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EIGENVALUES OF DISCRETE STURM-LIOUVILLE PROBLEMS WITH
SIGN-CHANGING WEIGHT AND COUPLED BOUNDARY CONDITIONS

CHENGHUA GAO, FE1 ZHANG AND MAOJUN RAN

(Communicated by F. Gesztesy)

Abstract. In this paper, we study the eigenvalues of discrete Sturm-Liouville problems with sign-
changing weight and coupled boundary conditions. The exact number (including multiplicity)
of the real eigenvalues is obtained. The number of positive eigenvalues is equal to the number
of positive elements in the weight function, and the number of negative eigenvalues is equal to
the number of negative elements in the weight function. Meanwhile, the interlacing properties
of these eigenvalues are also obtained as the parameter varies. These results extend the relevant
existing results of discrete left-definite and right-definite Sturm-Liouville problems with coupled
boundary conditions.

1. Introduction

Let [a,b]z = {a,a+1,---,b}, where a, b are two integers with a < b. In this
paper, we consider the spectrum of the following second-order difference equation

—Vip(O)Ay(0)] +4()y(t) = Aw(t)y(r),  1€[0O,N—1]z (1.1)

with the coupled boundary condition

YIN=1)\ _ g ((¥(=1)
(Ayuv— 1>) =K (Ay<—1>> ' (1.2)
Here, N > 3 is an integer, A is the forward difference operator with Ay(¢) = y(¢ +
1) —y(t), V is the backward difference operator with Vy(z) = y(t) —y(r — 1) and A is
the spectral parameter; p : [—-1,N — 1]z — (0,00) with p(—1) = p(N—1), g : [0O,N —
1]z — [0,0) and (¢) # 0 changes its signs on [0,N — 1]z ; the parameter o satisfies:
—m < o <7 and i = —1. Moreover,

(0N, o
- (kz k3) ki €R,j=1,2,3; kiks =1.

The study of the spectrum of the Sturm-Liouville problems has been discussed
more than 100 years before the time of Sturm and Liouville. Until now, these kind of
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problems have been studied in a variety of contexts. In 1914, Bocher [1] studied the
spectrum of the left-definite Sturm-Liouville problem
d. .
E(kuﬂ—(lm—l)uzo, t €10,1], (1.3)
ou(0) — Bu'(0) =0, yu(1)+8ud'(1) =0, (1.4)

where [ > 0 and m changes its sign on [0,1]. He obtained the eigenvalue problem
(1.3), (1.4) has two sequences of real eigenvalues, ?L,f, with

0<AM <Ay < <A <o = oo

and
0>A >4 > >A > — —oo,

This results could also be found in the book of Ince [2] and Zettl [3]. After this classical
result, a variety of rich and excellent spectral results have been obtained by several
authors, see, for instance, [4,5,6,7,8,9, 10, 11] and the references therein.

For the discrete eigenvalue problem, several excellent spectral results for the clas-
sical discrete Sturm-Liouville problems have also been obtained by several authors,
see, for instance, [12, 13, 14,22,23,24,25,26,27,28,31, 30,29, 15,17, 18, 19,21, 20,
16,32,33,34,35,36,37,38] and the references therein. In 1964, when the weight func-
tion w(r) > 0, Atkinson [12] studied a kind of discrete right-definite Sturm-Liouville
problem

c()y(t+1)= (o)A +b(t))y(t) —c(
y(=1)=0,  y(m)+hy(m—

r—1y(t—1), nel0,m—1]z,  (1.5)
)=o0. (1.6)

He obtained that (1.5), (1.6) has m real eigenvalues, which can be ordered as A; <
Ay < --- < Ap. Later, a series of excellent spectral results, including the existence,
simplicity, interlacing and dependency properties of the eigenvalues and the oscilla-
tion properties of the eigenfunctions, were obtained for the discrete eigenvalue prob-
lems with positive weight function w(z) > 0, see, [13, 14,20, 16, 15,17, 18, 19]. In
particular, based on the properties of the characteristic polynomials and the spectral
properties, constructed by Shi and Chen [17], of a discrete difference operator with
coupled boundary condition, Sun and Shi [19] discussed the reality and the interlac-
ing properties of the eigenvalue problems (1.1), (1.2) under the case that (r) > 0
on [0,N —1]z. According to the assumption that N is an odd number or an even
number, Sun and Shi obtained some beautiful interlacing results for this kind of prob-
lems. Moreover, for the more general case, i.e., the discrete linear Hamiltonian systems,
there are also several excellent spectral results on this kind of problems, see, for in-
stance, [21,22,23,24,25,26,27,28,31,30,29] and the references therein. More precisely,
the essential spectrum for the linear disrcete Hamilton system has been discussed by
Sun [21], the oscillation properties of the eigenfunctions for the difference systems with
separated conditions have been discussed by Bohner et al. [22, 23], Kratz [25], Dosly
and Kratz [26,27], gepitka and Simon Hilscher [29], Elyseeva and Simon Hilscher [30]
and Simon Hilscher [31]. Meanwhile, the Sturmian type comparison theorems are also
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obtained for some kinds of difference system, see, for instance, Bohner et.al [24] and
Dosly and Kratz [28].

For the case that the weight function () changes its sign on [0,N — 1]z, Ji and
Yang [32] gave some comparison results of the eigenvalues of the discrete Neumann
eigenvalue problems. Meanwhile, they also gave some comparison results of the eigen-
values of (1.1) with the periodic boundary condition in [33]. Later, the existence of real
eigenvalues, the simplicity of the real eigenvalues and the oscillation properties of the
corresponding eigenfunctions for the discrete Sturm-Liouville problems with Neumann
and Dirichlet BCs were also obtained by [34, 35,36]. Moreover, based on the spectral
results in [34], the interlacing properties for the discrete Sturm-Liouville problems with
periodic and antiperiodic boundary conditions were obtained by [37].

Now, the questions are: (i) Could we obtain the existence of the real eigenvalues
of (1.1) with the coupled boundary condition (1.2)? (ii) How do the real eigenvalues
of (1.1), (1.2) distribute? Based on the spectral results of the discrete Sturm-Liouville
problems in [35], including the simplicity of the eigenvalues and the oscillation prop-
erties of the corresponding eigenfunctions, we try to answer the above two questions
for the eigenvalue problem (1.1), (1.2). Actually, by discussing the properties of the
corresponding characteristic polynomial of (1.1), (1.2), we obtain the existence, the dis-
tribution and the interlacing properties of the real eigenvalues as the parameter varies.
Finally, it is worth to note that the boundary condition (1.2) will reduce to the periodic
boundary condition if we take o =0 and K = and will reduce to the antiperiodic
boundary condition if we take o = 0 and K = —I. Moreover, the problems we discuss
in this paper is more general than the left-definite problems, see Remark 4.11. Further-
more, if @(¢) >0 on [0,N — 1]z, then our problem becomes a right-definite problem,
and our results will reduce to the results of [18] and [19].

