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ON REAL OR INTEGRAL SKEW LAPLACIAN SPECTRUM OF DIGRAPHS

S. PIRZADA, HILAL A. GANIE AND BILAL A. CHAT

(Communicated by R. A. Brualdi)

Abstract. For a simple connected graph G with n vertices and m edges, let G bea digraph
obtained by giving an arbitrary direction to the edges of G. In this paper, we consider the skew

Laplacian matrix of a digraph 6 and we obtain the skew Laplacian spectrum of the orientations
of a complete bipartite graph, complete split graph and the join of two graphs. We prove that
deleting an edge of a Hamiltonian path in a transitive tournament does not effect the skew Lapla-
cian spectrum. We show the existence of various families of skew Laplacian integral digraphs.

1. Introduction

Consider a simple graph G with n vertices and m edges and having the vertex set
V ={vi,va,...,v}. Let 6 be a digraph obtained by assigning arbitrarily a direction
to each of the edges of G. The digraph G is called an orientation of G or oriented
graph corresponding to G. Also, the graph G is called the underlying graph of G.
Let & =d*(v;), d; =d (v;) and d; =d;" +d;, i=1,2,...,n, be respectively the
out-degree, in-degree and degree of the vertices of G . The out-adjacency matrix of the
digraph G is the n x n matrix A* :A*(E)) = (a;j), where a;; = 1,if (v;,v;) is an arc
and a;; = 0, otherwise. The in-adjacency matrix of the digraph 6 is the n X n matrix
A~ :A‘(g) = (aij), where a;; = 1, if (v},v;) is an arc and a;; = 0, otherwise. We
note that A~ = (A™)". The skew adjacency matrix of a digraph G is the n x n matrix
S= S(E)) = (sij), where

1, if there is an arc from v; to v},
sij = § —1, if there is an arc from v; to v;,
0, otherwise.

Clearly S (8) is a skew symmetric matrix, so all its eigenvalues are zero or purely
imaginary. For recent developments on the theory of skew spectrum, we refer to [ 1, 14].
— —
Let D" =D*(G) =diag(d; ,d ,....d;]), D- =D (G) =diag(d; ,d; ,....d;)
and D(?})) = diag(dy,dy,...,d,) be respectively, the diagonal matrices of vertex out-
—
degrees, vertex in-degrees and vertex degrees of G . Further, let AT and A~ be re-
— —
spectively, the out-adjacency and in-adjacency matrices of a digraph G . If S(G) is
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the skew adjacency matrix of G and A(G) is the adjacency matrix of the underlying
— —
graph G of the digraph G, then A(G) = AT+ A~ and S(G) = AT —A~. Analo-
gous to the definition of Laplacian matrix of a graph, Cai et al. [4] called the matrix
~ — ~ — — ~ — — —
SL(G)=D(G)—S(G), where D(G) =D"(G)—D (G), as the skew Laplacian
— — —

matrix of the digraph G . Clearly the matrix SL( G) is not symmetric and so its eigen-
values need not be real. The characteristic polynomial

— . .
Psl(G7X)=x”+a1x" +axX" 4 +a,

of the matrix 32(6) is called the skew Laplacian characteristic polynomial of the
digraph G . The zeros of the polynomial Psl(?}),x), that is, the eigenvalues of the
matrix 3‘2(6) are the skew Laplacian eigenvalues of the digraph G and are denoted
by Vi,Va,...,V,. The sign of the even cycle Cy = ujuy ... uzu;, denoted by sgn(Cy),
is defined as sgn(Cy) = 512523 ... Sk—1xSk1, Where s;; is the (i,j)"* entry of the ma-
trix SL. An even oriented cycle Gy is called evenly-oriented (oddly-oriented) if its
sign is positive (negative). If every even cycle in G is evenly-oriented, then G is
called evenly-oriented. An even oriented cycle Cy; is said to be uniformly oriented if
sgn(Cox) = (—1)k. The following observations are immediate from the definition of
SL.

THEOREM 1.1. [4]

(i) If vi,va,...,V, are the eigenvalues of :S’Z(E)), then Y v; =0.
i=1

(ii) 0 is an eigenvalue of :?Z(E)) with multiplicity at least p, where p is the num-
—
ber of components of G with all ones vector (1,1,...,1) as the corresponding
eigenvector.

n .
(iii) If Psl(a,x) =x"+ Y aix"! is the skew Laplacian characteristic polynomial of
i—1

1
—

digraph G, then ay =0, ay =m+ ¥, (d; —di_)(d;-r —d; ), a,=0.
<j ’

As usual, we denote the complete graph on n vertices by K, the complete bi-
partite graph on s+t vertices by K,; and the cycle on n vertices by C,. For other
undefined notations and terminology from graphs and spectral graph theory, the read-
ers are referred to [3, 17]. Evidently much research has been done on spectral theory
of skew matrices of oriented graphs, see [11, 14, 18, 19, 21], but the research on the
skew Laplacian spectrum of a digraph G has recently started and it will be of great
interest to develop the theory in this direction. Although the skew Laplacian matrix
of a digraph was so defined that it uses the structure of the digraph and at the same
time enjoys the same characteristics as possessed by the Laplacian matrix of a graph, it
seems the definition of SL uses the structure of the digraph, but not all the properties
of L(G) are possessed by SL. It is well-known that 0 is an eigenvalue of L(G) with
multiplicity equal to the number of components of G. In fact, the eigenvalue O in the
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spectrum of L(G) decides the connectedness of the graph G. This need not be true for

the matrix :?Z, as is clear from the following observation, the proof of which follows
from Theorem 2.1 in [20].

THEOREM 1.2. Let G be a bipartite graph and let G be the corresponding di-
graph of G. If G is an Eulerian digraph such that each even cycle of G is oriented
uniformly in 6 then the multiplicity of 0 in the spectrum of SL is same as the multi-
plicity of 0 in the spectrum of A(G).

