(T') for 1 < p < eo.

2t1 — 1 edges

2ty — 1 edges

Figure 2: The tree T in Example 4.6.

Proof. Let f € LP(T) with Sf =0.

We first label a few nodes, to explain our example. Let vy be a bifurcation
node, and let vi,v,...vo,_| be those vertices that comprise a path off of vg; that is,
(vo,v1,...v2s—1) is a path of length 2s — 1 that begins at vy.

Since (Sf)(v;) = 0 for each vertex j=1,2,...25—2, we must have

fvo) =—f(n)=flva) =...= (=1 f(va,2)
and

fo1)=—fv3) = fvs) = .. = (1) fvas).
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If f # 0, there must exist a bifurcation node w* such that f(w*) #0 or f(v*) #0
for some v* € Chi(w*), otherwise f would be identically zero. Let us choose such a
w* closest to the root.

We have two cases:

o If f(w*) #£ 0, then assume, without loss of generality, that f(w*) = 1. But
observe that, if v; € Chi®(w*), then f(v;) = —1, since 0 = (Sf)(par(v;)) =
f(w*)+ f(v1). Using the observation above, we obtain that, at the vertex vy, —
at the end of the path, the absolute value of the function is also 1. But then, if
wi € Chi?(vy,—1), then |f(w;)| = 1. Continuing in this manner, it is clear that
there are infinitely many vertices u such that |f(«)| = 1, and hence f ¢ L?(T).
Thus kerS is trivial.

o If vy € Chi(w") satisfies that f(vp) # 0, again, we may assume that f(vy) = 1.
By the observation above, we must have that

f o)l = 1f()l = f(va)l = ... = |f(var, 2)[ = 1,

where vi,v2,...,vy, 1 are the vertices in the path attached to vy. Hence there
are at least 7; vertices u where |f(u)| =1.

Since (Sf)(va,—1) =0, there must exist a vertex wo € Chi(vy, —1) with [f(wo)| >
1/M . Again, by the observation above, we must have

fwo)l =1fw2)| = [fwa)| = ... = f(wa,2)| = 1/M,

where wy,wy,...,wy,_ are the vertices in the path attached to wo. Hence there
are at least 7, vertices u where |f(u)| > 1/M.

Since (Sf)(wa,—1) =0, there must exist a vertex xo € Chi(va,—1) with | f(xo)| >
1/M?. Again, by the observation above, we must have at least 73 vertices u
where [f(u)| > 1/M>.

Continuing in this manner, it should be clear that, for each j € IN, we must have
at least ¢; vertices u with |f(u)| > 1/M/~!. But this implies that

it 1
p .
Z|f(v)‘ >j:21tjM(j,1)pa

veV
which diverges. This proves that f ¢ L?(T) and hence kerS is trivial. [J

Can Theorem 4.5 be improved for the case m > 1? We have not been able to
answer the question and we leave it open for future research. As the above results
show, the cases where log,,(M)+ 1 < p <logy,(m) + 1 seem to depend on how the
numbers in the set {f(v) : v € V} are “distributed” along the tree, and not only on
the numbers m and M. We plan to investigate the triviality of kerS for L?(T'), when
log,,(M) +1 < p < logy,(m) + 1 (which contains the important case p = 2, unless
M = m) in the future.
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4.1. The case where T has leaves.

If the tree has leaves, the question of triviality of kerS seems to be much more
complicated.

For example, suppose the tree 7', of bounded degree, has at least two vertices of
degree 1, say u and v, and the distance m between u and v is even. Let u = ug ~ uj ~
Up ~ ...~ Uy_1 ~ Uy =v be the path between them. Furthermore, if m > 4, assume
that deg(uy) = deg(ua) = ... = deg(up—2) = 2. If we set f(uo) = f(us) = f(ug) =
coo = flum—) =1, f(u) = f(ug) = ... = f(um) = —1 and f(w) =0 for any other
vertex w, it is easy to check that 0 # f € kerS and f € LP(T) for 1 < p < eo.

On the other hand, we have been able to construct examples of trees where the
above conditions do not hold and kerS is trivial, and also examples where the above
conditions do not hold and kerS is nontrivial. In both cases the triviality of kerS
depends on the value of p and on the “shape” of the tree. What is the situation in
general? A full characterization seems hard, and we leave the question open.

