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QUANTIZATION OF A((K)-SPACES

ANINDYA GHATAK AND ANIL KUMAR KARN

(Communicated by Z.-J. Ruan)

Abstract. Let (V,{||.|ln},{Mn(V)T}) be a C*-ordered operator space and Q, (V) be the quasi-
state space of M,(V). We show that every C*-ordered operator space V is complete isomet-
rically, completely isomorphic to {A¢(Q,(V),M,(V*))}. Motivated by this result we study
matricial convexity property. We introduce a notion of an L' -matrix convex set {K,} ina *-
locally convex space X. We show that every quantized function space {Ao(K,,M,(X))} is a
C* -ordered operator space. Further, we generalize the notion of regular embedding of a compact
convex set to L' -regular embedding of an L! -matrix convex set. We show that if a L' -matricial
convex set is L' -regular embed and L' -matricial cap, then Ag(K;, M, (V)) is an abstract opera-
tor system.

1. Introduction

Convexity is an important aspect of Functional Analysis. In particular, compact
convex sets are building blocks for many important branches. For example, Kadison’s
affine functional representation of the self-adjoint part of operator systems and Choquet
theory primarily based on the properties of compact convex sets. For references, see
[1, 8].

Let K be a compact and convex set in a locally convex space X and let A(K)
denote the space of all real valued continuous affine functions on K. Then A(K) is an
order unit space. In 1951, Kadison observed that the self-adjoint part of an operator
system R in a C*-algebra &7 is order isomorphic to A(R(</)), where R(/) is the
state space of R defined by R(«7) :={f € R*: f(a) >0Va e R",f(1) =1}. [8]. A
non-unital version of an order unit space is known as approximate order unit space. In
1968, Asimov [2] introduced the notion of a ‘universal cap’ K in a locally convex space
X and showed the following: Let (V,V*||.|) be an ordered Banach space. Then V is
an approximate order unit space if and only if there exists a universal cap K in a locally
convex space X such that V is order isomorphic to Ag(K) (see [16, Theorem 9.15].
We note that if K is universal cap, then Ay(K) is an order unit space if and only if K
is regularly embedded in a locally convex space X (see Section 4 for the definition of
regular embedding). In this article we develop a quantized version of this theory.

Operator spaces may be seen as a quantization of Banach spaces. (See [7] for
more details and references therein.) A quantization of A(K) appeared in the work of
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Webster and Winkler [13] where they showed a quantized version of the Krein-Milman
theorem for matrix convex set. Our aim in this paper is to present a quantization of
Ap(K) to give affine representation for non unital matrix ordered operator spaces. For
this purpose, we introduce a notion of an L!-matrix convex set. This notion is more
general than that of a universal cap.

In 2010, the second named author characterized a set of order theoretic conditions
on a matrix ordered operator space which are both necessary as well as sufficient to
order embed the space (completely isometrically, completely order isomorphic) into a
suitable C*-algebra. These spaces were introduced as C*-ordered operator spaces (cf.
[9]). It is worth to note that every abstract operator system is a C*-ordered operator
space. Thus C*-ordered operator space are non unital analogue of operator systems.

The plan of this paper as follows: In the second section, we show that a C* -ordered
operator space (V,{M,(V)"},{||- |l»}) has a quantized affine functional representation
on {0,(V)} (see Theorem 2.6). Here Q,(V) is the quasi-state space of M,(V) in
the matrix duality. Following this result, we deduce some important order theoretic
properties of {Q,(V)}. In the third section, we introduce a new notion a lead point of
a compact convex set. Note that all extreme points of a compact convex sets are the
lead points. Using the concept of lead points, we introduce a notion of an L' -matrix
convex set in a *-locally convex space X. We show that if (V,{M,(V)*},{||.|[.}) is
a C*-ordered operator space, then {Q,(V)} is an L!-matrix convex set (see Remark
3.4). As a main result in this section, we show that if {K,} is an L'-matrix convex set
in a *-locally convex space X, then {Ao(K,,M,(X))} is a C*-ordered operator space
(see Theorem 3.5). In the last section, we discuss certain extra conditions on L! -matrix
convex set under which {A¢(K,,M,(X))} is an abstract operator system. We generalize
the notion of regular embedding of a compact convex set to L! -regular embedding of
an L' -matrix convex set. We introduce the notion of L!-matricial extending the notion
of universal cap (see [2]). We show that if {K,} is a L'-regular embedding and L!-
matricial cap in X, then {Ao(K,, M, (X))} is an abstract operator system (see Theorem
4.4).

2. Preliminaries and correlation result for C* -ordered operator spaces

Let V be a *-vector space. Then M,(V) is also a x-vector space with [v; j|* =
[vi;]. Now, V is called a matrix ordered space if there is a sequence {M,(V)"} of
cones with M, (V)" C M,(V)s, such that for each y € M, ,,, we have

Y Mu(V) Ty S M, (V)T

In 1977, Choi and Effros [3] observed the following: if (V,{M,(V)"}) is a matrix
ordered space, then its matrix dual (V* M, (V*)") is also a matrix ordered space, where

M,(V)T = {f e My(V)sa: f(¥) 20 Wv €M, (V)T }. (1)

An abstract operator system (V,{M,(V)"},e) is a triple, where (V,{M,(V)*}) is a
matrix ordered space and e € V™ is an order unit in V' such that Vv n—(V") = {0}
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and €" is Archimedean in M, (V)" for each n. An element e € V™ is called an order
unit if v € Vy,, there existsa A € RT such that Ae+v >0 in V.

