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AN INDEFINITE RANGE INCLUSION THEOREM FOR TRIPLETS
OF BOUNDED LINEAR OPERATORS ON A HILBERT SPACE

MICHIO SETO* AND ATSUSHI UCHIYAMA

(Communicated by V. V. Peller)

Abstract. We study triplets of Hilbert space operators satisfying a certain inequality. A range
inclusion theorem with norm estimate for those triplets is given with the language of Krein space
geometry and de Branges-Rovnyak space theory.

1. Introduction

In Wu-Seto-Yang [10], we encountered the family of triplets consisting of Toeplitz
operators whose twisted sum

* * *
T T +Tpy Ty — Tps Ty,

is an orthogonal projection. Those triplets are closely related to the Hilbert module
structure of the Hardy space over the bidisk (see Example 2.2). In this paper, we would
like to focus on those triplets with some generalization. More precisely, we consider
bounded linear operators 77, 7> and T3 on a Hilbert space .77, and assume that triplet
(Th,T»,T3) satisfies the following operator inequality:

0< VT + Ty — T3 <. (1.1)

Let () denote the set of triplets satisfying (1.1) on a Hilbert space 7. For any
triplet (71, 7>,T3) in T(57), we set

T = (LT + BTy — Ty)'2.

In order to study the structure of 7', we introduce de Branges-Rovnyak spaces. Let
M (A) denote the de Branges-Rovnyak space induced by a bounded linear operator A,
that is, . (A) is the Hilbert space consisting of all vectors in ranA with the pull-back
norm

1AX].(a) = [1Pkeray X[l = min{|ly[| e : Ay = Ax},
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where Plrera): is the orthogonal projection from .7# onto (kerA)=. Then, applying de
Branges-Rovnyak space theory to (1.1), it is immediate that

MT) — M(T)+ M (T3) = M (JTiT; +BTy) = M (T) + .4 (T5).

Thus, .# (T) can be captured as a Hilbert space embedded contractively into .# (T}) +
# (T>). However, in this context, it is rather vague how T3 is involved with .Z (T).
The purpose of this paper is to study the structure of .# (T') from this point of view,
and to explore hidden inner product spaces behind the rather formal identity

M(T) = M (Th) + M (T) — M (T3).

As the main theorem of this paper, we will show the following: for any vector u
in .#(T), there exists some vector ze = (z1(€),22(€),z3(€))" in S & A & A such
that:

(i) Tizi(€)+Thza(e) — Tszz(€) — u (€ — 0) in the strong topology of 7,
(i) 0< [lz1(e) % + llz2(e)lZ — llz3(e)IZ4 Tlluell? 7y (€ 10),

where ||ul|_z(r) denotes the norm of u in .#(T). We would like to emphasize that the
above norm estimate is nontrivial, and this result might be written as follows:

AM(T) — M (T) + M (Tp) — M (T3).

This paper is organized as follows. In Section 2, by giving examples from operator
theory on Hardy spaces, it is shown that ¥(#) is nontrivial. In Section 3, we study
inner product spaces induced by triplets in ¥(.#¢"), and prove the main theorem (The-
orem 3.1). In Section 4, we investigate the local structure of range spaces of operators
appearing in Section 3. In Section 5, we consider an indefinite Toeplitz corona problem.

2. Examples

Trivial examples of triplets in ¥(#°) are easily obtained from Douglas’ range
inclusion theorem. We shall see that (%) is nontrivial. Let H? be the Hardy space
over the open unit disk D in the complex plane, and let H” be the Banach algebra
consisting of all bounded analytic functions on D. For any function ¢ in H”, T,
denotes the Toeplitz operator with symbol ¢.

EXAMPLE 2.1. We choose ¢ and ¢, from H* satistying || (T, Ty,) || < 1.

Then this norm inequality is equivalent to that 0 < T, T(:,‘l + T, T(;z < I. Further, we
choose y; and y, from H® satisfying

()

03 = Q11+ o2 = (1 @) (l’”) :

’ <1
Then, setting

[}
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by the generalized Toeplitz-corona theorem (see Theorem 8.57 in Agler-McCarthy [1]),
we have that
0 < Ty, Ty, + T, T, — Ty T,

o < T Tg + T Ty < 1.

Our study has been motivated by the next example.