5. Eigenvalues of finite graphs with infinite tails

The objective of this section is to present a method to find the set of eigenvalues
of certain infinite graphs obtained by attaching to a finite graph an “infinite tail”. Some
of the results we obtain here have been obtained by Golinskii in [8]: our method has
the advantage of being elementary, while Golinskii’s method uses the theory of Jacobi
matrices.

Concretely, say H is a graph with vertices {vo,vi,va,...,v,} and L is the graph
with vertices {u : k € IN} and such that u; is adjacent to u; if and only if |k — j| =1
(what we call an “infinite tail”’). We form the new graph Gp by taking the union of the
vertices of H and L, with the same adjacency relations as before, but adding an edge
between the vertex vy and uj .

We would like to solve the equation Sf = A f for some complex-valued function
f defined on the set V of vertices of Gy. Furthermore, we would like f to be in
L?(Gy), for 1 < p < eo. Let us look at the equations obtained from Sf = A f when
we evaluate f at the vertices u;, for j € IN. For simplicity, denote by f; = f(u;) for
Jj€N and fy = f(vo). Then

fi-i+fir1 =Af;

for j € IN. It is well known, and easy to see, that the solutions to this system are given
by : :
fj =C1b) +Cy!

where b and c are the solutions to the equation 12— At+1=0 and C;,C, are constants
to be determined. Since bc = 1 we may assume that |p| < 1 and ¢ = 1/b. Since we
want f € L?(Gy), we must have C; = 0 and either || < 1 or C; = 0. Observe that in
the former case, since A =b+c¢=>b+1/b, we must have || > 2.

In either case, the problem of finding A reduces to solving the finite system of
equations

(Sf)(vj) = Af(v)) ©)
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for j=0,1,2,...,n and such that f(vp) =C; and f(u;) =C;b.

If C; =0, then f; =0 for all j € INy and hence the system of equations can be
seen as finding an eigenvalue for the adjacency matrix of H such that the corresponding
eigenvector has value 0 at vy.

If C; # 0, dividing f by a constant, we may always assume that C; = 1. In this
case, the system of equations does not correspond to the eigenvalue equations for the
adjacency matrix of H, since the vertex u;, which is not in H, is also adjacent to vg.
Nevertheless, in several cases the finite system of equations can be solved. We show a
few examples where we can achieve this.

5.1. The kite with infinite tail

Let us consider a cycle graph with an infinite tail attached. That is, H is the
(n+1)-cycle (with n > 2), which consists of the vertices v, v1,va,...,v, and the edges
given by the relations v; ~v; for j=0,1,2...,n—1 and v, ~ vq. The infinite graph
Gy is obtained by attaching an infinite tail to the vertex vy. We call this graph the kite
with an infinite tail.

V2 U1
U3 Vo -———-
Uy U2 us % us Ug Uy
V4 Un

Figure 3: The kite with an infinite tail.

We will use the argument outlined above to obtain the set of eigenvalues of the
kite.

Let us deal with the case C; = 0 first. It is well-known (see, for example, [2, p. 8-
9]) that the eigenvalues of the adjacency matrix of the (n-+ 1)-cycle are the numbers
{2cos(2mj/(n+1)) : j=0,1,2,...,[(n+1)/2]} (here, as usual, [x] denotes the floor
of x).

The corresponding eigenspaces are obtained in the following manner. Let @ =
exp(i2m/(n+1)). Then the eigenspace corresponding to the eigenvalue 2 cos(27j/(n+
1)) is the linear span of the vectors

(1,07, 0%, 0%,...,0") and (Lo, 0% 03 . . . o).

Observe that if n is even, then these eigenspaces are of dimension 2 if j=1,2,...,n/2,
and of dimension 1 if j =0. If n is odd, these eigenspaces are of dimension 2 if
j=1,2,...,(n—1)/2,and of dimension 1 if j=0or j=(n+1)/2.

Each nonzero vector in the eigenspaces of dimension 1 does not have a zero entry
at the position corresponding to vy. But clearly, we can choose an eigenvector in each of
the eigenspaces of dimension 2 such that the value at vy is zero. Hence, the eigenvalues
for the kite with infinite tail, in this case, are the numbers

{2COS(27‘L’j/(I’l—|— 1) :j= 1’2""’[’1/2]}'
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Now, let us deal with the case C; # 0. As we mentioned above, we can always
assume that C; = 1. If we set x; := f(v;), the system of equations (9) becomes:

1+x=Ax
X2 +x3=Ax>
X3+x4=AX3

Xp_1+1=2Ax,
X1 +x,+b=A7A.