2. Preliminaries

In the rest of this paper, we shall make the following assumptions:

(H1) p(t) >0 on [0,N — 1]z and ¢(t) >0 for t € [O,N — 1]z;

(H2) o(t) changes its sign on [0,N — 1]z, i.e.,there are n points in [0,N — 1]z
such that @(¢) > 0 while @(¢) <0 on other N — n points;

DEFINITION 2.1. Let y : Z — R be a real function. If y(f) = 0 and y(zp —
1)y(to+ 1) < 0, then #¢ is a simple zero of y(z). If y(#y)y(to + 1) < 0, then

o toy(to+ 1) — (to+ 1)y(to)
y(to+1) —y(t0)

€ (to,t0+ 1)

is called a nodal point of y(z). The simple zero and the nodal point are called the simple
generalized zero of y(r).

Now, as a direct consequence of [35, Theorem 1], we could get the following
lemma.
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LEMMA 2.2. Suppose that (HI1) and (H2) hold. Then the following eigenvalue
problem

—Vip()Ay(1)] +4(t)y(t) = Ao(1)y(1), 1 €[0,N—=2]z, (2.1)
=) =yN-1)=0 (2.2)

has exactly N — 1 real eigenvalues [y + with

UN—n— < UN—p—t— < < U - <0< 4 <o < Up1 4, if o(N—1)>0,
(2.3)

or
PNt — <o <y - <O< gy <o <oy <My, f O(N—1)<0. (2.4)

Moreover, the eigenfunction y(n, i ), corresponding to the eigenvalue Ly, has ex-
actly k— 1 simple generalized zeros in [0,N —2].

Proof. If (N — 1) > 0, then by (H2), there exist exactly n — 1 points in [0,N —
2]z such that @(r) > 0 and N —n points in [0, N — 2]z such that @(r) < 0. Therefore,
the similar discussion of [35, Theorem 1] guarantees that (2.3) holds. If ®(N—1) <0,
then by (H2), there are exactly n points in [0,N —2]z such that @(¢) >0 and N —n—1
points in [0, N — 2]z such that @(z) < 0. Therefore, (2.4) holds. [

3. Characteristic polynomial and its properties

In this section, we try to look for the characteristic polynomial of the eigenvalue
problem (1.1), (1.2) and also discuss its properties which are essential to our main
results.

Let ¢(r,A) be the solution of the initial value problem

—Vip()Ae@)] +4q()e(t) —Ao@)e() =0,  1€[0,N-1]z, (.1
p(-1,A)=1, ¢(0,1)=1 (3.2)

and y(z,A) the solution of the initial value problem

“VIpAWO)] + g0 W) - Aoy =0,  1c[ON-1]z  (33)
w(—1,A)=0, w(0,1)=1. (3.4)

Then ¢(7,A) and y(r,4) are two independent solutions of (1.1). Now, multiplying
both sides of (3.1) by y(7,4) and multiplying both sides of (3.3) by ¢(z,A), and
summing from # = 0 to = N — 1, then subtracting these two equations, we get

W(N,A)Q(N —1,A) — y(N—1,A)p(N,A) = 1. (3.5)

Let y(t,A) = Cio(t,A) + Cow(t,A). Then y(r,A) is the general solutions of Eq
(1.1). By the boundary condition (1.2), we get

{Cl [@(N — 1,A) — eky |+ Cow(N — 1,1)
1

Ci[AQ(N —1,1) — krei®] + Cy[Ay(N — 1,

:07
A)

— eiakﬂ =0.
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It is well-known that y(7,A) is a nontrivial solutions of (1.1), (1.2) if and only if

(p(N_LA')_eiakl W(N_lvx’)

AQ(N — 1,7) — kaei® Ay(N — 1,2.) — ksei@| = - (3.6)

Setting
SA)=kso(N—1,1)+kAy(N — 1,A) —krw(N —1,A). (3.7)
Then, by virtue of (3.5), (3.6) and (3.7), we get
14 %% — e f(Q) = 0.
Therefore, we get the characteristic polynomial of (1.1) and (1.2) as follows,
F(A)=f(A)—2coso =0. (3.8)

For the sake of convenience, in the rest of this paper, we always suppose that if A,
is a double zero of F(A4), then we count A, twice. Now, let us discuss some properties
of the characteristic polynomial F(1).

LEMMA 3.1. Suppose that k3 > 0. Then:
(i) if k is an even number and o = 1, then F () > 0;
(ii) if k is an even number and o, # 0,7, then F () > 0;
(iii) if k is an even number, o0 =0 and Yy(N, U ) # k3, then F () > 0;
(iv) if k is an odd number and o = 0, then F () <0;
(v) if k is an odd number and o # 0,7, then F(u ) <0;
(vi) if k is an odd number, o = 1t and Y(N, lUy,y) # —k3, then F () <O0;
(vii) if k is an even number, o =0 and Y(N, Uy,y) = k3, then F () =0;
(viii) if k is an odd number, oo = 1t and WY(N, tv) = —k3, then F () = 0.

Proof. Obviously, (N — 1, ) =0. Then (3.5) converts to

W(Na.uk,v)(P(N_ la.uk,v) =1L (39)
Then, by (3.8) and (3.9), we get

F(Ury) =f(te,v) —2cosc

k3
=——+ky(N,U.y)—2coso
W(N7I-1k7v) 1‘//( .uk,v)
_kiy? (N piy) — 29 (N, g v) cos o+ k3 (3.10)

V/(Nnuk,v)
kslkiy(N, by y) — cos0t)? + k3(1 — cos® &)
‘I/(N»Ilk,v) .
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Then, in virtue of k3 > 0 and k1k3 = 1, we have

F(teyv) >0, if y(N,y)>0and o #0,m;

F(ugy) >0, if (N, ) >0and o = m;

F(ley) >0, if w(N,tey) > 0,y(N, fiy) # k3 and o = 0;
F(teyv) <0, if y(N,y) <0and o #0,m;

F(teyv) <0, if W(N,y) <0and o =0;

F(ley) <0, if w(N, tey) <0, (N, lig,y) # —k3 and o = 73
F(teyv) =0, if W(N,y) = ks and ot = 0;

F(.uk,v) =0, if y(N, .uk,v) =—kzand a = .

Since y(0, k) =1 and y(—1,y) = (N —1,y) =0, W(N, i) is posi-
tive or negative according to whether y/(z, ti ) has an even or an odd number of sim-
ple generalized zeros in the interval [0,N — 1). Therefore, when k is an odd number,
F(uxv) <0, and when £ is an even number, F (i) >0. O

REMARK 3.2. Since similar results can be obtained by substituting K for —K
under the case that k3 < 0, in the rest of this paper, we always suppose that

(H3) k3 > 0.

In fact, /%K = /") (—K) for o € (—7,0) and €*K = ¢/-™+®)(_K) for o €
(0, 7). Hence, the boundary condition (1.2) in the case of k3 <0 and ot £0,— 7T < @@ <
7, can be written as condition (1.2), where o is replaced by 7+ o for o € (—r,0)
and —m+ o for o € (0,7), and K is replaced by —K.

