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Abstract. This paper deals with the problem for unbounded block operator matrix

(e}

with natural domain to generate Cy semigroups, based on the space decomposition. By describ-
ing the spectral inclusion relations between the numerical range of M and its inner entries, using
the quadratic complements of M, some necessary and sufficient conditions for M to generate
Cp semigroups are given.

1. Introduction

The research of operator matrices is motivated by systems of linear evolution
equations. It is well known that such systems are well-posed if and only if the cor-
responding operator matrix is the infinitesimal generator of a Cy semigroup on un-
derlying spaces ! One usually concerns with conditions for the operator matrix

A B . . ER
M= < cD to generate C semigroups, and obtain some conclusions . However,

most of the results are discussed in the diagonal domain (M) = 9(A) @ 2(D), by
using the standard perturbation theorems. The change on the domain of the infinites-
imal generator M has a great influence on its semigroup generation property. How
can an unbounded operator matrix M with natural domain generates a semigroup?
The problem is need to be discussed in other methods. In this paper, we consider
the semigroup generation properties of the operator matrix M with natural domain
2(M)=(2(A)NZ2(C))®(2(B)N2(D)) in the different way.

As we know, the main obstacle for unbounded operators to generate semigroups
is the unboundedness of their numerical range and the non-emptiness of their resid-
ual spectrum. Hence, we characterize the right boundedness of M with the quadratic
numerical range of M, and consider the residual spectrum based on the space decom-
position and quadratic complements.
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2. Preliminaries

Let T be a linear operator between Hilbert spaces, and let % be a linear subspace
of a Hilbert space. Then, the closure and orthogonal complement of % are denoted
by % and %, respectively. Write Py for the orthogonal projection onto % along
%+ (when % is closed) and T|s for the restriction of T to % . Also, we use 2(T),
A (T) and Z(T) to denote the domain, nullspace and range of T, respectively. n(T)
is the dimension of .4 (T). Recall that T is said to be dissipative'", if the numerical
range of T, i.e., W(T) = {(Tv,v):ve 2(T),||v|| = 1} is contained in the closed left
half plane.

Throughout this paper, 27,2, are always Hilbert spaces. In the product space
21 ® Z;, we consider the unbounded closed block operator matrix

AB
M= (C D), @1

where A: 9(A)C 21 — 21, B: 9(B) C 2>, — %21, C: 2(C) C 21 — %2> and
D: 9(D) C 2, — %> are densely defined closable operators. Write 2 = Z(A) N
2(C), 2, = 2(B)N 2(D). We suppose that the natural domain of M defined in (2.1),
i.e.,

IM)=2, D, (2.2)

is also dense in 27 & 25 . The followings are some constants

op =inf{Reld : L = (-Af, /), If| =1, € 21},
Bo=inf{ReA : A = (—Dg,g),|gll = 1,8 € 2>},
& = min{ao,Bo}, (2.3)

C ’ B ? t
% =sup{Red : A = W,(ﬂg) €M)},

where ReA is the real part of the complex number A .

DEFINITION 2.1. " Let M be the block operator matrix defined in (2.1)(2.2). For
f€ 2,8€ 2, with ||f]| = ||g]| = 1, define the 2 x 2 matrix

_ ((Af,f> <Bg,f>)_

r£=\(cf,g) (Dg.g)
Then the set
WMy = | op(Mpy)
f€21,8€ D,
If1I=llgll=1

is called the quadratic numerical range of M .

DEFINITION 2.2. " Let M be the block operator matrix defined in (2.1)(2.2).
Suppose that either C or B is boundedly invertible. Then the quadratic operator poly-
nomials 77 and 7> defined by

Ty(A) =C— (D —2A)B~'(A — ) if B is boundedly invertible,
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T(A) =B —(A—2A)C~Y(D— 1) if C is boundedly invertible,
for A € C are called quadratic complements of M.

LEMMA 2.1. " Let M be the block operator matrix defined in (2.1)(2.2). Then:
(i) W*(M) C W (M),

(ii) dim 2, > 2 = W(A) c W2(M),
(iii) dim .2, > 2 = W (D) C W(M),

where A =A|y,,D =D|g,.

LEMMA 2.2. " Let T be a closed linear operator in Hilbert space Z . Then for

any A gW(T), V(T —A)={0} and Z(T — L) is closed.

LEMMA 2.3. ' Let T be a densely defined closed linear operator in a Hilbert
space X" . Then:

(i) 6(T) = Gupp(T) UG (T),

(ii) Oupp(T) CW(T),

where

0.1(T)={A € C: T —Aisinjective, Z(T — L) # 2 and Z(T — L) is closed},
Oupp(T) ={A € C: (T = A)vy — 0, {mu}; 5y C 2(T),|[vall = Lin=1,2,--}.

