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ON THE k POINT DENSITY PROBLEM
FOR BAND-DIAGONAL M-BASES

ALEXEY PYSHKIN

(Communicated by T. S. S. R. K. Rao)

Abstract. In the early 1990s the works of Larson, Wogen and Argyros, Lambrou, Longstaff dis-
closed an example of a strong tridiagonal M -basis that was not rank one dense. Later Katavolos,
Lambrou and Papadakis studied & point density property of this example. In this paper we
present new methods for the analysis of & point density and rank one density properties for
band-diagonal M -bases.

1. Introduction

1.1. Density properties

Consider an infinite-dimensional real Hilbert space .7#°. Suppose that 7 has
an orthonormal basis {e;}7 . A sequence § = {f,},;_ of vectors in . is said
to be complete when it spans the whole space, that is, span{f;} = 2, where span
denotes the closed linear span. The sequence § is called minimal if none of its elements
can be approximated by the linear combinations of the others: f, ¢ span{ fi }x.n for
any n. The system §* = {f/"};, is biorthogonal to § if for any k,I > 0 we have
(fi, i) = O, where O is the Kronecker delta. By the Hahn—Banach theorem, § is
complete and minimal when and only when it possesses a unique biorthogonal system
$*. We call the minimal system § band-diagonal if there exists L € N such that
(fi,er) = (fi",er) = 0 whenever |t —1I| > L. We say that § is an M -basis if § is
complete, minimal and §* is complete.

Consider the operator algebra o7 = {T € B() : T f, = Anfn, An € R} and the al-
gebra R (/) generated by rank one operators of .«7. We are interested in the following
properties of the algebra 7.

DEFINITION 1. (k point density property) We say that the algebra R (<) is k
point dense in </ (or that the algebra </ has k point density property) if for any
X1,X2,...xx € A and € > 0 there exists R € Ry(«/) such that ||Rx; — x,|| < € for
any 1 <s<k.
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The definition for k = 1 is equivalent to § being a strong M -basis (see [8]): the system
3 is called a strong M -basis if for any x € . we have x € span{(x,f;)fu}

DEFINITION 2. (rank one density property) We say that the algebra <7 has rank
one density property if the unit ball of rank one subalgebra R; (/) is dense in the unit
ball of <7 in the strong operator topology.

By abuse of notation, we say that § is k point dense (rank one dense) when the corre-
sponding algebra Ry (/) is k point dense in .2/ (rank one dense).
Notice that rank one density property implies £ point density property for any k.

1.2. Motivation

Longstaff in [11] studied abstract subspace lattices and corresponding operator
algebras. In that paper Longstaff raised an important question: does one point density
property always imply rank one density property?

The solution remained unknown until Larson and Wogen showed [9] that the an-
swer is negative. They constructed an example of a vector system § such that it is one
point dense but does not possess rank one density property.

EXAMPLE 1. (Larson—Wogen system §pw parameterized with real a,) For any
> 0 we define

hjr1=—ajrierjterjr1 +azjerjo, faj = e,
23 >k
frj = —@jerj1+exjtaririerjii, frjr1 = €21,

where a, are nonzero real numbers for any n > 0 and ap =0.

The construction presented by Larson and Wogen was remarkably simple and elemen-
tary, — notice that the matrices corresponding to the vectors {f;}7_, and {f}7_, are
both tridiagonal. Afterwards this example was also studied in [1] (see Addendum) by
Azoff and Shehada in [2], in [13]. In 1993 Katavolos, Lambrou and Papadakis in [8]
performed a deep analysis of the density properties of this vector system and deduced
that for §w one point density does not imply rank one density. Moreover, they showed
that for such system rank one density is equivalent to two point density.

We are going to consider band-diagonal systems similar to the one regarded by
Larson and Wogen and to determine the exact conditions for k point density property
of such vector systems. In this paper we present a few new techniques for the analysis
of k point density and rank one density of band-diagonal vector systems.