The first n equations can be rewritten, in matrix form, as AX = C, where

A —-10 0 0 0 O 1
-1 A -10 0 0 O 0
0 -1 A4 —1 0 0 O 0
A=l i ad C=
000 0..A-10 0
00 0 0..-14 -1 0
000 0..0-12 1

It is well known (e.g., [2]) that the eigenvalues of the matrix

0100...000
1010...000
0101...000
0000...010
0000...101
0000...010

are all in the interval (—2,2). Since |A| > 2, it follows that A is invertible and there is
a unique solution to the equation AX =C.
A tedious, but straightforward, computation shows that the solution of AX =C is
given by the expressions
bk + bnkarl
=

for k=1,2,...n. The solutions also need to satisfy the equation
X1 +x,=A—b.

Hence we obtain
b+ D" b+Db" 1

1+pmHl D Ty prtl b’
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which simplifies to
b 4 2b7 —1=0.

Consider the polynomials p,(x) = x"*! +2x? — 1. The case n = 2 is special. In that
case, pa(x) =x3 +2x* — 1 = (x +1)(x* +x— 1) has roots

—1-5 —1+V5
2

, 2 ~ —1.618, and ~0.618.

Since only one of the roots is of modulus less than 1, this choice of b gives the eigen-
value 4 = /5.

If n is odd, it is easy to check that p, is decreasing in the interval (—ee,0) and
increasing in the interval (0,e). Since p,(0) = —1 <0 and p,(1) = p,(—1)=2>0,
it follows that there is exactly one root in the interval (—1,0) and one in the interval
(0,1). Hence, if n is odd, in this case there will be two eigenvalues (one the negative
of the other) for the kite.

Now, if n is even, n > 4, define

_g4 \ V(1)
Oy = .
(n—i— 1)

It is clear that —1 < o, < 0 and it is easy to check that p, is increasing on the inter-
vals (—oo, ) and (0,e) and decreasing on the interval (o,,0). Since p,(—1) =0,
pn(0) = —1 and p,(1) =2, it follows that there is exactly one root in the interval
(—1,0) and one in the interval (0,1).

In both cases, it turns out there are exactly two roots of p, (for n # 2) in the
interval (—1,1), denoted by x;(n) and x2(n) and such that by —1 < xp(n) <0 <
xi(n) <1.

Putting these results together with the computations for the case C; =0, we obtain
that the eigenvalues of the kite G, in L?(Gy), are

{_17\/5}

if n=2,and

1 1
2cos(2rj/(n+1)) : j=1,2,...,[n/2 x1(n)+ ,X2(n) +
(2cos2nj/(n+1)) : 2+ st +
ifn>3.
(For a complete spectral analysis of this graph in the case p =2, see [8, Proposi-
tion 1.4].)

5.2. The fly-swatter with infinite tail

Let us consider the fly-swatter. Thatis, H is the complete graph K, |, with n > 2,
and Gp is obtained by attaching an infinite tail to one of the vertices (say the vertex
vo). We call this graph the fly-swatter. We will use the argument outlined above to
obtain the set of eigenvalues of the fly-swatter.
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V2 U1
Vo
U3 ° ° ° ° ° ° * - - — -
Xxf Uy Us us Uy us Ug Uy
Vg Un

Figure 4: The fly-swatter.

Again, let us deal with the case C; = 0 first. It is well-known (see, for example,
[2, p. 8]) that the set of eigenvalues of the adjacency matrix of the complete graph
on (n+1) vertices is {—1,n}. The eigenspace corresponding to the eigenvalue n is
spanned by the vector (1,1,...,1) and the eigenspace corresponding to the eigenvalue
—1 is the set

{(vo,vi,v2,. ., vn) €C s vg 4 v+ a4 v, =0}

Since an eigenvector with vg = 0 can be chosen only in the case where the eigenvalue
is —1, this shows that in the case C; = 0, the only eigenvalue of the fly-swatter is —1.
Now, if C; =1, and we set x; := f ("j)? the system of equations (9) becomes:

I+xp+x3+x4+...+x,=Axg
l+xi+x3+x4+...+x,=Axy
l+xi+x+x+...+x,=Axp

l+xi+x+x3+...+x,1 =Axy,
X|+xo+xa+.. . tx,Fb=A.