PROPOSITION 2.1. Let 21,23 be infinite dimensional Hilbert spaces, and let M
be the block operator matrix defined in (2.1)(2.2). Then the boundedness to the right
with bound B (& R)m] of M, i.e., Re(Mv,v) < B(v,v),v € (M) implies those of A
and D, where A =A|g,,D = D|g,.

Proof. According to Lemma 2.1, it is easy to obtain that W(A) C W(M) and
W(D) C W(M), since 27, 25> are infinite dimensional Hilbert spaces.

3. Main results

In what follows, we assume that the spaces 27, 23 defined in (2.1)(2.2) are infi-
nite dimensional Hilbert spaces.

THEOREM 3.1. Let M be the operator matrix defined in (2.1)(2.2), and let Yy <
8 with W, & defined as in (2.3). Write A= Al|g,, B=B|y,, C=C|y,, D=D|g,.
Suppose that D is a closed and 0 < n(C) < o. Then M generates a Cy semigroup
(T(1))r0 with | T(2)|| < P for some B >0 on 21 ® 25 if and only if the following
statements hold:
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(a) A and D are bounded to the right with bound 3,

(b) Z((A1—2A Tr(R))) = 21 and Z(C1) = Z#(D—A)* for > B, where (A; —
A Tr(A)) is a line operator; Ay =A| ), To(A) = Apn — A —B(D—A)"1Cx,
An=Alxc))» C1=Prip-1).Clr@E)na C11t =Paip-1) Clire) orc)na,
Cll’ld C22 = P‘%(D—)L)CL/V(CI)'

Proof. The assertion (a) implies W(—A) C {z€ C:Rez > —fB} and W(-D) C
{z€eC:Rez = —PB}, so o, Py are well defined. For each v = (f g)' € (M) with

2
f#0and g#£0,let T= L1

————— . It follows from ¥ < & that
1112+ 11gl?

Re(Cf,g) +Re(Bg, f)
I£117 +1lgl?

<P <o <Ton+(1-1)B

<t +B)+(1-1)(Bo+B)

Re(_Afaf) +ﬂ(fvf) _|_(1 —T) . RC(—Dg,g) +ﬂ(g7g)

N

T .

I1£1I? llgll
_ Re(=Af, /) +B(f.f) | Re(=Dg,g)+B(s,8) G.1)
I£117 +1lgl? 112+ el '
Hence
Re(Cf,g) +Re(Bg, f)+Re(Af, f)+Re(Dg,g) < B(f.f)+B(g.g),
and

weon = ((27) (1)- (1))

=Re(Cf,g) +Re(Bg, f) + Re(Af, f) +Re(Dg, g)
< Bvv).

If f=0or g=0,itis easy to prove Re(Mv,v) < B(v,v). Thus, M is bounded to the
right with bound .
To complete the proof, it suffices to show that M — A (1 > ) is surjective.
Since 0 < n(C) < oo, A (C) is a closed subspace of .27. From .4 (C) c 2(C) =
2, , we know
20C) =N (C)® (AN () n2y).

On the other hand, from assertion (i) follows that A ¢ W (A)UW (D), and Z(D—1) isa
closed subspace of .25 by Lemma 2.2. Then, as an operator from .4 (C) & (4 (C)* N
DD HNC)oN(C) o2 to 210RD—-A) - @Z(D—A), M— A admits
the following block representation

Aj—AAy—A B
M—-A= 0 Ci 0 . (3.2)

0 C, D-1
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Here Ay = A| y(¢)1ng, and Co = Pyp_3\C| 4 (¢)1ng, - From assertion (i) follows
A ¢ W(A)UW(D), and hence A; — A : A (C) — 2] is injective and D — 4 : 2, —
(D — 1) is boundedly invertible by Lemma 2.2. It follows from 0 < n(C) < oo that
0 < n(C) < o, hence

2(C1) =N () NP = (AN () oN(C)ND) o (C).