EXAMPLE 2.2. (Wu-Seto-Yang [10]) We consider the tensor product Hilbert space
H?® H?, which is isomorphic to the Hardy space over the bidisk D?. Let z and w de-
note coordinate functions, and let 7; and T;, be Toeplitz operators with symbols z and
w, respectively. We note that T, and 7;, are doubly commuting isometries on H>® H?.
In fact, 7, and T,, are identified with 7, ® [ and I ® T;,, respectively. Now, since or-
thogonal projections 7.7} and T,,(I — T,T;*)T,; are commuting,

LT + T — T Ty, = LT, + Tu(I - T.T))Ty,

is the orthogonal projection onto (H?>®H?)& C. Hence (T3, Ty, Tyy) belongs to T(H?®
H?). Further nontrivial examples can be obtained from the module structure of H> ®
H?. Let .# be a closed subspace of H>® H?. Then .# is called a submodule if .#
is invariant for 7, and T,,. For many examples of submodules in H> ® H?, there exist
bounded analytic functions @;, ¢, and @3 on D? such that

where P, denotes the orthogonal projection onto . , and

Tq;kl Tq)l + T(;ZTq)Z - Tq; Tq)3 == I.

3. Indefinite range inclusion
Setting

100
=D, A = and J=[01 0 |,
00-1

we consider the Krein space ¢ = (7, @5, J), that s, for any vectors x = (x1,x2,x3)"
and y = (y1,y2,y3)" in S & A &I, the inner product of x and y in % is defined
to be

X, ¥)0 = UX,Y) warer = X1,91) 2 + (62,52) 0 — (X3,Y3) -

For basic Krein space geometry, see Dritschel-Rovnyak [7].
Let (71,T>,T3) be a triplet in T(¢). Then we define a linear operator T as
follows:
X1
T: % — I, xp | — Tixy + Thxy — Tzxs.
X3
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The adjoint operator T# of T with respect to inner products of .# and .#  is obtained
as follows:

(0, T(x1,x2,%3)" ) e = (X, Tix1 +Taxo —T3x3) s = (T{ %, x1) e+ (T5 X, x0) o — (T3 X,x3) o
= ((T7'%, Tyx, Tyx)', (x1,%2,%3)" ) v
that is, we have that
Tix
T - H, x— | Tx
Ty x
In particular, we have that
TTéx = T T x+ L T5'x — T3 T5 x.
For any (T1,T»,T3) in (), we set
T = (LT} + Ty — Ty)'2.

Note that T is positive and contractive. Consider the operator V : ranT — T* (kerT')-
defined by

Ti'x
VIx=|T)x (x € (kerT)4L).
T5x
Then it follows from the identity
2 * 112 * 112 * 112
17130 = 1Tl 3e + 1501130 = 1 T3l 3 = (T, Téx) e (3.1

that V is an isometry and T*(kerT') " is a pre-Hilbert space. Let % be the completion
of T#(kerT )" with the norm induced by (3.1), and let V :1/anT — %, denote the iso-
metric extension of V, in fact, V is unitary. Then T% = VT on (kerT)* gives the polar
decomposition of T?, that is, the following diagram is commutative. Further, it follows

.ZL%

T /‘7' (& = (kerT)* =7anT)

<z (3.2)
from (3.1) that T? is bounded in (3.2). Hence, we _can take the Hilbert space adjoint T
of T in (3.2). We summarize basic properties of T in the following proposition:

PROPOSITION 3.1. Let T: Ky — L be the Hilbert space adjoint of T* in the
sense of (3.2). Then:

(1) T is injective,
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(ii) T is the extension of T|p: o,

(iii) ranT is dense in .

Proof. Suppose that Tx = 0 for some X in #y. Then there exists a sequence
{Wn}n in & = (kerT)* such that ||x —T*w,|| 4 — O as n tends to infinity. Hence we
have that

1%[1%, = (%,%).55 = lim (x, Tfwa) s, = lim (Tx, wy) - = 0.

oo Nn—oc0

Thus we have (i). Further, since
<Tzj7y>)f = <zj7 Tﬂ)’)%/ = <zj7 Tﬂy>% = <Tzj7y>%ﬂ (x7y € 3)7
we have (ii). It follows from (ii) that

Z> i’% S TT!.¥ = ranT?.

This concludes (iii). [
Let .#(T) denote the de Branges-Rovnyak space induced by T, that is, .Z (T)
is the Hilbert space consisting of all vectors in ran7" with the pull-back norm

ITx].ar 1) = [Per) -l e = mind{[|yl| sz : Ty = T},
where P71 is the orthogonal projection from .7#” onto (kerT)*:.

THEOREM 3.1. Let S be a Hilbert space. For any triplet (Ty,T>,T3) in (€,
we set
T = (LT} + Ty — BTy)'2

If u belongs to A (T), then, for any € > 0, there exists some vector Z; =
(z1(€),22(€),23(€))" in T*(ker T)* such that:

(i) Tzi(e)+Thza(e) — Trzz(€) — u (€ — 0) in the strong topology of F,

(i) 0< flz1(e) 1% + llz2(e)l%e — llza(e)lI34 1 lluel® 7y (€ L0),

(iii) zg converges to some vector z in the strong topology of ¥y and u = Tz.