LEMMA 3.3. Suppose that q(t) =0 and (HI)-(H3) hold. Then:
(i) F(0) > 0 if and only if

N-1
—1

k3+ki—2cosa>ky Y, M;
s=0 p(s)

(it) F(0) =0 if and only if

N-1
p(=1)
k3 + ki —2coso = ko — >
Sgo p(s)
(iii) F(0) <0 if and only if
(=1

ky+k —2cosa < kp —.
1 2500
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Proof Let (t) =0. By (3.1)— (3.4), ¢(N —1,0) = Ay(N —1,0) = 1 and
YN —1,0) =YV I 2 ) . This implies that

s=0 17
N—1
p(=1)
F(0)=ks+k —2cosax—kp .
© 250

Therefore, the assertions (i)-(iii) hold. [

LEMMA 3.4. Suppose that (HI)-(H3) hold. If q(t) > 0 and q(t) 20 on [0,N —
1]z, then for each ky <0, F(0) > 0.

Proof. First, letus prove that ¢(N —1,0) > 1. We claim Ap(¢) >0, € {-1,0,---,
N — 1}. Suppose on the contrary, then there exists #y such that

fo = min{z|A@(r) < 0}.
Obviously, A@(7y) < 0. On the other hand, by (3.1),

Plto+1) = (1+W>

> (14 PO 0] i) - 2= g

= (1 + %) o(%)-

Since ¢(79) > 0 and p(zp) > 0, we get that Ap(¢y) > 0, which is a contradiction.
Now, we prove that (N —1,0) > 1. In fact, by the conditions ¢(t9) >0, A@(r) >
0 and (3.2), we get that there exists at least one point 7, € {0,1,---,N — 1} such that
A@(t.) > 0. Furthermore, by ¢(—1,0) =1, we get (N —1,0) > 1.
Second, let us prove that Ay(N —1,0) > 1. In fact, by (3.4), wy(—1,0) =0 and
Ay(—1,0) =1, we obtain

Ay(0,0) = %Aw(—how %w(om > %,
This implies that
Av(1,0) = %Aw@ﬁ) + %w(w) > %,
Similar, we get
AY(N—1,0)> %

Since p(—1)=p(N—1), Ay(N—1,0) > 1
Thus,

F(0) =k @(N —1,0) + ksAy(N — 1,0) —2cosot — kay(N —1,0) > 0. O
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REMARK 3.5. Actually, under the assumptions of Lemma 3.4, we know from the
proof of Lemma 3.4 that even if k; > 0, F(0) may also be greater than O as long as

kio(N —1,0) + ksAy(N —1,0) —2coso — k(N — 1,0) > 0.

Moreover, for any k; € R, it could be concluded that the following conclusions hold
for g(t) > 0 and ¢(r) 20 and k3 > 0.

(i) F(0)>0< kio(N—1,0)+kAw(N—1,0)—2cosct — kaw(N —1,0) > 0;
(ii) F(0)=0<kio(N—1,0)+kAy(N—1,0)—2cosa —kyy(N—1,0) =0;
(iii) F(0) <0< k(N —1,0)+ksAy(N —1,0) —2cosa — k(N —1,0) < 0.

However, these conditions on ki, k» and k3 are more difficult to verify. So, we use a
simple condition k, < 0 in Lemma 3.4 to guarantee F(0) > 0. It is worth to note that
the results of the existence of the eigenvalue are the same. On the other hand, since
the case that ¢(¢) = 0 is more difficult than the case that ¢(r) # 0, we always suppose
that ¢(#) = 0 in the rest of this paper. More precisely, we suppose that the following
assumption holds for the rest context,

(H4) q(r) =0.

From Lemma 3.3, we know that A = 0 will always be a zero of F (1) if and only
if

(HS) k3 +ki —2c0s0 = ky X! 20
holds. So, we will discuss that whether A = 0 is a simple zero or a multiple zero in this

case.

LEMMA 3.6. Suppose (HI)-(H5) hold. Then:

(i) if
N-2 N-2 1 N—1 s—1 1 N-2 N-2 1 s—1 p _1)
6200 2 ot 200 2 200 20 2 N O
(3.11)
then F'(0) < 0;
(ii) if
N-2 N-2 1 N—1 s—1 1 N-2 N-2 1 s—1 p _1)
6200 2 oyt 200 2t 200 20 2 N <0
(3.12)
then F'(0) > 0;
(iii) if
N-2 N-2 1 N—1 s—1 L N-2 ; N72L s—1 p(—l) _
b 2,00 2 oyt 2,00 2 oyl 2,000 2, 05 2, S5 =0
(3.13)

then F'(0) = 0.
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Proof. Firstly, we claim that
1

o(n,A) = AEw 2p1)+1, (3.14)

where, Q,(A4) satisfies: for 0<n <1, Qy(A)=0andforn>1, Q,(A) isa n degree
polynomial of A and its lowest degree is 2.
Now, we use the induction method to prove (3.14).
Step 1. Let n=1. Then by (3.1) and (3.2), we obtain that
®(0)
o(1,A) )Lp(O) +1,
this implies (3.14) holds for n=1.
Step 2. Let n=2. Then by (3.2), we get that

_ 000 ¢ s L
=T RO

this implies (3.14) holds for n = 2.
Step 3. Suppose (3.14) holds for 2 < n < k. Then by (3.1) and (3.2), we get that

@(k+1,1)
(1 A ) e g o1
o a59) o)
-k (Qk m-zgw(s)t_jﬁ“)
—011(A) x(1+p(§(;)l))§w( )i_jﬁ
A A 20l T o

k

=0r1(4 AE(D > él) +1

1=s

Here, O;1(A) isa k+ 1 degree polynomial of A whose lowest degree is 2. Therefore,
(3.14) holds.
Secondly, similar to the above proof, we get for

B o) | ol b L p()
vind)=h ’Lz( SR D +p<n—1>><”p<o>+ +p(s—1>)
1 1
+p(—1)<m+~--+p(n_l)>+1, ne{l,2,---},

(3.15)
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where, P,(1) satisfies: for 0<n <1, Q,(A)=0andfor n> 1, P,(4) is a n degree
polynomial of A and its lowest degree is 2.

Now, we use the induction method to prove (3.15).