Let K;.; be the complete bipartite graph with both r and s even. Orient the edges

of K, in such a way that in the resulting digraph G all the even cycles are oriented
uniformly. Since O is an adjacency eigenvalue of K, of multiplicity r+s— 2, from

Theorem 1.2, it follows that O is the skew Laplacian eigenvalue of G of multiplicity
r+s—2. For some recent papers on skew Laplacian spectrum, we refer to [2, 5, 9, 10].

A graph is said to be adjacency (Laplacian, signless Laplacian) integral if all of
its adjacency (Laplacian, signless Laplacian) eigenvalues are integers. Since there is
no general characterization (besides the definition) of adjacency (Laplacian, signless
Laplacian) integral graphs, the problem of finding (or characterizing) adjacency (Lapla-
cian, signless Laplacian) integral graphs has to be treated in some special classes of
graphs. Several papers can be found in the literature on the adjacency (Laplacian, sign-
less Laplacian) integral graphs. For some recent papers, we refer to [0, 7, 8, 12, 13, 15,
16] and the references therein. .

As is clear from the definition, the skew Laplacian matrix of a digraph G is not
symmetric and so its eigenvalues need not be real. The following problems will be of
interest in the theory of matrices which are not symmetric and have real entries.

PROBLEM 1.3. Which digraphs G have all skew Laplacian eigenvalues real.

PROBLEM 1.4. Which digraphs G have all skew Laplacian eigenvalues integers.

Although, like the case in graphs both these problems seem to be difficult for all
digraphs in general. However, in case we restrict to a special class of digraphs, we may
get an insight of the possible solution of these problems. In this paper, we will focus on
the above mentioned problems and show the existence of various families of digraphs
having real or integral skew Laplacian spectrum.

We call a digraph G real digraph if all its skew Laplacian eigenvalues are real and
a partial real digraph if some of its skew Laplacian eigenvalues are real. A real digraph
G is said to be skew Laplacian integral digraph if all its skew Laplacian eigenvalues
are integers.

The rest of the paper is organized as follows. In Section 2, we obtain the skew
Laplacian spectrum of orientations of complete bipartite graphs. We also show the ex-
istence of some families of skew Laplacian integral digraphs. In Section 3, we obtain
the skew Laplacian spectrum of transitive tournaments and show that deleting a partic-
ular edge does not change the skew Laplacian spectrum. In Section 4, we obtain the
skew characteristic polynomial of the orientations of join of two graphs in terms of the
skew characteristic polynomial of the parent digraphs. Also, we obtain the skew Lapla-



798 S. PIRZADA, HILAL A. GANIE AND BILAL A. CHAT

cian spectrum of orientations of complete split graphs. We also show the existence of
some families of skew Laplacian integral digraphs.

2. Skew Laplacian spectrum of oriented complete bipartite graphs

In this section, we obtain the skew Laplacian spectrum of the orientations of a
complete bipartite graph. We show the existence of various families of skew Laplacian
integral digraphs and skew Laplacian equienergetic digraphs.

A subset U of the vertex set V(G) is said to be an independent set if the subgraph

—
induced by the vertices in U is an empty graph. Let N =N* (v;) = {v; :viv; €EE(G)}
—
and N, =N~ (v;) ={v; :vjvi € E(G)}, be respectively, the set of out-neighbours and
—

in-neighbours of the vertex v; in G . Clearly, Nl-+ UN; = N;, the neighbourhood set of
the vertex v; and N;" NN, = 0.

The following lemma gives the information about the skew Laplacian eigenvalues

—
together with the corresponding eigenvectors, when G has an independent set with the
same set of neighbours.

LEMMA 2.1. Let G be a graph of order n having vertex set V(G) and let G be
an orientation of G. Let U = {v{,vy,...,v¢} be an independent subset of the vertex
set V(G) having the same set of neighbours in G. If N*(v;) is same for all v; €
U and N~ (v;) is same for all v; € U, then |N*(v;)| —|N~(vi)| is a skew Laplacian
eigenvalue of G of multiplicity at least k— 1 with the corresponding k— 1 eigenvectors
(1,-1,0,...,0,...,0), (1,0,—1,...,0,...,0), ..., (1,0,0,...,—1,...,0)".

Proof. Let G be an orientation of a graph G having vertex set

V(G) = {vi,v2, - s Viy Vi 15+, Vn }-
With out loss of generality, let U = {vy,v2,...,v} be an independent set in G and

S0 in G. Suppose that all the vertices in U have the same neighbourhood set, say
= {Vkt1,Vkt25---,Vs; in G. Let the edges be oriented so that N™(v;) is same for

all v; € U and N (v ,-) is same for all v; € U in G We label the rows and columns of
the matrix SL( G) in the same order as in V(G). Let X = (x1,x2,...,X,)" be an eigen-
vector corresponding to an eigenvalue v of SL(@). So SL(6) = vX. It can be eas-
ily seen that the eigenvalue |[N*(v;)| — [N~ (v;)| with corresponding eigenvectors X| =
(1,-1,0,...,0,...,0)", Xa=(1,0,—1,...,0,...,0)', ..., X_1 = (1,0,0,...,—1,...,0)
satisfy this relation. Since these (k— 1) eigenvectors are linearly independent, it fol-
lows that [N*(v;)| —|N~(v;)| is an eigenvalue of 3‘2(5}) with multiplicity at least k— 1
having the above mentioned (k — 1) vectors as corresponding eigenvectors. [J

Let M be a complex matrix of order n described in the following block form

Ay A -+ Ay

Ay Ay -+ Agg
M = . . . 5

Asl A.\'2 Ass
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where the blocks A;; are n; X n; matrices forany 1 <i,j <sand n=n;+...+ny. For
1 <i,j <s,let b;; denote the average row sum of A; ;. The quotient matrix B = (b;)
is an s x s matrix whose entries are the average row sums of the blocks A;; of M. If
each block A;; of M has constant row sum, the matrix B is called equitable quotient
matrix of M. We can find a relation between the spectrum of a complex matrix and its
equitable quotient matrix in the following theorem [22].

THEOREM 2.2. [22] The eigenvalues of the equitable quotient matrix B are the
eigenvalues of the matrix M, where M is the matrix described above.

