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PARSEVAL FRAMES OF PIECEWISE CONSTANT FUNCTIONS

DORIN ERVIN DUTKAY AND RAJITHA RANASINGHE

(Communicated by J. W. Helton)

Abstract. We present a way to construct Parseval frames of piecewise constant functions for
L2[0,1]. The construction is similar to the generalized Walsh bases. It is based on iteration of
operators that satisfy a Cuntz-type relation, but without the isometry property. We also show
how the Parseval frame can be dilated to an orthonormal basis and the operators can be dilated
to true Cuntz isometries.

1. Introduction

In [7], Dutkay et al. introduced a method of constructing orthonormal bases from
representations of Cuntz algebras. Recall that the Cuntz algebra Oy, where N is an
integer, N > 2, is the C*-algebra generated by N isometries (S;)i—o,_.ny—1 On some
Hilbert space 77 which satisty the Cuntz relations

N—-1

i=0

The basic idea was to start with some vector vy in 5 which is fixed by the
first isometry, Sovo = vo, and then apply all the Cuntz isometries Sg, ...Sq,vo Where
y,...,0, € {0,...,N — 1}. Eliminating the repetitions generated by the fact that
Sovo = vo, one can see immediately that the resulting family of vectors is orthonor-
mal. The more delicate issue is, of course, its completeness.

A particular case of this construction yields the classical Walsh basis on L? [0,1]
and some variations of that yield generalized Walsh bases for L? [0,1] consisting of
piecewise constant functions, see [7, 6].

In this paper, we will follow similar ideas, but with some important modifications.
We will begin not with a Cuntz algebra representation, but with one where only the

relation
N—1

> 8iSi=1» (12)
i=0
is satisfied. Again we will have a vector vy (in our case, the constant function 1)
with Sovg = vo, and, by iterating the operators S;, we will obtain a family Sg, ...Sw,v0
which is a Parseval frame.
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Recall that a Parseval frame for a Hilbert space /¢ is a family of vectors {¢;: j €
J} such that
1717 =X e P (f €. (1.3)
jel
To prove that the family {Sg, ...Sq,v0: @1,...,@, € {0,...,N—1}} is a Parseval
frame, we construct a dilation to an orthonormal basis. We recall two important results
in dilation theory:

THEOREM 1.1. A family {é;: j € J} is a Parseval frame for a Hilbert space
FC if and only if there is a larger Hilbert space % O ¢ and an orthonormal basis
{ej:j€J} suchthat Pyej=E¢;j forall j€J, where Py is the orthogonal projection
from & onto the subspace ¢ .

The second result [8, Theorem 5.1], based on Popescu’s dilation theory [2], shows
that the relation (1.2) can always be dilated to a representation of the Cuntz algebra.

THEOREM 1.2. Let S be a Hilbert space and let So.....Sy_1 be operators on

JC satisfying
N-1

S S8 =1y
i=0
Then 7 can be embedded into a larger Hilbert space ¢, carrying a representation
S0, ---,Sny—1 of the Cuntz algebra Oy such that, if P,y is the projection onto ¢, we
have
Si = SiPuw,

(i.e., S; C A and S;Py = Py SiPy =8} ) and S is cyclic for the representation.
The system

(%as(b s ,SN_I,P,%&)
is unique up to unitary equivalence.

These are the general lines of our construction. Now we describe the particulars
of our construction.
We start with a matrix 7 of the form

T = —=(0ij)i=0..M1, (14
such that

T = Iy, (1.5)

i.e., T is an isometry. This means that the columns are orthonormal vectors in cM,
and, equivalently, that the rows form a Parseval frame for CN (see, e.g., [3, Lemma
3.8)).
We assume that
op;=1 forje{0,....N—1}. (1.6)
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i.e., the first row of T is 1/v/N. (This is required for the relation Sovg = vp).
Next we build the piecewise constant functions

N—-1
mi(x) = Z Qi jX[j/N , (j+1)/N]s i€ {O,...,M— 1}7
j=0

where y4 denotes the characteristic function of the subset A.
Using these functions, we define the operators:

(Sif) (x) := m;(x) f(Nxmod 1), on L*[0,1], (1.7)
with So1 = 1, where 1 denote the constant function.