Step 1. Let n=1. Then by (3.3) and (3.4), we obtain that

0 p-D)
o 0

w
1LA)=—-A
v(1,1) )

this implies (3.15) holds for n = 1.
Step 2. Let n=2. Then by (3.4), we get

_00eMA* . (00) 00) o) ol)p(-1)
VA == o) "<p<o> FORION p<1>p<o>)
1 1
+p(—1)<m+m>+l
~0(0)o(1)A?
= pO0p(1)
oS (ol | o) (s) p(=1) p(=1)
P2\ T e T U(l))(” 0) T +p(s—1>>
1 1
+p( l)(m+m>+l

This implies (3.15) holds for n=2.
Step 3. Suppose (3.15) holds for 2 < n < k. Then by (3.3) and (3.4), we get that

w(k+1,2)

_ plk—1)  o(k) pk=1)
_<1+ g ) )w(k,?t) PR

el o) . al) sl pe)
’“%(msﬁp(m)* U(k—l))(” FOR +p<s—1>)}

—"(If(;)” Pk_1<x>+p<—1>($+---+rkl_z))+l
Qe o) . el b1 s
szo(ms)*p(m)* +p<k—2>><” RO +p<s—1>)}
B Lol o) o)\ (. p(-1) p(-1)
‘P"*M>"L§0<p<s>+p<s+1> U(k))(” () +p<s—1>)
1 1
+p(—1)<m+ +M>+

where P, 1(A) is a polynomial of A and its lowest degree is 2. Therefore, (3.15)
holds.
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Finally, similar to the proof of (3.14) and (3.15), we could obtain the following
equation:

Ay (kL) =Hi(A) — A 2 o(s) (1 + ”IE(‘O;) ey p’;g:%) + p;(_k;). (3.16)

Here, H;(A) satisfies: for k < 1, Hy(A) =0 and for k > 1, Hi(A) is a k degree
polynomial of A and its lowest degree is 2.

Then, by (3.14), (3.15) and (3.16), it can be seen that

F(A) =k30(N — 1,A) + kiAy(N — 1,A) —kaw(N — 1,A) — 2cosax

N-2 N-2 N—1 s . -~
=Kn_1(A)—Ak3 2 o(s) Y ﬁ—kkl Z(‘)p(clo\/(—>l) <1+pp((01)>+...+ p(-1) )

t=s p(s—l)

5) . @) o(s) pD) . p(-D)
‘“‘2( ) s+1>+”+p<N—z>)<” p) +p(s—1>>' |
(3.17

Here, Ky_1(A) is a N — 1 degree polynomial of A and its lowest degree is 2. Now,
(3.17) implies that

, N2 N2 N () (1) (1)
FO ==k 206 2 -k X oy (” () +p(s—1>>
N2 o) | ofs) o(s) (1) (1)
"‘2%( ® Tpern Y (N—2>><” () " +p(s—1>)
o kNEZm( )N—2L+k Nilw()s_zlL_’_k NEZ(D( )N_st_zlp(_l)
T OV LT AW 4 TR AW L0y & ) )

Thus, if (3.11) holds, then F’(0) < 0; if (3.12) holds, then F’(0) > 0 and if (3.13)
holds, then F/(0) =0. O

REMARK 3.7. Let k = 0 in (3.11)-(3.13), then the left sides of these three in-
equalities or equations reduce to

N-2 1 N—1 s—1 1

M—’“Nf () 2 5 T 2, 000

S:

p2 117() (3.18)

Furthermore, if k3 = k; = 1, then by the assumption p(—1) = p(N — 1), we have

N-2 N-2

M= 00) 3% ot 3 00) 3

R

t=—1 p s=0

N—1

'z

% (3.19)

Combining this with the fact that p(r) > 0 on [—1,N — 1]z, we easily get three asser-
tions under the assumptions k3 =k; = 1 and k, =0:
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(i) if V-2 o(s) > 0, then F'(0) < 0;
(i) if V" w(s) <0, then F'(0) > 0;
(iii) if V-7 w(s) =0, then F'(0) =0.

These above three conclusions also have been obtained by Gao and Ma [37] (Lemma
2.1) for oo = 0. Therefore, Lemma 3.6 is more general than Lemma 2.1 of Gao and
Ma [37].

4. Main results

In this section, we demonstrate and prove our main results. From Lemma 2.2, we
know that @(N — 1) is greater or less than 0 will influence the number of the positive
and negative eigenvalues of the problem (2.1), (2.2), which in turn will influence the
number of the positive and negative eigenvalues of the problem (1.1), (1.2). Therefore,
we will demonstrate our main results into two cases: @(N —1) >0 and o(N—1) <0.
Moreover, for v € {+,—},letus use A(K) to denote the zeros of F(A) with ot =0,
A(—K)i,y to denote the zeros of F(A) with o =7 and A(e'*K)y , to denote the zeros
of F(A) with -t < a<mand a #0,7.

THEOREM 4.1. Suppose (H1)-(H4) hold, ®(N — 1) > 0 and

(H6) ky+ki—2>k ¥V ! PP(X;) .
Then, for oo =0, F(A) has at least two zeros A(K)i — and A(K)y 4 in (41—, 11 1),
and have exactly n—2 positive zeros in (U] +,°0) and have exactly N —n— 1 negative
zeros in (—oo, Ly _). Then these N eigenvalues can be ordered as follows.

(a) If N and n are both even numbers, then

PN—n,— S AK)N-n,— <UN-n—1,— <A(K)N-n—1,— SPUN-n-2,- SA(K)N-n-2,-
<UN-n—3~ < AK)N-n-3— - S AK)s- < ps - <A(K)3 - <o <A(K)2 -
<pi— <A(K)1- SOSA(K) 1+ < Mg <A(K)2p St SA(K)3 4 < 34
<A(K)a+ SMag <o S p-ar SAK)n-34 < Mp-3+ <AK)n—24+ < a2+
<l( )n—17+ <MHp-1+ < )L(K)nﬂr

(4.1)

(b) If N is an even number and n is an odd number, then

UN-—n,— <A(K)N—n,— SUN—n—1,—- SA(K)N-p—1,— <UN—p-2,— <A(K)N_pn—2—
SUN-—n-3,— SAK)N-pn-3,— - SAK)g- <p3 - <A(K)3_- <po- <A(K)2 -
<pi,- <A(K)1- SOSA(K) 1+ < Hig <A(K)o v < oy SA(K)34 < 34
<A(K)4+ < Haqt < Un—d g <AK)n—34+ < Un—3 4+ S AK)n—2+ < Up—2 +
QK1 <t 1y AR

) +

<
<

(4.2)
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(¢) If N is an odd number and n is an even number; then

UN-—n,— <A(K)N—n,— SUN-n-1,—- SA(K)N-p—1,— <UN-—pn-2,—- <A(K)N_p—2,—
SUN-—n—3,- SAK)N-pn-3,- < <SA(K)g - <3 <A(K)3- <pp - <A(K)y
<pi,- <A(K)1- SOSA(K) 14 < Mg <A(K)o 4 < oy S A(K)3 4 < 3¢
<AK)a+ SUs+ <o Slpar SAK) 34 <pn34 <AK)n—2,+ <ln-2+
SAK)n—1,+ < Hn—1+ < A(K)n+-

(4.3)

(d) If N and n are both odd numbers, then

UN-—n,— SAK)N-—n— <UN-n-1,- SAK)N_p-1,- <UN-n-—2,- SAK)N_p2,—
<UN-n—3, - <A(K)y-n-3- < <A(K)s - <pi3 - <A(K)3 - <plo - <A(K)2 -
<1, <A(K)1- SOSA(K) 1+ < i+ <A(K)o+ < o SA(K)3 4 < U3+
<AK)4+ <Ua+ <o Slp-a+ SAK) 34 <3+ <AK)n-2,+ <Hn—2+
SAK)pn-14 < -1+ <AK)p 4.

