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(Communicated by F. Gesztesy)

Abstract. In this work we study the point spectra of selfadjoint Sturm-Liouville operators with
generalized point interactions, where the two one-sided limits of the solution data are related
via a general SL(2,IR) matrix. We are particularly interested in the stability of eigenvalues with
respect to the variation of the parameters of the interaction matrix. As a particular application
to the case of random generalized point interactions we establish a version of Pastur’s theorem,
stating that except for degenerate cases, any given energy is an eigenvalue only with probability
zero. For this result, independence is important but identical distribution is not required, and
hence our result extends Pastur’s theorem from the ergodic setting to the non-ergodic setting.

1. Introduction

In this paper we study the point spectra of selfadjoint Sturm-Liouville operators
with generalized point interactions. More specifically, we investigate whether varying
the parameters of the spectral problem preserves or destroys the fact that a given energy
is an eigenvalue. This is of particular interest in the setting of random parameters. In
the case of i.i.d. random variables, one can use methods from ergodic theory and it
is a classical result due to Pastur [17] that a given energy can be an eigenvalue only
with probability zero. However, if the random variables are not identically distributed,
Pastur’s argument does not apply and it was realized only recently, in the special case
of 6 and &’ point interactions, that a result in the same spirit still holds [4].

The purpose of the present paper is two-fold. On the one hand, we introduce a new
approach to this problem, which is based on geometric ideas and mapping properties
of SL(2,R) matrices. This makes the resulting spectral statement particularly natural
and easy to understand. On the other hand, our approach allows us to generalize the
setting and pass from § and 8’ point interactions to the whole class of real connecting
selfadjoint point interactions and hence develops the theory in the appropriate level of
generality.
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The key idea will be the following. Fixing the boundary conditions of the spectral
problem and considering an energy that is an eigenvalue for a given collection of param-
eters, we vary one of them while keeping the others fixed. How to vary the parameter
is clear if 6 or &' point interactions are considered, but it is somewhat less clear in the
case of general SL(2,R) matrices connecting the left- and right-limit of the solution
data at the point in question. To this end, we will consider the Iwasawa decomposi-
tion of an SL(2,R) matrix, which expresses it as a canonical product of a parabolic, a
hyperbolic, and an elliptic factor. This provides the parameters we seek and will vary.
The next step is to investigate the stability question for the eigenvalue problem at hand
when the parameter is varied. It turns out in most cases that there is a dichotomy. Either
the eigenvalue is present for all values of the parameter, or it is present only for the one
we started with and not for any other value. To establish this dichotomy we look at
the projective action of the SL(2,R) matrix in question and are able to exhibit this di-
chotomy via direct and very simple calculations. Once the dichotomy corresponding to
a single point interaction has been established, it will then be straightforward to process
the entire family and to deduce a global result. The application to the case of random
parameters is then also immediate.

Since they are crucial to our discussion, we will include discussions of the essen-
tial tools we use in Section 2, even though this material is well known. We hope that
this will be useful for those readers who are less familiar with these tools in the context
of spectral theory applications. This includes in particular the Iwasawa decomposition
of SL(2,R) matrices and their mapping properties on the real projective line. As a
warm-up we consider the case of a single § interaction in Section 3. Although this
case has been studied before, we present our new perspective in this simple setting,
partly to introduce the ideas, and partly to show how the known result can be proved
with our method. In Section 4 we then consider the case of a general connecting point
interaction, which is given by an SL(2,R) matrix. The three parameters describing
such a matrix are given, in our representation, by the parameters corresponding to the
three factors in the Iwasawa decomposition of the given matrix. We discuss the stability
question for a given eigenvalue when two of the three parameters are fixed and the third
is varied. Next, Section 5 considers the case of countably many general point interac-
tions located on a discrete set inside the interval. Again, only one parameter for one
interaction will be varied, while all other parameters are fixed, and the eigenvalue sta-
bility problem is investigated. Finally, we consider the case of countably many general
point interactions with random parameters in Section 6 and prove a result in the spirit
of Pastur and in the appropriate level of generality, that is, without assuming identical
distribution. We do, however, make crucial use of independence. An important case
where our result holds is when we have a measurable family of operators.

Acknowledgements. We are grateful to the anonymous referee for the careful read-
ing of the manuscript and very useful comments and observations which led to the
improvement of this paper.
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2. Preliminaries

In this section we collect a few tools, all of which are well known. As usual,
SL(2,R) and GL(2,R) denote the special and general linear groups respectively. We
include this material for the sake of the reader. Anyone familiar with these concepts
may skip ahead to the next section.