Let Vi = {x1,x2,...,x-} and Vo = {y1,y2,...,ys} be the partite sets of K, with
n=r+s. We give different orientations to K,.; one by one. Let ﬁl be the orientation
when all the edges are directed from V| to V3, ﬁz be the orientation when all the
edges are directed from V, to Vi, ﬁ3 be the orientation when each x; € V| has same
out-neighbours N*(x;) in V5, ﬁ4 be the orientation when each y; € V, has same out-
neighbours N (y;) in V;. For Vi = U UU,U... U, let ﬁ5 be the orientation such
that N*(U;) = Vo,N~ (U;) = 0, for i = 1,2,...,¢ and N*( ) =0,N (U;) =V, for
i=t+1,....k. For Vi=U,UU,, V, =Us UU4, let H6 be the orientation such that
N+(U1)_U47N_(U1) U3,N+(U2) U37N_(U2)_U4 For Vi =U,UU,U...UU;
and Vo = W UWL U ...UW,, let H7 be the orientation with N*(U;) = W;, N~ (U;) =
Wiri—i, Nt (Wl)—UkH—uN (W) =Ui. . .

Now, we obtain the skew Laplacian spectrum of the digraphs H | and H .

THEOREM 2.3. The skew Laplacian spectrum of ﬁl is {s—r,0,s=1 (—p)ls=1}
—
and the skew Laplacian spectrum of Hy is {—(s—r),0,(—s)l=1 ps=11},

Proof. Assume that the edges are oriented in such a way so that all the edges
are oriented from V; to V,. Since V; is an independent set and the orientation ﬁl
is chosen so that, for all x; € Vi, we have N (x;) =V, and N~ (x;) = 0, therefore
from Lemma 2.1, it follows that [N*(x;)| — [N~ (x;)| = |V2| = s is a skew Laplacian
eigenvalue of ﬁl with multiplicity at least » — 1. Again, V, is an independent set
and the orientation ﬁl is chosen so that, for all y; € V;, we have N*(y;) =0 and
N~ (yi) = Vi. From Lemma 2.1, it follows that [NT(y;)| — [N~ (yi)| = —[Vi| = —r
is a skew Laplacian elgenvalue of H 1 with mult1p11c1ty at least s — 1. Since 0 is
always an eigenvalue of SL(H 1) and tr(SL(H 1)) = 0, it follows that the remaining
two skew Laplacian eigenvalues are 0,s —r. Thus, the skew Laplacian spectrum of ﬁl
is {s—r,0,s""1 (=r)b=1} | completing the proof of the first part.

The proof of the second part follows by using the fact that S‘Z(ﬁg) = —S‘Z(ﬁ 1),
see [2]. U

Now, we obtain the skew Laplacian spectrum of the digraphs ﬁg and ﬁ4.

THEOREM 2.4. The skew Laplacian spectrum of ﬁ3 is

{v17v27(2t_s)[r_l]’0 r[S 1] ( )t 1]}
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where vy and v, are the zeros of the polynomial p(x) = x> — (2t — s)x+rs —r> and
—
INT(x;)| =t. The skew Laplacian spectrum of H 4 is

{1V, (20 = )1 0,51 (=) 1T,

where vy and v, are the zeros of the polynomial p(x) = x*> — (2t — r)x+rs —s* and
INT ()| =1.
Proof. Suppose that the edges are oriented in such a way that all the vertices

X; € Vi have the same out-neighbourhood set N*(x;). With out loss of generality,

let N*(x;) = {y1,y2,---,%}. Then N~ (x;) = {ys+1,V142,---,Vs}- Since V; is an in-
dependent set, from Lemma 2.1, it follows that |[NT(x;)| — [N~ (x;)| =1 — (s —1) =
—

2t — s is a skew Laplacian eigenvalue of H 3 with multiplicity at least » — 1. Now,

NT(x;) is an independent set and the orientation ﬁg is chosen so that for all y; €
NT(x;), we have N*(y;) =0, and so N~ (y;) = V;. From Lemma 2.1, it follows that
INT ()| = |N~(yi)| = —|V1| = —r is a skew Laplacian eigenvalue of H 5 with multi-
plicity at least # — 1. Also, N~ (x;) is an independent set and the orientation ﬁg is

chosen so that, for all y; € N~ (x;), we have N (y;) = Vi, and therefore N~ (y;) = 0.
From Lemma 2.1, it follows that |[NT(v;)| —|N~(y;)| = |Vi] = r is a skew Lapla-
cian eigenvalue of ﬁg with multiplicity at least s —¢# — 1. Since 0 is always an
eigenvalue of S'Z(ﬁg), let vi,v»,0 be the remaining three skew Laplacian eigen-
value of ﬁ3 Using the fact that tr(ﬁ(ﬁg)) =0, we get v; + Vv, =2f—s. Again,
—~2 —

tr(SL (H3)) = 2 (d" —d;)? —2m, implying that v + v} = (2t —s5)? +2r> — 2rs.
Using the relation (v1 + vz) = V12 + v22 +2vyv,, we see that v; and v, are the zeros
of the polynomial p(x) = x?> — (2t — s)x + rs — r>. Thus, the skew Laplacian spectrum
of ﬁ3 is {vi,va, (2t — s)"=1 0, =1 (==Y where vy and v, are the zeros of
the polynomial p(x) = x* — (2t — s)x+ rs — r?, completing the proof of first part. The
second part can be proved in a similar way. [

The next result gives the skew Laplacian spectrum of the digraphs ﬁ5 and ﬁ().
THEOREM 2.5. The skew Laplacian spectrum of ﬁ5 is
{vi,v, sZi (i) - ]’(_s)[ i1 (UD=1 (g )[sfll’o}’

where Vi, Vv, are the zeros of the polynomial g(x) = x* — (a0 — s)x — s(ct +2|Uy| +
2|U£>_1‘ -2 t+1 \Ui|) and o =¥%_, | |Ui| — X'_ |Ui|. The skew Laplacian spectrum
of He is
{vi,va, v, (U= |Us)1, (U3 = ua) 0, ([0 = oD, (o= fon ) 141y,
where Vi, vy and vs are the zeros of the polynomial p(x) = x> — ax* +bx — ¢ with a =

2
2(1U1| = 1)(|Us] = U5]), b= % — [(IUll—le\)2+(|U4\—\Usl)z—(\Ul\HUzl)(\Uth
|U3|) |, 3¢ = [Ur]|Us|(|Us| = |Ui]) + U] |Us|(|UL| = |Us|) + |U2||Us| (|U2] — |U3])
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+ |02 ||Us|(|Us| = [Us]) — a|2(|U1| = |U2])? + 2(|Us| — |U3])* = 2(|U\| + U] ) (|Us] +
Us)) ~b].