The first n equations can be rewritten, in matrix form, as AX = C, where

-A 1 1 1...1 1 1 —1
I =42 1 1...1 1 1 —1
I 1 -21...1 1 1 —1
A=l i s ad C= |
I 1 1 1...-42 1 1 —1
I 1 1 1...1 =41 -1
1 1 11 I 1 -2 -1

and the solution (x,x2,x3,...,x,) must satisfy the last equation:
Xi+xo+xa+...+x,=A—b.

Now, the matrix A is invertible if A = —1 and A # n— 1, since if we set A =0,
then the matrix A is the adjacency matrix for the complete graph on n vertices. Since



244 AGRAWAL ET AL.

we are dealing with the case C; = 1, we have that A > 2 and hence we only need
to discard the case A =n— 1. Clearly, however, C € kerA if A =n—1, and A is
selfadjoint, so we must have that the range of A is orthogonal to the kernel of A. Hence
there is no solution in this case.

Now, for every other value of A there is a unique solution to AX = C, and it can
be easily checked that it is given by

1
A—(n—1)

XI=Xp=...=X, =

Now, this solution should satisfy the equation

Xi+xXo0+x4+...+x,+b=A,
from which we obtain % +b=A. Simplifying and using the fact that A =b+1/b
we obtain
(n—1)b*+(n—1)b—1=0.

The solutions to this equation are

y_ L 1 [n¥3
2 2V n—1

Itiseasytocheckthat0<—%+% Z—ﬁ<1and—2<—%—% %<—1.Hence,
_ 1 1 n+3
b——§+§ ﬁand
1 3 2
A:b+Ub:§<—1+ "+1>+ .
Y AN =

Putting these results together with the computations for the case C; =0, we obtain
that the eigenvalues of the fly-swatter Gy, in L?(Gy) are

1 n+3 2
—1,5 -1+ 1 +
1)

(For the spectral analysis of the complete bipartite graph with tail in the case p =2,
see [8, Example 5.6].)

5.3. The comb with an infinite tail

Let us consider the comb with an infinite tail. Thatis, H is the graph with vertices
{vi,v2,...,vu,wi,wa,...wy} and such that v; ~v; for j=1,2,...,n—1,and v; ~
w; for j=1,2,...,n, where n > 2; and Gp is obtained by attaching an infinite tail to
the vertex v, .
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w1y w2 w3 Wp—1 Wy,
U1 V2 U3 Un—-1 Un Ui U2 us Uy

Figure 5: The comb with an infinite tail.

We call this graph Gy the comb with an infinite tail (or just the comb, for short).
We will use the argument outlined above to obtain the set of eigenvalues of the comb.

Let us show that there are no eigenvalues in the case C; = 0. Assume f is an
eigenvector with f(v,) =0 and set y; = f(v;) and z; = f(w;) for j=1,2,...,n. The
adjacency matrix of S for the graph H is the following 2n x 2n matrix:

010...00/100...00
101...00/010...00
010...00/001...00

000...01/000...10
000...10/000...01
100...00000...00
010...00000...00
001...00000...00

000...10000...00
000...01000...00

If we set T to be the upper-left n X n corner of the matrix above, ¥ = (y1,y2,...,Vu)
and Z = (z1,22,.--,2n), the eigenvalue problem Sf = A f becomes TY +Z =AY and
Y=AZ.If A =0 then Y =0 and hence Z =0, hence A #0.

Now, since we want y, = 0, it follows that z, = 0. The last entry of the equation
TY +Z =AY is y,_| +2z, = Ay, which implies that y,_; = 0 and hence that z,_| =0.
The penultimate entry of TY +Z =AY is y,—2>+yu+2,—1 = Ay,—1 which implies that
yn—2 = 0 and hence z,_» = 0. Proceeding in this manner, we obtain that ¥ = 0 and
Z =0 and hence there are no eigenvalues in the case C; = 0.

Now let us deal with the case C; = 1. In this case, setting x; = f(v;) and a; =
f(wj) for j=1,2,...,n, the system of equations (9) becomes

ap+x; = Ax;
aj+Xxj_1+Xjp1=Ax; forall j=2,3,...,n—2
an_1+xXp—2+1=2Ax,_1
an+x,—1+b=2A7A
xj=Aa; forall j=1,2,...,n,
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where, as mentioned before, x, = 1.

