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ON THE LOCAL SPECTRAL PROPERTIES OF
THE LEFT MULTIPLICATION OPERATORS

ZINE EL ABIDINE ABDELALI

(Communicated by D. R. Farenick)

Abstract. Let X and Y be complex Banach spaces, and B(Y,X) (resp. B(X)) be the space of
all bounded linear operators from Y into X (resp. from X into itself). Fix an operator T € B(X)
and an open subset U of C, and denote by Ly the left multiplication operator on B(Y,X)
induced by T'. Let

27 (C\U) :={xe X : (T —A)f(A) = x has an analytic solution f on U}

denote the glocal spectral subspace of 7 on C\U. In this paper, we establish an operator
valued factorization theorem type when X is a Hilbert space or Y is an ¢! -space, and prove that

{QeB(¥.X):Q(Y)C 2r(C\U)} CB(#,2),,(C\O)

for all nonempty relatively compact open subsets O of U. We also prove that if 7 has the
single-valued extension property (SVEP), then

BY, 2 ), (C\U) ={Q€B(Y,X): 0(Y) € 27(C\U)}.

Furthermore, we characterize the local spectra and the glocal spectral spaces of the left multipli-
cation operators on B(.2) where </ stands for certain Banach spaces and algebras. Moreover,
we introduce and study some natural extensions of local, surjective and right spectra of any op-
erator S € B(X), mainly the minimal and maximal local spectra of S at paracomplete subspaces
of X.

1. Introduction

The local spectral theory of bounded linear operators on a complex Banach space
X has always been an interesting area of research, and a considerable number of excel-
lent papers and books on this theory have been published; see for instance [6, 21, 26, 30]
and the references therein. Recently, several authors have been attracted by preserver
problems and local spectral theory. These problems demand the characterization of
maps on the algebra B(X), of all bounded linear operators on X, that leave a local
spectra invariant; see for instance [1, 2, 3, 4, 5, 10, 11, 12, 13]. Other authors explore
the connection between the local spectra of operators and their corresponding left mul-
tiplication operators; see for instance [9, 23, 24, 30]. These operators are interesting in
the abstract theory, mainly they are used to generalize some known notions and con-
cepts of operators in B(X) to elements of Banach algebras; see for example [9] and [30,
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Remark I.1.7 and Theorem I1.9.26]. Roughly speaking, we discuss the local spectra and
the glocal spectral spaces of the left multiplication operators.

Throughout this paper, let X, X and Y be Banach spaces over the field C of
complex numbers, and B(Y,X) be the space of all bounded linear operators from Y to
X. When Y = X, we simply write B(X) instead of B(X,X) and denote its identity
operator by 1x . The left multiplication operator Ly on B(Y,X) induced by an operator
T € B(X) isdefined by Ly : Q+— T o Q. For every Ly -invariant Banach subspace A of
B(Y,X), the restriction of Ly to A, will be denoted also by Ly . If U is an open subset
of C?, we denote by H(U,X) the space of all X -valued analytic functions on U . For
any f € H(U,X), we write f; instead of f(A) forall A € U. We also denote by N
the set of all positive integers, and let

AA)i={ueC : [u—A|<r}

denote the open disc centered at any A € C and of a given radius r > 0.

This paper contains seven sections and is organized as follows. After the fore-
going introduction, a preliminary section is given where we collect some basic facts
about vector valued analytic functions, local spectral theory, and ¢'-spaces and para-
complete spaces. In Section 3, we suppose that U is an open subset of C?, and

TeH (U,B(X,)?)) and Q€ H (U,B(Y,)?)) , and then discuss when, on a relatively
compact open subset O of U, the equation

Ty oR), =0, (L€O0) (1.1)

has a global solution R in H(O,B(Y,X)). In our first main result of this paper (Theorem
3.3), we show that if X is a Hilbert space or Y is an £! -space such that for every y € ¥
the equation

Ty -f=0.0), (A€U)

has a solution f € H(U,X) depending on y, then (1.1) holds for every relatively com-
pact open subset O of U. Furthermore, we also show thatif {f € H({U,X):T) - f, =
0} is topologically complemented in H(U,X), then (1.1) has a global solution in
H(U,B(Y,X)).

In Section 4, we study the glocal spectral subspaces of the left multiplication oper-
ators Lt € B(B(Y,X)) induced by operators T € B(X). When X is a Hilbert space, or
Y is an /! -space, we provide in our second main result (Theorem 4.1) a complete de-
scription of such spaces. Furthermore, we show that if 7 € B(X) is an operator having
the single valued extension property (in short: SVEP), then

B(Y.X)1, (C\U) = {Q € B(¥.X) : Ran(Q) := Q(¥) C Xr(C\U)}.

This is a significant extension of Corollary 3.6.11 in [26] where T was supposed to
have the Dunford’s property (C), which is stronger than the SVEP. Such a description
is the backbone of the most results of our paper.