2.1. Transfer matrices

Let us discuss an elementary way to introduce the transfer matrices, which we
emphasize is not the standard way of introducing them.

Consider an open interval [ = (a,b) CR, a LllOC potential V : I — R, and an energy
E € R. The associated differential equation is

—u"(x) +V(x)u(x) = Eu(x), xecl. (1)

Standard ODE theory shows that for each x € I and each (v,d)” € R?, there is a unique
solution u of (1) with (u(x),u’(x))T = (v,d)T . Moreover, all real solutions of (1) arise
in this way. See for example [16, Thm. 2.2.1]. This has the following immediate
consequence.

PROPOSITION 2.1. The set Sg of real solutions of (1) is a two-dimensional real
vector space and, for each x € I, the map

Mep:Se—R%, ues (:@))

is a linear isomorphism.

Proof. It follows directly from the definition of the map M, g (and the linearity
of differentiation) that it is linear. By the standard ODE results quoted above, it is
both onto and one-to-one. This also implies the well-known fact that Sg is a two-
dimensional real vector space. [J

PROPOSITION 2.2. For x,y €1, there is a matrix M(x,y;E) € SL(2,R) such that

for every u € Sg, we have
(Z({Q)) = M(x,y:E) (Z(&) - @)

Proof. 1f we define M(x,y;E) := MX7EM):E1' , then (2) holds by Proposition 2.1. By
construction, M(x,y;E) € GL(2,R), so it remains to show that detM(x,y;E) = 1.
Consider the two solutions up,uy € Sg with

(467 50) - 6 1)
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Then,

_ N (Y) up(y)
=MEE) 4 ) b(y))
_ (un(x) MD(X))

uy(x) up(x) )’

and therefore

uly (x) up(x)
= un (x)up (x) — up(x)uy (x)
= un(y)up(v) — up(y)uy(y

Here we used the constancy of the Wronskian, which follows from the fact that up,uy
solve (1):

(un (1) (£) — up(t)uy (1)) =
= u ()up (1) + un (t)up (1) — up (6 )un (1) — up (t)up (1)
= uy()[(V (1) = E)up(t)] —up(t)[(V () — E)un(2)]
=0. O

2.2. The real projective line
Recall that the real projective line RP! is given by
P! = {lines in R? through the origin}.

Note that the elements of RP' are equivalence classes with respect to the equivalence
relation on R?\ {0} given by

vew & JAeR\{0}:v=2Aw
DEFINITON 2.1. We denote the equivalence class of v € R?\ {0} by [V].

REMARK 2.1. Let u = (uj,up)” and v = (v{,v)T. Then, [u] = [v] if and only if
arg(ur+iuy) = arg(va+ivy) +kn, k€ Z.

LEMMA 2.1. Any M € GL(2, R) induces a well-defined bijective map from RP!
to RP', which will be denoted by M, via

M([v]) = [Mv].
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Proof. Let u ~v. Then u = Av forsome A € R\ {0} and
[Mu] = M[u] = M[Av] = [MAV] = [AMV] = [MV)].

This shows that M is well defined.
Let [v] € RP! with representative v. Since M is surjective by assumption, there
exists u € R? such that Mu = v. Since

M([u]) = [Mu] =[],

it follows that M is surjective.

Finally, suppose [Mu] = [Mv]. Then there exists k € R\ {0} such that Mu = kMv,
and since M is injective by assumption, u = kv. Thus [u] = [v] and M is injective. [
2.3. The Iwasawa decomposition of SL(2,R) matrices

In this subsection we discuss the Iwasawa decomposition of SL(2,R) matrices;
compare [9]. We provide some details on how to obtain this decomposition for the
reader’s convenience.

We define the following subgroups of SL(2,R):

cos@ —sin O

g:{Ee <sin0 cos O ) 'OER}’
la

o= {p= (1) sacr),
r 0

o=l (p0) o).

THEOREM 2.1. (Iwasawa decomposition) Every A € SL(2,R) can be written in
a unique way as A = PyH,Eq, where Py, € &2, H. € 7 and Eg € & .