(4.4)

Proof. By Lemma 3.3, F(0) > 0. Combining this with Lemma 3.1, we get that
F(A) has at least two zeros A(K); — and A(K); 4+ in (u1 —, 1 +), which satisfy

M > A(K)1+ > 0> A(K) - > .

Now, our proof will be divided into two cases.

Case 1. N is an even number.

Case 1.1. n is an even number. Then n— 1 is an odd number and N —n is an even
number. By Lemma 3.1, we have

(i) F(A) has at least two zeros A (K)o and A(K)y1 4 in (Uog—1,.45Moks1,4)s
(k=1,2,---,%5%), which satisfy A(K)y+ < piok+ < A(K)2ir1,+-

(ii) F(A) has at least two zeros A(K)zj41,— and A(K)zj - in (H2j41,— H2j—1,-),
(j=1,2,--, 22 which satisfy A(K)2j11,- < foj— < A(K)2j—.

Now, we will prove that there exist at least one zero A(K), 1 of F(A) which
satisfies A(K),+ > Hn—1 + and at least one zero A(K)y—,,— of F(A) which satisfies
UN—n— < A(K)N—pn,— < Un—n—1,—. From (3.1)-(3.4), we get that

where A(A) is a polynomial of A with degree N — 1. Similarly, we could also get that
Oo(N—1,4) and y(N — 1, 1) are both polynomials of A with degree N — 1. Therefore,

F(A) =k3@(N — 1,A) + kyw(N,A) + (k; —ka)w(N — 1,A) —2cos
=(—1)"A(N)AN + B(A) —2cosa,
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where B(A) is a polynomial of A whose degreeis N — 1. Since N and n are both even
number and k; > 0 (according to (H3)), F(A) — +e as A — £eo. Meanwhile, since
n—1 is an odd number, according to Lemma 3.1, F(t,—1+) < 0. Therefore, F(A)
has at least one real zero A(K), 4+ with A(K),+ > W,—1,+. Since N —n is an even
number, we get that F(ty—,—) > 0 and F(tUy—,—1,—) > 0. Combining this with the
fact that lim, _, ., F(A) = +eo, we obtain that there exists another real zero A (K)y—n —
of F(A) with uy—p— < A(K)N-n— < UN—n—1,—.

Furthermore, as a N degree polynomial of A, F(A) has at most N real zeros.
Therefore, F(A) has exactly N real zeros. According to the above discussion, these N
eigenvalues satisfy (4.1).

Case 1.2. n is an odd number. Then n — 1 is an even number and N —n is an odd
number. By Lemma 3.1, we have

() F(A) has at least two zeros A (K)o and A(K)y1 4 in (Uog—1,.45Moks1,4)>
(k =1,2,--, % ) which SatiSfy 2’(I()2k7+ < Mok + < A(K)2k+l7+ .

(ii) F(A) has at least two zeros A(K)zj41,— and A(K)zj,— in (H2j41,—, H2j—1,-),
(j=1,2,---,%2=1) which satisfy A(K)2j41,- < toj,— < A(K)aj—.

Moreover, by the definition of F(1), we can see that F(A) — 4o0 as A — oo,
Combining this with the fact that F(u,—» ) < 0, we obtain there exists another zero
A(K)n+ of F(A) with A(K)u+ > Up—1+-

Furthermore, as a polynomial of A with degree N, F/(1) has at most N real zeros.
Therefore, F(4) has exactly N real zeros which satisfy (4.2).

Case 2. N is an odd number.

Case 2.1. n is an even number. Then n— 1 is an odd number and N — n is an odd
number. Similar to the discussion of Case 1, (4.3) holds.

Case 2.2. n is an odd number. Then n— 1 is an even number and 7 — n an even
number. Furthermore, similar to the which discussion of Case 1, (4.4) holds. O

As a direct consequence, we could get the following corollary.

COROLLARY 4.2. Suppose that (HI)-(H4), (H6) hold and o(N —1) > 0. If
A(K)k,y is a double zero of F(A) with oo =0, then either

(i) A(K)y=0;

or

(ii) A(K)x,y = Ui,y for some even i € {1,---max{N —n,n—1}}.

REMARK 4.3. In Theorem 4.1, if the strict inequality holds in (H6), then by
Lemma 3.3, the two principal eigenvalues A(K); ; and A(K); _ satisfy: A(K); 4 >
0>A(K)p—.

On the other hand, if the equation holds in (H6), i.e., (H5) holds, then the relations
between A(K)i 4, A(K);— and O could be determined by the conditions on k; (i =
1,2,3) and o in Lemma 3.6. Actually, if (3.11) holds, then A(K); - <0=A(K)] 4.
If (3.12) holds, then A(K); - =0 < A(K); 4. If (3.13) holds, then A(K);_ =0 =
AK)1 4 -
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So, in Theorem 4.1 and the following main results, we only give the non-strict
inequality for A (K) 4+, A(K)i— and 0.

Since all the proofs are similar to the proof of Theorem 4.1 with obvious change,
we only list other two main results, i.e., the result for F(A1) =0 with oo = 7 and the
result for F(A) =0 with a € (—m,0)U (0, 7).

THEOREM 4.4. Suppose that (H1)-(H4) hold, (N — 1) >0 and

(H7) ksthi+2> kXY 0,
Then, for o=, F(A) has at least two zeros A(—K)1 — and A(—K) 4+ in (U1 —, 1 +),
exactly n—?2 positive zeros in (U +,o°) and exactly N —n — 1 negative zeros in
(—eo, Uy, ). Moreover, these N eigenvalues can be ordered as follows.