In Section 5, we show that for a paracomplete subspace Z of X and an operator
T € B(X), the set

{01,(Q) : 0 € B(Y,X), Y is a Banach space and Ran(Q) = Z},
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partially ordered by the inclusion, possesses a greatest (resp. smallest) element denoted
by or(ez) (resp. or(mz)). These sets are called the maximal (resp. minimal) local
spectrum of T at Z. If they are equal, we simply denoted them by o7 (Z) and say that
T has alocal spectrum at Z. We also show that if Z is a finite-dimensional space with a
Hamel basis (x1,...,x,), then T has a local spectrum at Z and o7(Z) =U;<;<, 07 ().
This result shows that the notions of minimal and maximal local spectra of operators at
paracomplete subspaces can be seen as extensions of that of the classical local spectrum
at a point.
In Section 6, we show that

or(nz) =C\{A€C : 3r>0, ZC 27(C\AA))}

for all paracomplete subspaces Z of X and all T € B(X); see Proposition 6.1. This
implies, in particular, that or(my) is exactly the surjectivity spectrum oy, (T) := {A €
C : T — A1y is not surjective} of T'. Whence the “"minimal local spectrum” is a natural
extension of the “surjectivity spectrum”. Moreover, we show that if 7 has the SVEP,
then .

o1, (Q) =or(Z) = Jor(z)

€2

for all Q € B(Y,X) with Ran(Q) = Z. However, we also show that if X is a Hilbert
space, then every operator T € B(X) has a local spectrum at any paracomplete subspace
of X. Thus, one can derive from this the well known equality between the right spec-
trum and the surjectivity spectrum of any given operator on a given Hilbert space, since
or(ex) is exactly the right spectrum o,(T) :={A € C : T — A1y is not right invertible
in B(X)} of T; see Proposition 6.3.

In the last Section, for T € B(X) being an operator with the SVEP, Lemma 7.1
gives a complete description of local spectra of Ly € B(B(Y,X)) when restricted to
some subspaces of B(Y,X) satisfying certain functional identities. We then deduce in
particular, among other things, “Eschmeier, Laursen and Neumann” characterization of
the glocal spectral subspace and the local spectrum of the left multiplication operator
induced by a multiplier operator ([22, Proposition 16]).

2. Preliminaries

In this section, we gather some basic facts about vector valued analytic functions,
local spectral theory, and ¢! -spaces and paracomplete spaces. Our basic references are
the books [6] by Aiena, [26] by Laursen and Neumann and [30] by Miiller.

2.1. Background from local spectral theory

A Fréchet space is a complete locally convex metrizable space. It is known that the
closed graph theorem and the open mapping theorem remain valid in Fréchet spaces;
see [8, 1.17.3] or [34, Chap.2]. Given a nonempty open subset U of CP, the space
H(U,X) is a Fréchet space when endowed with the topology of uniform convergence
of sequences on every compact subset of U. For any nonempty subset A of U and
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feHU,X), weset |[flla:=supsepllf2]l € [0,00]. Now, for R € H(U,B(Y,X)), we
define ||R||5 analogously.

For a subset A of a topological space, we denote, as usual, the interior by A° and
the closure by A.

Given an operator T € B(X) and a closed set F C C, the corresponding glocal
spectral subspace is the set 27 (F) of x € X such that (T — A1y)f; = x has an analytic
solution A — f; on C\F. It is a hyperinvariant subspace of T but not necessarily
closed. By the way, the glocal spectral subspace of Ly € B(B(Y,X)) will be denoted by
B(Y , 2),, (F). The local resolvent of T at a vector x € X, denoted by pr(x), is the
set of all A € C for which there exist an open neighborhood U, of A and an analytic
function f: U, — X such that (T — uly)f, = x, for all u € U, . The local spectrum
of T at x is

or(x) :=C\ pr(x),

and is obviously a closed subset (possibly empty) of ¢(T), the spectrum of 7. The
local spectral subspace of T on a subset F of C is

Xr(F):={x€X : or(x) CF},

and is as well a T -hyperinvariant subspace. If Xr(F) (or 27(F)) is closed for any
closed subset F of C, the operator T is said to have the Dunford’s property (C); see
[26, Definition 1.2.18; Proposition 3.3.4].

Given an open subset U of C, an operator T € B(X) is said to have the U -single
valued extension property (in short: U-SVEP) if the only analytic function f: U — X
which satisfies the equation (7 — Alx)- f; = 0 is the constant function f =0. As
known, T is said to have the SVEP at A € C if T has the U-SVEP for every open
connected neighborhood U of A, and is said to have the SVEP if T has the U-SVEP
for every nonempty open subset U of C; see [6, Definition 2.3]. As in [6, pp.77], we
denote

Er:={A €C : T does not have the SVEP at A }.

It is an open subset of C contained in (7)) and is empty precisely when T has the
SVEP. If T has the Dunford’s property (C), then T possesses the SVEP. A collection
of examples show that the converse is not true in general; see [26, Proposition 1.2.19].

Note that we can apply these notions to (L7,Q) € B(A) X A, instead of (T,x) €
B(X) x X, where A is any Ly -invariant Banach subspace of B(Y,X). In this case,
if there is a risk of confusion, we will denote py,(Q)a, 01, (Q)a, and so on. Note
that if T has the U-SVEP (resp. SVEP at some A € C, resp. SVEP), then so does
Lr € B(B(Y,X)).