Proof. Let Vi = U UU,U---UU;. Assume that the edges are oriented so that
NT(U;) = Vo,N~(U;) = 0, for i = 1,2, ,t and NT(U;) = O,N~(U;) = Vs, for i =
t+1,...,k. Since U;, i=1,2,....t,is an mdependent set, from Lemma 2.1, it follows
that |N+( )| — [N~ (U;)| = s is a skew Laplacian eigenvalue of H s with multiplicity

at least Z (|U;] — 1). Again, U; is an independent set for i =7+ 1, +2,... k, from

Lemma 2 1 it follows that |[N* (U, )| —|N~(U;)| = —s is a skew Laplacian eigenvalue
of Hs with multiplicity atleast Y, (|U;|—1). Further, V; is an independent set, from
i=t+1
Lemma 2.1, it follows that Y |U;| — 2 |U;| is a skew Laplacian eigenvalue of Hs
i=t+1 i=1

with multiplicity at least s — 1. This way we have obtained n —k — 1 skew Laplacian
—

eigenvalues of H 5. To find the other eigenvalues, we label the vertices of V) first and

then the vertices of V,. Under this labelling the skew Laplacian matrix takes the form

shoy - Oy xqu] Oy ix (vl Ownxjoe —Jjui|xs
B Owiixion] = STul Owixju] = Owxjud —Juy|xs
SL(Hs) = | O,y |xjui] = O ixlul =Sl = O xiud Jonixs | 5
Ouxjon] = Owiixiul Owilx (vl = —Sho I |xs
Joxiv) 0 sl sl 0 —sx(u

where B = (z§=t+l Uil — Xy ‘UIDIS-

The equitable quotient matrix of S'Z(FI)S) is

s -0 0 - 0 —g
0 -0 0 - 0 -—s
0 - s 0 - 0 —s
M=| 0 .0 _s ... o s | where a= Z |Ui|- Z\U\
i=t+1 i=
0 -0 0 - —s s
ULl - U] =|Ursa| -+ —|U|

Let P(x,M) = |xI;+1 — M| be the characteristic polynomial of M. Operating C; — C; +
Cy+ -+ Cryy in P(x,M) and then Cyyq — Cyyq — rCy in the resulting determinant,
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it can be seen that the characteristic polynomial of M is

X+ 0 e 0 =25
0 x+s -+ 0 =2
P(x,M) =x(x—s) ! : oL :
0 0 e x+s —2s
—|Urs1] =|Ursa| -+ = Ukl x— ot _,

Now, evaluating along first row repeatedly, we arrive at

k—2
P(X,M) :x(x_s)tfl(x_i_s)kft*l x2_ (a—S)X—S(OC+2|Uk| —|—2|Uk,1‘ -2 z ‘Ul‘)} .
=11

Since, by Theorem 2.2, any eigenvalue of M is an eigenvalue of :?74(?1)5), the result
follows for the first part.

2 n
For the second part, using the fact that [8] t7(SL") = —2m+ Y. (d;" —d;)?,
i=1

tr(SL) =

M=

(A —d; )+ 30y (Ho)—3mf (He) ~6 (1" (H)—1 (H)).
i=1

-
together with the Newton’s identities and proceeding similarly as in the case of Hs,
we arrive at the result. [

The skew Laplacian spectrum of the digraphs ﬁ7 can be computed as follows.

THEOREM 2.6. The skew Laplacian spectrum of ﬁ7 is
{vi,va, Vo (W = Wi DU, (Ui — o)W i = 1,2, kg,

where Vi,V ..., Vy are the eigenvalues of the matrix M given by (1).

Proof. Let Vi =UUUU...UU; and Vo = Wi UW, U...UW,. Suppose that
the edges are oriented so that N*(U;) = W;, N~ (U;) = Wir1—i, NT(Wy) = Uiy,
N~ (W;) =U;,fori=1,2,... k. Since U;, i=1,2,... k, is an independent set, so from
Lemma 2.1, it follows that [N (U;)| — |N~(U;)| = |Wi| — [Wiy1_4| is a skew Laplacian
eigenvalue of ﬁ7 with multiplicity at least |U;| — 1. Again, W; is an independent set for
i=1,2,...,k, so from Lemma 2.1, it follows that |[N*(W;)| — [N~ (W;)| = |Ups1_i| —
|U;| is a skew Laplacian eigenvalue of ﬁ7 with multiplicity at least |W;| — 1. This
way we have obtained n — 2k skew Laplacian eigenvalues of ﬁ7. To find the other
eigenvalues, we label the vertices of V| first and then the vertices of V,. With this
labelling the skew Laplacian matrix takes the form

s =(9).
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where P:diag(&lal,c?zlaz,...,5klak), 6i = |VV,| — |Wk+l—i" o = ‘Ui|, Szdiag(yllﬁl,
’]/21ﬁ27...,’]/k1|ﬁk), Y = |Ugs1-i| — Ui, Bi = W], for i=1,2,...,k and

—Jo x By 0061 xfBa 0061 xBs T 0061 xBr-1 Joy x By
00€2Xl31 _‘]062XI32 0061 xBs T JO‘ZXﬁk—l 00€2Xl3k
0= . . . . . .
Oy xB1 Jou 1%y Oy yxps oy 1By Doy <Py

JO‘kXﬁl Oakxﬁz 005k><ﬁ3 Oakxﬁk—l _‘]Okaﬁk k

The equitable quotient matrix of 3‘2(?[2) is

(A O
- (58).

where P; :diag(51,52,...,5k), S Zdiag()/l,’)/z,...,’)/k) and

_ﬁl o --. 0 ﬁk -0 0o --- 0 (078
0 —B- B1 O 0 - g1 O
o= : ... | o= .
0 B =1 O 0 o -—og_1 O
B 0 - 0 —f o 0 - 0 —o

Since, by Theorem 2.2, the eigenvalues of M are the eigenvalues of :S’Z(ﬁﬂ , it follows
that the remaining 2k eigenvalues are given by the matrix M. [

N
Let G be an orientation of a complete k-partite graph K, ,, .., . Using the same

. . . -
procedure as in the above theorems, we can obtain the skew Laplacian spectrum of G
for various orientations. The following observation is immediate from Theorem 2.3.