THEOREM 2.1. ([3]) Let (V,{M,(V*)"},e) be an abstract operator system. Then
there exists complete order isomorphism @ from V into Z(H) for some Hilbert space
H.

An L” -matricially normed space (V,{||-|l»}) is a complex vector space V together
with a sequence {|| - ||»} of matrix norms, where || - ||, is a norm on M, (V) for each n
such that:

L@ wllnsm = max{|[v]ln, [[wllm};

2. Bl < [leel[[[vllall BII-

THEOREM 2.2. [12] Let (V,{||.l»}) be an L -matricially normed space. Then
there exists complete isometry @ :V — ZB(H) for some Hilbert space H.

Note that a closed subspace of #(H) is called as a concrete operator space and an L™ -
matricially normed space is called as an abstract operator space. An L'-matricially
normed space is a pair (V,{|| - ||n}), where V is a complex vector space, and |- ||, is a
norm on M, (V) for each n such that:

Loy @& wllnem = vlla =+ [[wllm:
2. [levBlln < lleclllIvilall Bl

In 1988, Ruan showed that if V' is an L™ -matricially normed space, then its matricial
dual V* is an L' -matricially normed space under the scalar pairing

(il Ui D) (= il (i) = 2 Jii(vij)- (2)

i 1

n
=

We refer [12] to see more details. Celebrated Ruan representation Theorem 2.2 paved
a new way to visualize the subspaces of Z(H) in the more abstract setting in which
underlying Hilbert is not necessary.

It is well known that completely positive maps between C*-algebras (abstract op-
erator systems) play crucial role to study non-commutative dynamics and quantum
probability (quantum information theorem). Since every C*-algebras (operator sys-
tems) is matrix ordered space, thus completely positive maps are defined between C*-
algebras (operator systems).

After Ruan’s representation of abstract operator spaces (L * -matricially norm spa-
ces) as subspaces of C*-algebras, it was natural to study matrix ordered space and
operator space together. We refer [14, 15] to see matrix ordered operator space. To
study order embedding properties of matrix ordered operator space in C*-algebras,
the second named author obtained certain extra conditions on matrix ordered operator
space (see [9] for details and references therein). Such matrix ordered operator space is
known as C*-ordered operator space.
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DEFINITION 2.3. [9] A C*-ordered operator space is a triple (V,{M, (V)" },{||-
lln}), where (V,{M,(V)*}) is a matrix ordered space and (V,{||-|,}) is an L™-
matricially normed space, and V7 is proper such that for each n € N the following
conditions hold:

1. x is an isometry on M, (V);
2. M, (V)" is closed;
3. [1/lln < max{|glls ]l }, whenever f < g < h with f.g,h € My(V)sa.
Every operator system is a C* -ordered space. Now, we describe the concrete represen-

tation theorem for C* -ordered operator space.

THEOREM 2.4. ([9]) Let (V,{||-|ln}) be a self-adjoint abstract operator space.
Then there exist a completely isometrical, completely order isomorphism ¢ form V
into < for some C*-algebra < if and only if V is a C* -ordered operator space.

One may treat above theorem as a non unital analogue of Choi and Effros’s theorem (see
[3] for more details). Let V be a C*-ordered operator space. Then its matricial dual
V* is a matrix ordered space such that L'-matricially normed space with a complete
isometric involution. We put

On(V) ={f €Mu(VT) : f 2 0, [|f]ln < 1}
We call Q,(V) as the quasi state of M,(V). It is easy to see that Q,(V) is a compact
convex set with respect to w* -topology. Now we prove our first result.

LEMMA 2.5. M,(V*)sa "Mu(V*)1 = co(Qn(V)U—0n(V)).

Proof. Let f € M,(V*)g,. Then by [10, Theorem 2.2], there are g,h € M, (V*)™

)
such that f =g —h and [|f]ln = llgllu+ IAll.. Put g1 = (14})g and n = (1)

h
(excluding the trivial cases, when either f =0 or g = 0). Then ||f]| = |lg1]| = |||
and f is a convex combination of g; and —hy. Therefore M,(V*),, "M, (V); C
co(Qn(V)U—=0,(V)). Since £0,(V) C M, (V*)sa "M, (V)1 and M, (V*)sa "M, (V)
is convex, we have co(Q,(V)U—0x(V)) C M, (V*) e "M, (V);.

In next theorem, we show that every C*-ordered operator space has a matricial affine
representation.

THEOREM 2.6. Let (V,{M, (V)" },{||-|ln}) be a C*-ordered operator space. For
v €V, define v:V* — C given by v(f) = f(v) (f € V") and set V|g) = V. Then
v:01(V) — C is an affine, w* -continuous map with ¥(0) = 0 such that v is the unique
extension of ¥ to V* as a w*-continuous linear functional. We write, Ag(Q1(V),V")
Sor the space of all w*-continuous affine mappings from Q1(V) — C vanishing at 0
and having a unique w* -continuous linear extension to V*. Thus v — V determines
a surjective *-isomorphism T 1V — Ag(Q1(V),V*). We can transport a matrix order
and a matrix norm on it so that it becomes a C*-ordered operator space and T turns
out to be a complete isometric, complete order isomorphism.
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Proof. Note that v is the unique extension of ¥ on V* as a w*-continuous linear
functional for V** = UgenkQ1 (V) and V** spans V*. Further, we note that v — ¥
determines a linear *-isomorphism from I' : V. — Ay(Q;(V),V*). Also, as w*-dual
of V* is identified with V, we may conclude that T" is surjective. For v € V, set

(¥)* = (v*) so that

(N (f) =f07) =) = ¥(f*)
for all f € V*. In particular for v € Vy, and f € Vi, (V)*(f) = v(f) € R. Similarly,
ifveVTt and f € V*T, then ¥(f) > 0. In fact, as v € VT if and only if f(v) > 0 for
every f € Q(V), we may conclude that

LV ={0 €Ao(Q1(V),V )sa: 0(f) 20Vf € 01(V)}
= Ag(01(V),V*)".

