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GROUP INVERSE OF FINITE POTENT ENDOMORPHISMS
ON ARBITRARY VECTOR SPACES

FERNANDO PABLOS ROMO

(Communicated by I. M. Spitkovsky)

Abstract. The aim of this work is to introduce the group inverse of a finite potent endomorphism
on an infinite-dimensional vector space that generalizes the notion of group inverse of a square
finite matrix. The existence and uniqueness of this inverse is proved, several properties are
offered and the relations with Drazin inverse, CMP inverse and DMP inverses are studied.

1. Introduction

For an arbitrary (n x n)-matrix A with entries in the complex numbers, the index
of A, i(A) > 0, is the smallest integer such that rk(A/4)) = rk(A/A)+1),
It is known that, given a matrix A € Mat,«,(k), the system of equations

AXA=A
XAX =X
AX = XA

has a solution if and only if i(A) < I and the solution is unique. This solution is the
“group inverse” of A and is denoted A* and satisfies several properties (Subsection
2.5).

This notion can be immediately extended to endomorphisms of finite-dimensional
vector spaces over C. Thus, given a finite-dimensional C-vector space E, an endo-
morphism f € Endc E has index i(f) < 1 (Im f2 = Im f) if and only if there exists
an endomorphism f# € Endc E such that:

foffof=r;
frofoff=r*
flof=for.

The endomorphism f* is the “group inverse” of f.
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If V is an infinite-dimensional vector space over an arbitrary ground field k,
an endomorphism ¢ € End (V) is “finite potent” when there exists n € N such that
dimy ¢" < eo. The index of a finite potent endomorphism ¢ is the smaller n € N such
that dimy Im ¢" = dim; Im @"*! < oo,

The aim of this work is to give an affirmative answer to the following question:
is it possible to extend the notion of group inverse to finite potent endomorphisms on
infinite-dimensional vector spaces such that ¢* exists if and only if i(¢) < 17.

Given an arbitrary k-vector space V, we prove the existence and uniqueness of
the group inverse @ of a finite potent endomorphism ¢ € Endi(V) with i(¢) < 1.
Moreover, several properties of ¢* are offered and its relations with Drazin inverse,
CMP inverse and DMP inverses are studied.

In particular, for every matrix A € Mat,«,(C), from the statement of this paper,
we deduce that:

o Ais EP <= AT = A%,
o A* =A4T if and only if N(AT) C N(AP);
o A* = AT if and only if R(A) C R(A¥);

where AT is the CMP inverse of A, A% and A" are the DMP inverses of A and AP
is the Drazin inverse of A.

The paper is organized as follows. In section 2 we recall the basic definitions of
this work and a summary of the statements of the articles [2], [8] and [10].

Section 3 contains the main results of this work: in Subsection 3.1 we study the
Drazin inverse of two commuting linear maps; the goal of Subsection 3.2 is to prove
the existence and uniqueness of the group inverse of a finite potent endomorphism
(Theorem 3.5) and to show several properties of this inverse; Subsection 3.3 is devoted
to offer new results on EP finite potent endomorphisms and, finally, in Subsection 3.4
we obtain the relations between the group inverse and the DMP inverses of finite potent
endomorphisms.

Finally, bearing in mind the relationship that exists between linear maps and matri-
ces, we wish to remark that the results of this work are valid for some infinite matrices
(associated with finite potent endomorphisms).

2. Preliminaries

This section is added for the sake of completeness.

2.1. Finite potent endomorphisms

Let k be an arbitrary field, and let V be a k-vector space.

Let us now consider an endomorphism ¢ of V. We say that ¢ is “finite potent” if
¢@"V is finite dimensional for some n. This definition was introduced by J. Tate in [1 1]
as a basic tool for his elegant definition of Abstract Residues.
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In 2007 M. Argerami, F. Szechtman and R. Tifenbach showed in [1] that an endo-
morphism ¢ is finite potent if and only if V admits a ¢ -invariant decomposition V =
Uy ® W such that ¢ Vo is nilpotent, W, is finite dimensional, and Py, * W = Wo
is an isomorphism.