Proof. Consider the complex upper half-plane, C. = {z € C: 3z > 0}. Given
A € SL(2,R), we consider its action on C,. given by

Are ab\ _aztb
=\ea) ¥ = ra

Note that A - 7 indeed belongs to C. for each z € C since

3 (az—f—b) _ (ad—bc)3z 3z 50
cz+d lcz+d|? lcz+d?

Moreover, note that
(A-B)-z=A-(B-2) 3)

forall A,B € SL(2,R) and z € Cy .



1106 D. DAMANIK, R. DEL R10 AND A. L. FRANCO

Consider the case A-i =1, that is,

ai+b

- =isait+b=di—c&a=dand b= —c.
ci+d

Thus the condition detA = ad — bc = 1 becomes a?+ ¢ = 1 and we can choose 6 € R
with a = cos6 and ¢ = sin 0, so that

A ab\ (a-c\ (cos@ —sinf
" \ed) \c a) \sinb cosf )’
This discussion shows that A-i=1i if and only if A € &.
Given any A € SL(2,R), we consider A-i € C and set

o:=RA-i), r:=(3(A-i))"2%

Then,
A-i=o+ir?
_(ro/r) .
“\o1/)!
_(la)(r 0} .
“\o1)\o1/r)!
Thus, by (3),

-1 -1
r 0 I o L.
(Ol/r) (0 1) A-i=i,
—1 -1 .
r 0 lo A— cosf —sin0
01/r 01 ~ \sin® cos6

for a suitable 6 € R by our discussion above. Thus,

A lLa\(r 0 cos6 —sinf
~\01/\01/r) \sin® cosb }’

as desired. This establishes existence.
To show uniqueness, consider the identity

1 o rn 0 cos@) —sin0;\ (1o rn 0 cos B, —sin 6,

01 01/r sin@; cos@ /  \0 1 0 1/ry) \sin6, cos6,
with a,0,,01,6, € R and ri,rn > 0.

Applying both sides to i € C, we obtain

05) (5 17n) =0 %) (5 17)

which implies that
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which (by an observation above) is equivalent to
o —|—ir% =0 —|—ir§.

This implies o = o and r; = ry (since r,r, > 0). Once this holds, we must also
have

cos@; —sin@;\  (cos6 —sinb,

sin@ cos@ |  \sin® cos6 )’
proving uniqueness. [J

REMARK 2.2. Since any matrix in SL(2,R) can be written as the inverse of the
transpose of a matrix in SL(2,R), we also have the decomposition

A (10 10Y (cos® —sin6
“\—&1)\0F) \sin6 cosb
for some & € R, #>0 and 6 € R.

2.4. The differential operator and its eigenvalues

For a finite closed interval I = [a,b] and a real-valued V € L!(I), consider the
associated differential expression defined by

tfi=—f"+Vf.

For all x,y € I, let M(x,y;E) be the transfer matrix defined in Proposition 2.2.
Then M(x,y;E) € SL(2,R) and for every real solution of Tu = Eu, we have

(140)) s (221,

Let Tg , be the selfadjoint operator defined by
Toyf=1f
with domain
D(Tp ) :={f € L*(I): f,f'abs. con. onl,Tf € L*(I)
f(a)cos® — f'(a)sin® =0

f(b)cosy— f'(b)siny=0}.

See Theorem 8.25 a) and Theorem 8.26 in [18].
As an application of Lemma 2.1 we will prove the following well-known result.

THEOREM 2.2. Let E € R, then for each 0 € [0,m) (y € [0,7)), there exists a
unique y € [0,mt) (0 € [0,7)) such that E € 6,(Tp,y).
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Proof. For E €R and 6 € [0,7), there exists a non-trivial solution u € L*(I) of
Tu = Eu, which is unique up to a non-zero multiple, satisfying

u(a)cos® —u'(a)sin@ = 0.

Since M(b,a;E) € SL(2,RR), there exists a unique vector (u(b),u’(b))T satisfying

(33) v (7)

Let y:= arctan :,((I;))) be the angle of the vector (u(b),u’(b))T. Then,

u(b)cosy—u'(b)siny=0.

Therefore, E € 0,(Tp,y).
Assume 7 € [0,7), ¥# v and E € 0,(Tp,7). Then there exists a non-zero v €
D(Ty 5) such that v =Ev,

v(a)cos@ —v'(a)sin® =0,

v(b)cos§—V'(b)siny = 0.