In the next section we will gather some basic facts and outline the main idea of the
paper. In Section 3 we perform the analysis for the Larson—Wogen example, providing
a simpler proof of Theorems 2.1 and 2.2 in [8]. In Section 4 we prove a similar theorem
for a pentadiagonal system.
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2. Preliminaries

Suppose that § = { f, };r_, is an arbitrary band-diagonal M -basis and §* = { f; }7_,
is its biorthogonal sequence. In this section we establish several facts about §.

PROPOSITION 2.1. The system § is rank one dense if and only if any trace class
operator T, such that (T fy, f;;) =0 for any n > 0, has zero trace.

Proof. Tt is well known that rank one density property is equivalent to R; (<)
being dense in <7 in the ultraweak (or o-weak) topology (see [8], Theorem 2.2).
But the annihilator of R;(<) consists precisely of the trace class operators satisfying
(T fu,fr)=0forall n>0.

PROPOSITION 2.2. The system § is k point dense if and only if any k-dimensional
operator T, such that (T f,, f;¥) =0 for any n > 0, has zero trace.

Proof. In the paper [8] authors proved the proposition for k = 2. For larger k’s
the same reasoning works.
For an arbitrary linear operator 7 we will be interested in the differences between the
partial sums of the Fourier series using the system § and partial sums of the canonical
Fourier series (using the orthonormal basis {e,};_):

n

E‘ 2 Tfmafm - Z<TeM7em>7 (21)

m=0

where (-,-) denotes the scalar product in 7. It appears that Z, takes a concise and
compact form for the finite-band system §, and it is much easier to study =, than, for

example, (T f, fr) -

PROPOSITION 2.3. The operator T is atrace class operator annihilating the sub-
algebra R\ () if and only if for any n > 0 one has

En+ z <T€m,€m> =0. 2.2)
m=0

We will use this formulation in the following sections.

Now consider an operator 7 which has a finite rank. In this case we write T as a
finite sum T = 2_{;1 Y ®@x*, where x*,y* € 7 and y® x denotes the rank one operator
sending a vector v € 7 to (v,y)x.

Let us define vectors v, and u, in R¥ as follows:

Vn:(xrlnxiw”vxﬁ) unz(y,i,y,%,...,yﬁ%

where x;, = (x*,e,) and y;, = (y*,e,). Since (Tep,e;) = (um,v;) for any m and I, we
can rewrite =, in terms of the scalar products of {u,}_, and {v,},_,. In turn it means
that (2.2) can be rewritten in terms of the scalar products of {u,};_; and {v,};_.
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Hence, the existence of T would be reduced to the existence of the vectors u,,, v,
in R such that the sequences {|un|}:*_o, {|va|}:, are both square summable and (2.2)
is satisfied. Thus, instead of looking for k vectors x* and y* in 7, we would look for
an infinite sequence of k-dimensional vectors v, and u, such that {v,}> ., {u.};_,
belong to ¢>(R). This is one of the key ideas in our method of analysing & point
density property for 5.

Thus, we have just found the following reformulation for k point density property.

PROPOSITION 2.4. The following two statements are equivalent:

1. there exists a k-dimensional operator T which annihilates R(</) such that
TrT #0,

2. there exist vectors {uy}i_o, {va}iro in (*(RX) such that for the operator T=

oo

Z (u,vi)e, @ e; we have
t,1=0

n
Ent D (Temem) =0 (2.3)

m=0
forany n > 0.
As we already mentioned, the equation (2.3) can be expressed via u, and v,. Moreover,
we can also write the trace of T in terms of u,,, v,:

k

k
TrT = 2<y“',x“‘> = 2
s=1n

s=1

8
=~
8

VX, = 2 Zy,\q)f,; = 2 (Uny V) (2.4)
0 K

Essentially, the k point density property can be viewed as a possibility of placing the se-
quence of vectors in R¥ which are constrained with a series of relations (2.3) and (2.4).