PROPOSITION 1.3. The operators Sy, ...,Sy—_1 satisfy the relation

il

C/Jt
%

Il

Ir20,1)- (1.8)

Define Q 4 to be the set of all words @; ..., with digits in {0,...,M — 1}, that
do notend in 0, and the empty word 0. (We want the word not to end in 0, to eliminate
the repetitions coming from the relation S, ... Sw,S01 = So, ... Sw,1).

THEOREM 1.4. The family of functions
{Sop S 1: @ ... € Qu} (1.9)

is a Parseval frame in L*[0,1].

We will start section 2 with the proof of our main result. The proof has the advan-
tage that it shows also how the Parseval frame can be dilated to an orthonormal basis
and how the operators S, are dilated to Cuntz isometries, as in Theorems 1.1 and 1.2.
It has also the advantage that it goes along the more general lines presented in [7,4,5,1].
In Proposition 2.3, we present some more properties of the Parseval frames constructed
in Theorem 1.4, with explicit ways of computing these piecewise constant functions by
means of tensor products of matrices. In Remark 2.4, we present a more direct proof of
Theorem 1.4, without the use of dilation theory. We end the paper with Proposition 2.5,
which shows how one can construct examples of matrices satisfying (1.5) and (1.6).

The construction of Parseval frames, using operators that satisfy (1.8), is possible
in a more general context, but we defer this to a later paper.

2. Proofs and other results

Proof of Proposition 1.3. We compute S;. We have, for f,g € L?[0,1],

(51, 8) = /[071]mz(x>f(Nxmodl>§(x> 1N 1 /[01] (’Tf) Fz C%”) dx.
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Thus v v
~ 1 & x+b x+b 1 & _ x+b
ST = — m, — | == — . 2.1
18(x) NhOml< N )g( N ) N,;bal’bg< N ) 2.1
So, if x € [%, “),and g € 1%[0,1], then
M-1 M-1 N-1
o 1 (Nxmod1)+b
Y Si8g(x) = Z 0158 (%)
=0 1=0
N-1 / M-1 /
—b'+b\ 1 -b'+b
=).8 <x ) Z oy U= 28 <X+ ) Oy =8(x)-
h=0

Proof of Theorem 1.4.

First we will dilate the isometry matrix 7 to a unitary in a special way.

Pick a number N’ such that NN’ > M . Denote B={0,...,N—1}, B ={0,1,...,N’
—1},and L={0,...,M —1}.

We can identify L with a subset L' of B x B’ by some injective function 1 : L —
B x B, in such a way that 0 from L corresponds to (0,0) = 1(0) from B x B’, and let
Appye = 0 if (b,0) =1(1), o) =0 if (b,b') € 1(L). In other words we add
some zero rows to the matrix 7' = ﬁ(ai ) to get NN’ rows in total.

The next step consists of dilating the Parseval frame of row vectors for the ma-
trix T to an orthonormal basis, in a way that is compatible with the Cartesian product
structure of B x B’.

We construct the numbers a(, p/) (cy» (b,b'),(c,c’) € Bx B' with the following
properties:

1. The matrix |

JNN' (a(bab’%(ad)) (bb'),(c.c)EBXB'

is unitary and the first row is constant m 80 a(),(c,cry = 1 for all (c,d) €
Bx B,

2.2)

2. Forall (b,b')€EBxB', cE€B,

N’ Y a b)) = Xbb!) - (2.3)

ceB

Let 1 )¢ = \lfa(h »).c- Note that the vectors 7., ¢ € B, in CMN' are orthonormal.