In other words, T" is an order isomorphism. Now using matrix duality, we may further
conclude that

Ty M, (V) — Ag(On(V),M, (V"))
given by

Lo([vi ) = i)l [vijl € Ma(V)
is a surjective order isomorphism for each n € N. Now, if we identify Ao(Q,(V),M,(V*))
with M, (Ao(Q1(V),V*)) foreach n € N, then T': V — Ap(Q1(V),V*) is a surjective
order isomorphism.

Next, we describe a norm on Ag(Q,(V),M,(V*)). Let F € Ag(Qu(V),Mn(V*)).

Then there is a unique v € M, (V') such that F =T, (v) =v. We define

IFllen=sup{| |3 o )] : € 02} ®

As v e My(V), we have [O* "

vi 0
0Ov _
v 0 = sup

n

—sp{[[25]in]:r e}

Also as x is isometry and {|| - ||,} is an L™ -matrix norm, we have ||v||, =

} € My, (V)sq. Since x* is isometry in V, using Lemma

2.5, we have

l

{9* g] (f)‘ fe Mzn(V*)saﬁMn(V*)l}

v

{O v}
v 0 n
so that [[v[[,, = ||V]|een-

We notice that affine representation of a C*-ordered operator space V depends
on the quasi state space Q,(V). In what follows, we isolate some properties of Q, (V)
so as to prove a converse of Theorem 2.6. Let W be a complex vector space. Then
a collection {K,} and K,, C M,,(W) is called a matrix convex set if 2{-‘: LVYiwiY € Ky
whenever w; € M,,,(W) and 9 € My, ,»(1 <i < k) satisfy 2;{:1 Y'Y = L (cf. [13]).
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It is well know that if V' is an abstract operator space, then {M,,(V);} is a matrix
convex set. Here M,(V); :={v € M,(V) : ||v||, < 1}. Further, if V is a C*-ordered
operator space, then {M,(V){} is a matrix convex set. However, {Q,(V)} is not a
matrix convex set. To see this, let f € Q(V) with ||f]| = 1. Then [|f® f|» =2 so
that f @ f ¢ 02(V). Since in a matrix convex set {K,}, we have K| ® K| C K. Thus
{0,(V)} is not a matrix convex set. Nevertheless, it has some interesting properties
which we illustrate in the following result. Put S,(V) = {f € 0,(V) : || f]l. = 1}.

PROPOSITION 2.7. Let V be a C*-ordered operator space and let f € Qpin(V)
5o that f = [?; jiﬂ for some f11 € Mu(VE)F, f3 € Ma(V¥)t and fiz € My (V7).
12

Then we have the following:

1. fll S Qm(V) and f22 S Qm(V)
i0
2. [e{%}l*z efj;lz} € Omin(V) forany 6 € R.
3 H{O f12] <'Hf11f12] {fu 0] <H[f11f12}
. fl*z 0 m+n\ f1*2 J2 m+n’ 0 fo m+n f12 J22 m-+n

4. If m=n, then fio+ f}; € co(Qu(V)U—-0,(V)).
5. Let f € Qu(V) and let % € M, such that 35 vy <1,. Then &% v fy €
QZ{'{:IHI'(V)'

6. Let f € Quin(V) with f = B:i; 22] so that fi1 € Qu(V), fr2 € Qu(V) and

fi2 € Mu(V) and let fiy = o fi1, foo = oo for with fi1 € Sp(V), fo2 € Su(V).
Then oq +op < 1.

Proof. We know thatif o € M, and f € M,(V*), then |[ofor* ||, < || e||?|| £ [12].
Also, if f € M,(V*)*, then ofa* € M, (V*)*™ [3, Lemma 4.2]. Using these ar-
gument, we can prove (1) and (2) if we choose o = [Ly O], & = [Opm I,] and

[ f“* ifu} < 1. Thus as
ifn f22 m+n

[fn ] _ [fn le] + { fu _fIZ]
0 fo| |fixf2] [~/ f2

2{0 f12] _ [ f12] _ [ fu _f12]
fio O] i fel |-/ /2]’

(3) follows from the triangle inequality of a norm. Next, as

1| | e e T
0 f12 m I 0_ f1*2 0 f12

o1, 0 . .
o= 0 1 respectively. In particular,

and

2n



QUANTIZATION OF Ag(K)-SPACES 387

we have

< < 0
nmﬁmqmwﬁnﬂﬁz}<x
2n

0 fi2

Since fi2+ f}; € My(V*)sq, by Lemma 2.5, we may conclude that fi2+ f}, € co(Q,(V)
) _Qn(V))
(4) As feQ,(V)C (V*)*, and ¥ € M, ,,,, we have ¥ fy; € M,,(V*)" for
<i<k. Thus &% y'fy e sk lni(V*)J’. We show that || @, v/ fyl < 1. Let
Ve (MZf':lni(V)-‘”)l’ say v = ["w] where v; j € Mnhnj(V) and v;j =vji 1 <i,j<k.
Then

=

(@7 frv)| = \Z<% F¥evii)|

=

:‘ <fa7; VH%>|

~ L

< ||Z%*t"tt7/|| for f € Qu(V).

k t
(g
i=1

Thus ¥, vy <1I. Since ||v; |, < H"”zk < 1for 1 <i<kandsince {(My(V)sa)1}
is a matrix convex set, we find that || Y% ljf”v”y'H 1. Thus || &%, v fyll <1 so
that ©_, 7/ f¥% € Ost (V).