Indeed, if k[x] is the algebra of polynomials in the variable x with coefficients in
k, we may view V as an k[x]-module via ¢, and the explicit definition of the above
¢ -invariant subspaces of V is:

e Uy, = {v €V such that x"v =0 for some m }.
o W, = {v €V such that p(x)v = 0 for some p(x) € k[x] relative prime to x} .

Note that if the annihilator polynomial of ¢ is x™ - p(x) with (x,p(x)) =1, then
Uy = Ker @™ and Wy, = Kerp(¢).

Hence, this decomposition is unique. We shall call this decomposition the ¢-
invariant AST-decomposition of V.

Moreover, we shall call “index of ¢”, i(¢), to the nilpotent order of Py, - which
coincides with the smaller n € N such that Im ¢" = W,,. One has that i(¢) = 0 if and
only if V is a finite-dimensional vector space and ¢ is an automorphism.

For a finite potent endomorphism ¢, a trace Try (¢) € k may be defined as Try (@)
= Trw, (9°|w<,, ). Furthermore, a determinant for every finite potent endomorphism is
defined as follows:

dety (1+ @) := detyy, (1+ Py, )-

2.2. Drazin inverse of finite potent endomorphisms

Let V be an arbitrary k-vector space, and let @ € Endi(V) be a finite potent
endomorphism of V. Let us consider the AST-decomposition V = U, & W,, induced

by ¢.
For each finite potent endomorphism ¢ there exists a unique finite potent endo-
morphism ¢ that satisfies:

1. @ftlogP = ok,
2. pPogogP =o";
3. Pop=goe”;

where £ is the index of ¢.
The map ¢P is the Drazin inverse of ¢ and is the unique linear map such that:

T if veWw
o TSI o
0 if ve Uy

Moreover, @P satisfies the following properties:

o (¢P)P = ¢ if and only if the i(¢@) < 1;
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e ¢ = ¢P if and only if Py, =0 and ((p‘W(P)2 =1d, :

o Try(@+ @) =Try(¢) +Try(¢”):

e If y is a projection finite potent endomorphism, then y? = y.

2.3. CN decomposition of a finite potent endomorphism
Given a finite potent endomorphism ¢ € End,(V), there exists a unique decompo-

sition @ = @1 + ¢, where @1, @, € Endi (V) are finite potent endomorphisms satisfying
that:

e i) <1

e ( is nilpotent;

* Lo =00 =0.

According to [8, Theorem 3.2], if (pD is the Drazin inverse of ¢, one has that

@1 = @o@P o @ is the core part of ¢. Also, ¢, is named the nilpotent part of ¢.
Moreover, one has that

p=0<=Up=Kerg <= Wy, =Img = (¢")P =p=i(p)<1. (2.1

2.4. Moore-Penrose inverse of a linear map over arbitrary vector spaces
2.4.1. Moore-Penrose inverse of an (n x m)-matrix

Let C be the field. Given a matrix A € Mat,«,,(C), the Moore-Penrose inverse of
A is a matrix AT Mat,,,»,(C) such that:

o AATA=A4,

o ATAAT =AT;
o (AAT)" =AAT;
o (ATA) =ATA;

B* being the conjugate transpose of the matrix B.
The Moore-Penrose inverse of A always exists, it is unique, [AT]T = A, and, if

A € C"" is non-singular, then the Moore-Penrose inverse of A coincides with the
inverse matrix A~!.

For details, readers are referred to [3].



GROUP INVERSE OF FINITE POTENT ENDOMORPHISMS 1033

2.4.2. Moore-Penrose inverse of a linear map over arbitrary vector spaces

Let (V,g) and (W, g) be inner product vector spaces over k, with k =C or k =R.
Givenalinearmap f: V — W, alinearmap f: W —V is areflexive generalized
inverse of f when

o foftof=F:
o frofoft=fr.

DEFINITION 2.1. Given a linear map f: V — W, we say that f is admissible for
the Moore-Penrose inverse when V = Ker f & [Ker f]- and W =Im f & [Im f]*.