Therefore, we can complete it to an orthonormal basis in CNMV , so we can define some
vectors 7. 4, d € {1,...,NN' — N} such that

{te:ceBYU{t4:de{l,...NN' —N}}

. . !
is an orthonormal basis for CMV".
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For ¢ € B, define the vectors in CV' by

1
~ / .
ec(chcl) /—N/

It is easy to see that these vectors are orthonormal in CM , therefore we can com-
plete them to an orthonormal basis for CMN' with some vectors éy,de{l,...,NN —
N}.

Note that the vectors {é. : ¢ € B} span the subspace

Oce, ((cl,c/l) €Bx B/) .

M= {(X(c,c/))(c )epp X does not depend on c}.

Define now
NN'—N

S(b,p") thb’ Cet+ Z Hp.b/).d€d-

ceB
Since the matrix with columns 7. . and ¢. ; has orthonormal columns, it is unitary. So it
has orthogonal rows. So the vectors 7(;, ;) . are orthonormal, therefore the vectors s, )
are orthonormal. Also, since 0/ ). = 1, we have that 7 o) . = ﬁ for all c € B. But
then

> lt00)* = 1= llt00),II*-

ceB

So 1(9,0),a =0 for d € {1,..., NN’ — N}. Therefore, for all (c,c}) € Bx B':

, 11 1
) = _—5cc:—~
sooend) = 2 75 T = Ui

Since the vectors {é. : ¢ € B} span the subspace
M= {(X(c,c’))(“,)eBxB, : X does not depend on ¢},

the vectors {€,:d € {1,..., NN’ —N}} are orthogonal to .# . Let P, be the projection
onto ./ .
Note that, for X € CMV'| we have

1
(PaX)(cr,et) = 2, (X, ec)ecler,cr) = 7 X Y, X(c0,¢0)Becy | Bec,
cEB c€B \ (cq,c)eBXB’
Z X( chco
cheB

Also, since P yé. =é. forc€B and P 4é; =0 ford =1,...,NN' — N, we have,

1 1
(P.///S(b,bf))(cl,ﬁ thh/ ceclcr,ch) Ethh’ <IN “lzmt(b,b/),q

ceB ceB
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Define now
a(b’b/)’(c’cl) = \/NN/ S(b,b’) (C7C/).

Then we have
a(0,0),(c.ery = 1 forall (c,c’).

The matrix {

\/W (a(b,b’),(c,c’)) (lyb’),(c,c’)

is the matrix with rows s ;). So it is unitary.

1 1
N Y Ay () = N > VNN s (c,c) = VNN (P s ) (c,¢)

dep ceB’
1
= VNN’ Wt(b,b’),c = 0pp)) e

Thus, the conditions 1 and 2 for the numbers a3 ;) () are satisfied.

Next, using the unitary matrix in (2.2), we construct some Cuntz isometries S, /) ,
(b,b') € B x B' in the dilation space L*([0,1] x [0,1]) and with them we construct an
orthonormal set, by applying the Cuntz isometries to the constant function 1.

Define now the maps #,%’ : [0,1] — [0,1] by
Fx =Nxmodl, %'x=N'xmodl, (2.4)
and define the maps
Yo (x,x) = (N (x4 ), N~ (¥ +1)) (2.5)
for (x,x') € RY x R? and (b,b') € B x B'. Define the functions

mp (X)) =Y Ab1/). (e ) XX o (0,1)x 0,1]) (5:X)
(c.c")eBxB'

where y4 denotes the characteristic function of the set A.
With these filters we define the operators S, ;) on L*([0,1] x [0,1]) by

(Spp)f) (x,X') = mp, ) (x,X') f(%x, %x'). (2.6)

LEMMA 2.1. The operators Sy, (b,b') € BXx B’ are a representation of the
Cuntz algebra Oyyr, i.e., they satisfy the relations in (1.1). The adjoint SZ‘b ») is given
by the formula