@mwzﬁg%ngmmwmﬁﬁMWWMme

M,(V*)* and we have || fi1]|m + ||f22Hn < 1. Find fi; € Su(V), o € Su(V) such
that fi1 = || fi1llmfir and faz = || fo2]lnfoa- ThlS completes the proof.

—

Since Zl 1YY < 1, we have

k
0
1
=1

k
*
i Yi
=1

3. L'-matrix convex sets and quantized A,(K) space

3.1. L!'-matrix convex sets

Now, we introduce a new kind of matricial convexity.

DEFINITION 3.1. Let K be a compact convex set in a locally convex set V' such
that 0 € ext(K). Anelement k € K is called a lead point of K (k € lead(K)) if k = otk
for some k; € K with o € [0,1], then o0 = 1.

We observe that ext(K) \ {0} C lead(K).

PROPOSITION 3.2. For each k € K\ {0}. There is a unique o € (0,1] and k| €
lead(K) such that k = otky .
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Proof. Without any loss of generality, we may assume that k € K \ lead(K). Then
by the definition of lead, there is an o € (0,1] and k € K such that k = ak;. Thus
the set Rx = {B > 1: Bk € K} is non-empty. As K is a compact, Rg is bounded
and we have By = supRg € Rk. Let kg = ok € K so that k = [30_1k0. We show that
ko € lead(K). If possible, assume that ko ¢ lead(K). Then by the definition of lead,
there is a B € (0,1) and k¥’ € K such that kg = B&’. But, then B~'Bok € K, where
B~'By > B, which contradict By = supRg. Thus kg € lead(K). Next we prove the
uniqueness of k. Let k = oyk; for some k; € lead(K) and oy € (0,1]. We see that
ki = Otl_lﬂoko. Thus OCl_lﬁo =1 and hence oy = By, k; = ko.

By a x-locally convex space, we mean a locally convex space together with -
operation which is a homeomorphism. In this case, M,(V) is also a *-locally con-
vex space with respect to product topology. Now introduce a new definition of matrix
convex set. Note that the following definition is appeared in our recent paper [5] to
characterize CM -ideals in terms of L!-matricial split face.

DEFINITION 3.3. (L' -matrix convex set) Let V be a *-locally convex space and
let {K,} be a collection of compact convex sets and K, C M,(V )y, such that 0 €
ext(K,) forall n. Then {K,} is called an L' -matrix convex set if the following condi-
tions hold:

Ly If u€ K, and % € M, such that X | %y <1, then &,y uy € Ky

:1"1"

un u
L, If u€ K5, sothat u = [uil ulz} for some uy,uz» € K, and u, € M,(V), then
12 U22

uip +uj, € co(K, U—K,).

. u u
L3 Let u € Ky with u= Lil u”} so that uy| € Ky, 120 € K, and w12 € My, ,(V)
12 U22 )
and if )| = oy iy, Uz = Oppiizy with uy € lead(Ky ), un3 € lead(K,). Then oy +

o < 1.

REMARK 3.4. Let V be a C*-ordered space. Then by Proposition 2.7, {Q,(V)}
is an L' -matrix convex set with lead(Q,(V)) = S, (V). In particular, M, (7 (H)){ is
an L' -matrix convex set. Here .7 (H) denote the set of all trace class operators on the
complex Hilbert space H. Subsequently, M, (.7 (H)) is identified with (.7 (H")) for
each n € N.

3.2. Quantized Ay(K) spaces

Let X be a *-locally convex space and let {K;} be an L!- matrix convex set in
Xsq. We assume that M,(X)* := U7 rK, is a cone in M,(X)s, for all n. Then using
Ly, we get that (X,{M,(X)"}) is a matrix ordered space such that X is proper and
generating. For each n, we define

Ao(Ky, M, (X)) :={a: K, — Clais continuous and affine;a(0) = 0;and
a extends to a continuous linear functional @ : M, (X) — C}.
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Let a € Ao(Ky,M,(X)). Since {K,} is an L;-matrix convex set and since K,, spans
My (X), for v € My(X), we have v = 3", A;v; +iX;_; A{vi where v;,V; € K, and
AisA; € R. Thus a(v) = X Aja(v;) +iXi_; A{a(v;). Therefore, such an extension is
always unique.

We consider the following algebraic operations:

1. For oo € M, B € M, and a € Ag(K;,, M, (X)), we define
aaB(v) :=a(avBT) forall v € K.

Then aaf € Ag(Kp,M,,(X)). In fact, the map v — o’ vBT from M,,(X) to
M, (X) is continuous so that the map v+ a@(o’ vB7) from M,,(X) into C is also

continuous. Thus (;\TB :M,(X) — C is continuous and hence oaff €Ag(Ky, Mn(X)).

2. For a € Ag(Ky,M,(X)) and b € Ay(Ky, M, (X)), we define
(a®b)(v) :=a(vi1)+b(v)

for all v € Ky where v = [:il :12} with vi1 € Ky,v22 € Kip,via € My (V).
12 V22
Then a ® b € Ag(Kp+myMysm(X)). In fact, the maps v — vy; from K1, into

K, and v — vy, from K1, into K, are continuous so that v — a(vi1) +b(v22)

is also continuous. As a®b = a® b, we see that a® b is also continuous from
Myn(X) — C. Therefore, a® b € Ag(Ki-tn, Mmin(X)).

