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COMMUTATIVITY OF TOEPLITZ OPERATORS
ON THE BERGMAN SPACES OF THE UNIT DISK

CHAO MEI L1u

(Communicated by S. McCullough)

Abstract. In this paper we give some necessary and sufficient conditions that Toeplitz operators
with special symbols commute with Toeplitz operators with harmonic symbols on the Bergman
space.

1. Preliminaries

Let I be the open unit disk in the complex plane C, let dID be the unit cicle and
let dA be the normalized area measure on ID. The Bergman space A%(ID) is the space
of functions analytic on I such that

[ 17@PdAR) <.
D

It is well known that A?(ID) is a closed subspace of the Hilbert space L?(ID,dA). Let
P be the orthogonal projection form L?(ID,dA) onto A?(D). Let L*(ID) be the space
of essentially bounded area measurable functions on D. For ¢ € L*(DD), the Toeplitz
operator with the symbol ¢ is the operator Ty, : A%(D) — A%(D) defined by

Tof =P(of),  feA*(D).

This paper is motivated by the following problem: find the necessary and sufficient
conditions that two Toeplitz operators acting on the Bergman space commute. Much
work has been done in studying the commutativity of Toeplitz operators.

In the case of the classical Hardy space H?(dD), Brown and Halmos [1] com-
pletely answered the problem and obtained the following result:

THEOREM A. Bounded Toeplitz operators Ty, and Ty commute if and only if
either both symbols are analytic or both symbols are conjugate analytic or o.Q + By
is constant for some constants o, B not both 0.

On the Bergman space of the unit disk, the first complete result was obtained by
Axler and Cuckovi¢ in [2] who described the commutativity of Toeplitz operators with
harmonic symbols, which was similar to the above result proved by Brown and Halmos
in [1]:
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THEOREM B. Suppose that ¢ and y are bounded harmonic functions on D, then
Ty and Ty, commute if and only if either both symbols are analytic or both symbols are
conjugate analytic or o.@ + By is constant for some constants o, B not both 0.

Stroethoff [3] completely characterized the essential commutativity of Toeplitz
operators with harmonic symbols on the Bergman space of the unit disk. In [4] Axler,
Cuckovié and Rao studied the problem for Toeplitz operators with analytic symbols and
obtained the following result:

THEOREM C. Suppose that Q is a bounded open domain in C. If ¢ is a noncon-
stant bounded analytic function on Q and  is a bounded measurable function on Q
such that Ty and Ty, commute, then  is analytic.

Cuckovi¢ and Rao [5] studied Toeplitz operators that commute with Toeplitz op-
erators with monomial and radial symbols on the Bergman space of the unit disk and
obtained the result as bellow:

THEOREM D. Let ¢,y € L*(D) be nontrivial functions and ¢ also be a radial
Sunction. If Ty and Ty, commute, then  is a radial function.

In [6] Yufeng Lu and Chaomei Liu extended some results obtained by Cuckovié
and Rao in [5] to the weighted Bergman space of the unit disk.

Encouraged by the above results, it is natural to come up with the following prob-
lem:

If o,y € L*(D) and ¢ is a nonconstant bounded harmonic function, what are the
necessary and sufficient conditions such that Ty and T,, commute?

In this paper we will find some necessary and sufficient conditions for a symbol
that produces a Toeplitz operator on the Bergman space that commutes with Toeplitz
operator with harmonic symbol.

2. Commutativity of Topelitz operators

In this section, we start with a decomposition of the space L*>(ID). Let

1
# ={a:D — Cradial / rla(r)*dr < o},
0

and let Z; = ¢*9% for k € 7.. By using the fact that the trigonometric polynomials are
dense in L*(ID) and that %, is orthogonal to %, for ki # ka, we can see that

L*(D) = P %,

keZ

i.e., every function u € L?(ID) has the form

u(re’®) = D e u(r), upg € X.
k= —oo
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One of our most useful tools in the following calculations is the Mellin transform
(closely related, using the change of variables x = e™", to the Laplace transform). The
Mellin transform ¢ of a function ¢ is defined by the equation

o) = [ " (0.

By [8] we know that ¢(z) is well defined on {z € C: Re z > 2} and analytic on {z €
C:Rez>2}if ¢ € L'([0,1],rdr).
The following lemmas will be frequently used in the following calculations.