(a) If N and n are both even numbers, then

UN-—n,— <A(=K)N-p— <UN-p-1,- SA(K)N_pn-1,- <UN-n-2—
<A(=K)N-n- 2,— SliN—n—&,— SA(—K)N-p-3,- <<z <SA(—=K)3 - <
<A(=K)a,- - SA(=K)1- SOSA(=K) 14 S+ SA(—K)2 s <o 4
<A(=K)3+ < c< Mt <A(=K)p34+ Stp-34+ SA(=K)p—2,4 < tn—2,+

(—K)

<A(—K n—1,+ XX < Un— 1+ < A‘(_K)n;i"
(b) If N is an even number and n is an odd number, then

UN—n— S A(—K)N-n— < UN—p-1— < A(—K )N n-1,— < UN—p—2,—

SA(—K)N-n2- <UN-n3 - <A(—K)N-pn3-<--<U3 - <A(—K)3 <t
K < e Lo €O% Tk € e € A <
<A(=K)3+ <+ Slp-at SAK)p34 <3+ <A(=K)n-2.4 < Up-2+
gz’( K)n L+ < Hp— 1+<A( )n,+-

(¢) If N is an odd number and n is an even number; then

UN—p— S A(=K)N-n— < UN—pn—1— < A(—=K ) Nen—1,— < UN—p—2,—
<A (—K)N-n— 27<IlN n— 37<7L(— )N 3 < SU3 - <A(—K)3 _<up
(=K)2— < A(—K)1 - A=K+ S+ SA(—K) 4 <o+
<A(=K)34+ <+ <lUp-ay < A( )n 34 Slp34+ SA(K)p24+ < -2+
<A(— K)n1+<#n1+ A(=K)n+

)

(d) If N and n are both odd numbers, then

UN—n,— < A(=K)N—p,— S UN-n—1,— S A(=K)N-n—1,— < UN—n—2,—

<A(—=K)N-p-2,— SUN-n-3 - SA(—K)N_p-3-<--- <3 _<A(—K)3_ <l _
<A(—K)y— <y - < A(_K)l,f SOSA(—K) 1+ St SA(—K) 4 <o
<A(—K)3+ <34+ < S Upoar SA(—K)p-3 4+ <Mp34 <A(=K)n—2+

SHp-24 < A(_K)n—l.,-&- < Hn-1+4 < )L(_K)HHW
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COROLLARY 4.5. Suppose that (HI)-(H4), (H6) hold and o(N —1) > 0. If
A(—K)y,y is a double zero of F(A) with oo = 1, then A(—K)y = Wiy for some odd
ie{l,---,max{N —n,n—1}}.

THEOREM 4.6. Suppose that (HI)- (H4) hold, (N —1) >0 and

(H8) Is+hy—2cosa >N ), ae (—7,0)U(0,7).

Then, for o € (—7,0)U(0,7), F(A) has at least two zeros A('*K), — and A(e"®K);
n (W1,—,U1+), and have exactly n—2 positive zeros in (U] +,°) and have exactly
N —n—1 negative zeros in (—eo, ity ). Then these N eigenvalues can be ordered as
follows

UN-—n— < A(E“K)N—p— <UN-n-1— <A(E“K)N-p1 - <pN-n2— < < U3
<A(eK)3- < po— < A(eK)a- <y < A(eK)1 - <O A(K) 14 < 14
<A(€“K)ay < potr <A(€OK)3 4 <M34 < < A(€K)p 2t < ln-2.+
<7L(eiaK)n,17+ < Hp—1,+ < A(@iaK)n’_t,_.

Based on Theorem 4.1, Theorem 4.4 and Theorem 4.6, we could obtain the inter-
lacing properties for the eigenvalues of (1.1), (1.2) as & changes as follows. Until now,
we know that the existence of the eigenvalues A(K);y, A(—K);, and A(e'“K);,
mainly depend on F(0) > 0. From (H6)-(HS), it is easy to see that if (H6) holds, then
(H7) and (H8) hold. Furthermore, F(0) > 0 for each o € (—m, 7). Therefore, in the

following discussion, we always suppose that (H6) holds for discussing the interlacing
properties of the eigenvalues.

THEOREM 4.7. Suppose that (HI)-(H4), (H6) hold and a)_(N— 1)>0.If N and
n are both even numbers, then the eigenvalues A(—K)iy, A(e'“K)y and A(—K)i,y
can be ordered as follows

UN—n— SAK)N—p— < A(“K)N-n— <A(—K)N-n— < UN-n—1,— <A(—K)N—pn_1-
<A(E“K)N-p-1- < A(K)anfl < N2 KAK)N-p-2— < A(“K)N-p-2.—
<A(=K)N-n-2- <UN-n-3— < A(€K)3,- < A(K)3- < pa— S A(K)a -
A(@OK)s_ < A(—K)a <u1,7 SA(—K)1- <A(9K)1 < A(K)1- <O<A(K)14
AMEK) 4 < AM—K)is < i1e < A(—K)as < AEK)s o < AK)ss < s
AK)s < AEK)s < A(—K)ss <ti3.e < < A(~K)y 2 < AE K)ot

(K)

(-

A AN AAN

A(K n—2,+ < Hp—2+ & < A(K)nflﬂr < A(eiaK)n717+ < 2f(_Kv)nfl,Jr < Hn—1,+
A(=K)ns < A (69K )s < A(K)ps-

N

Proof. We only need to prove that for v € {+,—},
A (K) 2t 1v] < A K)pp1,v] < [A(=K)2t-1v], (4.5)

and
A (=K)kv| < [A(€“K)atv] < [A(K) k- (4.6)
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At first, let us consider the value of F(A) at A = A(K)xy, A = A(e’®K);, and
A = A(—=K),y for different or. For the sake of convenience, let Fp—o(A) be the
value of F(A) at A for oo =0, Fy—z(A) be the value of F(A) at A for o« = 7 and
Foe(—z,0)u(0,x)(4) be the value of F(A) at A for o € (—7,0) U (0, 7).

(a) Let A = A(K)g,y. If ¢ =0, then Fy—o(A(K)g,y) = 0, which implies that

k3N —1,A(K),v) +kiAy(N — 1, A(K)iy) —kow(N — 1,A(K)ry) —2=0. (4.7)
By (4.7),if oo = &, then

Fa:n(A(K)k,v)
=k3@(N — L,A(K)xy) +kiAY(N = L,LA(K)iy) = koW (N — LA(K)ry) +2 (4.8)
=4>0.

If —m<a<mand o #0, then

Foe(—2,0)0(0,2) (A (K)kv)
=k3(N — 1,A(K)ry) + kiAY(N — L,A(K)iv) — koW (N — 1,A(K)xv) —2cos o
=2—2coso > 0.
(4.9)
(b) Let A = A(¢"“K)y. If o # 0,7, then Fye(_ro)u0,2)(A(e“K)y) =0,
which implies that
k@(N—1,A("“K)iy)+hkiAy(N—1,A(e“K )y ) koW (N—1,A(e"*K ).y ) =2cos cx.
(4.10)
By (4.10), if o =0, then
Fa—o(A(e“K)iy)
=k3@(N — 1,1(e"*K)1y) + kiAW (N — 1, A(e"*K)yy) — koW (N — 1,A(e"*K)y.y) — 2
=2cos0pn—2 <0, for some o # 0, .
(4.11)
If oo = &, then
Foar(A(e“K)iy)
=k3@(N — 1,1(e"*K)y) + kiAW (N — 1, A(e"*K)yy) — koW (N — 1, A (e"*K)y.y) +2
=2cos0p+2 >0, for some o # 0, 7.
(4.12)
(c)Let A =A(—=K)gy. If o =, then Fy—z(A(—K)g,v) =0, which implies that
k3N — LA(=K)rv) + kiAy(N — LA(=K)xv) —koy(N = LA (=K)gy) = —2.
(4.13)
By (4.13), if o =0, then
Fa:O(A(_K)k,v)
=k3@(N — L,A(=K)v) + kiAY(N — LLA(=K)ky) — koW (N — LA(=K)gy) —2
=—2-2=-4<0.
(4.14)
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If —r<oa<mand a#0, then

Foe(—n0yuo,m) A (—K)kv)
ks p(N — 1A (=K)i) + ki AW(N = 1,4 (=K)iy) — koW (N — 1, (—K)1.y) — 2cosx
=—2—2coso <O.
(4.15)
Second, we prove (4.5) and (4.6) in the case that v = 4. Meanwhile, we only dis-
cuss the relations of A (K)y 4 and A(e"*K)y . Other cases could be treated similarly.

