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A HIAI-LIN TYPE LOG-MAJORIZATION VIA BLOCK-MATRICES

JIAN SHI

(Communicated by F. Kittaneh)

Abstract. A Hiai-Lin type log-majorization, which is a simultaneous extension of [3, Corollary
3.1] and [4, Corollaries 3.3 and 3.4], is obtained via a block-matrix technique.

1. Introduction

A capital letter, such as T', stands for an n X n matrix. 7 > O means that T is a
positive semidefinite matrix; 7 > O means that T is a positive definite matrix.
Recall that for X,Y > O, the log-majorization X > Y means that

(log)
k k
IMAX) > TTA((Y); k=1,2,--- n—1
i=1 i=1
k k
ITAX) =TT A(Y), k=n
i=1 i=1

where 4;(X) > A(X) > -+ > A,(X) are the eigenvalue of X in decreasing order count-
ing multiplicities.

For A,B > O and a € [0, 1], the o-power mean or o -weighted geometric mean
of A and B, which is an operator mean in the Kubo-Ando sense, denoted by AfyB,
means that

AfoB=A%(A3BA ?)%A3

)

and it can be extended to A,B > O by

lim (A + el ) (B+€l),
£—o0
where I is the n X n identity matrix.
Recently, F. Hiai and M. Lin obtained a log-majorization in [2, Theorem 2.5] as
follows.
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THEOREM 1.1. (Hiai-Lin log-majorization, [2]) If A,B > O, then

A3BA? b >(AﬁaB>% (Af1-oB)(AtaB)? (1.1)
og

holds for o, € [0,1].

As an extension of Hiai-Lin log-majorization, R. Lemos and G. Soares proved the
following result in [3, Corollary 3.1].

THEOREM 1.2. ([3]) IfA,B,X > O, then

A2XBXA? (l>)(AﬁaB)%X(Aﬁl,aB)X(AﬁaB)% (1.2)
0og

holds for o, € [0,1].

Lemos and Soares proved Theorem 1.2 as a corollary of an eigenvalue inequality,
involving of matrix connections. Very recently, we showed another extensions of Hiai-
Lin log-majorization in [4, Corollaries 3.3 and 3.4] as follows.

THEOREM 1.3. ([4, Corollary 3.3]) If A,B > O, then

(A%BA%V’(>)<Am_r_13>%A‘l"(Am_tBM—1"(Am_,_1B>% (1.3)
log

holdsfort €[0,5] and 1 > —r>1—1>

D=

THEOREM 1.4. ([4, Corollary 3.4]) If A,B > O, then (1.3) holds for t € [%7 1]
and 1> —-r>1—t>0.

Put o =t and B = —r in Theorem 1.3 and Theorem 1.4. It is obvious to obtain
the following theorem together with them.

THEOREM 1.5. If A,B > O, then

<A%BA%>ﬁ(l>)<Aﬁa+p_1B>%A*‘+ﬁ(Am_aB>A*1+ﬂ<Aﬁa+,3_1B>% (1.4)
0g

holds for o, € [0,1] and a+f > 1.
In this paper, we will show a Hiai-Lin type log-majorization which is a simultaneus

extension of Theorem 1.2 and Theorem 1.5, by block-matrix technique.

2. Main result

In this section, we will state the main result. Then we will introduce some lemmas
refer to block-matrix. Lastly, we will prove the main result.
First, let us state the main result as follows.
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THEOREM 2.1. If A,B,X > O, then

=

—~
\9}
—

N

(ATXBXA®)P = (Atyip-1B)? (A £pX)(Ab1-aB)(A™'85X) (Atarp1B)

—
(log)
holds for o, € [0,1] and a+ > 1.

In order to prove the main result, we introduce some lemmas here.

LEMMA 2.1. (Lowner-Heinz Inequality, [1, Theorem 4.2.1]) If A > B > O, then
A% = B* holds for o € [0,1].