2.2. On paracomplete subspaces and /' -spaces

A Banach space X is called an ¢! -space if X is isomorphic, for a given nonempty
set I, to the Banach space ¢!(I) := {x = (xi)ic; € C! : |x|; := Yjcs |xi| < +o0}. The
space ¢'(N) will be denoted by ¢!. It is known that every separable Banach space is
a quotient of the space ¢! (see [15, Theorem 6.1]) and that every Banach space is a
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quotient of an 0! -space; see for instance [260, Lemma 3.2.3]. Now, for a Banach space
(X, I, we will need the Banach space

(X)pr := {x= (onJnen € X7 ¢ [l = Yl < °°}-

neN

A subspace Z of a Banach space X is called paracomplete if there are a Banach space
Y and an operator Q € B(Y,X) with Ran(Q) = Z; see [30, C.10.4] and [16]. Tt is
known that a subspace Z of X is paracomplete if there is a complete norm on Z which
is greater than the original norm induced by X ; see [16, Proposition 2.1]. So, every
closed subspace of X is paracomplete. It is also known that Z is a paracomplete space
if and only if Z is the image of an ¢! -space; see [16, pp. 220].

We finish this section by a lemma in which we collect some well known “lifting”
properties of ¢! -spaces; see [28, pp.107,108] or [33, Chap.5, 11.29] for a survey.

LEMMA 2.1. The following assertions are equivalent:

1. For every pair of Banach spaces E, F, every linear surjection u € B(E,F) and
every v € B(X,F), there is an operator w € B(X,E) which lifts v, i.e. uow =v.

2. For every Banach space E, every surjection u € B(E,X) is right invertible (i.e
there is v € B(X,E), satisfying uov= 1y ).

3. For every Banach space E and every surjection u € B(E,X), ker(u) is a com-
plemented subspace of E.

4. X isan (' -space.

3. Factorization of analytic operator-valued functions

In this section, we let U be a nonempty open subset of C?, and for any B(X ,)? )-
valued analytic function 7 : A — T, on U, we introduce

Ty :H(U.X) = HU.X): (Tuf)z = T(f(A)), (2 € V).
Now, if R belongs to H(U,B(Y,X)), we define Ty oR € H(U,B(Y,X)) by
(TU OR)A =T) oRy, (A S U).

Also, denote ker(Ty) :={f € HU,X) : Tyf =0}, TyHU,X) :={Tyf : f¢€
H(U,X)} and Ty (H(U,B(Y,X))) :={TyoR : R€ H{U,B(Y,X))}. The Fréchet
space of all continuous linear mappings from Y to H(U X ) will be denoted by
B(Y,H(U,X)).

We will need the following result which can be seen as a restatement of a, non
trivial, classical one.
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LEMMA 3.1. The mapping ®y : H(U,B(Y,X)) — B(Y,H(U,X)) defined by

is a linear isomorphism, and sup |, || ®u (f)ylx = || f|k for any compact subset K
of U.

Proof. Let f:U — B(Y,X) be a mapping. By [30, A2. Theorem 9], “ f is holo-
morphic” if and only if “the X -valued function A — /2 (y) is holomorphic on U, for all
y €Y. Now, forany g € B(Y,H(U,X)), we consider [U— XY, with f; defined by
H0)=g(A), AeU,yeY.Clealy, f € HU,B(Y,X)) and ®y(f) =g. Thus, Oy
is a well defined surjective mapping. Obviously such a mapping is linear and injective,
and therefore it is a linear isomorphism. The last property of the lemma is easy. [

In the next lemma we present some technical arguments needed in the proof of
Theorem 3.3.

LEMMA 3.2. Let T € H(U,B(X,X)) and Q € H({U,B(Y,X)). Suppose that A is
a Fréchet space such that A C H(U,X ) with continuous embedding and Ran(®y (Q)) C
Ty A, where @y is defined, in Lemma 3.1, by (3.1). Then:

1. Ey(A):={(f,y) €AXY : Tyf =Dy (Q),} is a Fréchet subspace of AXY and
the mapping T1, : Ey(A) — Y, (f,y) — y is a continuous surjection for which
ker(Il) ={f €A : Tyf =0} x{0}.

2. If TIp possesses a continuous right inverse, then Ty oR = Q for some R €
H(U,B(Y,X)).

Proof. (1) To show that Eyy(A) is a Fréchet subspace of A x Y, it suffices to show
that Ey(A) is closed in A x Y. To do so, observe that, in view of Lemma 3.1, we can
define the following continuous linear mapping

WiAXY = HUK): W(fy) = Tuf —Du(Q), ((fy) EAXY).

To check the continuity of ¥, choose any compact subset K of U. We have for every
(f,y) €AXY,

1Ty f — @y (Q)yllx <max {||Tyllx, 1Qllx} - (I1f Ik +[I¥Il)-

Clearly, Eyy(A) =¥ ~1({0}) and therefore it is closed in A x Y'; as desired.