If (V,g) and (W, g) are inner product spaces over k and f: V — W is a linear
map admissible for the Moore-Penrose inverse, according to [2, Theorem 3.11] there

exists a unique linear map f': W — V such that:

1. fT is a reflexive generalized inverse of f;
2. ffofand fof" are self-adjoint, that is:

o &/ o I0)V) =gl o FI0)):

o g([foffw).w) =g forflW)):

for all v,v' € V and w,w’ € W. The operator f' is named the Moore-Penrose inverse
of f and it is the unique linear map satisfying that

ffw) = { (f‘[Kerf]L)_l(W) it welmf |
0 if we[lm f]L

The Moore-Penrose inverse f': W — V also satisfies the following properties:
e T is admissible for the Moore-Penrose inverse and ()" = f;
e If f € Endi(V) and f is an isomorphism, then fT = f~!;
o flof= Prerpyis
o foff =Pmy;

where Py, g1 and P ¢ are the projections induced by the decompositions V = Ker f &
[Ker f]* and W = Im f & [Im f]* respectively.
For details on this Moore-Penrose inverse readers are referred to [2].
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2.5. Group inverse of a finite matrix

Given a matrix A € Mat,«,(k), the system of equations

AXA=A
XAX =X
AX =XA

has a solution if and only if i(A) < 1 and the solution is unique. This solution is the
“group inverse” of A and is denoted A*.

If A € Mat,,,(k) with i(A) < 1, then the group inverse A* satisfies the following
properties:

e If A is nonsingular, then A* = A~1!.
o (A%,

(A")* = (A*)', where A’ is the transpose of A.

e If n€ZT, then (A")* = (A*)".

A is EP if and only if A* = AT,

3. Group inverse of a finite potent endomorphism

In this final section we shall characterize the conditions under which the group
inverse of a finite potent endomorphism exits. Moreover, we shall offer the explicit
expression of this linear map and we shall study its properties.

3.1. Commuting finite potent endomorphisms

Similar to above, if ¢ € End(V) is finite potent, we denote ¢ = ¢@; + ¢, to the
core-nilpotent decomposition of ¢, where ¢; is the core part and ¢, is the nilpotent
part.

LEMMA 3.1. Let v, @ € Endi(V), where @ is finite potent and yo @ = poy. If
V =Uy ® Wy is the AST @-invariant decomposition of 'V, then:

1. Uy and Wy are y-invariant;
2. pPoy=yoe”;

¢P being the Drazin inverse of @.
Moreover, if y is finite potent, then

pPoyP =yPogP.
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Proof. Let us assume that Im ¢" = W,,. If u € Uy, one has that

and y(u) € Uyp.
Moreover, if w € Wy, writing @"(w') =w with w’ € W,,, then

y(w) = y(e"(W)) =" (w(w)) eW,.

Hence, the first assertion is proved and, bearing in mind that

® (V) = —1 : )
((p|W(P) (v) if veW,

the second statement is also deduced. [

A direct consequence of Lemma 3.1 is

COROLLARY 3.2. If v, € Endy(V), @ is finite potent, yo @ = @oy and ¢ =
@1 + @2 is the core-nilpotent decomposition of @, then

e Qroy=yoQ;
e oy =yoQ.

3.2. Group inverse of a finite potent endomorphism

Let @ € Endi(V) be again a finite potent endomorphism on an arbitrary k-vector
space V.

DEFINITION 3.3. We say that a linear map ¢* € End, (V') is a group inverse of ¢
when it satisfies the following properties:

o pogtop=0o;
o ¢fopog*=o";
e ¢fop=goop”.

Thus, a group inverse ¢@* is a reflexive generalized inverse of ¢ that commutes
with it.