THEOREM 2.7. The digraphs ﬁl and ﬁg are skew Laplacian integral digraph.
The next observation follows from Theorem 2.4.
THEOREM 2.8. The digraph ﬁ3 is skew Laplacian integral digraph, provided
QIN*(x)| = |Va|)? = 4(IV1||Va| — [V1|?) is a perfect square. In particular; if |Vi| = |V,
— —
then H 3 is always skew Laplacian integral digraph. The digraph H 4 is skew Lapla-
cian integral digraph, provided (2IN*(y))| — |Vi|)? — 4(|Vi||Va| — |V2|?) is a perfect
—
square. In particular, if |V\| = |Va|, then H 4 is always skew Laplacian integral di-
graph.
Now, we have the following result which follows from Theorem 2.5.

THEOREM 2.9. The digraph ﬁ5 is skew Laplacian integral digraph, provided
—
(00— [Va|)? — 4| Va|(4|Uy_1| +4|Ur| — [V1|) is a perfect square. The digraph H g is skew
Laplacian integral digraph, provided all the zeros of the polynomial p(x) = x> —ax® +
. (12
bx—c with a=2(|U1| = 1)(Us] = [Usl), b= 5 = [(U1] = [Ua])? + (1Us] - |U31)? -
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([U1|+[U2])(|Us] + \U3\)}’ 3c=|Ui||Us|(|U3| = |Ui|) + U\ [|Us|(|U1 | = |Us|) + | U2 || U3
(1021 = Us]) + |U:[Us] (U] = 1U21) = a[2(U1] = |U21)® + 2(|Us] = |U3])2 = 2(|03 | +
|U»|)(|Us| +|U3]) —b] are integers.

The next observation follows from Theorem 2.6.

THEOREM 2.10. The digraph ﬁ7 is a skew Laplacian integral digraph, provided
all the eigenvalues of the matrix M are integers.

3. Skew Laplacian spectrum of transitive tournament

In this section, we obtain the skew Laplacian spectrum of a transitive tournament.
We show by deleting a particular edge in a transitive tournament does not alter the skew
Laplacian spectrum. Let K, be a complete graph on n vertices. Any orientation of K,
is said to be a tournament. If v; — v; is an arc in a tournament, the vertex v; is said to
dominate the vertex v;. For three vertices u, v and w in a tournament, if v dominates
u and u dominates w implies v dominates w, for all u,v,w in the tournament, the
tournament is said to be a transitive tournament. We denote a transitive tournament of
order n by 7,. The following theorem determines the skew Laplacian spectrum of a
transitive tournament.

THEOREM 3.1. The skew Laplacian spectrum of a transitive tournament T,, of
order nis equalto {£(n—2j): j=1,2,3,...| 5]}, or {0,£(n—-2j): j=1,2,..., 5],
according as n is even or odd.

Proof. Let T, be a transitive tournament on n vertices having vertex set V(7,,) =
{vi,va2,...,v,}. With out loss of generality, we orient all the edges incident on v in
the direction away from vy, all the edges incident at v, in the direction away from v,,
except the edge viv, which is already oriented, and in general all the edges incident at
v, 2 < k < n, in the direction away from vy, except the edges vivg,vavi,...,Vk—1Vk
which are already oriented. If we label the rows and columns of S‘Z(Tn) in the same
order as in V(T,,), then it can be seen that the skew Laplacian characteristic polynomial
of T, is given by

x—(n—1) 1 L - 1 1
1 x—(-3)1 - 1 1
Py (T, x) = : : S :
1 1 —1-x+(@m-3) 1
1 1 1 -1 x+(m—1)

Operating C; — C;+Cp +---+C, and then C; — C; — Cy, for i =2,3,... n, we get
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1 0 0 0 0
lx—(n—2) 0 0 0
-2 x—(n—4)-- 0 0
Pa(Tn %) = x| . : : :
1 =2 -2 - x+(n—4) 0
1 =2 -2 - =2 x+(n-2)

Itis now clear that the skew Laplacian spectrumof 7, is {+(n—2j):j=1,2,3,...| 5]},
when 7 is even and equal to {0,%(n—2j): j=1,2,...,|5], when n is odd, complet-
ing the proof. 0

Let vi — vy — --- — v, be a Hamiltonian path. Further, for i =1,2,...,n—1, let
e = v;vj41 be an arc in a transitive tournament 7;,. Let 7,, — e be the digraph obtained
by removing the arc e = v;v;;| from 7. The following result gives the skew Laplacian
spectrum of digraph 7, —e.

THEOREM 3.2. Fordigraph T, — e defined above, the skew Laplacian spectrum is
equalto {+(n—2j):j=1,2,3,...[5]|}, or {0,£(n—2j): j=1,2,...,|5], according
as n is even or odd.