Now, let y € Y and note that, since @y (Q), € TyA, there is f € A such that
®y(Q)y = Tyf. This implies that (f,y) € Ey(A) and thus Il is surjective. The
expression of ker(IT;) can be obtained easily.

(2) Assume that ﬁ2 1Y — Ey(A) is a continuous right inverse of IT,. Since
the mapping IT; : Ey(A) — A defined by (f,y) — f is continuous, we note that S :=
I, oI, is also continuous. Hence, S € B(Y,H(U,X)) and TyS(y) = Dy (Q)y, (ye€Y).
Then, by Lemma 3.1, R := @' (S) € H(U,B(Y,X)) and TyoR=0Q. O

Keep in mind that @y is defined by (3.1), and let us denote:
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° H;(’X(U) the set of all T € H(U,B(X,X)) for which

{Q € H(U,B(Y,X)) : Ran(®y (Q)) C TUH(U7X)} C Ty (H(U,B(Y,X))).

o HYX(U)y thesetofall T € H(U,B(X,X)) for which
{Q € H(U,B(Y,X)) : Ran(®y (Q)) C TUH(U,X)} C Ty (H(0,B(Y,X))),
for every relatively compact open subset O of U.

In other words, T € Hy ™ (U) (resp. T € Hy*(U)o) means that if, for every
y €Y, the equation T) o f3 = Q;(y) has an analytic X -valued solution on U, for some
Q0 € H{U,B(Y,X)), then the equation 7) oR; = Q has an analytic B(Y,X)-valued
solution on U (resp. on every relatively compact open subset O of U ) Clearly,

Hy ™ (U) C Hy ™ (U)o C H(U.B(X,X)).
Now, we are in a position to state and prove our first main result.

THEOREM 3.3. The following statements hold.
1. IfT€H(U,B(X,X)) such that ker(Ty) is topologically complemented in H(U,X),
then T € Hy ™ (U).

2. X is isomorphic to a Hilbert space, if and only if, for every pair of Banach spaces
Y,X, we have H(U,B(X,X)) = Hy "X (U)o.

3. Y is an (' -space, if and only if. for every pair of Banach spaces X ,)? , we have
H(U,B(X,X)) = Hy* (V).

Proof. (1) Let Q € H(U,B(Y,X)) such that Ran(®y(Q)) C TyH(U,X). Set
A:=H(U,X), and note that Ran(®y (Q)) C TyA, where @y is defined by (3.1). Let
F be a closed complement of ker(7y) in H(U,X). Then, by Lemma 3.2, {(f,y) €
Ey(A) : f € F} isaclosed subspace of Ey(A) and it is a linear supplement of ker(I15)
in Ey(A). So, by [8, Corollary 4, 1.17.3], I, is right invertible. Thus by Lemma 3.2,
thereis R € H(U,B(Y,X)) such that Ty o R = Q; as desired.

Necessity in (2) and (3). Pick an open relatively compact subset O of U . Take the
vector-valued Bergman space

A(0,X):=H(0,X)NL*(0,X),

where (L*(0,X),]| ||l2) denotes the Banach space of all X -valued measurable functions
on O which are Bochner square-integrable with respect to the normalized Lebesgue
measure ( on O. For the basic background on vector-valued integration theory, we
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refer the interested reader to [19] and [20]. Using a straightforward extension, to p-
variables case, of the arguments given in [26, Chap.2, §3] and identifying C” with
R?? and each complex coordinate z; with x; ++/— 1y, one sees that A(O,X) consists
precisely of all f € L?(0,X) for which

1/ dg dg
/02 <8xk +\/_18yk) fdu =0, (k=1,...,p),
for all indefinitely differentiable functions g : O — C with compact support. There-
fore, (A(0,X),]|| ||2) is a Banach subspace of L?>(0,X). Moreover, if X is a Hilbert
space, then so is (A(O,X),|| ||2). Moreover, it is easily seen that (A(O,X),|| ||2) is
continuously embedded in H(O,X).

Now, let Q € H(U,B(Y,X)) such that Ran(®y (Q)) C TyH(U,X). Observe that
H(U,X) C A(0,X), hence we have Ran(®y (Q)) C TyA(O,X). Assume, first, that
X is a Hilbert space. With the notations of Lemma 3.2 we can see that {(f,y) €
Eo(A(0,X)) : f €ker(Tp)*} is a closed complement of ker(ITy) in Eo(A(O,X)),
where ker(Tp)* denotes the orthogonal complement of ker(7Tp) in the Hilbert space
A(0,X). Hence, by [8, Corollary 4, 1.17.3], I1, is right invertible. However, if Y is
an /' -space and X is an arbitrary Banach space, Lemma 2.1 tells us that IT, is right
invertible. In the both cases, Lemma 3.2 ensures that Q € Ty (H(0,B(Y,X))).