. 1 _
(S{ppr) ) (xx) = NN Y M (Ve (6x) F (X (e (0,X)), (2.7)
(c,c")eBxB'

for f € L*([0,1] x [0,1]), (x,x) € [0,1] x [0,1].
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Proof. First, we compute the adjoint, using the invariance equations for the Lebesgue
measure under the maps Y. ), i.e.,

/ Fe,x')d(x,x) NN’ Z o (@,x))d(x,x).
We have:

(S 8)= [0 (6 ) B B )l 1Y)

- — (2) /[0.1]2m(h7h/)(Y(C7C/)(x7x’)) £ )8 (e (62)) d(x,0),

and this proves (2.7).
‘We check the Cuntz relations:

St S f (X))

<
:W Z m(i,i’)(Y(c,c’)(xaxl))m(j,j’)(Y(c,C’)( ))f(‘@ X%( (e,c”) (xax/))
(@)
<
NN (Z/) (1) (e @) e S (0 X) = 8y (.7 f (),

by (2.2). Therefore

686 = S -

Now take (x,x') € Y 12 so %x=Nx—co, Z'x = N'x' —c|,. Then

coc)[

* 1 —
(Z/) S(l-’i/)S(iJ,)f(x,x') = (Z/) NN (Z/) m(i.’i/) (T(C,C,) (%)Q ,%’/x/))f(T(C.’C;) (%)Q ,%’/x/))

1 _ c—cy , —¢
= NN (Z Z)a<i7f’>7<co7cg>a(f7i’)7<c7c’)f (<x+ Nt
¢, (i,i

/ /
co—c ch—c
2 660,00 (ec') ( + N A+ ON’ )zf(x,x’).

(e,c”)

Therefore

D S(i’i/)SZ‘w,) =1.

(i.i")
For a word ® = (by,b))... (by,by') we compute
(Sol)(x,x") = (S -S(bk,b;,)l)(xyx/)ZS(bl,bl’)~~~S(bk b l)m(bk,b’)(x x)
S(bl ARE S(bk,z,bi,fz)m(bk,l,b;ﬁl)(xax) (bi.b}) (%x, R'x /)
, k-1
m(hhbll)(x,x/)m(hLb/z)((%’x,%/x/)...m(bk B )(%k Y, 2" x).

k—1
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Next we will need to compute the projection PySp1, onto the subspace V' of
functions which depend only on the first component,

V={flxy) =g():geL?0,1]}.
It is easy to see that the projection onto V is given by the formula

:/ fex)ydd,  (f € L2([0,1] x [0,1])).
0.1]

Using the invariance equation for the Lebesgue measure under the maps 7/, (x') = (x' +
/N, ' €{0,...,N' — 1}, we have

- k1
(PrSwl) (x) = [ 1]m(bl7hrl)(x,x/) m(bk%)(%k Y, Z" X)) dx
2 / (x,Tx) ... m(hbb;()(%kilx,%/kflfé/x’)dx’.
C’EB’
But, by (2.3),

1
Z Mo, ) (06 T0X) = 357 2 A0, 00.) = Kb ) b0

ceB’ ceB

where b(x) =b if x € [£,2H1) . So

— k—2
(PVSa)].) (x) = a(bl,b,l),b()() /[0 1 m(bzﬂb/z) (%x,x/) e m(bk.’b;() (%k 1x7 %/ x/) d”/(.x/).

It now follows by induction that
k
PVSwl H (04 h b/ r// 1 )
j=1
We can compute that, if @ is a word over L = {0,...,M — 1}, then
Sal(x) = mg, (x) ma, (%x) ... ma, (%" 'x)

= Oy b(x) Oary b(%2x) -+ Oty b( 7% 1x)"

(2.8)

So for the word @ over B x B, PyS,1 = Sgl, if all the digits @ are in t(L) and
0; =1(®;), and PyS,1 =0 if at least one of the digits w; is notin 1(L).
We will prove that

{Swl: @ is a word over B x B', not ending in (0,0)} (2.9)

is an orthonormal basis for L2([0, 1] x [0, 1]).
It is easy to see that the family is orthonormal: if two words @ and @’ differ on
the i-th position, since the Cuntz isometries S, and Sw,-’ have orthogonal ranges, it
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follows that S,1 and S,y 1 are orthogonal; if @ and @’ do not differ on any position,
then one is a prefix of the other, and by completing with zeros at the end and using the
fact that S(g,0)1 =1, again one obtains orthogonality.