LEMMA 2.1. Let p be a nonnegative integer, let my and ngy be positive integers
with ng = mg, and let @ € L*(D) be a radial function. If for any positive integer n
with n > ny,

n—my+1 .

o2 2)= 2n—2 2 1
o(2n+p+2) ) P(2n—2my+p+2), (1)

where @(z) is the Mellin transform of the function @, then
(1) if p>0, ¢=0;
(2) if p=0, oisconstant onD.

Proof. Let [Zl—%} + 1 =50, where [x] denotes the integer part of x, then we have
so = 1 and somg > no. From the equality (1) we get that for any integer s with s > s,

QP (2mos +2) = (2(so — 1)mo+2)@(2mo(so — 1) + 2+ p)1(2mos +2).

Let y(r) = @r? — (2(so — 1)mo +2)®(2mg(so — 1) + 2+ p), then the above equality
implies that for any integer s with s > s,

y(2mps +2) =0.

Hence by Lemma 3.1 in [8] we get that y = 0, that is, @(re®) = rlp(Z(so —1)mg +
2)p(2mo(so— 1) +2+p).
When p =0, then ¢(re’®) = (2(so — 1)mo+2)@(2mo(so — 1) +2) is a constant.
When p > 0, we claim that ¢(2mq(so — 1) +2+ p) = 0. Otherwise, suppose that
©(2mp(so—1)+2+ p) #0. Since p > 0 is an integer, we have that

2
[ loan) =2t 1m+ gm0 -1 +2+p) [ rar

2
>2((2(so—1>mo+2>¢<2mo<so—1>+2+p>) /01 Lar

But ¢ € L*(D) C L*(DD), then we have that

[ lo)Paa@) <+
D
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which is contradictory to the above inequality, so @(2mg(so — 1) +2+ p) = 0. Hence
0=0. O

LEMMA 2.2. Let p , my and ny be positive integers and let ¢ € L*(D) be a
radial function. If for any nonnegative integer n with n > ny,

n+p+1

S(2n+2mo+p+2)= P
o 0tp+2) ntmotptl

P(2n+p+2), (2)

where ¢(z) is the Mellin transform of the function @, then ¢ = Cr?, where C € C isa
constant.

Proof. Let [JX] 41 =59, where [x] denotes the integer part of x, then we have
so = 1 and somg = ng. Then from equality (2) we obtain that

O (2mmo+2my+p +2)
- mmrznfnj;f;ljt [P(2mmo+p+2)
N mmnénf,jﬂ;i 1 (m,;mlznf;f 1+ L6 @2(m— mo+ p+2)
D §(2(m— D+ p 2
)

—
(m—1)mo+p+1_.
= i Dot pg 1P Dmotp+2) =

_ somo+p+1
(m+1)mo+p+1
= (2s0mo +2p +2)(2smo + p + 2)rP(2mmg + 2mg + p +2)

¢ (2s0mo+p +2)

for any integers m with m > mg. Let v = @ — (2somg +2p +2)9(2s0mo + p +2)r7,
then we have that

Y(2mmo+2mo+p+2)=0

for any integers m with m > mgy. So by Lemma 3.1 in [8] we get that v = 0, that is,
© = (2s0mo+2p +2)P(2somo + p +2)rP = CrP.

Now we start to discuss the commuting problem of two Toeplitz operators on the
Bergman space. First suppose that f € L”(ID) is a nonconstant harmonic function on
D in the following discussion except for some special case.

PROPOSITION 2.1. Let g(re’®) = ¢@(r)e?® € L=(D), where p is an integer, then
TyT, = T,Ty if and only if one of the following conditions is satisfied:

(1) p>0, f and g are both analytic;

(2) p<O0, f and g are both conjugate analytic;

(3) p=0, g is constant on D.
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Proof. Suppose that TrT, = T,Tr. Since p is an integer, there exist three cases:
(D) p>05;(2) p<0;3) p=0.

When p > 0, then by Theorem 11 in [7] we have that f is analytic and so we get
that g is analytic by Theorem C.