For a € Ag(K,,M, (X)), we define a*(u) = a(u) for all u € K, so that a*(u) =
a(u*) forall u € M,(X). Then a+— a* is an involution. We set

Ao(Kn, My (X))sa = {a € Ao(Kn,My(X)) : a* = a}.
We put
AO(Kn»[Wn(X))Jr = {a €Ao(Kn,My(X))saza(f) 20 Vf € Kn}~

Next, for a € Ayg(K,,,M,(X)), we define

el =sn || 6]

Finally, for each n € N. we define @, : M, (A¢(K1,X)) — Ao(Kn,Mu(X)) as follows:
Let a;j € Ag(K1,X) for 1 <i,j < n. We define

‘ue Kzn} for a € Ao(Ky, M, (X)).

CI)n([aij]) 1K, — C given by (I)n([aij})([v,-j]) = .ilh\i;(wj) for all [Vij] cK,.
i,j=

Now, it is routine to show that @, ([a;;]) € Ao(Ky,M,(X)). (Note that ®, is an am-
plification of ®;. That is, ®,([a;;]) = [®1(a;;)], if [aij] € M,,(Ao(K1,X))). In this
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identification, we note that [a; ;]* = [a} ] is an involution in M, (A¢(K1,X)) so that @,
is a *x-isomorphism.
For each n € N, we set

Mn(AQ(Kl,X))+ = {[aij} S Mn(A()(KhX))Sa : i C/IZ}'(W’]’) > 0 for all [Vw’] S Kn}
ij=1

and transport the norm
@i il == [|@a([aii])lloon

for all [a; ;] € M,(Ao(K1,X)). Under these notions, we show affine representation of
C* -ordered operator space which we call as quantization of Ay(K)-spaces.

THEOREM 3.5. (Ao(K1,X),{M,(Ao(K1, X)) },{Il - |ln}) is a C*-ordered opera-
tor space.

Proof. We prove the theorem in several steps:
It is easy to deduce from the definition that (caf})* = B*a*o* and that (a ®D)* =
a*db*.

1. Let @ € My, a € Ag(Ky,M,(X))" and let v € K,,. Without any loss of gen-
erality, we may assume that ||cc|| < 1. Then, by the definition of an L!-matrix
convex set, we have o’ va! € K,. Thus a*aa(v) = a(a’ val) > 0 so that
arac € Ag(Kn, My (X)) ™.

Ui u12:|
b

2 Let aGAo(Kn,M;n(X))+7bEAO(Kn’M"(X))+ and let MEI(m-&-n with u= |:u* u
12 422

for some uj; € Kip,uz € K, and ujz € My, ,(V). Then
(a®b)(u) = a(uir) +b(uz) >0

sothat a®b € AO(KH+H7MIH+71 (X))Jr

Now, it follows from (1) and (2) and the construction of M, (A¢(K1,X)) that the
sequence of cones {M,(A¢(K;,X))} is a matrix order on Ay(K;,X). Also, it is
easy to verify that Ag(K;,X)" is proper.

3. It is routine to verify that || - ||« is a semi-norm on Ay (K,,M,(X)). We show
that it is a norm. Let a € Ag(K,,,M,(X)) such that ||a||, = 0. Let u € K,, and

uou
o= [%In,%ln}. Then o*ot < b, so that o*uc = % % € Ky,. Also, then

u
{ 2'”
i

~.
SIS

] € K. Thus, as @], =0, we get
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Similarly,

=[] ()55

Therefore a(u) +a(u) = 0 for all u € K, and consequently a(u) = 0 for all
u € K,. Hence a = 0.

[NSIENSTIN
[NSIEN ST

v Vi
. Further, note that |"!!' "12| € K, if and only if VILVI2| e g, and that
V12 V22 V12 V22

0a vit viz|) _ |0 a” Vi1 V],
a* 0 Vi, vl ) a0 V12 V22
for a € Ao(Ky, M, (X)). Thus ||a*||en = ||@||w, for all a € Ag(Ky, My (X)).

. Next, we show that If a € Ay(K,;, My(X))sa, then

lalles = sup{la(v)| : v € Ky }.

0a

a* 0
for every a € Ao(K,,,M,(X)).
To see this, we put r,(a) = sup{|a(v)| : v € K, }. Since Ka, is a compact set, we
Oa Vi vi2 . .
[a O] (v)| for some v € Kp,. Let v = Lyfz | Since {K,} is

an L' -matrix convex set, we have v, + Vi, € co(K,U(—K,)). As K, is convex,
there are v,w € K, and A € [0,1] such that vi» + v}, = Au— (1 — A)w. Thus

In particular, we have

[[alleo.n =
0. 2n

have ||a||, =

l[alleon = l@(vi2) +a(via)| = la@(vi2 + V)|
— Ja(hu— (1~ A)w)| = [Aa(u) — (1~ A)a(w)]
<Arp(a)+ (1= A)ry(a) = rp(a).

Again as K, is a compact convex set, we have r, |a(v)| for some v € K.

NI<NI<

(a)
v

Since {K,} is an L'-matrix convex set, we have [% € K»,. Therefore,
2

(<

. In particular, for a < b < ¢ in Ag(K,,M,,(X))sq, We have

rp(a) =

[SIESTES

[1B]]e0.n < max{|[al|ec.ns [[€]]eon}-

To prove this, let a < b < ¢ in Ag(K,, M, (X))sq- Then a(u) < b(u) < c(u) for
all u € K, so that |b(u)| < max{|a(u)|,|c(u)|}. Thus by (5), we get |b(u)| <
max{||al|cn, [|b[|eon} forall u € Ky so that [|b|[e,, < max{||al|en, [¢]|eon}-
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7. Now, we prove that ||a @® b||e min = max{||al/em, ||D||en} forall a €

Ao(Kny, My (X))sq and b € Ag(Kn, My, (X))sa
Let a € Ag(Ky, My (X))sa and b € Ag(Ky, M, (X))sq- Now for every v € K,,, we
have

lav)| = |(a®D)(v&0)|.