3. Classification for the Larson—Wogen M -basis

In this section we study Larson—Wogen vector system §rw (Example 1). Namely,
we prove a theorem similar to Theorem 2.2 of [8]. Up until now there existed two
different techniques in studying k point density, one for k = 1 (strong M -bases) and a
different one for k > 2. Here we demonstrate a universal method for the analysis of &
point density property.

THEOREM 3.1. ([8], Theorem 2.2) The sequences §rw and Sy, are biorthogo-
nal and both are complete in 7. Moreover, the following is true:

1. the system Srw is one point dense (a strong M -basis) if and only if the sequence
- ap—1ap—3...

Mp = ———— (3.1

anpdy—o ...

does not belong to (*.
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2. the system Frw is k point dense (k > 1) if and only if the sequence {1/a,}7_,
does not belong to ¢'.

Proof. Due to Proposition 2.4 we know that k point density of the system § is
equivalent to the existence of k-dimensional vectors u,, v, such that (2.3) holds for
the corresponding operator 7. For the given M -basis § = §rw we can calculate =,
precisely:

Eoyp1= a2nT2n71,2na
Eon = @ont1ont 1205

where T;'j = <T€j,€i> .
Since Tjj = (u;j,vi), we have

Eon—1 = a2n(Uon,van—1),

Zon = Aon1{Un, Vont1)s

where (-,-) denotes the scalar product in R¥.
For the convenience of the reader we will introduce the sequences of vectors wy,
and wj,.

*
Wap = U2n, Wy = V2n,

*
Won4+1 = V2n+l, Wope] = U2pt1-

In view of this notation Z, = a,+1 (W, w,+1) and due to Equation (2.4) TrT =
2::1’=0 <Wm ) W:(n> °

Thus, we get that § is not k point dense if and only if there exist k-dimensional
vectors {w, }°_ o, {wi}e lying in £2(R¥) such that

n

i1 (Wi, Wni1) = — 2 (Wi Wy (3.2)

m=0
forany n >0, and Y, _ (W, w),) #0.

In what follows we show that the latter can be simplified even more.

PROPOSITION 3.1. The system § is not k point dense if and only if there exists a
sequence of vectors {ry o in €2(R¥) such that

Apg1 (TnyTns1) = 1, (3.3)

forany n > 0.

Proof. Suppose we found such r,,. Then we solve (3.2) by putting w}; to zero, wy,
to r, forany n > 0 and choosing the vector wy; so that (wo,w;) = —1.

Now we prove the converse. Suppose we found such w, that (3.2) holds. Given
that the vectors w, lie in R¥, we rewrite the scalar product as the product of the vector
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lengths and the cosine of the angle between the vectors. Namely, we define W, = |w,,|
and real 6, that (wy,, wy11) = W, W, cos6,.

The sequence Z, = — Y(Wm,w;,) has a non-zero limit, so let us find the largest
N > 0 such that =y = 0. Then we can modify the original sequence by setting w, , wj,
to zero for any 0 < n < N so that (3.2) still holds. Therefore, without loss of generality
we can assume that Z, # 0 for any n > 0. Setting @, = a,cos6, we see that the
sequence

- ’ =) /
W= En/ay Ens/a,
n— = / = /
'—'n—2/an,1 ._4,,_4/61”73
belongs to £2. Now since E, = — X (wy, wi,) , we discover that
Zn
=1+ ure
—n—1

=3

where {1,}>_, € £'. Thus the product of such (1+1,,) fractions is bounded by some
constant above. It follows that the sequence

" Va, | 1/a, 4
#
belongs to 2. Now we set r, to ;VV—ZWn, and then (3.2) holds since

1/a
an1 (s 1) = an+1:7n,+l<wn,wn+1> =1L
Sn/ g

Since |r,| = |W;| and the sequence {|W’ |}:’:1 belongs to ¢, the sequence {r,}_,
belongs to ¢*(R¥) as well.
Now we are ready to prove the theorem for the case k = 1.