When p < 0, then by the properties of Toeplitz operator we get that Tng = T,;Tj—c

and g(re’®) = @(r)e’-")% so by Theorem 11 in [7] we obtain that f is analytic and
that g is analytic by Theorem C, which means that f and g are conjugate analytic.
When p = 0, then g is radial and we claim that g is constant on ID. Otherwise,
suppose that g is not constant on I, then by Theorem D we get that f is radial. Since
f 1is harmonic, then f is constant on I, which is contradictory to the supposition that
f is not constant. Thus g is constant on .
It is clear that the converse is also true. [

REMARK 2.1. Similar to the analysis of the above proposition, we could get the
following result: Let f be a bounded harmonic function on D and g(re®) = ¢(r)e’?® €
L= (D), where p is an integer. If g is not constant on D, then 77T, = T, Ty if and only
if one of the following conditions is satisfied: (1) p >0, f and g are both analytic;
(2) p<0, f and g are both conjugate analytic; (3) p =0, f is constant on .

According to the above proposition and remark we have the following corollaries.

COROLLARY 2.1. Let f be a bounded harmonic function on D and g(re') =
@(r)e?? € (b*(D))*L, where b*(D) is the harmonic Bergman space on D, then Ty and
T, commute if and only if g = 0.

COROLLARY 2.2. Suppose that f is a bounded harmonic function on D and
g(z) =2"7" — =", where n and m are both positive integers with m < n, then
Ty and T, commute if and only if f is constant on D.

THEOREM 2.1. Let g(re'®) = Crie'® + @(r)e’?® € L=(D), where p and q are
both integers with 0 < g < p and C is a constant with C # 0, then Ty and T, commute
if and only if one of the following conditions is satisfied:

(1) f and g are both analytic;

(2) f is conjugate analytic and g = C.

Proof. Since f is bounded and harmonic on D, there exist functions f; and f>
analytic on I such that f = fi + fo, where fi(z) = X5 gasz’ and f(z) = 35 bsz*.
Let g1(z) = Cz9 and g, (re®) = @(r)eP?, then g =g + g>.

Suppose that Ty and T, commute, then for any nonnegative integers n we have

(Ty Ty, — T, T5)2" = (Ty, Ty — T¢Ty, )", 3)
and

(Tngl - Tngf)Zn

gl s+1  s—g+1 ol s+1
=C Y buigs - ZHCY bypgs—2, (4
g;i g+l ntl gg) g+l “



862 C. M. Liu
(ngTf —Ty ng)zn
=Y a;2n+s+p+1)@2n+2s+p+2)—2(n+p+1)@2n+ p+2)]7 P+
s=0

n+p—1

—-p+1. ~
+ Y buyp-s2(s+1) %¢(2s—p+2)—(p(2n+p+2) z
s=p
p—1
= 2 buip-s2(s+ P20+ p+2)2, (5)
s=0

where @(z) is the Mellin transform of the function ¢.
Since g < p, the equalities (3), (4) and (5) give that

Yooas2(n+s+p+1)92n+2s+p+2)—2(n+p+1)92n+p+2))" TP =0

for any integer n with n > p — g+ 1. The above equality implies that for any integer n
with n > p — g+ 1 and for any positive integer s,

as2(n+s+p+1)o2n+2s+p+2)—2(n+p+1)p2n+p+2)]=0.  (6)

Now we will continue the discuss in two cases.
First case. If ag = 0 for any positive integer s, then f is co-analytic. Since
T¢T, = T, Ty, it is obvious that Tj—ch = Tng, so by Theorem C we get that g must be

analytic. Since g(re'®) = Crie™% + ¢(r)e~"? and 0 < ¢ < p, we obtain that g =0
and @(r) =0, thatis, g=C.

Second case. If there exists a positive integer sy such that az, # 0, then from the
equality (6) we get that for any integer n with n > p—qg+1,

n+p+1

(n+2s0+pt2) = Pt
o 0FPE2) =

o2n+p+2),

and by Lemma 2.2 we obtain that ¢(r) = C;r”, where C; € C, which means that
g(z) = Cz9+ Cz? is analytic. Since TyT, = T,Ty, by Theorem C we get that f must
be analytic.

Conversely, if f and g satisfy the condition (1) or (2) , then it is obvious that T
and T, commute. [J

By the properties of Toeplitz operators and the above theorem it is easy to obtain
the following corollary.