Since {K,} is an L' -matrix convex set, we have v&0 € K1, whenever v € K,,,.
Therefore by (5), we may conclude that ||al/cm < ||@ D b||oomtn. Similarly, we
can show that ||b]|cn < ||a D D||oo mtn-

ViV L _—
Conversely, let v = [ 11 12] € Ky+n. Then there exist vy] € lead(K,),vx €
Vip V22

lead(K,) and oy, 0 € [O 1] with o + 0 < 1 suchthat vi; = ot1v11,v22 = 02 V2>.
Thus

[(a@b)(v)| =la(vi1) +b(va)]

= |ona(vii) + b (v)|
o [|alfoom + 02|B]|eo n
max{||al|com, [|b][oon}-

NN

Therefore ||@® bl|eo m+n = Max{||al[coml|][oon}-

. Next, we prove that for a € Ag(Ky, M,(X))sa and o € M, ,, we have ||a*act||e

< lel?llallea-

Let a € Ag(Kin, My (X))sq and o € M, , such that ||or|| < 1 and let v € K,,. Since
{K,} is an L' -matrix convex set and o*” o < I,, we have a! va! € K. Also
we know that

(0" ae) (v)] = |a(a" vaT)).
Since a is self-adjoint, (5), we have ||ot*act||con < ||@||e0n for a = a*. In partic-
ular, if m =n and if o € M, is unitary, then ||0*act||sm = ||a||com- Also, in
general, for a € Ag(Ky,My(X))sa and a € M,y , we have
2
o act|ea n < [ et]|7[|@l]eo.n-

Let a € Ag(Kn,Mu(X)) and b € Ag(K,,My(X)). Put y= . Then

oo o
ofN oo
cofH~o
So oo

Y € Moy, 1s a unitary and

. 0 a®b _Oa@Ob
Voo o |77 ar0|% (b0
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so that

o0, 2m+2n

0 a®b
a~eb* 0

by (8). Thus by (5), we have

8]

o 2m+2n

0 a®b
‘l@b”mﬁ-n:H{a*@b* 0 }

Nlife ]

“mn{[[24]

= max{|[allem; |b]lecn}-

o0, 2m+2n

o0, 2m+2n

i

)
0. 2m

w,Zn}

10. Let o0 € M, ,a € Ao(Kn, M, (X)) and B € M, ,,. Then by (5), we have

0 aaﬁ}

aa 0

et e =H [B*

0. 2m

For t € R™\ {0}, we have

53 Ll Bl-b2 ]

a1 |

1 2
<max{ et 11871} el

Thus,

0B o < \

0. 2n

1
= max{t2a||27 t—2||ﬁ||2} l|@l|oo,n-

Taking infimum over € R*\ {0}, we may conclude that ||aaf ||em < || ||| @]|con

I1BI-

This completes the proof.

REMARK 3.6. Let {K,} be an L' -matrix convex set of X . Then by Theorem 2.4,
there is a complete order isometry ¢ : Ag(K;,X) — o for some C*-algebra <.
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4. L'-matricial cap and abstract operator systems

Let E be a real locally convex space, and M be a compact convex set in E. Then
M is said to be regularly embedded in E if the following conditions hold:

1. M spans E;

2. there exists a hyperplane H containing M such that 0 ¢ H;

*
w

3. canonical embedding x — ) (x), mapping E to A(M)
phism.

. 1s a topological isomor-

For more details, one can see [1, Chapter II.2]. We observe that a convex set M has
a universal cap if and only if leadM is convex (for more details see [2]). We use this
idea to extend this definition to matricial version as follows:

DEFINITION 4.1. Let {K,} be an L'-matrix convex set in a *-locally convex
space X and L, be the lead of K, for each n. We call {L,} the matricial lead of
{Ky,}. We also assume that M,(X)" = U7, rK, is a cone in M, (X )y, for all n (so that
(X,{M,(X)"}) is a matrix ordered space) such that X is proper and generating. We
call {K,} an L!-matricial cap of V if

1. L; is convex; and

. . Vi v
2. if v € Ly, with v= [V}Fl vlz] for some vi1 € Ky, van € K, and vip € My, (V)
12 V22 '
and if vi; = oV}, vo = 0y, forsome vy € Ly, v; € L, and oy, 0 € [0, 1], then

o +op=1.

PROPOSITION 4.2. Let {K,} be an L'-matricial cap of V. Then L, is convex
for every n.

Proof. We prove this result in several steps.
Step L. L, is convex.
Let v= [vil v12} W= [W}f le} €L, and let A € [0,1]. Then by (2), we have
Vip V22 Wip W22
Vil = 061\5\1,\)22 = OCQ@ with o + o = 1, for some \5\1,\75 €Li,and wi1 = ﬂl\//l/\l,wzz =
Bowa with By + B, = 1, for some wy,w; € L;. Now

Avip+ (1 =A)wi Avia+ (1= A)wip

ui=Av(1-Aw= [/M‘ﬁ(l = Awiy Aves + (1= A)wx

:|6K2.