It remains to prove the completeness.
Note first that, if

e (,x) 1= 2HEOEN (1) e R xR, (x,2) € [0,1] % [0,1]), (2.10)

then

* 1 —
<S(b,b’)e(t,t’)> (x,x’) = NN ( )2;3 . m(b,b’)(Y(c,c’)(xax/)) e(t,t’)(Y(c c )(X xl>)
c,c')EBXB’

1 B 2m<"()§v+") +’/‘(”"/)>
=N X Aoy e

(c.c!)eBxB!

1 ~ oo
:{NN/ 2, a<b,b'>,<c,c/>ezﬂ(”+”>}e(

(c,c!)eBxB!

NN

(bb’)(t t) (L ,/>(x7x/),

where

1 _ 2m<ﬁc+@>
Vipw) (1) = Y Apw) ) : @2.11)
NN' (c,c')EBXB/

Let # be the closed span of the family {S,1} in (2.9), and let P, be the or-
thogonal projection onto 7. Let € be the set of words over B x B’ that do not end in
zero, including the empty word. Define, for (z,7') e R x R,

h(t,t") = ||Pyeq . (2.12)

‘We have

t/): 2 }<€(z,t’),Sa)1>}2 = 2 2 }<6(,7,/),Swlsw1>|2

weQ ] EBXB' 0eQ
2
= Z Z ’ Sw1>| 2 ’le(t’t/)’z Z <6(L L);Sw1>
0 €BXB' 0cQ ) EBXB 0eQ NN

ont(i f)

w; EBXB’
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Now, note that

> |ve )
COIEBXB/
= 2 > Y A e Upp)aay ¢ OO
(b,b") ) (c.c!)eBxB' (d,d")eBxB’
1 27l L) l(ed)~(dd)]
:(NN/)z Z( " }% b)) (c.)Ab) (dd")

which follows from the fact that the matrix ﬁ (@(bp),(c.cy) 18 unitary.

So h(t,t') =h <1{,, N,) Since h(z,t') = HP,;ge(t’t/)Hz, we can easily see that 7 is

continuous on R?. Also, since e =1€ %, we getthat h(0,0) = 1.
By induction, we have

, t -
h(t,t")=h (N"’ (N’)") — h(0,0)=1.
It follows that /(z,') is the constant 1, which means that e, ) is in .Z" for any (z,7').
By the Stone-Weierstrass theorem, .# = L2 ([0,1] x [0,1]). Thus we have a complete
orthonormal basis. Hence PySg1 is a Parseval frame. Eliminating the zeros, according
to the statement after (2.8), we obtain that the functions Sg1, with @ € Qy; form a
Parseval frame for L*[0, 1].

REMARK 2.2. Our proof shows how the Parseval frame {Sg1: @ € Qu} can be
dilated to an orthonormal basis and also how the operators S;, [ € {0,...,M — 1} can
be dilated to a representation of the Cuntz algebra as in Theorem 1.2. We describe here,
more precisely, what we mean by this.

Note first that we changed the index set L = {0,...,M — 1} to the index set B x

={0,...,N—1} x{0,...,N'— 1} and we embedded L into B x B’ by the map t,
with 1(0,0) = 0. We also defined o,y . = 0y if (b,0") =1(I), c € B, and 0 1) . =
0 otherwise.

The operators (S o, b/))( bp')eBxp form a representation of the Cuntz algebra Oy
on the Hilbert space L*([0,1] x [0,1]).