Thus the angle of the vector (v(a),v'(a))” is 6 and the angle of the vector (v(b),V'(b))T
is 7. Then by Lemma 2.1,

M(a,b:E)[(v(b),V' (b))"] = [(u(a).u'(a))"] = M(a,b:E)[(u(b),u' (b))"]

the vectors (v(h),V'(b))" and (u(b),u’ (b)) must belong to the same element of the
real projective line, i.e. they must have the same angle, so that Yy = ¥. Analogously, for
each y € [0,7), there exists a unique 6 € [0,7) such that E € 6,(Tp,). O

COROLLARY 2.1. Let ¥ fixed and 6 such that E € 6,(Tg y), then for any 0+6
one has E ¢ 0,(T5 ).

3. The case of a single 6 -interaction

As a warm-up we consider the case of a single 0 -interaction.
Let I = [a,b] C R be a closed finite interval, V € L!(I) real valued, p € I an
interior point, and o € R.
We consider the formal differential expressions
d2
Ti=—-+V
dx? +
and
d2
To,p = _ﬁ +V+(X6()C—p).
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The maximal operator Ty, , corresponding to 7y, is defined by
Toupf = Tf

D(Tw,) = {f e L2(I): f, f abs. contin I\ {p}, —f" +Vf € L2(I),

(F05) =aan (7))

REMARK 3.1. Note that the restriction of any absolutely continuous function to
a bounded interval is of bounded variation and therefore the limits from the right and
from the left at any point exist, see Section 8.15 in [13].

Here, Ag,, is the SL(2,R) matrix defined by

Amp:(é?) @

Let us consider the selfadjoint restriction Hyj, of Ty in L*(I), see Theorem 5.2
in [3], defined by

Hoc.,pf =1f (5)
Dt - (s ot Jom0 L1000 e

THEOREM 3.1. Let E € 0,(Hq,p). Then one of the following holds:
i) E € 0,(Hg,p) forevery & € R,
ii) E¢&0,(Hg,p) forevery & € R\ {o}.
Proof. Note first that on the level of transfer matrices, the local point interaction
inserts the factor (4) between M(y,p+;E) and M(p—,x;E) fora<x<p <y <b.

Let E € R be such that E € 6,(Hg,p). Then there exists a non-zero u € D(Hg, )
with Hy pu = Eu. In particular, we have

u(p+)\ _ 4 (ulp=)
W(pt)) P\l (p=))
Suppose ii) fails; and hence we have to prove i). Let E € 6,(Hg ) for some

& € R\ {a}. There exists a non-zero v € D(Hg ;) such that Hg ,v = Ev. Since
M = M(p—,a;E) € SL(2,R) and [(u(a),u'(a))T] = [(v(a),V'(a))T], we have

[(u(p=),u' (p=))"] = M([(u(a),u/ (@))"]) = M([(v(a),V(a))"]) = [(v(p=),¥ (p—))"].
Thus there exists k € R\ {0} such that
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and since u € D(Hy, ) and v € D(Hg ),

(@i viom) = (ata't) (6r) =Aabes (100)

i (40 gy (520 <+ (7)) - ( )
u(p—

and then (ot — o)u(p—)+u'(p—) =u'(p—). Since & # a, =0. Thus V& € R,

(#60) = ipn) = (1) ()= a) (w<2_>) =t ()

Therefore u € 6,(Hg,p), V0 # o and i) holds. [

4. The case of a single general point interaction

Now we construct the operator with one general point interaction. The case we
are going to consider in this and in the following sections corresponds to the case of
connecting real selfadjoint boundary conditions, see Definition 2.5 in [3]. In more
general cases, an additional phase factor may appear in front of the transfer matrix, see
Theorem 1 in [1].

Let I = [a,b] C R be a closed finite interval. Let V € L!(I) be a real-valued
function, p € I an interior point and A, ¢ € SL(2,R) with Iwasawa decomposition
Ag o = PoH/Eg, where Py, € &, H, € J# and Eq € &. We consider the formal
differential expression

d2
T:= 7 +V.

DEFINITON 4.1. The corresponding maximal operator Ty, ¢ is defined by
Ta,r,@f = Tf

D(Tyz0) = {f € L(1): £, f abs. contin I\ {p},~f"+V [ € L2(1),

(f(p+) ) Ay (f(p—) ) L
f(p+) @\ S (p-)

Let us consider the selfadjoint restriction H 77/9 of Ty 0 in L%(I), see equation
(4.3) in [15], defined below

DEFINITON 4.2. Let ngze be the operator defined by

Ocr@f_Tf

| 5+ f()sing =0
D(Hy o) = {fGD(Tare) ’}%‘;ﬁiﬁiﬁ?ggizﬁy:o} 8,y ¢ [0,m).