As an operator from A (C) & (AN (C)- o AN (C1))NDy) & N (C1)® Zr C N (C)®
(N ()N ()N (o2 1o 2 eRD—A)-&R(D—-1), M—A has the
following representation

Al—AAy—2AApn—LA B
M—-A= 0 Ci1 0 0

0 1 Crn D—A

Clearly, Cyy : (N (C)r oA (C1))NDy — Z#(D— A)* is injective, and hence Cy;
is leftinvertible, i.e., there exist Cfll such that Cfllcn =1 holds. Hence, M — A (A >0)
has the following transformation

EI(M_A’):Na
where

I B(D—A)"'CoCy)' — (Ao — A)C —B(D—2)7!
ElZ O 1 0 )

0 e I

A=A 0 Ap—A—B(D—-21)"'Cx, 0
N=| 0 0 0

0 0 Cn D—-A

According to the relative boundedness of unbounded operators([7, P92]), operator B(D —
AL, C21Cﬁl and (Ap; — A)Cﬁl are bounded operator, hence E; is bijective. Thus,
M — A is surjective if and only if so is N. Since D — A is boundedly invertible, N has
a further transformation that

NE, =1L,
where
10 0 0
01 0 0
=100 I 0l

00 —(D—A)71C22 1
Al—;\, 0 A22—A—B(D—A)71C22 0
L= 0 Cn 0 0
0 0 0 DA



300 J.L1U, J. HUANG AND A. CHEN

Thus, N is surjective if and only if so is L. It is clear that the condition (b) implies L is
surjective, so M — A is surjective. Therefore, M generates a Cy semigroup (7(¢)),>0
with | T(1)|| < eP' on 27 ® 25.

Conversely, if M is the infinitesimal generator of a Cy semigroup (7 ());>0 with
|7(t)|| < P for some B >0 on 27 & 25, then M is bounded to the right with bound
B and A € p(M) for A > 3. By Proposition 2.1, A and D are both bounded to the
right with bound S, i.e., the assertion (a) holds. According to the proof in sufficiency,
M — A, as an operator from A (C) & (A (C) & A (C1))N D) &N (C1) & D, C
N () (N (C)reN(C)aN(C)B 2 to 210ZD—-AM)*aR(D-21), is
surjective. Hence, the assertion (b) holds immediately.

THEOREM 3.2. Let M be the operator matrix defined in (2.1)(2.2), and let ¥y <
8 with Y, 8 defined as in (2.3). Write A=Al|y,, B=B|g,, C=C|y,, D=D|g,.

Suppose that A is a closed and 0 < n(B) < oo, then M generates a Cy semigroup
(T(1))i=0 with | T(t)| < eP' for some B =0 on 21 @ 2> if and only if the following
statements hold:

(i) A and D are bounded to the right with bound 3,

(i) Z((D1—A Ti(A))) = 2> and Z(By1) = Z(A—A)* for & > B, where (Dy —
A Ti(A)) is a line operator, Dy = D| ), Ti(A) = Dyp — A ~C(A—21)" By,
Dy =D\ y (), B = Pya_p)1Bl y(8)1ng, and By = Pyi_;)Bl v ,)-

Proof. The proof is similar to that of Theorem 3.1. We only need to note that the
operator M — A (A > B), discussed from 27 @ .4 (B)® (A (B)- ©.4 (By))® .4 (By)
to Z(A— 1)t @ Z(A— L)@ 25 has the representation

0 0 Byi 0
M—-A=|A-1 0 By B
C D —ADy—ADyn—2

Under more finer subdivision of the domain space, we may have the following
results.

THEOREM 3.3. Let M be the operator matrix defined in (2.1)(2.2), and let Yy <
8 with W, & defined as in (2.3). Write A =Al|g,, B=B|y,, C=C|y,, D=D|g,.
Suppose that A and D are closed, 0 < n(B) < o and 0 < n(C) < . Then M generates
a Cy semigroup (T (1));=0 with ||T(1)|| < eP' for some B >0 on 21 ® 2> if and only
if the following statements hold:

(i) A and D are bounded to the right with bound 3,
(ii) Z((Aa—A By)) =Z(Ax—A), Z((C2o Dpn—A)) =Z(D2— L), Z(B11) =
R(A—-N)*, Z(C1y)=R(D—A)* for & > B, where A, =A| y)ing, D2 =

Dl yy1n2, Ct =Poyp_2).Cl y ) 1na, A2 =Aly(c), D22 =Dl y(p,)), B1 =
Paa-2)-Bly@)ing,» B2 =Ppi-2)Blys) and Cn = Pyp_)Cly(c)-
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Proof. The proof is similar to that of Theorem 3.1. We only need to note that the
operator M — A (A > B), discussed from A (C) @ (A (C)F & A4 (C1)) & A (C)) &
N (B)® (JV(B)L @,/V(Bl)) @ N (By) to RA—-L)DRD—-L)SRD—1)*" @
(A — A)* has the representation

Al—A Ay —AApn—A O By By
0 Cyy Cxy Dy —ADy—ADpy—A»4
0 (6T 0 0 0 0
0 0 0 0 B 0

M—-2=

THEOREM 3.4. Let M be the operator matrix defined in (2.1) with the dense do-
main