PROPOSITION 3.2. The system Fpw is one point dense if and only if {u,};
does not belong to (2.

Proof. 1t follows from Proposition 3.1.

The case k = 1 has all the vectors r,, 7 lying on the same line (R!). Since all r,
are collinear, the lengths of the vectors r, are precisely L, . Hence, Equation (3.3) can
be satisfied if and only if {u,}; ;| is square summable.

After this we consider the case k > 1.

PROPOSITION 3.3. The system §pw is k point dense (k > 1) if and only if the
sequence {1/ay}_, does not belong to (*.

Proof. According to Proposition 3.1, the system §7w is k point dense if and only
if there is no such sequence {r,}%_, in ¢2(R¥) which satisfy a,(ry,r,—1) = 1. Obvi-
ously, if there are such vectors r,, then {1/a, ~_; belongsto ¢ L
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Conversely, suppose {1/a,};_, belongs to ¢!, Then the sequence R, =

1 1 . .
max(|a,|”2,|a,+1]|”2) is square summable. Observe that R,R, | > 1/|a,|, and so it
is always possible to choose the angle 6, so that

an(rpyrp—1) = anRyRy_1 cos 6, = 1.

Now we have defined the lengths for r,, and the angles between each two consecutive
vectors r,_1, r,. Obviously, for any k > 2 we are able to place the vectors r,, in R¥.
The last two propositions prove Theorem 3.1.

4. Pentadiagonal example

In this section we explore another vector system § and its biorthogonal system F*
defined as follows:

f45=caj, fy5=eqj+drj1€aj2—Dbrj1€sj1+azjesjy1+c2jeaji2
o
f4j01 = —arjesjteqjir, fg50 =eajri+brjesjin,
f412 = esjia+dajesj —bajesji1 +azjireajiz+cajieaja, a5 = eajia,

f4j+3 =eqj+3+ b2~/+1€4j+4» fZ-+3 = —yj+1€4j42 T €4j43,
3]

where the real coefficients a,, b,, ¢,, d, are equal to zero whenever n < 0, and satisfy
the equality ¢, +d, = anb, forany n > 0.

PROPOSITION 4.1. The given system is an M -basis.

Proof. The equality ¢, +d, = a,b, guarantees the biorthogonality, while the com-
pleteness of § and §* is easy to check.

We prove a theorem similar to Theorem 3.1, though we do not investigate the case
k =1 in this section.

THEOREM 4.1. The following statements are equivalent:
1. the given system is rank one dense,
2. the given system is k point dense for some (equivalently any) k > 1,

3. the sequence

u _min< 1 N 1 1+ by 1+|an|)
" lan| ~ |bal” dn| 7 eal

does not belong to ¢'.

Proof. In order to investigate the density properties we repeat the reasoning from
Section 2. Presume that =, are defined by (2.1).
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Thus, for any j > 0 we have

Byj=azjTyj14j+c2jTajioaj,
Egjr1 = —dajTaji24j+b2jThji24j11, @.1)
Eqjro =ajTajoajrz+c2jr1Thji2.4j14,

Egjr3 = —dyjr1Taji24jra+b2j1Taj43.4j+4,

where T;; stands for (Te;,e;).
First of all we investigate the conditions of rank one density property for §.

PROPOSITION 4.2. The following statements are equivalent:
1. the system § is not rank one dense,

2. there exists an operator T such that TrT = —1 and for any n > 0 one has

[1]

n
n Z (Tem,em) =0,
m=0

oo

3. the sequence {1y}, belongs to (1.

Proof. The equivalence of the first two statements is due to Proposition 2.3. We
are going to prove the equivalence between the last two statements.