STURM-LIOUVILLE OPERATORS WITH GENERALIZED POINT INTERACTIONS 1111

LEMMA 4.1. Let 0,0 € R and fix v € R*>. The following holds: 6 # 6 + km,
k € Z if and only if [Aq rov] # [Ay . 6V]-
Proof.

=) Let 0 # 0 +km, k€ Z and v € R?. Since E, acts as a rotation matrix through
an angle y, we have [Eqv] # [Egv]. Taking into account that Py H, € SL(2,R),
Lemma 2.1 gives that [Aq gv] # [A, V]

<) Suppose now [Ay .gv] # [A,, .5V Recalling the definition introduced in Lemma
2.1, -
PaHr[EéV] = [PaHrEéV] = [Aa’r’év} 75 [Aamgv} =P, Hr[Egv},
since P, H, is injective. Thus [Eqv] # [Egv] and hence 8 # 0 +kn, k€ Z. O

LEMMA 4.2. Let 1,7 >0, ## r and v € R*. The following are equivalent:
i) [v]=|[(sin®,cos0)7] or [v] = [(cos B, —sin0)T],
ii) [Agrov] =[Aarov].

Proof.

ii) = i) Assume [Ayov] = [Aqrov]. Then Py[H,Eqv] = Py[H:Eqv]. Since by
Lemma 2.1 Py is injective, [H,Eqv] = [H7Egv], that is, there exists k €
R\ {0} such that H,Egv = kHzEgv. Thus, H;lHrEgv = kEgv, and there-
fore Egv is eigenvector of the diagonal matrix H; 1H,. Since r # F, the
eigenvectors are multiples of [0,1]7 or [1,0]”. Then [Eqv] = [(1,0)7] or
[Egv] = [(0,1)7], taking into account that

El_ cos@ sin6
& — \—sinf cos6
and Lemma 2.1, we obtain [v] = [(sin@,cos 8)7] or [v] = [(cos @, —sin0)T].
i) = ii) Assume [v] = [(sin®,cos0)7]. Then,

Agrov] = [PuH,(0,1)T] = [%PQ(Q 1)T} _ EP&(O, 1)T}

= [PuH7(0,1)"] = [ 7.07]:
When [v] = [(cos 8, —sin 8)7], the result follows in an analogous way. [
LEMMA 4.3. Let o, & € R, & # o and v € R?. The following are equivalent:
i) [v]={[(cos8,—sin®)7],

ii) [Aamgv] = [Admgv}.
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Proof.

it) = i) Assume [Ay .gv| = [Ag,¢V], thatis, there exists k € R\ {0} such that P,H,Eqv
= kPgH,Egv. Then Py 'p,H.Eqv = kH,Egv. Thus H,Egv is an eigenvector
of the matrix Py 'Py. Since o # @, Py 'Py # I and its eigenvectors are
multiples of (1,0)7. Then [H,Eqv] = [(1,0)7], and taking into account that

(HEg) ! (_%1(:059 rsin9>

+8in6 rcos 6
as well as Lemma 2.1, we obtain [v] = [1(cos 6, —sin8)"] =[(cos 8, —sin6)7].
i) = ii) Assume [v] =[(cos@,—sin6)]. Then

[Aa.rev] = [Par(1,0)7] = [r(1,0)"] = [Par(1,0)"] = [Agrev]. O

THEOREM 4.1. Let E €R. If E € 0,(HY ), then:
a) E€o,(H ’r~) ifand only if 0 = 0 +kr, k€ Z.
b) One of the following holds:

i) E¢&op,( are)forevery F#r.
it) E € op( are)forevery 7> 0.
c) One of the following holds:

i) E¢&op,( are)forevery o # .

it) E € 0y are)forevery o cR.