COROLLARY 2.3. Suppose that g(re'®) = Crie™4% 4 @(r)e='P9 € L= (D), where
p and q are both positive integers with 0 < g < p and C # 0, then Ty and T, commute
if and only if one of the following conditions is satisfied:

(1) f and g are both conjugate analytic;

(2) f is analytic and g =C.
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THEOREM 2.2. Let g(re'®) = ¢(r)e'?® +Criea® ¢ L=(D), where p and q are
both integers with 1 < p < q and C # 0, then Ty and T, commute if and only if [ and
g are both analytic.

Proof. Since f is a bounded harmonic function on D, there exist functions f; and
f> analytic on D such that f = f; + f>, where f1(z) = X gasz’ and f>(z) = 3o, bsz’.
Let g1(z) = Cz? and ga(re’®) = @(r)e?? , then g = g1 + g>.

Suppose that 7¢ and 7, commute, then for any nonnegative integers n we have

(Tngl - Tngf)Zn = (ngTf - Tngz)Zn7

and
gl s+1 s—q+1 ! s+1
TT, — T, Tr)7" =C byia— — S+CY bppgs—7
(I7Tey = T Ty)z Z& nte S[n+q+1 n+1 }Z * Eg) S g1
(T, Ty — T Ty, )" Z as—n—p[2(s +1)@(2s — p+2) =2(n+p+1)p(2n+ p+2)]Z’
s=n+p
n+p—1 p+l
+ Y buips (s+l)[T(p(Zs—p+2)—(p(2n+p+2) z
s=p
p—1

=Y bupp-s2(s+1)9(2n+p+2)2°
s=0

where @(z) is the Mellin transform of the function ¢.
The above equalities give that for any integer n withn > g—p+1,

et s+1 s—q+1 ! s+1
C bpsg—s — 2+C ) bppgs—2
Zt‘] +e [n—l—q—f—l n+1 ] _Z(’) e n+qg+1
Y, asnp2(s+1)P2s—p+2)—2(n+p+1)p(2n+p+2)|2’
s=n+p

n+p—1 s—p+1._ R ]
+ Y b,,+p_52(s+1)[qu(Zs—p—i—Z)—(p(2n+p+2)}z“
= n+1

p—1

= bpip-s2(s+1)@(2n+p+2)2’.

Since 1 < p < ¢, the above equality implies that for any integer n with n > g—p+1,

ag—p—s [2(n—|—q—s—|— DNeR2n+2q—2s—p+2)—2(n+p+ 1)@(2n+p+2)]
@)

=Cb; S - ;
n+1 n+q+1
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for any integer s with 1 <s < g—p and
eS8
n+1 n+qg+1

n+q—p—s+1
n+1

)
:m+pﬂ2m+q—y+n[ ®(2n+2g—2s—p+2) — 9(2n+p+2)
for any integer s with g —p+1 < s <n.

Now we start to show that by = 0 for any integer s with 1 <s<g—p.

Since C # 0 and 35 n+;+l # 0 for any integer s with 1 < s < ¢— p and any
fixed integer n, it is evident that b,_, = 0 from the equality (8).

If g—p > 1, we claim that by = 0 for any integer s with 1 <s<g—p—1.
Otherwise, suppose that there exists an integer sg with 1 < sg < g — p — 1 such that
by, # 0, then from the equality (8) we obtain that a,_,_, # 0 and

(2n+2q—2s0+2)9(2n+2g—2s0—p+2)— (2n+2p+2)p(2n+p+2)

50 50
n+1 n+q+1

for any integer n with n > . Let go = g — so, then by

the Mellin convolution theorem we obtam that
@ra0—p (2n+2) — ro(2n +2) + (2go— 2p) (@rP % r240)(2n + 2)

My~ Mso | — —~
= j1(2n—f—2) - [M—f— ﬂ} r240(2n+2) 4+ Mr?4(2n+2)
q0 q0

for any integer n with n > g— p+ 1, that is,

y(2n+2)=0, forany integernwithn>qg—p-+1,
where y = @r?9=" — @rP + (2qo —2p)(@rP) xr>90 — % + M+ %} 29 — Mr?. So
by Lemma 3.1 in [8] we get that y = 0, which is equivalent to that