LEMMA 2.2. ([1, Theorem 1.3.3]) For A,B > O,

£
is equivalent to B > X*A~1x.
LEMMA 2.3. For A, X > O, if
AX
1150
then | P
A% X
|:X/3 AOC+/3—1:| 20,
where o, €[0,1] and oo+ > 1.
Proof. 1f
AX
FHED

according to Lemma 2.2, I > XA~!'X holds. It follows that A > X?. Notice that
oa+p—1€]0,1] and 1 — o € [0,1]. Applying Lowner-Heinz Inequality twice, we
have

AOH*ﬁ*l > X2(O{+ﬁ71) :XﬁX2(a71)Xﬁ > XﬁAailXﬁ. (22)
Thus,
Al-a Xﬁ
|: xB Aa+[3—1] 20

holds by Lemma 2.2. [

THEOREM 2.2. For A/B> O and X > O, if

BX
XA

>0

then i i
Afi—oB  AlgX ] -
= 07
[ Aﬁ[}X Aﬁa+/3—1B
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where o, 3 € [0,1] and o0+ > 1

Proof. Without loss of generality, we may consider A,B > O, otherwise we can
relpace A and B by A+ €l and B+ €l.

Notice that
A2 0 |[BX]|A2 0] [AiBA A IXA2 23)
0 A I||XA|l| 0 a2 |a1xa? I '
Thus,
BX
>
xal=o
is equivalent to
A*I%BA*%l A“SXAS =0
A"IXA"2 1

>0

(A"2XA"2)P (A"2BA-3)eth-l
holds.
Therefore,

[AﬁlaB AtpX ]
AfgX Aoy B

|ar o [@aiBa—i)-e (a-ixa—2)B | [az 0

Tl oA | (A2xA 2B (A"2BA-E)e+B-l :

0 A2

is positive semidefinite. [

COROLLARY 2.1. For A, B> 0O and X > O, if

1330
then
if oo €10,1].

Next, we will present the proof of Theorem 2.1.

Proof of Theorem 2.1. Notice that

1> AZXBXA?.
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is equivalent to A~! > XBX and to

[Bl X

X A_l] >0 (2.5)

according to Lemma 2.2.
According to Theorem 2.2, (2.4) implies

Ailﬁl_anl Ailﬁﬁx
{ ATUgX A Mg B 7O 2:6)

Similarly, (2.6) is equivalent to
A MorpoiB > (A X)) (A 0BT ) (AT X)), (2.7)
and (2.7) is equivalent to
1> (Afgop 1B)} (A 4pX)(Af1-aB)(A ™ 4X) (At p 1B)?.  (238)
At last, we will prove that the equality of the determinants of the matrices in the
right hand side and the left hand side of (2.1).
Notice that detX#,Y = (detX)!~7(detY)?. We have that
det((Af g 1B)* (A 85X) (Af1-aB)(A™'8X) (AL 5 1B)?)
=(detqp1B)? (detd ™" tpX)(deth i oB)(detA™ 4 X)) (detAty. s B)
detAfgp-1B)(detA” "5 X)*(detAt) o B)
detA)?> B (detB)* P ((detA ™)' "B (detxX )P)?(detA)* (detB) ' @
detA)P (detB)P (detx)?P
—((detA)? (detX ) (detB)(detX ) (detA) 2 )P
—det(A2XBXA?)P.

Nl—

(
(
(
(

By the well-known antisymmetric tensor power technique, (2.1) holds obviously
according to the fact that (2.4) implies (2.8). [

REMARK 2.1. Itis easy to prove that Theorem 2.2 can be derived from Theorem
2.1, if we replacd A by A~! and B by B~! in (2.1). Therefore, Theorem 2.2 and
Theorem 2.1 are equivalentif A,B > O.

REMARK 2.2. If we put X =1 in Theorem 2.1, then it is just Theorem 1.5.
REMARK 2.3. If we put = 1 in Theorem 2.1, then it is just Theorem 1.2.
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