Proof. Since E € Gp(nge
D(Hé’y ) and H e“ =Eu.

o,r,0

), there exists u € L*(a,b), u # 0, such that u €

a) Suppose now that E € O'p(H 5) forsome 6 # 6. Then there exists v € L?(a, b),

v # 0, such that v € D(H é) and H5 va = Ev. We will now consider the

matrices M(p—,a;E) and M (b, p+3E), Wthh do not depend on ¢, and 6.
Since M := M(p—,a;E) € SL(2,R) and [(u(a),u'(a))T] = [(v(a),V'(a))T], we
have

[(u(p—).' (p=))"] = M([(u(a). ' (@)"]) = M([(v(a),'(a))"])
[(v(p=)V ()"
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Thus there exists A € R\ {0} such that

Analogously, since M~ (b, p+;E) € SL(2,R), there exists u € R\ {0} such that

(i) =r (65)

we have
[Aaro((p=),u (p=))"1=[Ag.6(v(p=),V (p=))"] = [Ag 5 (u(p—=),u' (p=))"].
By Lemma 4.1 this happens if and only if 6 = 0 +kr, k € Z.

Let us assume that i) is false. Then for some ry # r, there is E € GP(Hg:ZO,e)-

Therefore there exists a non-zero v € L?(a,b) such that v € D(ngz().e) and

0 .
Ha’Z'O oV = Ev. Asin case a) above we conclude

Ao 0 ((p=).u' (p=))"] = [Ar,0 (V(p=).V (=) "] = [Aa0 (u(p—).u (p=))" ).
By Lemma 4.2 this happens if and only if [(u(p—),u'(p—))"] = [(sin6,cos 0)7]

or [(u(p=),u'(p=))"] = [(cos 6, —sin6)"].

Let us assume that [(u(p—),u'(p—))T] = [(sin0,cos 0)T]. If [(u(p—),u' (p—))] =
[(cos8,—sinB)7], the argument proceeds analogously. There exists ¢ € R\ {0}
such that (u(p—),u'(p—))" = c(sin®,cos0)”. We normalize and take ¢ = 1.

Let us verify that for each 7 >0, E € c(H 3’;/ o) With eigenvector

Lu(x)ifa<x<p
w(x) =
ulx) if p<x<b

First notice that w satisfies the conditions at a and b of the functions in D(H gjze)
since u satisfies these conditions too. Now

torn (1 3) =00 (£ (15)) = e )
()3 (1) = (20)



1114 D. DAMANIK, R. DEL R10 AND A. L. FRANCO

The first and second equalities hold by definition of w and u, the next three
equalities are straightforward calculations. The equality before the last one fol-

lows because u € D(H,,’; 6’7/ o) and the last one follows because w = u to the right
of p. Therefore w € D(H or. o), Tw=Ew in [a,b]\ {p}.and E is an eigenvalue
for Ha’ye, 7>0.

¢) Let us assume that i) is false. Then for some o # ¢, there is E € Gp(Ha’y ).

OCO r,0
Therefore there exists v € L?(a,b), v #0, such that v € D(HO(0 -.9) and H o T V=
Ev. Asin case a) above we conclude

[Aaro(u(p=),u (p=))"]= [Aayr6(v(p=),V (p=))"] = [Agy re (u(p—).u' (p—))"].

By Lemma 4.3 this happens if and only if [(u(p—),u’(p—))"] =[(cos 8, —sin0)7].
There exists ¢ € R\ {0} such that (u(p—),u'(p—))" = c(sin@,cos6)T . We nor-
malize and take ¢ = 1. For all & € R,

ulp=)\ _ , . cosf \  [la) (1) (1
A‘“"<u(p )) _A"”’e(—sine)_r(Ol 0) ~"\o)
Therefore, for every & € R, uED(HarG) and H? reu—Eu. d

5. The case of countably many general point interactions

Let —o < a < b <o andlet V € Ll (a,b) be a real-valued function. Fix a set
of points M = {x,}ne5 C (a,b), where J C Z. We assume that the discrete set M
accumulates at most at a or b. Let A:= {0} CR, R:={r,} C (0,00) and © :=
{6,} CR.

DEFINITON 5.1. Let Ag, ,, 9, € SL(2,IR) with Iwasawa decomposition A, . 9, =
Py,H,,Eg,, where Py, € &, H,, € 7 and Eg, € & forevery neJ

We consider the formal differential expression

d2
T =——+4V.
dx? *

DEFINITON 5.2. The maximal operator Tx g o is defined by
Tarof=1f
D(Thro) = {f € 12(a,b) : f, f'abs. contin (a,b)\ M, —f" +Vf € [*(a,b),

() -owen ()

(See Remark 3.1)
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DEFINITON 5.3. Given g€ L] (a,b) and z€ C, we call f asolution of (T e —

7)f =g if f and f’ are absolutely continuous in (a,b) \ M with —f" +Vf—zf =g

and
(Fiy) v (fi3 e

DEFINITON 5.4. We define the Wronskian of two solutions u; and u; of (Ta ge —

z)f=0by
Wy(uy,up) = uy (x+)uh (x+) — ) (x4 )up (x+).