Proof. Let {Ej })cr be the spectral family of 7', and we set
Ej =Ly —E; = E((A,%)).

Suppose that # = Tx where x is in .Z = (kerT)* . Then, for arbitrary & > 0, put

=1
xg:Eglx, yg=</ IdEg)xg and zngjyg.
i
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We note that ye and z¢ belong to .# and %, respectively. Then we have that
1
TZS == Tijg == szg == T2 (/ z dEA) Xe = T.Xg.
£
Hence we have that
[t =Tzl e = I Tx = Txe|l e < |l x—xell v — 0 (e —0).
Thus we have (i). Further, it follows from Ty, = x, that
2 2 2 2 2 2 2
121 (&) 15 + [l22(e) 5 — llz3(&)5e = 1TV Vel 5 + 1Ty vell5e — 113 vell5e = 11 Tye 5
= [Ixell 5 < I1%l13-
This concludes (ii). Finally, since
2
1ze — 25117, = [ T*e — Ths 1
2 2 2
=177 (ve =ys) 3¢ + 1113 (ve = ys) I — 175" (ve — y5) 15
2 2
=T (e =ys)lloe = lxe =x5l50 — 0 (£,6 —0),
Ze converges to some vector z in %, and

u=1imTz, = 1i1‘1});]f‘z,S =Taz.
E—

e—0

Thus we have (iii). [0

COROLLARY 3.1. Suppose that T is of finite rank. If u belongs to M (T), then
there exists some 7.= (z1,22,23)" in T*(ker T)* such that:

Tizi+ Tz —Tizz=u

and
2 2 2 2
121115 + 22115 — llz3l1 50 = 11wl 7y

Proof. 1f & > 0 is sufficiently small, then E;- = Pyey1 . [

REMARK 3.1. Itis easy to see that Theorem 3.1 can be generalized to any finite
operator tuple (T1,..., Ty, Tyt1,---,T,) satisfying

m n
Y TT - Y, LI =>0.
j=1 k=m+1
In the proof of Theorem 3.1, we essentially showed that .# (T) is contractively
embedded into .# (T). Moreover, applying the same method in the proof of Theorem
4.3 stated in the next section, we can conclude that the converse is also true, that is,
M (T) = .#(T) as Hilbert spaces. However, %) and T seem to be rather elusive

objects. Thus, in the next section, we will investigate the local structure of range spaces
of T and T.
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4. Local structure of range spaces

In this section, we need some facts from de Branges-Rovnyak space theory and
Krein space geometry. Let 7 and ¢ be Hilbert spaces, and let A be any bounded
linear operator from 7 to ¢. The following theorem seems to be well known to
specialists in Hilbert space operator theory.

THEOREM 4.1. Let A be a bounded linear operator from 7 to G and let u be
avectorin 4. Then u belongs to ranA if and only if

()|
Yi= sup —-
a0 [|A*Y ]| 2
is finite. Further, then |[ul| ) =7

The first half of Theorem 4.1 is known as Shmuly’an’s theorem (see Corollary 2
of Theorem 2.1 in Fillmore-Williams [8]). For the second half (norm identity) and also
the proof, we referred to Ando [2].

DEFINITION 4.1. Let J# be a Krein space. A subspace 9 of % is said to be
uniformly positive with lower bound 6 > 0 if

(X,X) ¢ =2 0(UX,X) » (xEM).

In particular, for the Krein space defined in Section 3, if 91 is uniformly positive with
lower bound 6 > 0, then

ber 2 + xalle — llxsliZe = Ul + leallZe + lx30) - ((er,x2,33)" € ).

THEOREM 4.2. Let & be a Krein space. Every uniformly positive subspace of
H with lower bound 6 > 0 is contained in a maximal uniformly positive subspace
with lower bound 8 > 0, and every maximal uniformly positive subspace is a Hilbert
space with the inner product of % .

For the details of Definition 4.1 and Theorem 4.2, see Dritschel-Rovnyak [7].

LEMMA 4.1. Let (T1,T»,T3) be any triplet in T(F). Then, forany € >0, M, =
{(Tyx, Tyx, Ty x)" : x € E 5} is uniformly positive.