Proof. Let T, be a transitive tournament on n vertices having vertex set V(7,,) =
{vi,va,--+,v, }. With out loss of generality, we orient all the edges incident on v in
the direction away from vy, all the edges incident at v, in the direction away from v;,
except the edge v;v, which is already oriented and in general all the edges incident at
vk, 2 < k < n, in the direction away from vy, except the edges vivg,vavi,...,Vk—1Vk
which are already oriented. Let 7, — e be the digraph obtained by removing the edge
e =viviy1 from T,. With out loss of generality, suppose that e = v;v,. If we label the
rows and columns of SL(7,, —e) in the same order as in V(7,), it can be seen that the
skew Laplacian characteristic polynomial of 7, — e is given by

x—(n-2) 0 | 1
0 x—(m-2) 1 - 1 1
-1 -1 x—(m-5)-- 1 1
Ps‘l(Tn_eax) = . . .
~1 1 “1 x4 (m-3) 1
-1 -1 -1 - =1 x+(n-1)

Operating C; — C;+Cp +---+C, and then C; — C; —Cy, for i=3,4,... n, we get

1 0 0 0 0

lx—(n—2) 0 0 0

I 2 x40 0
Pvl(Tnax) =X . . . .

1 2 2 .xf(n—-4) 0

1 2 2 . 22 xt(n-2)
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Clearly the skew Laplacian spectrum of 7, —e is {£(n—2j): j=1,2,3,...[5]}, when
n is even and equal to {0, +(n—2j):j=1,2,...,[5], when n is odd, completing the
proof. [

Theorem 3.2 shows that by deleting any arc in a Hamiltonian path of a transitive
tournament 7,, does not effect the skew Laplacian spectrum. So, the digraphs 7, and
T, — e are always non-isomorphic skew Laplacian cospectral digraphs. Theorems 3.1
and 3.2 together imply the following result.

THEOREM 3.3. The transitive tournament T, and the digraph T, — e obtained
from T, by deleting an arc in a Hamiltonian path are skew Laplacian integral digraphs.

It is clear that all the skew Laplacian eigenvalues of a transitive tournament 7,
are even integers when n is even, and odd integers when n is odd. Moreover, the
eigenvalues are symmetric about the origin, a property similar to the property enjoyed
by the bipartite graphs with respect to the adjacency spectrum.

4. Skew Laplacian spectrum of join and complete split digraphs

In this section, we obtain the skew characteristic polynomial of the orientations
of join of two graphs in terms of the skew characteristic polynomial of the component
digraphs. Also, we obtain the skew Laplacian spectrum of the orientations of the com-
plete split graph. We show the existence of some families of skew Laplacian integral
digraphs. The join (complete product) of G; and G, is a graph G = G;V G, with
vertex set V(G)UV(G,) and an edge set consisting of all the edges of G| and G
together with the edges joining each vertex of G| with every vertex of G,. Let (7;
and (7; be orientations of G| and G, respectively. Let 6 = (7{ — 5; , be the digraph
obtained by taking union of digraphs (7{ and (7; and joining each vertex v in (7{ with
every vertex u in (72) by an arc directed from v to u. It is clear that the underlying
graph of G is the join of G| and G.

Recall that a square matrix is said to be diagonalizable if it is similar to a diag-
onal matrix. Since the skew Laplacian matrix :?Z(E)) of a digraph is not symmetric,
therefore it need not be diagonalizable. For example, the skew Laplacian matrix of
the orientations of a k-matching G = kfz is not diagonalizable, as it is a nilpotent
matrix. We call a digraph G diagonalizable if its skew Laplacian matrix is a diagonal-
izable matrix.

— — —

Now, we obtain the skew characteristic polynomial of the digraph G = G; — G,
in terms of the skew characteristic polynomial of the digraphs a and (72)

THEOREM 4.1. Let 51) and 55 be diagonalizable digraphs of order ny and no,
— = —
respectively. If G = Gy — Gy, then

— x(x—nay+ny)

Pu(Gx) = Pu(Gy )Py (Ga,x+ 1)
sl ,X) = (x+n1)(x_n2) sl 1,X—Nnp)rg 2,X ny).
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Proof. Fori=1,2,let SL( ;) be the skew Laplac1an matrix and Psl(a,x) be the
skew characteristic polynomial of the digraph G having order n;. Let G G1 — G2

With out loss of generality, we can label the vertices of G so that its skew Laplacian
matrix can be put into the form

S'\I:(E}) — n2ln1 +SL(G1) Jn1><n2
Ty SL(Ga) —nily,

where Jy,, xn, 18 an all one matrix.
It is well known that e,, = (1,1,...,1)", the all ones vector of order n;, is an

eigenvector corresponding to eigenvalue O of SL(a-). Let x be a vector orthogonal
to ey, , satisfying :?Z(a)x = Ax. Taking X = (g) and using —Jy, xn,x = 0, we have

S‘Z(E))X = (np + A)X. This shows that n, + A is an eigenvalue of 3‘2(8) corre-
~ —
sponding to the eigenvalue A of SL(G;). Let y be a vector orthogonal to ey, , satis-

fying ﬁ(@))x = Ax. Taking ¥ = (S) and using J,,, <,y = 0, we have S‘Z(E))Y =

(A —np)Y. This shows that A —n; is an eigenvalue of 3‘2(5}) corresponding to the
eigenvalue A of :?2(52}) Since the matrices SL(Gl) and SL(GQ) are diagonalizable
implies that the multiplicity of the eigenvalue p; of SL(_;) will be the multiplicity of
the eigenvalue n; + p; of 3'2(6), where 1 <i# j<2. Thus, in this > way, we get
ny +ny — 2 eigenvalues of 3‘2(6) . The equitable quotient matrix of SL( G)

M= ("2 _”2).
nyp —nj

Since the characteristic polynomial of M is x(x+n; —ny) and by Theorem 2.2 any
~ —
eigenvalue of M is an eigenvalue of SL( G ), the result follows. [

Let G = G1 — G2 be the dlgraph obtained by taking the union of digraphs G 1 and

G2 and joining each vertex v in G1 with every vertex u in G2 by an arc directed from
u to v. Proceeding similarly as in Theorem 4.1, we arrive at the following observation.

THEOREM 4.2. Let 51) and 52) be diagonalizable digraphs of order ny and na,
- = —
respectively. If G = G| < Gy, then

— x(x—ny+ny)

Py(G x) = Py(G1,x+m2)Py(Ga
o1t ’x)_(x+n2)(x—n1) (G1,x+nm2)Py(Go,x —ny).