Let u= |:Z,lk1 Z12] so that u;; = Avy; +(1 —k)wn =Aoyv; —I—(l _A)ﬁl"/VT and uy =
12 %22

Avyr 4+ (1 —A)wap = Aopva + (1 — A)Bows . Since Ly is convex, we get iy := (Aog +
(1 — k)ﬁl)_luu €Ly and u; := (2,062 + (1 — A)ﬁz)_lugz € L;. Put (2,061 + (l —

2)B1) =7 and (Ao + (1—2)B2) = 7., then u = {Yli‘l “13} and 7+ 17 = A0y +
Ui, Yuo
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)+ (1=A)(B1+P)=A+(1—A)=1. Let u=vyu, where u € L, and y<€ [0,1]. We
X11 X12
X{p X22
Thus x1; =y 911 and xp0 =y 'pitz. Nowby (2),weget 1 =y 'p+y lp=y"!
sothat y=1. Thus u € L,. Hence L, is convex.

Now, by induction, we may deduce that L, is convex for every n.

Step II. For m.n € N, we have L,, is convex if L,,, is convex.

First, we show that v+— v&0 maps L, into L,+,. Let vE L,,. Then v 0 € K1,
so that v@ 0 = aw for some w € L,,1, and o € [0, 1]. Thus

show that y=1. Let ' = } . Then x11,x2 € K} with yx11 = uyy, yx0 = un.

I | 1
v="[I O] v&BO) | " | = [l Opm] W|," | =0wi.
Om,n 0m7n
I
0m7n
and wi =v. Thus v®0=w € L, 1,,.
Fix m e N. Let v,w € L, and o € (0,1). As Ly» is convex, we get

where w| = [I,, On’m] W[ } € K,,. Now, as L,, is the lead of K,,, we have ox = 1

(av+(1—a)w)&0=a(ve0)+ (1 —a)(wd0) € Lom.

Put u = av@® (1 — a)w. Then u € K,, so that u = Au for some u € L,, and A € [0,1].
As € L, we getthat #0 € Lym. Now A(#0) =ud0 € Lm so that A =1 and
u=1uéclL,. Thus L, is also convex.

When L, is compact and convex, by A(L;) we denote the set of all complex
valued continuous affine functions on L;. Then A(L;)s, is an order unit space so that
A(Ly)%,, the ordered Banach dual of A(L;)s, is a base normed space [1, 6].

DEFINITION 4.3. Let {K,} be an L'-matrix convex set in a *-locally convex
space X. Then {K,} is called regularly embedded in X if L; is regularly embedded in
X, . In other words,

1. L; is compact and convex; and
2. x: X+ (A(Ly)%,)ws is an linear homeomorphism.

Here y(w)(a) = Aa(u) — pa(v) forall for all a € A(Ly),, with w= Au — uv for some
u,v€ Ly and A, u cRT.

Notice that y(w) is well defined. To see this, let w = Aju; — vy = Aup — tpvy for
some u;,v; € Ly and A;, u; € RY for i = 1,2. As L; is convex and

A (lluﬁ-uz\’l) _ Az + vy
A+ 1y A+ U A+ 1y

by Proposition 3.2, we have A; + = Ay + yy. So if a is an affine function on Lj,
then

Ma(ur) +tha(vz) (llul +.U2V2> B (lzuz +I~L1V1) _ ha(uz) + pa(vi)
=a =a = .
AL+ Mo AL+ Mo A+ A+ 1y
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Thus Aja(u;) — ia(vy) = Axa(up) — ppa(vo) so that y (w) is well defined linear func-
tional on A(Ly)s, forall u,v € L, and A, € R

THEOREM 4.4. Let {K,} be a regularly embedded, L' -matricial cap in X . Then
Ao(Ky,X) has an order unit, say e, and (Ao(K,,X),e)} is an abstract operator system.

Proof. As Ly is the lead of K|, there exists a mapping e : K| \{O} — (0,1] given
by e(k) = o if k= otk for some k € Ly and o € (0,1]. Since o and k are uniquely
determined by k € K \ {0}, e is well defined. We extend e to K by putting ¢(0) = 0.
Since L; is convex, we may conclude that e : K; — [0,1] is affine. Again since K
spans X , we can extend e to a self-adjoint linear functional ¢: X — C. Following this
way, for each n € N, we can construct a self-adjoint linear functional ¢, : M, (X) — C
such that ¢,(v) =1 for all v € L,,. (We write e, for ¢, .)

We show that & is continuous. It is suffices to show that &|y,, is continuous at
0. Let {Agquq — Ueve ) be anetin Xy, for some ug, vy € L1 and Ag, g € RT such
that Aqute — Ugve — 0. Since {K,} is L' -regularly embedded in X , we get x (Aque —
Have) — 0 in (A(Ly)},)ws. Let I, be the constant map on L; such that I, (v) =1
forall ve L;. Then Iy, € A(Ly)sa. Thus x(Agute — Uove)(I1,) — O so that é(Aque —
Have) — 0. Now it follows that e € Ag(K7,X).

Next, fix n € N and consider ¢" € M, (Ag(K,X)) so that by Theorem 3.5, efj :=
D, (") € Ag(Ky, M, (X)). We show that efj =e,. Let [v; ;| € L, so that v;; € K; for
i=1,...,n. Let v; = oy, for some ¢ € [0,1] and V; € L,. Since {K,} is an L'-
matricial cap, we have Y ; o; = 1. Thus

n
eo(v) = Z (vii) 206161 Vi) = Zal =1
i=1 i=1

so that eg(v) = e,(v) for all v € L,. Since L, is the lead of K, and since K, spans
M, (X), it follows that e, = ¢¢ and that e, € Ay(K,,,M,(X)).