DEFINITON 5.5. For f and g absolutely continuous in (a,b) \ M, we define the
Lagrange bracket by

[f,8le = fx+)g (x+) = f/(x+)g(x+)  x€(a,b)

If f,g € D(Thro), then the limits
[f:8lar= lim [f.gly and [f.g]y:= lim [f,g].

exist; see [3, Theorem 2.2].
A solution of (T4 ge —2z)f = 0 is said to lie right (resp., left) in L?(a,b) if f is
square integrable in a neighborhood of b (resp., a).

DEFINITON 5.6.

i) Tare is in the limit circle case (lcc) at b if for every z € C, all solutions of
(tare —2)f =0 lie rightin L*(a,b).

ii) TAR,0 18 in the limit point case (Ipc) at b if for every z € C, there is at least one
solution of (Tp g — z)f = 0 not lying right in L*(a,b).

The same definition applies to the endpoint a.

According to the Weyl alternative, see [3, Theorem 4.4], we have always either i)
or ii).

In Theorem 5.2 in [3] is stated that the operator Hy g @, defined below, is a self-
adjoint restriction of the maximal operator Tj g ¢ introduced in Definition 5.2.

DEFINITON 5.7. Let Hp g e be the operator defined as
Hyrof =1f

v, fla = 0if A g o lcc ata }
b

_ N
DiHrre) = {f €D(Threo): w,flp =0if tA g lcc at b

where v and w are non-trivial real solutions of (A ge —A)v =0 near @ and near b,
respectively, A € R.
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If Toge is in the lcc at b, then w lies right in L?(a,b) and therefore [w, f], is
well defined and the same holds for a and v. If 75 g @ is in the Ipc at a or b we do not
require any conditions at those points.

REMARK 5.1. For the existence of the boundary values [v, f], and [w,f], see
Theorem 2.2 a) in [3]. In Theorem 5.2 in [3], the selfadjoint restrictions are character-
ized using unitary matrices. The case we are treating corresponds to the particular case
of the connecting real selfadjoint boundary conditions. For construction of selfadjoint
restrictions see also [10, pp. 216], [5, Section 15], [6, Theorem 2.2], [14, Section 3]
and [1, Theorem 1].

REMARK 5.2. Whenever we fix a parameter, we do not write it. For example if
we fix R and © we shall just write Hy and analogously for the other cases.

DEFINITON 5.8. We say that Ty g e is regular at a if a is finite, V € L] [a,b)
and a is not an accumulation point of M. The same definition applies to the endpoint
b.

If 7o po is regular at a, then 75 g g is lcc at a and the condition [v, f], =0 can
be replaced by

fla)cosy+ f'(a)siny =0

for y € [0, 7). The same holds for b.

In the rest of this section for the operator Hy g ¢ of Definition 5.7 we are going to
fix the values of ¢,, r, and 6, for n # ny. Set o0 = 0O, , r =r,, and 6 = 6,,. This
operator will be denoted by H, ¢, where only the values that A, R and © take on ng
are made explicit.

Let E € R be fixed and define

P(E):={(at,r,0) e Rx (0,00) xR:E € 0p(He )}

Now let us take the operator H 272/9 introduced in Definition 4.2 with p = x;,, and
I =c,d] C (a,b) such that [c,d]NM = {x,,} (Note that we have changed the notation

for the endpoints of the interval 7).

LEMMA 5.1. There exist fixed &, Y € [0,7) such that for all (o.,r,0) € P(E),
it happens that E € Gp(Hao’m).

a,r,0

Proof. If (ou,r1,601) € P(E), then for some non-zero @ € D(Hy, r,.6,), Hoy r.0,0 =
Eo.

Let us fix the points 8,y € [0,7) where

¢(c)cosdy+ ¢'(c)sindy =0

o(d)cosy+ ¢'(d)siny =0 ©)
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If (ot,r,0) € P(E) is such that (o.,r,0) = (04,11, 01), the assertion follows.

If (o,1,0) € P(E) but (o,1,0) # (ot,71,61), then Hy oy = Ey for some non-
zero W € D(Hy,9). Therefore, there exist 8,y € [0,7) which satisfy the boundary
conditions at ¢ and d for y, similar to (6). If we prove that 6 = & and y =Y, then
Hg?;,?gl// = Ey and therefore E € G(Hg?;?g).