Proof. For any € >0 and any vector x in E; 7,

1T xlZe + 153 — 175013 = 1Tl = /8 A2 dl|Exxll%e > €2[1x]3,

82

>
~ 3maxi<;cs |72

2 2 2
Ty x5 + 1Tl Z + 17575 ) -

Hence M, is uniformly positive. [
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Let /?J)Ivg be a maximal uniformly positive subspace containing 91 . Then, 5378 is
a Hilbert space with the inner product of by Theorem 4.2, and hence so is M,
the closure of M. in M. We note that M, is uniformly positive, that is, there exists
some & > 0 such that the following inequality holds:

bl + 913 = l1zlZe = 8(1Ixl13 + I3 +1l2l2)  ((rp2) € D). @41

LEMMA 4.2. Let (T1,T2,T3) be any triplet in T(H). Then, for any € >0,
T\m—s Mg — H is bounded as a Hilbert space operator.

Proof. Since ’]I‘|§m—€ is defined everywhere in 91, , by the closed graph theorem, it
suffices to show that ’]I‘|§m—€ is closed. Suppose that

10 = X[ 5+ vn = Y15 — lza—2ll% = 0 (n— o)
and
| T1xn + oy — Tzn —u||2%p —0 (n—o0).

Then it follows from (4.1) that x,,, y, and z, convergeto x, y and z in JZ , respectively.
Hence we have that u = Ty x+ T,y — T3z. This concludes that T|WTS is closed. [

We will deal with T|WTS as a Hilbert space operator from 91 to 7.

LEMMA 4.3. Let (T},T»,T3) be any triplet in T(H). Then, for any € > 0,
///(T|E£L:%ﬂ) is contractively embedded into A (T |g;).

Proof. Suppose that u = Txe where x¢ is in E;-.# . In the proof of Theorem 3.1,
we showed that
T1*ye
ze =Trye = | Tive
T3*yg

satisfies Tz, = Tx, = u and
0 < (Ze,2e). = [121(8) 150 + l122(€) 1 5 — % = lIxellZ = llull
S (2e,2¢) 0 = ||21(8)1[5¢ + llz2(€) 15 — llza (€)% = lxell5e = lullipr , -
L

Moreover, this z belongsto M. O
The next theorem is a generalization of Corollary 3.1.

THEOREM 4.3. Let (71,7, T3) be any triplet in T(5¢). Then, for any € >0,
M (T gy ) = A (Tlaw,)

as Hilbert spaces.
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Proof. By Lemma 4.3, it suffices to show that .# (T|g_) is contractively embed-
dedinto . (T |z, ). For any Tx where x = (x1,x2,x3)" in 9 and any x in E; 2,
we have that

‘<x7 TX>%|2 = ‘<zj7x>=%/|2
< UITExZe + 175512 = 1T *120) (2 + %212 = [1%31%)
because T%x = (T}x, T5'x, Ty x)" and (x1,x2,%3)" belong to M. . Hence

Tx) |2 Tx) 4 |?
sup ‘<x7 X>)f| _ sup |<xv X>7f‘

serto\ oy 1T 2 +ITHE, = 1Tx1% wcrnpomgoy 1732

is finite. By Theorem 4.1, Tx belongs to ranT| . L and
2 2 2 2
Tl ri,, < WRetllSe + 2l = il

Thus we have that \\’]I‘x||i/[(T‘ < \\Tx||3/[(r‘m7€). O

E¢ )

5. Application

We shall consider a Hilbert space .77’ consisting of analytic functions on I. Fur-
ther, we assume that constant function 1 is in .7# and multiplication operators induced
by functions in H* are bounded on .7 . For example, the Hardy space and the Bergman
space belong to this class. T, will denote the multiplication operator on .# induced
by ¢ in H”. Now, we shall consider an indefinite Toeplitz corona problem. Let § be
a positive real number. Suppose

To Ty, + Ty Ty — Ty Ty > Ol

Then
T = (T, Ty +Tp, Ty, — Tps T, )2
is invertible and ||7~'|| < 1/+/8. Hence there exists a function F in . such that

L=T°F=pyi+oy2 — 3y (=T, F)

and trivially
175,112
w3 < =211l

It will be nontrivial problem to improve this norm estimate. On the other hand, applying
Theorem 3.1 to this setting, since .# (T) = .7 as vector spaces and

Ity = 1T~ 1 <

1
X T = 1 7
\/gH [¥%

there exist functions v ,, Y2, and y3 , in JZ such that:



446 M. SETO AND A. UCHIYAMA

@ i (Q1y1,+ @292 — 9393,) = 1,

1
S+ IvanlZe = llwaallZe) < 511115 -

(i) 0< lim ([Jy1,,

Thus, we obtain a norm estimate of the approximate solution, and we note that estimate
(ii) depends only on 6 and 7.

REMARK 5.1. Itis well known that Toeplitz corona theorem is based on the com-
plete Pick property of the Szego kernel. We should note that the Bergman kernel does
not have the property, but our method can be applied. For indefinite operator theory on
the Hardy space, see Ball-Helton [3, 4, 5, 6] and Helton-Ball-Johnson-Palmer [9].
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