The reverse implication in (2). If X is not a Hilbert space, then X possesses an
uncomplemented closed subspace Z. Let ¥ =X =X /Z be the quotient space, and
q: X — X;x+— x+Z be the canonical surjection. Clearly

T:C—B(XX,X); A—~qand Q:C — B(X); A+ 15

are analytic, and Ran(®¢(Q)) C H(C,X), while the equality H(C,X) = TcH(C,X)
is nontrivial and it follows from [26, Proposition 2.1.4]. Therefore, Ran(q)(c(Q)) -
TcH(C,X). However, for every nonempty open set OCC, thereisno REH (0, B(X,X))
satisfying Tp oR = Q. Indeed, assume for the sake of contradiction that there is
a nonempty open set O C C and R € H(O,B(X,X)) satisfying Tp oR = Q. Then
qoR; =14 forall A € O, and g is right invertible and this yields a contradiction since
Z assumed uncomplemented closed subspace in X .

The reverse implication in (3). If Y is not an ¢! -space, then there is some v €
B(Y,X) and a surjective u € B(X,X), for suitable Banach spaces X and X, such that
uow #v forall we B(X,X); see Lemma 2.1. Clearly,

T:C—B(X,X); A—uand Q:C — B(Y,X); A —v

are analytic. It is easy to see that for every nonempty open set O C C, there is no
Re H(O,B(X,X)) satisfying TopoR = Q. However, by [26, Proposition 2.1.4], we have
TcH(C,X) = H(C,X), hence Ran(®c(Q)) C TcH(C,X). Thus, H(U,B(X,X)) #

Hf,( *(U)o and the reverse implication in (3) is established. [J
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Several necessary conditions that ensure the existence of an analytic solution of the
equation T), - f;, = gy, fora given g € H(U X ), can be found in the literature; see [6],
[71, [27, Proposition 2.1.4 & Theorem 3.2.1], [30, Chap.II, §11, Theorem 12]. Recall
that the minimum modulus of 7 € B(X) is defined by y(T'):=inf{||T (x)|| /dist(x,ker(T))
cx € X\ ker(T)}; see [26, pp.203] or [6, Definition 1.12]. When the mapping A —
¥(T),) is continuous on U and Ran(y(T))) closed for all A € U, we say that T is
regular on U . Combining Theorem 3.3 and [30, Chap.II, §11, Theorem 12] we get:

COROLLARY 3.4. Let U be a domain of holomorphy in CP, O be a relatively
compact open subset of U and T : U — B(X ,)? ) be an analytic regular function. If
either X is isometric to a Hilbert space or Y is an 0 -space, then for every Q €
H(U,B(Y,X)) satisfying Qs (y) € Ran(Ty), for each (A,y) € U XY, we have Q €
Ty(H(O,B(Y,X))).

4. Glocal spectral subspaces of a left multiplication operator

In this section we give a description of glocal spectral subspaces of the left multi-
plication operators induced by a bounded linear operator on a Banach space.

THEOREM 4.1. Let U be a nonempty open subset of C and T € B(X) be an
operator. Then the following statements hold.

1. If T has the U-SVEP, then so does Lt, and

B, 2),,(C\U)={QeB(Y.X) : Q¥) € 2r(C\U)}.

2. If either X is isomorphic to a Hilbert space, or Y is an ¢ -space, then for every
nonempty relatively compact open subset O of U,

B, 2),, (C\U)S{QEB(Y.X): Q(¥)C 2(C\U)} CAH, ), (C\O).

Proof. (1) Since T has the U-SVEP, then {f € H(U,X) : Tyf =0} = {0} is
topologically complemented in H(U,X), and thus Theorem 3.3-(1) can be applied.

(2) We note that the first inclusion is obvious. We therefore only need to es-
tablish the other one. To show this it suffices to apply Theorem 3.3, when X=X,
0 € B(Y,X) is regarded as a constant function in H(U,B(Y,X)) and using the holomor-
phic B(X)-valued function U 3 A — T — Alx instead of 7. In this case the condition
Ran(®y(Q)) C TyH(U,X) is nothing but Ran(Q) C 27 (C\ U). Therefore, Theorem
4.1-(2), is a restatement, in this particular setting, of the direct sense of Theorem 3.3-
2),3). O

Clearly, from this theorem we see that if 7 € B(X) has the SVEP, then so does
Ly . Therefore, for every closed subset F' of C, we have

B(Y, X)L, (F) ={Q € B(Y,X) : Q(Y) C Xr(F)}.
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We conclude that if 7' has the Dunford’s property (C), then so does Ly . Thus, Theorem
4.1 is a generalization of [26, Corollary 3.6.11, (a)] since Dunford’s property (C) is
stronger than the SVEP.

Following [29, pp.73], the inner local spectral radius of an operator T € B(X) at
any vector x € X is defined by

tr(x) :=sup{r >0 : xe Z7(C\ A(0))}.
Hence for every A € C we have
tr_p1,(x) =sup{r=0 : x€ Z7r(C\A,(1))}. “4.1)
So 1731, (x) = 0 means precisely that 4 € or(x). We have obviously

i, (Q) < inf 17 (Q(y)) (4.2)
yey

forall Q € B(Y,X) and T € B(X). The following corollary is a consequence of Theo-
rem 4.1, and tells us that the reverse inequality of (4.2) always holds provided that Y is
an (! -space or X is isomorphic to a Hilbert space, or 7 has the SVEP at 0.