M
q0

Ms

qor2’1°*1’ or’ + (2q0 — 2p)(@r?) * 7290 =
q0

= b 2 gy

Applying the Mellin convolution we obtain that

((<prﬂ)*r2%)(r):/rlqa(f)(t)p 200 dt—rﬂ/lw(;)ﬂ%%lmirﬂh(r)

t
and h(r) € L*(D), since ¢ € L*(D) and p+1 < g9 < g+ 1. Thus we have that

MSO 1

qo P’

Qri1=2 — g+ (2g0— 2p)h(r) + [ ”

}2%1? MP24P —
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and @r*0=27 — @+ (2q9 — 2p)h(r) + [M—f— %] r20=P — Mr¥=P € (D). But

2 1 1
J, 7 rdr =

which is contradictory to the fact that @r290=27 — @+ (2g9 —2p)h(r) + {M + %] r2a0=p

Mso 1|
qo0 r°

MS()
q0

dA(z) =

—Mr? P igin L= (D) , so by, =0. Hence we obtain that by = 0 for any integer s with
I<s<q—p.

From the equality (9) and the preceding analysis we get that by = 0 for any integer
s with g — p+1 < s <n and for any any integer n with n > g— p+ 1, which means that
by = 0 for any positive integer s. Thus we obtain that f is analytic, and by Theorem C
we obtain that g must be analytic, since Ty and T, commute.

Conversely, if f and g are both analytic, then it is obvious that Ty and T, com-
mute. [

By the properties of Toeplitz operators and the above theorem it is easy to obtain
the following corollary.

COROLLARY 2.4. Suppose that g(re'®) = Crie=4% 4+ @(r)e='P% € L= (D), where
p and q are both positive integers with 1 < p < g and C #0, then Ty and T, commute
ifand only if f and g are both conjugate analytic.

THEOREM 2.3. Let g(re'®) = Crie® + ¢(r) € L*(D), where q is a positive in-
teger and C # 0, then Ty and T, commute if and only if f and g are both analytic.

Proof. Since f is a bounded harmonic function on D, there exist functions f; and
f> analyticon D such that f = fj + f>, where fi(z) =X gasz’ and f2(z) =X | bsZ’.
Let g1 (re'®) = @(r) and go(re’®) = Crie49 , then g = g; + g>.

Suppose that 7y and 7, commute, then we have

[ThTo, — Tg T | (") = [E’szz T Ty, +Tg Ty, — szTgJ(Z") 9

for any positive integers n and obtain that

[Th Ty — Ty, T (2 Za\ 20+ 1)9(2n+2) —2(s+ 1)@(2s+2) |2, (10)
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(Tey Ty, = T Tey + Te T, — T T, )(2")

1 ‘
}:{msz+1[———¢@ +2)— ¢@n+24—{wwqxgigii}f

ol —gq+1 1 1 _ :
+y {Cbn+qs [i_ ST } +bp—s2(s+1) [:1_—:—1 (p(25+2)—(p(2n+2)} }Z“

= n+l  n+g+l1
n+q—1 §—
q+1 s+1 s
+ Chpyg—s — z
En 4 [ n+1 n+q+l}

(11)

for any positive integers n with n > g+ 1.
From the above equalities we obtain that

as2(n+1)p(2n+1) —2(n+s+1)p(2n+2s+2)] =0

for any integers s with s > ¢ and for any integers n with n > g+ 1. Now we continue
the discuss in two cases.

First case. If there exists an integer so with so > ¢ such that a,, # 0, then we
have that

2(n+1)p(2n+1)—2(n+so+ 1)@(2n+2s0+2) =0

for any integers n with n > g+ 1. By Lemma 2.1 we get that ¢ is constant on D,
which means that g is analytic on D, so by Theorem C we obtain that f must be
analytic on D, since f is not constant.

Second case. If a; = 0 for any integers s with s > ¢, then we claim that there
exists an integer s; with 1 <s; < ¢ — 1 such that a5, # 0. Otherwise, if a; = 0 for any
integers s with 1 <s < ¢g— 1, then we have that f is co-analytic on D), so by Theorem
C and the properties of Toeplitz operators we obtain that g must be co-analytic on D,
which is contradictory to the assumption of g.