First, observe that if A = 0, this would contradict the fact that 1 = x,, = Aa,, and
hence we may assume that A # 0. Since we have a; = % forall j=1,2,...,n we can
rewrite the above system as

1

%xl +x = Axg
1
%xi,'+xj_1+xj+1 = Ax; forall j=2,3,...,n—2
1
Xxnfl +x,2+1= Axnfl

1
%+Xn_1+b: A.

Thus we need to find a solution to the system AX = C where

A=z -1 0 0.. 0 0 0
-1 A-=4 -1 0... 0 0 0
0 -1 A-—4-1... 0 0 0
A= : S : : and €= : ,
0 0 0 0..A-73 -1 0
0 0 0 0.. -1 A-3% 1
0O 0 0 0.. 0 1 A—5—b

where A is a n x (n— 1) matrix. Clearly, the columns of A are linearly independent,
and hence the rank of A is n — 1. Therefore there is a solution to AX = C if and only
if the augmented matrix (A|C) has rank n — 1. This occurs if and only if

A-=4 -1 0 0.. 0 0 0

-1 A-4 -1 0... 0 0

0 -1 A-5-1... 0 0 0

det| : S : : : s

0 0 0 0..A-1 -1 0

0 0 0 0.. -1 -5 1

0o 0 0 0.. 0 1 A—5-b

Since L = b+ %, we have A — % = 'f(ﬁﬁ)l and A — % —b= m and the above

determinant can be thought of as a function of 5. Denote the determinant of the n x n

matrix by P,(b).

An explicit expression for the function P, can be obtained recursively. Indeed, set
P(b):=A— % — b and compute P, directly to obtain

Py(b) =

—bo—b*+1

(b(b>+1))>"
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Then, it easily follows that P,(b) = (A — §)Pa—1(b) — Pi—2(b), for n > 3.

We would like to find out if there are solutions b of the equation P,(b) =0 of
modulus less than one. It can be shown by induction that, for n > 2 we have that
hy(b) := (b(b*+1))"P,(b) is an even polynomial of degree 4n — 2, the coefficient of
the term of degree 4n—2 is —1 and constant term is equal to 1. In fact, it can be easily
seen that, if we set /11 (b) = 1 and hy(b) = —b® — b* + 1, the polynomial £, is given by

ha(b) = (b* + b* 4 1)hy_1 (b) — b2 (b* +1)%h,_5(b),

forn>3.

To obtain eigenvalues of the comb, it therefore suffices to compute the roots of #,,
of modulus less than one. Since £,(0) = 1 and the coefficient of the term of degree
4n—2 is —1, it follows that &, has at least one positive root, for each n > 2.

It is straightforward to check that 7, (b) = —b® — b* 4 1 has exactly one positive
root, which happens to be less than 1. Let us denote by ¢, the smallest positive root of
hy, for n > 2. We will show that the sequence (¢,) is decreasing. First, observe that

hs(on) = (05 + 05 + Dha(0n) — 03(05 + 1)’ (00) = —05 (05 +1)*.

Hence h3(0n) < 0 and since 73(0) =1 > 0, it follows that a3 < 0. Now, assume that
op > 03 >...> 041 > 0. Then,

hier (0n) = (06 + 0 + Dy (on) — 0 (0 + 1)y (o) = =0 (0 + 1) 1 ().

Since A1 (0y) > 0 (otherwise, since hy;_1(0) = 1, it would follow that oy < 0y ) we
have that /1 (0g) < 0 and hence 0441 < 0y. Since the sequence (¢,) is decreasing
and op < 1, it follows that £, has at least two roots in the interval (—1,1) and hence
the comb has at least two eigenvalues (one the negative of the other).

One can check using a computer algebra system or graphical software, that for
2 < n < 6 there are exactly two roots of £, inside the interval (—1,1), for 7 <n < 10
there are exactly four roots of %, inside the interval (—1,1), for 11 < n < 14 there are
exactly six roots of &, inside the interval (—1,1), for 15 < n < 19 there are exactly
eight roots of &, inside the interval (—1,1), for 20 < n < 23 there are exactly ten roots
of h, inside the interval (—1,1), and for n > 24 there are at least twelve roots of £,
inside the interval (—1,1).