Firstly, let us prove that A(K); + < A(¢’®K); . Suppose on the contrary that
AK)1+ = A(€“K)y 1. If A(K)j + = A(e"*K) +, then

Fuo(A(¢"K)1+) = Fa—o(A(K)14) =0. (4.16)
However, by (4.11), Fy—o(A(e’®K); 1) < 0. A contradiction. Therefore,
A(K) 1+ > A(eK) 4 (4.17)

Obviously, A(K); + > 0. Furthermore, by (H6), we get that the strict inequality in
(H8) holds. Then by Lemma 3.3, Fye(_z0)u(0,2)(0) > 0. Therefore, Remark 4.3 and
Theorem 4.6 imply that A (e'*K); + > 0, subsequently, A (K); 4 > A(e"®K); 1 > 0.
Now, by the fact that A(K); 4 is the first nonnegative zero of Fyp—o(A4), we have
Fou—o(A(e"*K); +) >0, which contradicts (4.11). Thus, A(K); + < A('*K); +.
Secondly, we claim that A (K)o + < A(e"*K)y_1 4 for k€ {2,---,"52}. From
Theorem 4.1 and Theorem 4.6, we get that

Mok + < A(€“K)ap—1 4+ < Mokt 4+ AK)2t—2,+ < Por—2+ < A(K) 21+ < Mokt ,+-

If Hox—2 + = A(K)zk_17+ , then it is obvious that A(K)zk_l’_;,_ < x(eiaK)zk_L_;,_. Now,
suppose that tpg_» 4 < A(K)2x—1 4. By Lemma 3.1, Fy—o(Uox—2,+) = 0, this combines
with Fy—0(0) > 0 implies that for each A € (A (K)a—2+,A(K)2x—1,4), Fa—=o(A) > 0.
However, by (4.11), when o = 0, Fy_o(A(e'*K)p—1+) < 0. Combining this with
l(eio‘K)gk,17+ > Wog—2.+, it is not difficult to see that A(K)zk,LJr < l(eio‘l()zk,LJr
for ke {2,---,"52}.

Thirdly, we prove that A(e/%K)y. < A(K)y~ for k € {1,2,---,“52}. From
Theorem 4.1 and Theorem 4.6,

Mokt < A(E“K)ar < Makrs  Mok—t,+ < AK)oks < Mokt < AK)oks14-

If o+ = A(K)x, then it is obvious that A(e"*K)y . < A(K)a+. Now, sup-
pose that A (K)o < Mok+. By Lemma 3.1, Fyu—o(lor,+) = 0, this combines with
Fy—0(0) > 0 implies that for each 4 € (A(K)a+,A(K)2kt1,4 ), Fa—o(A) > 0. Mean-
while, by (4.11), when ot =0, Fy—o(A (€K )21 +) < 0. Combining this with
A (K)o +< Hoi,+ » we could obtain that A (€K )pp <A (K)o + for ke {1,2,--+, 252},
Finally, we claim that A (¢'*K), + < A(K)p + . Suppose on the contrary that A (K), +
> A(e"®K),+. Since A(K),+ is the last zero of Fy_o(A) and Fy_o(A) — +eo as
A — oo, we know that Fy_o(A(e’®K),+) > 0. However, this contradicts (4.11).
Therefore, A (¢ %K)+ < A(K)p+. O
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THEOREM 4.8. Suppose that (HI)-(H4), (H6) hold and o(N — 1) > 0. Then the
eigenvalues A(—K )iy, A(e"*K)y and A(—K)yy can be ordered as follows.

(a) If N is an even number and n is an odd number, then
UN—n— < A(=K)Nop— < A(“K)N—n— < A(K)N-n— < UN—n—1—

SAK)N-n-1,— < A€ K)N-n—1,— <A(—K)N—p-1,— < UN-n—2—
SA(=K)N-n-2,- <A(e“K)N_p-2,— <A(K)N-p-2,- < UN-p-3— <+
<A(e“K)3 - < A(K)3- <o <A(K)p— < A(eK)p— < A(—K)p— <y -
SA(—K)1 - <A(e“K)| - <A(K)1 - <OSA(K) 1+ <A(e"K)i+ <A(—K)p+
<ty SA(=K)as < A(EK)s < A(K)as < tos < A(K)s4 < A(@K)s ¢
<A(—K)3 4 <34 < SAK)n2e <A(EK)p-2 4 <A(—K)p_2 4 <phn-2.+
SA(—K)po1,4 <A(€K )1+ <A(K)n1,+ <14+ SA(K)ny <A(€K)n+
<A(—K)p 4

(b) If N and n are both odd numbers, then

UN—n— < AK)Nn— < A" K)Nop— < A(—K)N—p— < UN—n—1—

SA(=K)N-n-1,- <A(EPK)N-p-1,— < AK)N-n—1,- < UN-n—2,
SAK)N-n—2— < A€ PK)y—p-2,— < A(—K)N-n-2— < UN-n—3— <+
<A(e“K)3 - < A(K)3- <o <A(K)p— < A(eK)p— < A(—K)p— <y —
SA(—K)1 - <A(e“K)| - <A(K)1 - <OSA(K) 1+ <A(eK)j+ <A(—K)p
<ty SA(=K)as < A(EK)s < A(K)as < to.s < A(K)sy < A(@K)s s
<A(—K)3 4 <34 < SAK)p2 <A(EK)p-2 4 <A(—K)p_2 4 <phn-2+
SA=K)n1, 4+ <A(EOK )1+ <A (K14 <14 SAK ) <A(€“K )+
<A(—K)p 4

(¢) If N is an odd number and n is an even number; then

PN—n— K A(—K)N-p— < A(€“K)N-n— < A(K)N-p— < UN—n—1,—
SAK)N-n—1,- < AK)N-n-1,- <A(—K)N-n-1,- < UN-n—2,-
SA(—K)N-n-2— <A(€“K)N-p-2,— <A(—K)N-n-2— < UN-n-3_ <"+
A(EK)s < A(K)s < o <A(K)r < A(€K)y < A(—K)a— < -
CA(—K) 1 <A(€K)1— <A(K)1 - <O<A(K)1s <A(@“K)1 4 <A(—K)1 4
Sy SA(=K)ay <A(€¥K)ay < A(K)ay <po g <A(K)s 1 < A(€“K)3 ¢
<A(—K)3 4 <34 < SA(K)po2 s <A(EVK )2 <A(K)p-2,4 <n-2,4
SAK)n—1.4 <AE“K)n 14+ <A(=K)n-14 <M1 SA(=K)ny <A(€K)n +
<A(K)n+
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Proof. The proof is similar to the proof of Theorem 4.7 with obvious change, so
we omit it here. [

Finally, we just list the interlacing properties of the eigenvalues of (1.1), (1.2) for
the case @(N — 1) < 0, since the discussion is similar to the discussion for @(N —1) >
0. The main difference between these two kinds of cases is the different number of the
positive and negative eigenvalues under these two cases.