Assume that {y,}7" ;| € £'; our purpose is to construct the required operator 7.
Let Too be equal to —1, and 7;; be equal to zero for any j > 0. Next we consider three
cases foreach n > 0.
Case 1. Suppose W, = 1/|a,|+ 1/|b,|. For n =2j we set

Tyjr14j=1/an, T4j124j=0, Tiji24j41=1/by.
That guarantees the equality 25, = 25,41 = 1. For n =241 we set
Tyjioajs = 1/an, Tiji24j44=0, Tiji34j44=1/by,

which provides the equality Z;, = Ep,+1 = 1.
Case 2. Assume (U, = (1+|b,|)/|dy|. For n=2j we set

Tyjr14j=baj/daj, Tajpoaj=—1/drj, Tsj124j41=0.
Again, we have Zp, =E,4+1 = 1. Forn =2j+1 we set
Tijiaajs3 =baji1/dojr1, Tajroajra=—1/daji1, Taji34j04=0,

The third case u, = (1 + |an|)/|ca| is left to the reader.
All the other entries T;; we set to zero. These equalities ensure that
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forany n > 0.

The constructed operator 7' belongs to the trace class since the non-zero operator
matrix entries are summable due to the assumption that {g, };_, € £'. Since the trace
of T is equal to —1, the sufficiency is proved.

Conversely, assume that there exists a trace class operator 7 in the annihilator of
R\ («7) with the trace equal to —1.

First of all, we prove that { j}‘;’:l is a summable sequence. Since 7T is in the
trace class, the sequence of vectors V, = |T| + |Typt1] + |Thnt2| belongs to 1. Ob-
viously, {Z,}°_, belongs ¢! as well. As a consequence, we have |Z,| > 0.5 for all n
large enough; we will assume that it holds for any n > 0.

It can be easily checked that if for some n one of the numbers a,,b,,c,,d, is
equal to zero, then v,, > U,,/2. From this point we will suppose that the coefficients are
nonzero for any n > 0.

For any even n = 2 consider the linear function

Eopt1 +dpx

by

Sop — CpX
gn(x)::‘__ﬁ___f_

+¢x\+¢

n

Obviously, we have v, = g,(Tay4+22,). The function g, is piecewise linear, so its
minimum is attained at the breakpoints. The breakpoints are zero, y, = Z3,/c, and
Zn = —Zpnt1/dn. We have g,(0) > u,/2. Consider the set Nj C Ngyp, such that for
any n € N; the function g, attains its minimum at the point Z,/c,. Thus, for any
n € N; we have v, > g,(v,). We have

52n+1 + dnEZn/Cn
by, ’

gn(yn) = ‘E‘Zn/cn + ‘

Since Vv, is summable and v, > g,(y,) = 0.5/|c,| for any n € Ny we deduce that
ZneNl |Cn‘71 <o,

Clearly, Gy, = gn(ya) — ‘Egn Jen
(E2n41—E2). Then

is summable. Let A, stand for the difference

cnlhy + (Cn + dn)EQn
Cnbn

CnE2n+1 + dpZa,

CnAn + anbnEZn
Cnbn '

G =
" cnbn

Hence, |G, —Ezn\an/an < A/ byl .
Consider the sets

N, ={neN;|05<|by|}

and
N3 =N\ NV,

Since Z, has a finite limit, we have ¥y, [an/ca| < eo. Hence, {n}nen, € €'
Assume that ¥, ¢, |[an/cp| = oe.
We have |[b,|Gy — Eanl(cn+dn)/cnl| < |An|. Since the sequences {byG }nens
and {A, }nen; are absolutely summable, the sequence { (¢, +dy)/cn tnen, is absolutely
summable as well. Consequently, |d,/c,| > 0.5 when n is large enough. We get
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{1/¢n}nen; € £, and thus {1/dy,}nen, € £'. Since for n € N3 one has |b,| < 0.5, we

have
DoM< Y

nenNs nenNs

1+ by
|da|

Repeating the reasoning for odd n, we get that {f, },_, is a summable sequence.
Now consider the case of the k-dimensional operator T = 2 1V @x*, where x*,y° €
¢ . This time we define the vectors {v, };> ; and {u,} , in Rk as follows:

1.2 k X

V2 (y4jvy4j7'~~7y4j) v2] (x4j7x4j7 7])
(¥aj12:%% Xiji2) 2 (v4 )

V2jtl = \Xgj425 X4 j420 0 Xg g2 Vaj+1 = Y4j+27)’4j+27 aY4/+2
1 2 *

u2] ('x4]+1ax4j+lv"'7x]flj+l) u (y4j+17y4j+17 ay4/+l)

2 k 1 2
Uj+1 = (y4j+37y4j+37 7y4]+3) ”2j+1 (X4j43:%5j 13, x4,+3)

Note that the sequences {v,}7_,, {un};_o belong to ¢2(R¥).
Now we can rewrite the equations (4.1) using the introduced vectors:

Eyj= a2j<u2j,v2j> +C2j<V2j+1;V2j>7
Egjr1 = —daj(v2js1,v2)) +b2j(v2js1,12j),
Egjr2 = a2ji1{v2j1,U2j11) + €25+ 1{v2j4+1,V2j+2),
Eqj+3 = —dajr1(v2jt1,v2j42) +b2jt1(U2j41,v2j42),

where (-,-) denotes the scalar product in R¥. These equations simplify to

Eaj=aj(uj,vj) +cj{viti,vi),

— 4.2)
Enjr1 = —dj(vjis1,vj) +bj(vis1,u)).

Next we are going to analyze the necessary condition of k point density property
for §.

PROPOSITION 4.3. If {u,}_, belongs to (' then it is possible to construct the
vector sequences {un}r_o, {va}:o_ € 2(R?) such that for any n >0 we have E, = 1.

COROLLARY 4.1. If § is k point dense for any k > 2 then Y, ||| = .

Proof of the Corollary. Assume the converse: {{t,}_, € (L.

We apply the proposition and get the vectors u, and v,. Now without loss of
generality we can assume that ug # 0. Then consider u so that (up,u;) = —1 and
set all u;, (n>0), v; to zero. Since the trace of the resulting operator T is equal to
Yoo ((tn, 1) + (vu,vi)) # 0, Proposition 2.4 implies that § is not two point dense.
Trivially, when § is not two point dense, it is also not £ point dense for any k > 2.

Proof of Proposition 4.3. First we are going to present the vector lengths V,, = |v,|
foreach n > 0.
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For this purpose we are going to define an auxiliary sequence {M,}_ | € /% such
that V,, > M,, for any n. On each step n we will define V,, and M, .

We start by setting Vo = M| = 1.

For any n > 0 we have three choices for u,:

L. if py, = 1/]an| +1/|bn|, we set

1 1
Myi1 = ﬁ, Vi = max (Mn, ﬁ) )

2. whenever U, = (1+ |an|)/|ca|, we set

V |an| 1 2
My = max( ) y Vi =max | My, )
V cnl Vel Ven|

3. if wy = (14 |bn|)/|dn|, we set

Mn+1:max< Vbl L) V, =max [ M, LW .
Vldn| "V dn] Vdy|

Now all V,,, M,, are set, and obviously V,, > M,, for any n > 0.
Next we are going to present the vector lengths U, = |u,|, for each n > 0. Set Uy
to zero and for any n > 0 we have three cases again:

1 1

+ )
aiVz bz,
a,Vy

S 1/ N
2772 2
V2 V21

1. when u, = 1/|a,|+1/|by|, we set U, =

2. whenever W, = (14 |an|)/|ca|, we set U, =

annJrl

2V V-1

3. if gy = (1+1byl)/|dn|, we set U, =

Due to our choice of V,,, M,, the values U, are well-defined for each n > 0.