Next we construct skew Laplacian integral digraphs from a given pair of skew
Laplacian integral digraphs.

THEOREM 4.3. Let 51) and 52) be diagonalizable digraphs of order ny and no,
— — — —
respectively. Then the digraphs G| — G, and G < Gy are skew Laplacian integral if
— —
and only if both the digraphs G and G, are skew Laplacian integral.
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Proof. If v;,0, for i =1,2,...,n; — 1, are the skew Laplacian eigenvalues of Gy,
and &;,0, for i=1,2,...,n, — 1, are the skew Laplacian eigenvalues of G,, then from
— —

Theorem 4.1, it is clear that the skew Laplacian eigenvalues of G; — G, are

Vi+ny, & —ny,mo—ny, 0, i=1,2,....0n— 1, k=1,2,...,np— 1.

Similarly, from Theorem 4.2, the skew Laplacian eigenvalues of (7; — 5; are
Vi—na, E+np,np—np, 0, i=1,2,....0n— 1, k=1,2,...,np— 1.
The result now follows. [J

EXAMPLE 4.4. Let T, and T; respectively be transitive tournaments on r and
s vertices, with 7+ s = n, where both r and s are odd. Let 7, —e; and Ty —e; be
the digraphs obtained by deleting the arcs e; = v;v;11 and e; = u;u; 41 respectively
from the Hamiltonian paths in 7, and 7;. Since for odd natural number /, the skew
Laplacian eigenvalues of the transitive tournaments 7; and 7; — e, where e is an arc
in a Hamiltonian path in 7; are distinct, it follows that their skew Laplacian matrices
are diagonalizable. Consider the digraphs 5; =T — T, 5; =T, — Ty —ej, 5; =
T —e — Ty, 5:; =T, —e; — Ty —e;. Using Theorems 3.1, 3.2 and 4.1, it follows that
all these digraphs are skew Laplacian integral digraphs.

_
EXAMPLE 4.5. Let K1 ,_; be an orientation of a star on r vertices, when all
the edges are directed away or towards the root vertex v; and let 7 be a transitive
tournament on s vertices with r+s = n, where s is odd. It is clear from Theorem
2.3 that the skew Laplacian matrix of K ,_; is a diagonalizable matrix.Now, using
— —
Theorems 2.3, 3.1, 3.2 and 4.1, it follows that each of the digraphs G| = K ,_1 —
— — — — — —
Iy, G = Ky, 1 —Ti—ej, G3= Ky, 1 < T, G4 = Ky, | — Ty —e; are skew
Laplacian integral digraphs.

EXAMPLE 4.6. Let T,,, T,, and T, be transitive tournaments respectively on
1,72 and r3 vertices with r{ 472 +7r3 =n, where r; is odd for i =1,2,3. Let 7,, —¢;,
T, —ej and T, — ¢, be the digraphs obtained by deleting the arcs e¢; = v;vi1 1, ej =
uiuir1 and e = wywyy from the Hamiltonian paths respectively in 7;,, T,, and T,,.

— — —
Consider the digraphs G| =T, — (T,,UT,,), Go =T, — (T}, —¢;UT,,), Gz =T, —
— —
(T, U_z“a —e), Go=Ty — (T, —€jUT—e), Gs =T, —ei = (I, —¢; UT,; —
— —

ek), Gg = Trl —e; — (TVZUT,«3 —ek), Gy = Trl —e; — (Trz —EjUTr3), Gg = Trl —eé —
(T,2 U T,3) . Using Theorems 3.1, 3.2, 4.1 and 4.2, it follows that each of these digraphs
are skew Laplacian integral digraphs.

If K, is the complete graph on r vertices and K, is an empty graph on s vertices
with r+s = n, the graph C(r,s) = K, V K, is called the complete split graph. The
following theorem gives the skew Laplacian spectrum of some orientations of C(r,s).

THEOREM 4.7. Let 8 be an orientation of the complete split graph C(r,s) and
let vi,va,...,v,_1,0 be the skew Laplacian eigenvalues of K, .
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(1). If G is obtained by orienting the edges in K, in such a way that its skew
Laplacian matrix is diagonalizable and the edges between K.V K directed from K,
to K, then the skew Laplacian spectrum of G is (Vits, (=) s—ro: i=
1,2,...,r—1}.

(2). If G is obtained by orienting the edges in K, in such a way that its skew
Laplacian matrix is diagonalizable and the edges between K, \ K directed from K to
K, then the skew Laplacian spectrum of G is {vi—s, A 50 i=1,2,...,r—
1}.

(3) If V(Ks) = UiUUz and N* (Uy) =V (K;),N~ (U1) =0,N* (U2) =0,N~ (U2) =
V(K,), then the skew Laplacian spectrum ofE) is {vi+ (|Us| — Uy ), rIOV =1 (—p)li021=1]
0,x1,x2:1=1,2,...,r — 1}, where x,x, are the zeros of the polynomial g(x) = X -
(1| = U [)x =12

(4). If V(K;) =U UUL,UU3U---UU; and NT(U;) =V (K,),N~(U;) =0, for i =
1,2,...,t and N*(U;) =0,N~(U;) = V(K;), for i=t+1,....k, then the skew Lapla-
cian spectrum of G is {vi+3k U -3, U, rIZi U1 (_r)[zf'(:w1 Uil=11 o,

X1,X i =1,2,....r— 1}, where x1,x, are the zeros of the polynomial g(x) = x* —
(ot =r)x—r(a+ 20| +2|U 1| = 2377 U)o =Sy [Ui] = iy U

Proof. Proofs of part 1 and 2 follow from Theorems 4.1 and 4.2 and the fact that
all the skew Laplacian eigenvalues of K are zeros.