THEOREM 4.9. Suppose that (HI)-(H4), (H6) hold and w(N — 1) < 0. Then
eigenvalues A(—K )iy, A(e"*K)y and A(—K)yy can be ordered as follows.

(a) If N and n are both even numbers, then

K)Non— < A€ PK)N-pn— < A(—K)N-n— < UN-n—1,— < A(—K)y—n_1—
ECK)Non1— <AK)N-n-1,— < tN-n2,— SAK)Np2— <A(“K)Npo

A(
<A(

A=KV~ S UN-n-3,- < < A(e¥K)3 - < A(K)3— <o < A(K)2 -
A(EUK )y < (K)o < i1 S A(—K)1 < A(69K)1_ < A(K)1— <0
A < MEK) e < AK) 1y <t SA(-K)as < MK ),
<A(K)a <oy SAK)s 4 <o <ppa g SAK)po14 < A(EK)n1 v
UK )n-14 < tno14 SA(=K)ny <A(EOK)n i < A(K)n s < M-

(b) If N is an even number and n is an odd number, then

K)Non— < A(eK)y-n— < AK)N-n— < pn-n-1- <AK)N_p_1—
K Np1 - < M—K)anq ~ < UN-n2 - KAK)N-p2 - <A(“K)N-pa—

A=
<A(
<A(K)N-n—2— < PUN-n-3— < < A(e"“K)3 - < A(K)3- < pa,— < A(K)2—
<A(¢9K)y_ < A(—K )27, <t SA(—K)1- < A(¢9K)1_ < A(K)1- <0
SAK)14 < A(€K) 1+ < A(=K)14 <ty SA(=K)2y <A(e¥K)ay
<A(K)py Spay SAK)s <o <pyay SA(=K)po14 <A(EK)u1 4
<AK)nt 4 < M1+ S AK)ns < A(EYK)nt < A(=K)nt < ot

(¢) If N is an odd number and n is an even number; then

K)Non— < A(eK)y-n— < AK)N-n— < pN-n-1— <AK)N_p_1—
K Np1 - < M—K)N e — <PN-n2— SA(K)Np2— <A(eK)yp2—

A=
<A(
AK)N-n2- <pn-n3- < <A(€UK)3 - <A(K)s - <o <A(K)a-
<A(eK)s— < A(—K )2.,— <t - SA(=K)1 - < A(¢K)i - < A(K)1 - <0
SAK) 14 < A(E“K) 1y < A(=K)1 o <pig < A(=K)2s <A(€“K)p s
<A(K)oy <o SAK)3 4 <o < ipoze SAK) o1+ < A€ K )po1.+
A(K)n-14 S 14 SAK)ns <A(E9K)nt < A(K)ns < -
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(d) If N and n are both odd numbers, then
AKIN-n— < A(€“K)N-n- <A(—K)N-n— <UN-n-1,- S A(—K)y_p-1-
<A(€“K)N-p1,- <AK)N-nt,— SUN-n2,— < A(K)Np2,— <A(€¥K)N-na,—
A(—K)N-n-2— < Hv-n-3- < - <A(EK)3 - <A(K)3 - < o~ <A(K)2 -
M@K ), < A(~K)o < - < A(—K)1- < A(K),- < A(K)1,- <0
(
(
(

NN AN

AK) 1y <A(E"K)1 4 < A(=K)1y <ty SA(=K)aq < A(€“K)ay
<AK)2p <oy SAK)3 4 <o <pyag SA(=K)po14 < A(E9K)noi 4
)L K)n 1+ X .un—l.,-'r S A([()n,Jr < ;L(eiaK)n,Jr < A(_I()n,Jr g .un,+~

A

REMARK 4.10. Until now, we only discuss the case that F(0) > 0. If F(0) <0,
we could also obtain the real eigenvalues of (1.1), (1.2). However, compared to the case
that F(0) > 0, we could only obtain that (1.1), (1.2) has at least N — 2 real eigenvalues,
similar to the case F(0) > 0, we also could obtain the interlacing properties for these
N — 2 real eigenvalues. For example, suppose that (H1)-(H4) hold and

(H9) ks +hi —2cosar < ky 3 20,

Then, by (H9), F(0) < 0. Furthermore, since F(u; ) <0 and F(u; ) <0, we
could not obtain two real zeros in ((; —, ; +) of F(A) as in the proof of Theorem 4.1,
Theorem 4.4, Theorem 4.6-Theorem 4.9, but other eigenvalues also exist and satisfy
the same interlacing properties in this case. This implies that we may lose the principal
eigenvalues for (1.1), (1.2).

REMARK 4.11. In this remark, we shall point out the relations of our problems
and the discrete left-definite problems. Define the Hilbert space X := {y|y: [-1,N]z —
C, and y satisfy (1.2)} with the inner product

N-1
(u,v) = Eu(t)ﬁ(m u,veX.
t=0
Then X is Banach space with the induced norm [|u|| = 1/X~"' |u(t)|?. Define L: X —

X by
Ly := =V (p(n)Ay(n)) +q(n)y(n).
Thenfor ye X and y #£ 0,

N—1
(Ly, y) Z V(p(1)Ay(1))y (1) + Z q(t)y(1)y(r)
N—1 N—1
= Y plt—1)y(1)Ay(r—1) Z pO)y(OAY()+ Y q(t)y(6)y (1)
=0 t=0
N-2 —1
y(t+1)Ay(r) Z pO)y(OAY(R) + Y q(t)y(6)y (1)
f=—1 t=—1 t=0

+p(=1)y(=DAy(=1) = p(N=1)J(N — Ay(N — 1).
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Combining the boundary condition (1.2) with the assumption p(—1) = p(N — 1), we
have

(Ly,y) Zp ) Ay( \2+Zq Oy @) P+p(—1)[F(—1)Ay(—1) =y (N—1)Ay(N—1)]
t=—1

N-2
=Y p0)|Ay(r \2+Zq (OO P+p (1) [(1—kiks) y (1) Ay(=1) —kika [y [*].

t=—1

Now, if g(t) 20 and ¢(r) > 0 on [0,N — 1]z, we could get a sharp condition for
(Ly,y) > 0. Thatis, kjk3 = 1 and k, = 0. This is only a special case of our Lemma
3.4. Therefore, the problem we discuss here is more general than the left-definite case.
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