This will correspond to two eigenvalues of the comb for 2 < n < 6, four eigen-
values of the comb for 7 < n < 10, to six eigenvalues of the comb for 11 < n < 14,
to eight eigenvalues of the comb for 15 < n < 19, to ten eigenvalues of the comb for
20 < n < 23, and to at least twelve eigenvalues of the comb for n > 24. Can one com-
pute the number of eigenvalues for any given n? We leave that question open for future
research.

One can also check, with the help of a computer, that for 2 < n < 30 all eigenvalues
of the comb are contained in the set [—1 —+/2,—2]U[2,14 1/2]. Does all of the above
hold for all values of n?

Note added: Professor L. Golinskii has shown [10] that all eigenvalues of the comb
with an infinite tail attached are simple and are contained in the set (—1 —+/2,—2)U
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(2,1++/2). Furthermore, he has proved that the largest positive eigenvalue of the 7-
comb tends to 1+ +/2 as n — oo. Also, he has obtained an explicit expression for the
number of eigenvalues, in terms of 7, for the n-comb.

5.4. Full spectrum of finite graphs with an infinite tail

We should point out that the above results actually give the full spectrum of each
of the graphs with an infinite tail attached. Indeed, in [5] Duren finds the spectrum of
Toeplitz operators with finitely many nonzero diagonals. Applying those results to the
case of the Toeplitz operator with matrix

01000...
10100...
01010...

we obtain that the spectrum of 7' in 7 (1 < p < o) is the interval [—2,2]. In fact, it
can be deduced from Duren’s result that the essential spectrum (see, for example, [17]
for the definition of the essential spectrum) of T is the interval [—2,2].

Observe that T is the adjacency matrix of the infinite tail. Since all the graphs in
this section can be seen as perturbations of the infinite tail by an operator of finite rank,
it follows that the essential spectrum of each finite graph with an infinite tail attached
(in €7, with 1 < p < o) is the interval [—2,2]. Hence, the spectrum (in ¢7) of each
finite graph with an infinite tail attached is the union of the interval [—2,2] and the set
of eigenvalues (see [17] for details on the essential spectrum and point spectrum).

6. Spectrum of the infinite comb

Let us consider the “infinite comb”. That is, G is the graph formed with the
vertices {v;,w; : j € IN} and the edges given by the relations v; ~w; forall j € IN,
vj~vjy forall j € IN. First, let us observe that there are no eigenvalues for S in this
case. Indeed, assume Sf = Af and set x; = f(v;) and a; = f(w;) for j € IN. We
obtain the equations

ay +x; = Axy,
aj+xj_1+xj1=Axj, forall j > 2,
xj = Aaj, forall j € IN.

Clearly, if A =0, then f =0 so we may assume A # 0. Then, the above equations can

be written as
1
Xy = <)L — I) X1,

1

(10)
Xj1 X = <7L——)xj, for all j > 2.

A
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But, as is well-known, the infinite matrix

010...000---
101...000---
010...000---
r= 000...010---
000...101---
000...010---

has no eigenvalues in ¢7, for 1 < p < e, and hence the system (10) has no p-summable
solution.

Let us compute the spectrum of S in L”(G). Let f; := Xv; and gj := X, . Then
it is clear that the set {f; : j € N} U{gj,: j € IN} is a Schauder basis for L”(G). If
we write the matrix of S with respect to this basis, it is clear that in can be written, in

block form, as
T\I
= (7).

where T is as defined above. To find the spectrum of S we need to find for what values

of A the matrix A
T— 1
S=A= (T’j)

is invertible. If A = 0, then S is invertible and

(0] 1
s = (9.

Now assume A # 0. It is well known and easily verified that a 2 x 2 block matrix of
the form above is invertible if and only if 7 — A + % is invertible. In that case, in the
style of [7, p. 18], the inverse is

(S—?L)l—<(T A+t ‘ F(T =2+ 1) )
A\ LT -a+1 \ Ly (r—a+ b))

Hence A € 6(S) if and only A — 1 € o(T). Recall 6(T) =[-2,2] (see, for example,
[5]). It can easily be checked that A—$€[-2,2] ifand only if A € [-1—+v2,1—
V2]U[~1++2,1++/2]. Hence

o(S) =[-1-v2,1 -V2|U[-1+V2,1+V2].
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