(3). Suppose the edges in K, be oriented in such a way that its skew Laplacian
matrix is diagonalizable. Let V(K) = U; UU,. With out loss of generality, we ori-
ent the edges between K, and K, in such a way that N*(U;) = V(K,), N~ (U;) =
0, Nt (Up) =0,N" (Uy) = V(K,). Since U is an independent set, from Lemma 2.1, it
follows that |[N*(U;)| — [N~ (U,)| = r is a skew Laplacian eigenvalue of G with mul-
tiplicity at least |U;|— 1. Also, U, is an independent set, from Lemma 2.1, it follows
that [N (U)| — [N~ (U,)| = —r is a skew Laplacian eigenvalue of G with multiplicity
at least |Up| — 1. To find the other eigenvalues, we label the vertices of K, first and
then the vertices of K. Under this labelling the skew Laplacian matrix takes the form

. Moy O xjoal =i .
SL(G) = O\U2|><\U1\ =Ly, Jjoy|xr |, Where B=SL(K,)+|Us| — |Ui]

Jxiuy —Irx ||

Since e, = (1,1,...,1), the all ones vector of order r is an eigenvector corresponding
~ — ~ =

to eigenvalue 0 of SL(K;). Let x be a vector orthogonal to e,, satisfying SL(K,)x =
0

Ax. Taking X = [ 0 | and using —Jiuy X = 0, Jjp, )X = 0, we have
X

~ My Oy jxjvs) o)< (O
SL(G)X = | Oy —Hwy) Jiusixr | | 0] = (A +|02] = U)X
Jexio)) —Irxjpy) B x
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This shows that A + |Ua| — |U, | is an eigenvalue of S’Z(?})) corresponding to the eigen-
~

value A of SZ(I?;) The equitable quotient matrix of SL(G) is

r 0 —r
M=| 0 —r r
U] =|0a] |Ua] = U

Since the characteristic polynomial of M is x(x> — (|Us| — |U;|)x — #?) and, by Theorem
2.2, any eigenvalue of M is an eigenvalue of :S’Z(E)), the result follows.

(4). Assume that the edges in K, are oriented in such a way that its skew Laplacian
matrix is diagonalizable. Let V (K;) = Uy UU, UUs - - - UU; . With out loss of generality,
we orient the edges between K, and K; in such a way that N*(U;) =V (K,),N~ (U;) =
0, fori=1,2,....t and N*(U;) =0,N~(U;) =V(K,), for i=1+1,...,k. Since U;
is an independent set for i = 1,2,...,¢, from Lemma 2.1, it follows that |N*(U;)| —
I[N~ (U;)| =r is a skew Laplacian eigenvalue of G with multiplicity at least _, (|U;| —
1). Also, for i =t+1,...,k, U; is an independent set, from Lemma 2.1, it follows that
INT(U;)| — [N~ (U;)| = —r is a skew Laplacian eigenvalue of G with multiplicity at
least Y, (|Ui| — 1). To find the other eigenvalues, we label the vertices of K, first
and then the vertices of K. Under this labelling the skew Laplacian matrix takes the
form

My Oyxul Ouix vl - Oonixiud —Joyxr
. O xon = ul  Owilxiual  Owlxjwd —Jui|xr
SL(G) = | O yxjvn) = O lxiwel —"iugal = O ixlud oy |

Owixon| = Ot Owxjven) = =Mooy xr

i) Iexqu v 0 Il B

e
where B = SL(K,) + (Ziyy. [Ul = Sy [UH ) .
Since e, = (1,1,...,1)", the all ones vector of order r is an eigenvector corre-

sponding to eigenvalue 0 of SL(I?:). Let x be a vector orthogonal to e,, satisfying
0

— 0
SL(I?;)x = Ax. Taking X = | . [ and using —J|y;x,x = 0, Ji;|,x = 0, we have
X
SRR k t
SLG)X =+ Y U] — S IUDX.
i=r+1 i=1

This shows that A + Y5, .| |U;| — 3%, |Uj| is an eigenvalue of 3‘2(5}) corresponding
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to the eigenvalue A of SZ(I?;) The equitable quotient matrix of S’Z(?})) is

rooe 0 o - 0 -r
0O --- 0 0 0 —r
M () r 0 O —-r here o = i ‘U,|_2t‘{|U.|
=l o 0 .. 0 | Where _i:t+1 liZI il
0 --- 0 o - —r r
U] - (U] ~|Upst| -+ U] @

Let P(x,M) = |xIy.1 — M|, be the characteristic polynomial of M. Operating C; —
Ci+Cy+ -+ Cyyq in P(x,M) and then Cyy1 — Cry1 — rCy in the resulting determi-
nant, it can be seen that the characteristic polynomial of M is

x+r o - 0 =2r
0 x+r --- 0 =2r
P(x,M) =x(x—r)"! : oL
0 0 - x+r —2r
—Uis1| =|Urs2| -+ = Ukl x— 1], _,

Now, evaluating along the first row repeatedly, we obtain

k—2
P(x,M):x(x—r)t_l(x-l-r)k_t_l xz_(a—r)x—r((x+2|Uk‘+2‘Uk,1|—2 Z ‘Ul‘):|
i=t+1

Since, by Theorem 2.2, any eigenvalue of M is an eigenvalue of S’Z(?})), the result
follows. [

Some new families of skew Laplacian integral digraphs can be obtained as under.

COROLLARY 4.8. Let 8 be an orientation of the complete split graph C(r,s).

(1). Let G be obtained by orienting the edges in K, in such a way that its skew
Laplacian matrix is diagonalizable and the edges between K, and K, are directed
from K, to K, or from K to K,. Then G is skew Laplacian integral digraph if and
only if the orientation chosen for K, is skew Laplacian integral digraph.

(2). Let V(E_\') =U,Ul,UU3U...UU; with NY(U;) =V(K,),N~(U;) =0, for
i=1,2,....,t and N*(U;) =0,N~(U;) =V (K,), for i=t+1,....k. Then G is skew
Laplacian integral digraph if and only if the orientation chosen for K, (where edges in
K, are oriented in such a way that its skew Laplacian matrix is diagonalizable) is skew
Laplacian integral digraph provided

(3w~ il U1 —r) " —ar(s—ajuia| 4]

i=t+1 i=
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is a perfect square.
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