From equalities (10), (11) and (12) we obtain that

s s
Chy| —— >
* [n—|—1 n+q+ 1}
= a4 {(2n+2q— 25 +2)9(2n+2q—25+2)— (2n+2)9(2n+2) (12)

for all integers s with 1 < s < ¢ and for any integers n with n > g+ 1.

Now we claim that by = 0 for all integers s with 1 < s < ¢g. From the equality
(13) it is evident that by, = 0, so we only need to prove that by = 0 for all integers s
with 1 <s<g—1.

Suppose that there exists an integer sy with 1 < so < g— 1 such that by, # 0.
Then by the equality (13) we have that a,_, # 0 and

S50 S0
n+l nt+q+1

(2n+2q—250+2)0(2n+2q—2s0+2) — (2n+2)p(2n+2) =
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for any integers n with n > g+ 1, where M = acqﬂ #0.
5
Let mo =g — so, then 1 <mp < g— 1. Then by the above equality we get that

N 2mgy ~
BP2n+2mo+2) + — L 3(2n+2mo+2) — p(2n+2)
2n+2
o 1 L 1
T 2 mt2 2q2m+2  2q2mt2q+2

for any integers n with n > g+ 1, that is,
@r2mo(2n+2) + 2mol (20 +2) - @r2mo(2n+2) — §(2n +2)

~ ~ 1~ 1 —
= M2sy [1(2n—|—2) -12n+2) - 2—ql(2n—|—2)+2—qr2‘1(2n—|—2)]

for any integers n with n > g+ 1. So by the properties of Mellin transform and Mellin
convolution we obtain that

11
OrY"0 4 2mo(@rP™) x 1 — @ = M2sg |1 %1 — — + —qu} :
29 2q
(1x1)(r) = [' Lar = —Inr and 1% (@r*™0)(r) = [ @(1)r*™0~'dr. Since g € L~(D),
we have that ¢ € L”(D) and |1 (¢r®"0)(r)| < [ |@(1)[20~ dr < [} |@(t) [0~ dr <
Lol < o for any real numbers r with 0 < r < 1, which means that 1% (@r?™0) €

2m0

L=(D). Thus we get that

1 1 1
Inr=——/|@—q@rm—2 20) 51| — — 4+ —r* e L™(D
0= a3 [0 9P =2l 1| < 5 S e 17(D)
which is contradictory to the fact that Inr doesn’t belong to L*(ID). Hence the assump-
tion doesn’t hold, that is, by = 0 for all integers s with 1 <s<g—1.
Then by the equality (13) we obtain that

Ag—s {(2n—|—2q—25—|—2)(ﬁ(2n+2q—2s+2) —(2n+2)p(2n+2)| =0

for all integers s with 1 < s < ¢ and for any integers n with n > g+ 1.
Since ay, # 0, where 1 <51 < g — 1, then from the above equality we get that

(2n+2q—251+2)02n+2g—2s1+2) — (2n+2)p(2n+2) =0

for any integers n with n > g+ 1. So by Lemma 2.1 we have that ¢ is constant on D,
which means that g is analytic on ID. Thus by Theorem C we obtain that f must be
analytic on DD, since f is not constant.

Conversely, if f and g are both analytic, then it is obvious that Ty and T, com-
mute. [

By the properties of Toeplitz operators and the above theorem we could easily
obtain the following corollary.
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COROLLARY 2.5. Suppose that g(re'®) = Crie=% + ¢(r) € L=(D), where q is
a positive integer and C # 0, then Ty and T, commute if and only if f and g are both
conjugate analytic.

THEOREM 2.4. Let g(re'®) = CrPe P9 4 ¢(r)e'® € L=(D), where p and q are
both positive integers and C # 0, then Ty and T, commute if and only if one of the
following conditions is satisfied:

(1) f and g are both conjugate analytic;

(2) there exist scalars o and B, not both zero, such that o.f + Bg is constant on
D.

Proof. Since f is a bounded harmonic function on D, there exist functions f; and
H analytlc on D such that f = fi + fo, where fi(z) =3 asz° and f(z) = 35 bsz*.
Let g1 (re’®) = CrPe=P9 and gy(re’®) = @(r)e'??, then g = g + g>.