COROLLARY 4.2. Let Q be in B(Y,X). If either Y is an {'-space or X is iso-
morphic to a Hilbert space, or T has the SVEP at 0, then

1, (Q) = infur (QL)) @3

Proof. In view of (4.2), it is easy to have the equality if vlg 17(Q(y)) = 0. Thus,
we may and shall assume that ylg 17(Q(y)) > 0 and then we prove the reverse inequality
of (4.2). Indeed, for every positive real r < ylg 17(O(y)), Theorem 4.1 tells us that Q €
B(Y, 2, (C\A(0)). Thus, 1, (Q) > r, and the desired inequality follows. [

5. Maximal and minimal local spectra of an operator

In the following result we define in a natural way the minimal and maximal local
spectra of an operator at a paracomplete subspace.

DEFINITION AND PROPOSITION 5.1. Let T € B(X) and Z be a paracomplete
subspace of X . Denote by X7 (Z) the set
{o1,(0): Q € B(Y,X),Y is a Banach space, Ran(Q) = Z}.
Then the following statements hold.

1. (27(2),CQ) possesses a greatest element denoted by o7 (&z) which will be called
the maximal local spectrum of T at Z. Moreover

or(ez) = or, (3Z)B(z,x), (5.1

where €z : (Z,]|| |||) — X is the natural embedding and ||| ||| is any Banach norm
on Z which is greater than that induced by X .
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2. (27(Z),<) possesses a smallest element denoted by or (7z) which will be called
the minimal local spectrum of T at Z. Moreover

{or(nz)} = {01,(Q): Q € B(Y,X),Y is an ¢'-space, and Ran(Q) = Z}. (5.2)

In the case when the equality or(€z) = or(mz) holds, this last set will be denoted by
or(Z) and we will say that T has a local spectrum at Z.

Proof. Observe first that if ¥ are ¥, are two Banach spaces and Q; € B(Y;,X), i =
1,2, such that QoS = Q; for some S € B(Y,Y,), then for every R € H(U,B(Y»,X))
with (T —A1x)oR; = Qa, the mapping R: A+ Ry oS is analytic on U and (T —
Alx)oR; = Q1. Thus o1, (Q1)py, x) € 01, (Q2)B(1,.x)-

(1) If Y is a Banach space and Q € B(Y,X) such that Ran(Q) C Z, then Q:Y —
(Z, || Il) defined by &z0Q = Q is bounded. Thus o7, (Q)p(yx) € 0L, (€2)p(zx) and
(1) is proved.

(2) Let 1z € B(Z;,X) be abounded operator on an ¢! -space Z; , such that Ran(7z)
= Z. Note that m; exists since Z is assumed paracomplete. If ¥ is a Banach space
and Q € B(Y,X) satisfies Ran(Q) = Z, then QoS = my for some S € B(Z,,Y); see
Lemma 2.1. Thus, o1, (72)p(z, x) € 0L, (Q)p(y,x)- Thus 01, (7z)p(z, x) is the small-
est element of (27(Z),C) and does not depend on the choice of the ¢! -space Z; . This
proves (2). U

Note that if Z is an ¢! -space for a norm finer than the norm induced by X, then
every operator T € B(X) has a local spectrum at Z. The next result shows that the
spectra defined previously are extensions of the local spectrum of an operator at a point.

PROPOSITION 5.2. Let T be a bounded operator on X and Z be a finite dimen-
sional subspace of X, with a Hamel basis (x1,...,x,), then T has a local spectrum at
Z and or(Z) = UZGT(x) =or(x)U...Uor(x,).

xe

Proof. Since Z is an ¢'-space, T has a local spectrum at Z. Now, if Ay €
Ni<i<nPr(xi), then there is a real r >0 and &' € H(A,(X),X), such that (T —
Mx) (&) =xi, A € A(Ay), 1 <i<n. Then the mapping R : A(Ag) — B(Z,X) de-
fined by R; (x;) = &1 x; is analytic and satisfies (T —Alx)oR; =¢&z. Thus Ay € pr(Z).
So, 07(Z) € Uj<i<, Or(xi). The rest is obvious. [

x

6. Local spectrum of multiplication operators

As a consequence of Theorem 4.1, we derive an interesting description of different
spectra of left multiplication operators.

PROPOSITION 6.1. Let Z be a paracomplete subspace of X and T € B(X). Then
the following assertions hold :
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1. or(nz)={AeC: igng_MX (z) =0}, ie
Zz

pr(ns)={AeC : 3r>0,ZC 27(C\A L))}
={1eC: Zing_MX(z) >0}.