LEMMA 3.4. Given a finite potent endomorphism @ € Endy(V), if there exists a
group inverse @* € Endy(V), then i(@) < 1.
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Proof. Let V =Uy, @ W, be the AST decomposition of V induced by ¢ and let
us assume that i(¢) = s. If u € U, and a group inverse ¢* € Endy(V) exists, bearing
in mind that

pogp’op=0 and ¢'op=gog",
one has that ¢ = (¢#)"~!0 ¢" forevery n € N, and then

because ((p"')|U¢ =0.
Hence, Ker¢ = U, and we conclude that i(¢) < 1. O

THEOREM 3.5. If ¢ € Endi(V) is a finite potent endomorphism with i(¢) < 1,
then @P = @* is the unique group inverse of @, where @P is its Drazin inverse.

Proof. Since i(¢) < 1,then ¢ = ¢;. Let ¢ be the Drazin inverse of ¢.
Bearing in mind that @” o @ o P = ¢ and ¢” o @ = @ o ¢?, it follows from

pr=gogoq

that ¢ is a group inverse of ¢.

Conversely, let us assume that ¢* is a group inverse of ¢ and let V = Up ®Wy
be again the AST decomposition of V induced by ¢.

Since ¢* o = @o¢*, one deduces from Lemma 3.1 that U, and W, are invariant
under the action of ¢¥.

Accordingly, if i(¢) = s and u € Uy, it follows from ¢* o o ¢* = ¢* that

9" (u) = [(¢") "' 0 9*](u) = 0.

Moreover, since Py, € Auty(Wy), one has that

(pog*op)(w)=oe(w) forall we W, <

((P o (P#)lwq, = Id\w(p —

(‘P#)\W(p = (<P\W(p)_l :

Hence, ¢ = @ and the statement is proved. [

EXAMPLE 1. Let V be a vector space of countable dimension over k. Let {vy, v,

v3,...} be abasis of V indexed by the natural numbers. If (x;);en € Dk, since x; =0
ieN
for all but finitely many i € N, we shall write x = (x;) to denote the well-defined vector

x:Zx,--v,-EV.
ieN



GROUP INVERSE OF FINITE POTENT ENDOMORPHISMS 1037

If we consider the finite potent endomorphism ¢ € Endi (V) defined as:

0 if i is odd
Vi0j—4 ifi=10j—8and j € {1,2,3,4}
vigj —Vvioj-s ifi=10j—6and j € {1,2,3,4}
o(vi) = Vioj—2 ifi=10j—4and j € {1,2,3,4},
vigj—6+vioj ifi=10j—2and je {1,2,3,4}
V10/-8 ifi=10jand j € {1,2,3,4}
0 ifi=2sand s > 21

it is clear that i(¢) = 1 and its group inverse ¢@* is the unique linear map such that

0 ifiis odd
Vi0; ifi=10j—8and j € {1,2,3,4}
Vi0j—2 —Vioj—6—Vvioj ifi=10j—6and je€ {1,2,3,4}
o' (v) = V10j-8 ifi=10j—4and j € {1,2,3,4} .
Vi0j—4 ifi=10j—2and j € {1,2,3,4}
V10j—6 + V10j ifi=10jand j € {1,2,3,4}
0 ifi=2sand s > 21

From the basic properties of the Drazin inverse [10], for every finite potent endo-
morphism ¢ € Endy (V) with i(¢) < 1, the group inverse ¢* immediately satisfies the
following properties:

o (0" =0;
e ¢ = ¢" if and only if (P, = I,

o Try(¢+ ¢") =Try(¢) + Trv (¢*).

LEMMA 3.6. If ¢ € Endi(V) is a finite potent endomorphism with i(@) < 1 and
n€7Z*, then (¢")* = (¢o*)".

Proof. Let V = Uy ® Wy be the AST decomposition of V induced by ¢. For all
n € Z*1, itis clear that Ugpn = Uy and Wyn = Wy, Thus, the claim is deduced bearing
in mind that

(0"],) " = [(0,)7'". O

REMARK 3.7. Given a finite potent endomorphism ¢ € End(V), if we denote
0% = @o¢" and ¢~ = (¢*)' forevery i € N, it follows from Theorem 3.5 and Lemma
3.6 that X = {¢/} ;cz is an Abelian Group with identity element ¢°.
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LEMMA 3.8. If ¢ € Endi(V) is a finite potent endomorphism with i(@) < 1 and
7€ Autg(V), then to@o 1! is finite potent with i(to o1 ') < 1 and

(topot N =t10@?or7!.