Suppose that 7y and 7, commute, then we have

[Tfl Tgy — T Ty, + T3 Ty, — E’ZTfl}(Zn) = [Zs'zTE_ TEng}(Z")

for any positive integers n and obtain that

P _
(T4, Ty, — Tgy Ty, + Tpy Tg, — Ty T (2 ZC |:n—|—1+s m}zﬁn b

+ Y as|(2n+29+2)p(2n+q+2) - (2n+2s+2q+2)¢(2n+2s+q+2)]ZS+"+’17
s=0

n+q ]
[To, T, — T T, ) (2) = — ;H b2(n+q—s+1)p2n+q+2)7"*

n
— 1
+st2(n+q—s+l)[w

s=1

i o2n—2s+q+2)— <p(2n+q+2)] nrq—s

for any positive integers n with n > p.
From the above equalities we obtain that
as[(2n+25+2g+2)92n+ 25 +q+2) — (2n+2q+2)9(2n +q+2)]

2p 2p
2n+2p+2g+2s+2 2n+2

= Cdsiptq [

for any nonnegative integers s and for any integers n with n > p. Now we continue
the discuss in two cases.

First case. If ag = 0 for all positive integers s, we have that f is co-analytic on
D, since f is not constant on D. So by Theorem C we obtain that g must also be
co-analyticon D.

Second case. If there exists an positive integer so such that ay, # 0, then we have

(2n+2s0+2q+2)9(2n+2s0+q+2) — (2n+2q+2)p(2n+q+2)
2p 2p
2n+2p+2g+2s0+2 2n+2

= Clasy+p+q
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for any integers n with n > p, where C; = <. Now we claim that @y, p+q = 0.

S

Otherwise, suppose that a4 7# 0, then we have
Wq(% +2)—@ri(2n+2)+ ZSOImIQn +2)-ri(2n+2)

=M Ml r2s0+2‘1(2n + 2) — 2—r250+2‘1+2p(2n + 2) — ﬁl(Zn + 2):| s
P P T 250

for any integers n with n > p, where M = Ciay,1p1q # 0 and M, = ﬁ + ﬁ #0.
So by the properties of Mellin transform we obtain that
1 1
250+q _ a4 2s0+2q % N = MM 2s0+2g _ _— 2s0+2q+2p _ _  ~
or Qri+2sor (@r?) i i 357 2]

and

(o)) = [ p(5) (£) e regd =t [ o(Z)r e tan =

t t

for any nonnegative scalars r with 0 < r < 1. Since g € L”(D), then we have ¢ €
L>(D) and
(2)
¢ t

i< [

thatis, & € L”(DD). Hence we have that

1
t2s0+q71dt g ||(PH00/ t2.¥0+q71dt: ||(PH°° <oo’
0 250 +4¢

1 2 1 5 1| 2p+2so
— — (2p42s0) | My p2S0Td — _—_ 250 +q+2p _ Z |
2= @t So)[ i 5 M

[(przso—qo+2soh(r) e L=(D),
P P

which is contradictory to the fact that % doesn’t belong to L=(ID), since g > 0. Thus
the assumption doesn’t hold, which means that ay, .4 =0.
Then we have

(2n+2s0+2q+2)p(2n+2s0+q+2)— (2n+2g+2)9(2n+q+2)=0

for any integers n with n > p. So by Lemma 2.2 we get that ¢(r) = Cr7 and g(z) =
C7P +Cyz4. Since C # 0 and f is a bounded harmonic function on D and not constant,
by Theorem B we obtain that f and g are both co-analytic or there exist scalars o and
B, not both zero, such that o f + Bg is constant on ID.

Conversely, if f and g satisfy the condition (1) or (2) , then it is obvious that T
and T, commute. [J

By the properties of Toeplitz operators and the above theorem it is easy to obtain
the following corollary.

COROLLARY 2.6. Let g(re'®) = CrPei?® 4 ¢(r)e™% € L=(D), where p and q
are both positive integers and C # 0, then Ty and T, commute if and only if one of the
following conditions is satisfied:

(1) f and g are both analytic;

(2) there exist scalars o and B, not both zero, such that o.f + Bg is constant on
D.
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