2. Let Q € B(Y,X) be such that Ran(Q) = Z, then

UGT ) C or(nz) C 67(Q) C or(ez) C or(mz) UET U
€2 4

3. If X is isomorphic to a Hilbert space, then T has a local spectrum at Z and

Jor(z) Cor(z)y={reC: lnflT a1y (2 O}CUGT YUZET;
€Z €Z

4. if T has the SVEP, then T has a local spectrum at Z and

2)=Jor(). (6.1)

€72

Proof. (1) Follows immediately from formula (4.1) and Corollary 4.2.
(2) The inclusion | or(z) C or(mz) follows easily from (1). The inclusions
€z

or(nz) C or(Q) C or(gz) are consequences of (5.1) and (5.2).

Now, for every A ¢ or(mz) UEr, there is an open connected neighborhood U of
A such that U C pr(mz). Thus, T has the U-SVEP. By Theorem 4.1-(1) we obtain
that A € pr(gz). This proves that or(ez) C or(mz) UZT.

For the last inclusion, observe that for every A € C\ (U.cz07(z) UZT), there is
a positive real number r such that A.(1) N (U.cz07(z) UEr) = 0. Hence, we have
Z C Xr(C\A(A)) and T has the SVEP in each point of A.(A). This means X7(C\
Ar(A)) = Z7(C\Ar(A)). Thus, A € pr(mz); see Assertion (1). Hence, A & or(mz)U
Zr and GT(ﬂz) UEr C UzeZ GT(Z) UEr.

(3) If X is isomorphic to a Hilbert space, then the equality pr(7mz) = pr(ez) is a
consequence of (4.1) and Corollary 4.2. Thus we can write 67(Z) and we deduce the
rest from statements (1) and (2). For (4), it derives immediately from (2). U

The following corollary shows that the minimal local spectrum is a ”good” exten-
sion of the local spectrum.

COROLLARY 6.2. Let X be a Banach space and T € B(X). For every paracom-
plete subspaces Z,..., Z,, of X, the space Z =71 + ...+ Zy is a paracomplete subspace
of X and or(nz) = or(mz,)U---Uor(ng,). Furthermore, ifthe sum Z =2, & ... & Z,
is direct, we have also or(ez) = or(ez,)U---Uor(ez,).
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Proof. By [16, Proposition 2.2] we have that Z is paracomplete. The first equality
is a consequence of Proposition 6.1-(1). The proof of the second equality is similar to
the proof of Proposition 5.2. [

The following variant of “[26, Theorem 3.2.1] and [30, Chap.II, §.11, Coro. 14]”
tells us that the maximal and the minimal local spectra are, respectively, natural exten-
sions of the surjectivity and the right spectra.

PROPOSITION 6.3. Forevery T € B(X), the following assertions hold.

1. or(ex)=or(1x) =0,(T) andthere is R € H(C\ or(ex),B(X)) such that (T —
Alx)oR) =1x forall A € C\ or(ex).

2. If Xy is an (' -space and my € B(X1,X) is a surjective operator, then or(mx) =
Osu(T) = 0w (L) = 01, (Tp(x, x)), and there exists R € H(C\ or(mx), B(X1,X))
such that (T —Alx)oR) = mx forall A € C\ or(my).

Proof. (1) Since (T — Aly) is right invertible for every A in the open set C\
0,(T), there is R € H(pr(1x),B(X)) such that (T —Alx)oR); =1x forall A € C\
0,(T); see [30, Chap.Il, §.11, Corollary 14]. Hence, or(ex) C 0,(T). The other
inclusion is obvious.

(2) By [26, Proposition 1.3.2] and Proposition 6.1,

GT(TL'X) = Gsu(T) and G.\'u(LT) = GLT (TCB(Xl,X))'

But 04,(T) = 05 (Lr) by Lemma 2.1. Thus, by [26, Theorem 3.2.1], thereis R € H(C\
0. (T),B(X1,X)) such that, forall A in C\ 04,(T), one has (T —Aly)oR) = mx; as
desired. [

Observe that, unlike the setting of Proposition 6.3, we may have pr(Q) g {1 e
C:38eB(X),(T —Alx)oS=Q}°. For example, if T is a nonzero bounded operator
on X satisfying 7% = 0, then

(L eC:35€BX),(T —Alx)oS=T} =C #C\ {0} = pr(Ran(T)).

We finish this section with the following example.

EXAMPLE 6.4. As mentioned in [30, Chap. II, §9, Example 19], we can construct
an operator T’ on a Banach space X for which oy,(T) & o,(T). Thus, by Proposition
6.3, or(mx) = ow(T) & 0,(T) = or(ex). Indeed, denote ¢~ := {a = (a,)uen € CN:
||| := sup,en |@n| < o0} and cq := {(an)nen € CN : ,}E}ia" =0}. It is known that cg
is an uncomplemented Banach subspace of ¢~. Let T € B(co x £~°) be the surjective
operator defined by T (((an)nen, (bn)nen)) = ((a2n—1)neN, (bn — az2n)nen). We have
obviously ker(T) = {(an)nen € co : a2—1 = 0, n € N} X ¢¢ is an uncomplemented
subspace of cg x £*.



346 Z.E. ABDELALI

7. Local spectra of some restrictions of some left multiplication operators

Here, we provide a description of local spectra for the restriction of the left multi-
plication operator Ly at some invariant subspaces of B(Y,X).