Proof. Since (to@ot )" =10¢@"01™! forevery n € N, if i(¢p) < 1, itis clear
that To @ o7~ ! is also finite potent with i(To o7~ !) < 1.
Moreover, one has that:

o (topot )o(rogpror t)o(togor™!)=10(pog?op)or ! =T0p0T !}

o (togfor o(ropor o(rogfor ) =10(p ogoph)or! =
topfor

e (togor)o(togtor ) =10(gogt)or ! =To(gtop)or ! =
(tog*orN)o(topor);

and we conclude that (oot ) =t10@*or™!. O

REMARK 3.9. According to the statements of [7], the set of finite potent endo-
morphisms admits a classification when the group Aut (V) acts by conjugation. In this
context, if @,y € End;(V) are finite potent and ¢ ~ v, then it follows from Lemma
3.8 that ¢ ~ y*.

To finish this part related to the definition and the basic properties of the group
inverse of a finite potent endomorphism, we shall study the group inverse of the com-
position of two commuting linear maps.

LEMMA 3.10. If @,y € Endi (V) such that @ is finite potent and @ oy = yo @,
then one has that:

1. Qo is finite potent;
2. (poy)* =y loo" when y € Au(V);
3. (poy)* =y*oo* when y is finite potent.
Proof.
1. For every linear map y € Endi(V), since ¢ is finite potent, one has that
(poy)" =y oo",
from where we deduce that ¢ o y is finite potent.

2. If y € Au(V), it is clear that:

o (poy)o(y lop)o(poy)=(pog?op)oy=goy;
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o (ylog)o(poy)o(ylop*) =y lo(p*opop”) =y op"

e Bearing in mind Lemma 3.1 one deduces that
(pow)o(y lop")=gop’=g'op
=(p oy o(yop)=(y ' og")o(poy)

E)

and from Theorem 3.5 we conclude that (@ o y)* = y~1o¢*.

3. With similar arguments to the previous proof, from Corollary 3.2 and Theorem
3.5, we deduce that (@ o y)* = y* 0 ¢* when v is finite potent. [
3.3. EP finite potent endomorphisms

Henceforth, (V,g) will be an inner product vector space over k, with k = C or
k=R. According to [4, Lemma 2.1], the following definition makes sense:

DEFINITION 3.11. We say that a linear map ¢ € End;(V) admissible for the
Moore-Penrose inverse is EP when

pop'=¢lop.

We shall now characterize EP finite potent endomorphisms.

LEMMA 3.12. Let ¢ € Endy(V) be a finite potent endomorphism admissible for
the Moore-Penrose inverse. If ¢ is EP, then i(Q) < 1.

Proof. Similar to the proof of Lemma 3.4, let V = Uy, & W,, be the AST decom-
position of V induced by ¢ and let us assume that i(¢) = s. If u € Uy, it follows from
the definition of the Moore-Penrose inverse that

(1) =[(") " 0 9)(u) = 0.

Hence, Ker ¢ = U, and we conclude that i(¢) < 1. O

PROPOSITION 3.13. A finite potent endomorphism admissible for the Moore-Penrose
inverse ¢ € Endy(V) is EP if and only if ¢* = ¢

Proof. If ¢ is EP, then ¢ is a group inverse of ¢ and it follows from Theorem
3.5 that

o' =" =o".
On the other hand, if ¢* = ¢, one deduces from Definition 3.3 that ¢ is EP. [J

COROLLARY 3.14. If ¢ € Endi(V) is an EP finite potent endomorphism admis-
sible for the Moore-Penrose inverse, then @' is also EP.
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Proof. Since ¢ € End,(V) is an EP finite potent endomorphism, then ¢ is also
finite potent. Moreover, it follows from [2, Corollary 3.12] that ¢ is admissible for
the Moore-Penrose inverse.