LEMMA 4.1. Iffor some nonzeroreal A, B, X, Y, Z we have (AX)_2+(BY)_2:
72, there exist such vectors x, v, z with lengths X, Y, Z correspondingly such that

<x7y> =0,
(x,2) =1/A, 4.3)
(v,z) =1/B.

Proof. Take o such that cosor = 1/(AXZ) and sina = 1/(BYZ). Consider three
vectors x, y, z in R? with lengths X, ¥, Z such that Z(y,z) = /2 — o and Z(x,z) =
o. Clearly, the vectors x and y must be orthogonal now. The equations (4.3) are trivial
to check.
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PROPOSITION 4.4. For any n > 0 there are vectors u,, v, with lengths U,, V,
in R? such that (4.2) are satisfied.

Proof. We argue by induction. We start with vo = (0, 1) and up = 0. Suppose that
we have constructed a sequence of vectors v,,u,, forall m <n and v,,. We are going
to build u,, and v,41. We consider three cases for 1, .

In the first case the chosen U,, 1/|a,V,| and 1/]b, V1| form a right triangle with
hypotenuse U,,, and so here Lemma 4.1 can be applied. It follows that there are vectors

Uy, Vi, V.1 in R? with lengths Uy, V,, V41 correspondingly such that

n°> "n>

<u£nviz> = l/anv
(s Vps1) = 1/ba, (4.4)

<V:w V:l+1> =0,

which in turn yields the equations (4.2). Now we can simply rotate the triple (u),,v},, v, )
so that v), coincides with v,. We will set u, and v,1; to the rotated u;, and v/,
accordingly. Since the rotation preserves the scalar product inside the triple, the equa-
tions (4.4) hold for u,, v,, v,11 as well.

In the second case the chosen V,.11, a,/(c,U,) and 1/(c,V,) also form a right
triangle and Lemma 4.1 applies here as well. It implies that there are vectors u),, v},
V), in R? with lengths U,, V,, V,+1 correspondingly such that

<u:’17v:’1> =0,
(u;“v;H) =ay/cn, 4.5)
<V:,”V£H,1> = l/cl’h

and the equations (4.2) follow from that. Using rotation again, we receive uy, vn, Vyt1 -
In the third case the chosen V,, b,/(d,U,) and 1/(d,V,+1) also form a right

triangle and Lemma 4.1 applies here as well. It implies that there are vectors u),, v,

Vi in R? with lengths U,, V,, V,4| correspondingly such that

<u:’l?V:’l> :b"/dna
(U, V1) =0, (4.6)
vV =—1/d,,

ny Vn+1

and the equations (4.2) are also true. One more time we do the rotation, and we get u,,,
Vs Vp+1-

PROPOSITION 4.5. The following inequalities are true.

Mn+1 < vV Hn,
Vi < max(2+/ty, My),
U, <2\/Uy.
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Proof. First two statements are trivial. For the last statement we consider the same
three cases.

In the first case we have |a,V,| > \/]an| and |b,Vyi1| = [baMyii1| = \/]ba]. Tt
follows that U, < /Iy, -

In the second case we have ¢,V,, 11V, = ¢uM,+1V,, 2 2 and so

v,
U, < |an| Vi < |an| < |an| <2 |an] <20,
%62v2+1v2 ‘Cn‘Vn+l |Cn|Mn+1 ‘Cn|
n'’n n
In the third case we have d,V,+1V, > 2 and hence
|bn‘Vn+l |bn‘ |bn‘

U, < <2 <2 |d‘<2\//,Tn.
n

Jiavz vy v

The last proposition implies that V,, is bounded up to some constant by
max(/Uy—1,+/Un), and U, < /I, for any n > 0. Hence, the constructed sequences
V,, and U, belong to ¢>. That finishes the proof of Proposition 4.3.

Now due to Corollary 4.1 we get that two point density of § implies the diver-

oo

gence of >~ ||l,|, which in turn is equivalent to rank one density property of § (see
Proposition 4.2). Since rank one density implies £ point density for any k, Theorem 4.1
is proved.
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