IM)=2C)e(ZB)NZ(D)):=2(C)® %,

and let v < 8 with Y, 8 defined as in (2.3). Write A :A\g(c),D =Dlg,. If Cis
boundedly invertible and C~'D is bounded on 2(D), then M generates a Cy semi-
group (T(t))i=0 with ||T(1)|| < eP'(t > 0) for some B >0 on 21 ® 2> if and only if
the following statements hold:

(i) A and D are bounded to the right with bound 3,
(ii) 0,1(To)N{z € C:Rez> B} =3, where T,(A) =B—(A—1)C YD —1A) for
AeC.

Proof. Combining (i) and assumption Jp < &y, we see that M is bounded to the
right with bound f3. Since C is boundedly invertible, M — A (A € C) has the following

factorization
e ((1) (A—pc-l) (g Tzém) ((1) c-la;—x))

-1
As 2(C) C 2(A) and C~'D is bounded on Z(D), (é (4 )IL)C ) and

-1 _
((I) ¢ (? M) are both bounded and invertible, and hence

A€o (M) < A€o.(D). (3.3)
By Lemma 2.3, we have
Oupp(M) CW(M) C {z€ C:Rez < B}
since M is bounded to the right with bound 3. Hence, it follows from assertion (ii) that

o(M) C {z€C:Rez < B},

and hence
{ze C:Rez> B} C p(M). (3.4)
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Thus, M generates a Cy semigroup (T'(z)),>0 with | T(z)| < eP!(t > 0) forsome >0
on 219 2,.

Conversely, suppose that M is the infinitesimal generator of a Cyp semigroup
(T(1))s0 with | T(2)|] < eP'(t > 0) for some B >0 on .21 @ 2>. Then, we may have
that (3.4) is valid, and that A and D are both bounded to the right with bound f3. Since
C is boundedly invertible and C~'D is bounded on 2 (D), (3.3) holds. Therefore, the
assertion (ii) follows.

In the same way, we have the following symmetric result.

THEOREM 3.5. Let M be the operator matrix defined in (2.1) with dense domain
2M)=(2(A)N2(C))® 2(B) := 21 ® Z(B),

and let Yy < 8 with 1,80 defined as in (2.3). Write A =Alg,,D = D\@(B). If B is
boundedly invertible and B~'A is bounded on Z(A), then M generates a Cy semi-
group (T(t))i0 with ||T(1)|| < eP'(t > 0) for some B >0 on 21 ® 2> if and only if
the following statements hold:

(i) A and D are bounded to the right with bound 3,

(ii) 0,1(T1)N{z € C:Rez> B} =3, where T;(A) =C— (D—A1)B"Y(A— L) for
AeC.

Proof. The proof is similar to that of Theorem 3.4. Note that M — A (A € C) has
the following factorization

M=2= ((D—gt)Bl (;) (Tl(()x) g) (Bl(zi—l) ?)

as B is boundedly invertible. It follows from %(B) C 2(D) and B~'A is bounded on

2(A) that ((D _ gL)B*I (I)) and (Bl(f{ _2) (I)) are both bounded and invertible,

and hence
A€o (M) < Aeo.(h).

4. Example
Consider the mixed problem of partial differential equation

*u(x,y) | Qu(x,y) . du(x,y)
P SR N R R
u(0,y) = u(l,y) = 0,u(0,y) =u(1,y) =0, 0<y<h,

u(x,0) = @(x),u;(x,0) = y(x), 0<x<1.

+u=0, O0<x<1,0<y<h,
4.1
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9° d
Let 2 =12 [0,1], p= 8—;24 ,q=— a—; — u, then problem (4.1) can be transformed into
abstract Cauchy problemin 2" & 2 as follows
32
5012 70
Iy \q 2 |\
dx2
The corresponding block operator matrix is
32
A B -1 =53
M= = 2 X o9M)=2(C)o2B)— 2 o2,
CD 0
dx?

and

PD(B)=P(C) = {v(x) € Z :v(x),v(x)" € Z,v(0) =v(1) =0}.
It is easy to see that 1 =0 < & and 0 € p(B). Clearly, A, D are dissipative and

2 2

Ti(1) = C— (D~ MB™(A-2) = 2 4 (4 1oy

)y"Laec.

It follows from 0 € p(B)Np(C) that Z(T1(A)) = 2, and hence 6,(T) = &. Thus, M
satisfies the assertions of Theorem 3.5 and hence M generates a contraction semigroup
on 2.
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