Hence, the claim is immediately deduced from Proposition 3.13 bearing in mind
that (p*)* =¢. O

Moreover, for every finite potent endomorphism admissible for the Moore-Penrose
inverse ¢ € End; (V) the author has shown in [8] that there exists a unique finite potent
endomorphism @7 € Endy(V) satisfying that:

o 9TopopT=0pT;
° po9Top=0;
° pogT=g00";
o ¢Top=09"0q.

The finite potent endomorphism ¢°" is the core-Moore-Penrose (CMP) inverse of

LEMMA 3.15. If ¢ € Endi (V) is a finite potent endomorphism admissible for the
Moore-Penrose inverse and ¢* = @7, then i(¢) < 1.

Proof. Since ¢* = ¢°T, then
p=9o9'op=popTop=10,

and the statement is deduced. [

Hence, another characterization of EP finite potent endomorphisms is the following:

PROPOSITION 3.16. A finite potent endomorphism admissible for the Moore-Penrose
inverse @ € Endy(V) is EP if and only if ¢* = ¢°T.

Proof. Let us firstly assume that ¢ is EP. Then ¢ = ¢; and, since ¢* = ¢
(Proposition 3.13), one deduces that ¢ = ¢°T.
Conversely, if ¢* = @7, it follows from Lemma 3.15 that i(¢) < 1 and then

pog'=giogp’ =gog*=¢*op=9Top =9op,
and we conclude that ¢ is EP. [J

REMARK 3.17. Given a matrix A € Mat,,,(C), if AT is the CMP inverse of A
introduced by M. Mehdipour and A.Salemi in [6], it follows from Proposition 3.16 that
a new characterization of EP matrices is

“Ais EP <= AT = A% "



GROUP INVERSE OF FINITE POTENT ENDOMORPHISMS 1041

3.4. Drazin-Moore-Penrose inverses

Let (V,g) be again an inner product vector space over k, with k =C or k =R,
and let @ € Endy (V) be a finite potent endomorphism admissible for the Moore-Penrose
inverse. According to [9], the left Drazin-Moore-Penrose (IDMP) inverse of ¢ is the
unique finite potent endomorphism ¢ € End; (V) satisfying the following conditions:

o 9tTogoglt =T,
o "ol =m0 withm=i(p);
o p'Top=10¢"0p.

LEMMA 3.18. Given a finite potent endomorphism admissible for the Moore-
Penrose inverse @ € Endy(V) with i(¢) < 1, one has that ¢* = @7 if and only if
Ker¢p' C KeroP.

Proof. Tt follows from [9, Proposition 3.3] that @ o %" o @ = ¢, where ¢ is the
core part of ¢ . Moreover, from [9, Proposition 3.9], we knew that ¢ o %" = @%T 0 @
if and only if Ker' C Ker?.

Accordingly, the statement is deduced from Theorem 3.5. [J]

Furthermore, the right Drazin-Moore-Penrose (rDMP) inverse of ¢ is the unique
finite potent endomorphism ¢ "¢ € Endy (V) satisfying the following conditions:

o pHlogoght =0
o 9o =0 o@” withm= i(9);
° (po(p'hd: goo(pD.

LEMMA 3.19. If @ € Endi(V) be a finite potent endomorphism admissible for
the Moore-Penrose inverse with i(¢) < 1 and V = Uy ® W be the AST decomposition
of V induced by @, then ¢* = ¢*¢ if and only if Wy, C [Kerp]*.

Proof. Similar to above, the claim is obtained from Theorem 3.5 from the follow-
ing properties of the rDMP inverse ¢'¢ studied in [9]:
e po@?op=q;, where @ is the core part of @;

e po¢"?=¢"og ifandonlyif Wy, C [Kerg]*. O

REMARK 3.20. Given a matrix A € Mat,«,(C), in [5] S. Malik and N. Thome
introduced the DMP inverses A%T and AT .
Thus, if i(A) < 1, from Lemma 3.18 and Lemma 3.19 we deduce that:

o A* =A4T if and only if N(AT) C N(AP);
o A* = A" if and only if R(A) C R(A*);
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where N(B) is the Kernel of B and R(B) is the range of B, for every matrix B €
Mat,,,(C).
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