Note that |le]|.,; = 1. We show that e is an order unit for Ag(K,X ). To see
this, let a € Ag(K;,X)sq. Then |a(k)| < ||alje, forallk € K;. Let k€ K. If k=0,
then a(0) = 0 so that

~laller16(0) = 0 = [l 1€(0).

Let k # 0. Then there exist a unique ke L; and a € (0,1] such that k = ok. Now
~lallee,1e(k) = ~lal|,1 < alk) < [[a]lw = l|al|o,1e(k).

so that
Nl se(®) < a(k) < [l e(®)

for all k € K. Thus we have —||a||w 1€ < la|e e for all a € Ap(K},V)sq. In
other words, e is an order unit for Ay(Kj,X )sa which determines || - || as an order
unit norm on it. Similarly, we can show that for each n € N, ¢, is an order unit for
Ao(Kn,M,(X))sa which determines || - ||, as an order unit norm on it. Again, being
function space, Ag(K,,M,(X)) is Archimedean for every n. Hence (Ag(K|,X),e) is
an abstract operator systems.

Next, we prove the completeness of (Ao(K},X),e).

//\ N
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PROPOSITION 4.5. Let {K,} be an L' -matrix convex set in a *-locally convex
space X. Then Ay(Ky,My(X))sa = Ao(Ky)sq for every n € N.

Proof. By the definition, Ag(K,,M,(X))sa C Ao(Kp)sa- Also, since Ag(K,)sq is
norm complete, we get Ao (K, M, (X))sq C Ao(Ky)sa- Conversely, let a € Ay(K,)sq and
€ > 0. Then Gk, (a) and Gk, (a+ €) are compact convex set in M,(X ), X R where

Gk, (b+A) = {(k,b(k)+ 1) k € Ky}

with b € Ag(Ky)sq and A € [0,00). Thus Gk, (a) NGk, (a+ €) = 0. Therefore, by the
Hahn Banach separation theorem, there are f € (M, (X))" (= (Mn(X)*)sa) and A € R
such that

(f,A)(u,a(u)) < (f,A)(v,a(v)+€) Vu,v € K,,.

Simplifying this, we get
f)+Aa(u) < f(v)+A(a(v)+€) Vu,v € K,.

In particular, when u =v =0, we get A > 0. Similarly, for =0 and v = 0 separately,
we have

A7 () +a(u) < e and A7 f(v) +a(v) > —& Vu,v € K,.
Let us put a; = —A~'f, then a; € Ag(Ky,Mn(X))sa and |a;(u) —a(u)| < € for all
u € K,. Now, by (5) of the proof of Theorem 3.5, we have ||a; — al|e, < €. This
completes the proof.

PROPOSITION 4.6. Under the assumptions of Theorem 4.4, Ao(K,,M, (X)) =
Ao(K,) for each n € N.

Proof. We know that Ag(K,X) C Ao(K;). Let a € Ag(K1) so that a = a; +ia»
for some ay,a; € Ao(Kj)sq and let {Aqug — Uave} be anetin Xy, for some ug, vy €
Ly and Ay, Ug > 0 such that Agug — Ugve — 0. Since K| generates V, a; has a
unique linear extension g; for i = 1,2. Since {K,} is L!-regularly embedded in X,
X (Aqtte — Have) — 0 in (A(L1)%,)w«. Thus

Zlvi(laua - .ua"a) = Aaai(ua) - .uaai("a)
= laai\Ll (uo) — .Uaai\Ll (Var)
= X (Aattoa — HaVe)(ailL,) — O

Put @ =aj +ia,. Then alx, = a and a(Aqute — Have) — 0. Thus a is continuous on X
and consequently, a € Ag(K;,X). Therefore we have Ay(K;) = Ag(K1,X). It follows
that Ag(K;,X) is || - [|; -complete so that (Ag(K,,M,(X)) is | - |e,-complete. Since
Ao(Kn, M, (X))sa = Ao(Kn)sa by Proposition 4.5, we may conclude that

AO(Kn) = AO(KnaMn(X)) = AO(KnaMn(X))

for Ag(Kn,Mp(X)) 18 || - || n-complete.
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REMARK 4.7. Under the assumptions of Theorem 4.4, L, is compact for each
n € N. To see this, let {ug} be anetin L,. Since L, C K, and K, is compact, u, has
subnet {ug} that convergent ug € K,. Since e, € Ao(Ky). Therefore 1 = e,(ug) —
en(up) so that e,(ug) = 1. Hence ug € L,,.

PROPOSITION 4.8. Ay(K,) is order isomorphic to A(Ly).

Proof. Tt suffices to prove that the map a +— a|, from Ay(K,) into A(L,) is sur-
jective. Let a € A(L,). Since L, is convex, there is an affine map b on K, such
that b|r,, = a and b(0) = 0. Let uy be a net in K, such that uy, — uo in K,. Since
en € Ag(Ky), en(ug) — en(up), by Proposition 3.2, we have uy = Ayitg for some
Uy €L, and Ay € [0,1]. If up =0, then Ay = Age,(tig) = en(1g) — ¢(0) = 0. There-
fore, b(ugy) = Aga(ug) — 0 =>0(0). Againif ugp # 0, then by Proposition 3.2, we have
uy = Aotip forsome Ag € (0,1] and ip € L,,. Thus Ay = Age,(iig) = en(ueg) — en(uo) =
Ao so that ity — itg. Since b(ugy) = Aga(uy), we have b(ug) — Aoa(ug) = b(up).

REMARK 4.9. In Proposition 4.8, we note that a — a|; is an isometry from
Ao(Ky)sa onto A(L,) as well. Hence (Ag(Kj),e) is unitally, complete isometrically,
completely order isomorphic to (A(L),e) as abstract operator systems.
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