Let

V={fer?(0,1]x[0,1]): f(x,y) = g(x),g € L*[0,1]},

which can be identified with L?[0,1]. Define the operators 5(1,,1,/) on L?[0,1], for
(b,p) e BX B,
s [ i) =),
®6) 7Y 0,  otherwise.

We prove that
Sty =Sl ((b,0") €BXB). (2.13)
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Using the relation before (2.11) and the relation (2.3), we see that

1 e 1 Lt
* / — 2miss — 2miss
b)) €0) ) (%:3) = Y Apwe)e "V =5 2 Wyl
( ) ) NN (c,c")eBxB' N ceB
= <§E(b,b’)et> (x)

The last equality follows from a similar computation to the one just before (2.11), when
(b,b') € 1(L), and, if (b,b") € 1(L), 0y =0 forall c € B.

Since the functions er0), 1 € R are dense in V, we obtain (2.13). Also, since
the vector 1 is cyclic for the representation (it generates an orthonormal basis for
L%([0,1] x [0,1]) as we have seen before), we get that V is also cyclic for this rep-
resentation.

Thus, by Theorem 1.4, the operators (S(; ;) form a representation of the Cuntz

algebra Oy, which is the dilation of the operators (S(b’b/)) which satisfy the relation

>SSy =)
(b.b/)eBxB'

The advantage of enlarging the index set from L to B x B’ is that the dilation has
a nice structure of a Cartesian product. The disadvantage is that when we project back
to the original space we get some extra zeros.

If we want to avoid these zeros, then we can consider the subspace K which is
spanned by the vectors

{S(bhb/l) "'S(bk,b;()l : (bl,bll) (bk,b;c) S l(L),k S N}

It is easy to see that the space K is invariant for Sy and S:‘(l), [ € L, the relation

(2.13) is preserved, when restricted to K, and therefore K, with the restrictions of the
operators S, ;) to it, are exactly the dilation of the operators S as in Theorem 1.2.

PROPOSITION 2.3. Let A be the matrix (a”,) and 71 =

(040,015, 0n—1) be the " row of A.
1. Let ly,ly,....l; 1 € {07...,M— l} and let bo,by,...,by_1 € {07...,N— l} De-
fine 1 :=ly+Mli+...+M* | and b:=by_+Nby_o+...+N"1by. Then,

b b+l
foer {W,W],

1=0,....M—1,b=0,....N—1

(510511 .. ~S~lk,11) (x) = 04y 6o Oty by - - Ol by = (A®k)l7b. (2.14)

Here A®* is the tensor product AQAR...QA, k times.

2. The I'"" row of ﬁA@’k is ﬁ(ﬁ,o QUL®...® a)lk—l) and these rows form a

Parseval frame for CN ‘. The family

{8e1: ®is aword over {0,...,M — 1} of length < k not ending in 0}
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coincides with the family
{8¢1: wis a word of length = k}

and it forms a Parseval frame for the subspace F;. of L?-functions which are

constant on every interval of the form {%, %] ,for b€ {0,... . Nc-11,

3. If @ € Qy = {words not ending in 0}, and length(®) =: |®| > k+ 1, then Sp1
is orthogonal to the subspace Fy.

Proof. (i) This follows from (2.8), so , if x € {lerNbO , WX,#] , then

SioS1,1(x) = 0y p(x) Oty p(2%) = oy oo Oy oy
and the fact that
(AR A)1g+M1y, bo+Mby, = % by Oty by »
and
— — — —
(alo ® all) (bo+Nby) = Olzo(b()) oy (b1).

(i1) Since ﬁA is an isometry, i.e., ﬁA*A = Iy, then

(A (A% =

1

FAAD . QAA) =l @ ®loy =1,

k terms k terms

So the rows of %Ag’k form a Parseval frame for C¥*. The subspace % is isometric
to CV* by the map y; : CV — Z;, which is defined by

vi(Vo, .-, V1) \/ﬁ Z Vi X[

4 o]
and
Vi (ﬁ(a’b ® Ay, @..@31“)) =SS, 1.
Therefore, the family
{8»1: ®is a word over {0,...,M — 1} of length k}

forms a Parseval frame for .7} .
Since Sp1 =1, we can see that this family coincides with

{841 : wis a word over {0,...,M — 1} of length < k not ending in 0}.