LEMMA 7.1. Let A and B be two Banach algebras. Assume that X is a Banach
(A, B)-bimodule, X is a closed subspace of X and Y is a Banach space. Let I, J;, i €1,
o and B be nonempty sets, and

(Wi xi @) A CA*xBP ~AxYxB, (jel,iel
be a family of mappings. If T € B(X) satisfies

N T (¥ij(a,b)-x-@;j(a,b)) =Y ¥j(ab) T(x) ®;(ab)
JjEJ; J€Ji

foralli€l, (a,b) € A; and x € X, then the following statements hold.
1. The following space

o ={Q€BY,X): Y ¥ijla,b) O(x.j(ab)) ®j(ab)=0,icl (ab) €A}
Jjed;

is a Ly -invariant Banach subspace of B(Y,X).

2. Forevery Q € o, we have

U or(Q0)) € or(mow)) € 0r(Q)pvx) € 0r(Q)r € | 0r(Q(y)) UET.

ey yey

3. If T has the SVEP, then or(Q) = U or(Q(y)), Q € &7, and
yeY

i, (F)={S e :S(¥Y) CXr(C\F)}

for all closed subsets F of C.

Proof. (1) is a folklore result.
(2) The inclusion o7 (Q) Br.x) C o7 (Q).s is obvious and due to Proposition 6.1,
we have UY or(Q(y)) C or(myy)) € or(Q)py.x) - For o7(Q)r € U or(Q(y)) UET,
ye yey
pickade (N pT(Q(y)))O\ET. By Proposition 6.1, we have A € pr(Q)p(yx)- Then
yey

there exists R € H(Ar(A),B(Y,X)), for some real r > 0, such that (T —pu)oR, = Q,
1 € A(A). Hence, forevery p € A(A), i €1, and (a,b) € A;, we have

(T ,UIX [ZJT” a b) Rﬂ(xlj(a b)) lj(a’b)]
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= 3 ¥i(@)- (T = 1) © Ru(f(a.b)) - @i (a.b)

=;%mwgwww»@mw=o
JEJi

As T has the SVEP at 4, ¥ ;c; Wi j(a,b) - Ryu(xij(a,b)) ®;j(a,b) =0, and thus R €
H(A/(A),<). Finally we obtain A € pr(Q). .

Since T has the SVEP, (3) follows from (2) and the fact that <. (F) ={Q € & :
or(Q)n C F}, when F is a closed subset of C. [

Now, we collect some consequences of the preceding lemma. In particular, we
obtain [22, Proposition 16].

PROPOSITION 7.2. If one of the following statements (1)-(6) holds, then

U or(Q(e)) C o1, (Q)p(k) C 01, (Q)er € | 0r(Q(e)) UET.

ecE ecE

Furthermore, if T has the SVEP, then

4, (0)={Q€ o : Q(E) CEr(0)} and o,(Q).s = | ) o7(Q(e))

ecE

~

. @ ={S€B(E):SR=RS, R€ A}, where A is a nonempty subset of B(E), E
is any Banach space, and (T,Q) €A X o .

2. o/ is aunitary von Neumann algebra acting on a Hilbert space E and T,Q € <7 .

3. o =M(A):={MeB(E) : Y(b,c) €A%, M(b)c=bM(c)} is the multiplier
space ofa Banach algebra E, and T,Q € # (E).

4. o = M(E) :={M € B(E) :Y(b,c) € E*,M(bc) = M(b)c} (resp. M,(E) =
{M e B( ) V(b ¢) € E2,M(bc) = bM(c)} ) is the algebra of left (resp. right)
multipliers of a Banach algebra E, and T,Q € <7 .

5. A and B are two Banach algebras, X and Y are two Banach (A,B)-bimodules
and < is the Banach space of all bounded (A, B) -bimodule morphisms from X
intoY and T,Q € o .

6. E=o = P(A,X) is the space of bounded derivations from a Banach algebra
A into a Banach A-bimodule X, T € B(X) is a A-bimodule morphism and Q €
2(A,X).

Proof. 1f (1), (3) or (4) holds, then we can apply directly Lemma 7.1.

Suppose that (2) holds. By the double commuting theorem [31, Theorem 4.5.1],
we have & = /" :={a € B(H) : Ya€ 4/', ab—ba =0}, where &/’ ={bc B(H):
Va € o, ba = ab} . Then the case (1) applies.
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Now, if (5) holds, then o7 is the Banach space of all S € B(Y,X) for which S(a-

y)=a-S(y) and S(y-b) =S(y)-b, V(a,b,y) € A x Bx Y. Thus we can apply Lemma

7.1.

Finally, assume that (6) holds and note that, by definition,

P(A,X)={d € B(A,X) : Y(a,b) € A%, d(a-b) —d(a)-b—a-d(b)=0}.

Therefore Lemma 7.1 applies in this case as well. [

Note that the spaces presented in Proposition 7.2 are very popular (see for instance

[17]). Finally, one can observe that more applications of Lemma 7.1 can be given in the
Banach context with the appropriate examples illustrated in [14].
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