(iii) With @ given as before (so |®| > k+ 1), we have for f € %, by (ii) above,
that
)
WAP=3 [(f.Sel)]". (2.15)

weQyy,
lo|<k
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On the other hand, since {S’wl to € Qu} is a Parseval frame, it follows that

17P= 3 [(£:50)7 = 3 [(50]+ Y (.51

weQy weQyy, weyy,
|o|<k |o|>k+1

From this, we get

Y [(f.Se1)] =0.

weQyy,
|o|>k+1

So 81 is orthogonal to f if |@| > k+1.

REMARK 2.4. Now we shall provide an alternative proof for Theorem 1.4, using
Part (ii) in the Proposition 2.3 above (which we note that it does not require the proof
of Theorem 1.4).

By (ii) in Proposition 2.3, if |@| =m > k+ 1, we have that {S,1: ® € Qu, 0| <
m} is a Parseval frame for .%,,. So it follows that

1P= 3 (Sl = 3 (Sl + 3 [(FSel)]

weQyy, welyy, weQyy,
|o|<m |w|<k m=|o|>k+1

From this, we get

Y [(Se1)] =0

weQyy,
m=|o|=k+1

So Sp1 is orthogonal to f if |@| > k+1.
Now take f € .%;. We have

S fSe))P= Y I Se)F+ Y (. Sal) P =If]>+0.

DEQy Q| 0| <k DEQu, |0 k+1

But the union of the spaces .%;, k € N is dense in L2[0, 1], and therefore Sg1, @ € Qp
do form a Parseval frame for L*[0,1].

In the following, we present a way to construct examples of matrices T satisfying

(1.5) and (1.6). As we mentioned in the introduction, this is equivalent to the fact that
—

the rows T ;= ﬁ(am,...,oq?;v,l), 1=0,...,M—1 form a Parseval frame for CV

=R 1 .
and To(z)zﬁ forall i=0,...N—1.

N — — .
Let (T () be the subspace spanned by T o and (T )= be its orthogonal comple-
ment in CV.

PROPOSITION 2.5. Let ?1, 1=0,....M—1 be a set of vectors in CN with
N
To(i)= \/Lﬁ foralli=0,...,N—1. The following affirmations are equivalent:

1. The vectors ?1, 1=0,...,M—1 form a Parseval frame for CV.
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— — —
2. T; L Toforall=1,....M—1 and the vectors T, I =1,....M —1, forma
—
Parseval frame for (T o)+

Proof. Note first that H?OH =1.
—
(i)=(ii). Since the vectors T;, 1 =0,...,M — 1 form a Parseval frame, we have

— — = Moo, M1,
1=HT0||2:|<T07 To>|2+ > \<T07 Tz>|2:le > \<T07 Tl>|2~
=1 =1

This implies that T; L T o forall [ =1,...,M —1.
—
Take now a vector f in (T o). We have

=17 To)P+ 3 (£ TR =3 17 To) P,

— —
so T;,l=1,...,M—1 form a Parseval frame for (T0>L
(ii))=-(i). Let f be a vector in CV. We can decompose f as f = <f, 70> 70 +
fi.with fi € (T ). We have

AP =17 To) P U = 1(F To P+ 31 7o)

M—

=1{s To>\2+2|<f TP = 2 (f TP

With Proposition 2.5, we see that, to construct matrices 7 as in (1.5) and (1.6),
we just have to construct a Parseval frame for (?OH . This can be done by picking an
isometry ¥ from CV~! to (70>l, a Parseval frame ¢;, [ =1,...,M — 1 for C¥N!,
and letting T, = Y(e),l=1,....M—1.
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