Let us prove that y = Y. The proof for 0 is analogous.

a) Assume Ty .o is in the limit circle case at b.

The Wronskian satisfies Wy(w, @) = [w, @] and Wy(w, W) = [w, W]y because w is
real. It is constant for x € [d,b) since w,y and ¢ are solutions of T rof =Ef
in the interval [d,b) because x,, does not intersect |d,b). By hypothesis, the
functions ¢ and  satisfy the lcc condition at b. This implies

0=[wyl,= lilgl We(w, ) and  0=[w,0], = lilgl We(w, @)

Therefore Wy(w,w) = Wy(w,0) = 0 and then Wy (@,w) =0. Thus ¢ and y
are linearly dependent and ¢ = Ky for some non-zero constant K € R. Hence
Y="Y. See Lemma 4.2 [3].

b) Assume Ty ¢ is in the limit point case at b. If Yo # 7y, then @ and y are linearly
independent in [d,b), since if there exists a non-zero constant K € R such that
v =K@ then y= Y. Therefore every solution f of T ,of =Ef in [d,b) can
be written as u = c1¢ + coy. But, since ¢,y € L*(a,b), then u € L*(a,b) and
we get a contradiction to the limit point case. []

THEOREM 5.1. We have the following cases:

a) If o= o and r = ry are fixed, then {(0p,r9,0) € P(E)} is empty or is count-
able.

b) If o= o and 0 = 6y are fixed, then {(0p,r,00) € P(E)} has at most one ele-
ment or {(ag,r,0p) € P(E)} = {0} x (0,00) x {6p}.

¢) If r=ry and 6 = 6y are fixed, then {(o,ry,00) € P(E)} has at most one element
or {(a,r,60) € P(E)} =R x {ro} x {60}.

Proof.

a) Suppose that for some 6, (04, ry,0) € P(E). Thenby Lemma5.1, E € Gp(H%Zg 0)-

By Theorem 4.1 a), this implies (0, r9,0) € P(E) if and only if 8 = 0 + i,
k € Z. Therefore the set {(0,r9,0) € P(E)} is countable.

b) Suppose that for some r, (0,r,0p) € P(E). Thenby Lemma5.1, E € Gp(Hgng_Oeo).
By Theorem 4.1 b), one has (o, 7,0) & P(E), Vi # r or (ap,7,6y) € P(E),
V7 > 0. Therefore the assertion follows.
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¢) Suppose that for some o, (o, r9,0p) € P(E). Thenby Lemma5.1, E € O.p(H&),m

a.rg,6p/

By Theorem 4.1 ¢), one has (&,ry,0) & P(E), Y& # o or (é,r9,0) € P(E),
Voo € R. Therefore the assertion follows. [

REMARK 5.3. Observe that in b) of Theorem 5.1, if the eigenvector associated
to E is such that u(x,,—) = cos6y, and u'(x,,—) = —sin6,, or u(x,,—) = sin6y,
and u/(x,,—) = cos 6,,, then {(0g,r,600) € P(E)} = {at} x (0,00) x {6y}, otherwise
{(ap,1,60) € P(E)} has at most one element. In case ¢) of the same theorem, if the
eigenvector associated to E is such that u(x,,—) = cos 6,, and u'(x,,—) = —sin6,,,
then {(o,r0,600) € P(E)} =R x {ro} x {6y}, otherwise {(o,r9,6p) € P(E)} has at
most one element.

6. Sturm-Liouville operators with random point interactions

In this section we use the previously obtained results to study the random case.
First the probability space € where the sequences of coupling constants live is con-
structed and then our random operators are defined.

The space of real valued sequences { @ },c5, where J C Z, will be denoted by
R7 . We introduce a measure in R” in the following way. Let {Pn}nes be asequence
of probability measures in R and consider the product measure P = X,c5p, defined
on the product ¢ -algebra .% of R generated by the cylinder sets, that is, by the sets
of the form {w: (i) € Ay,...,0(iy) € Ay} for iy,... i, €T, where Ay,... A, are
Borel sets in R. In this way a measure space Q = (R”,.%,P) is constructed. See
chapter 1, section 1 in [12]. In some cases we may require for the measure space €2
to be complete, i.e. subsets of sets of measure zero are measurable. Every measurable
space can be completed, see Theorem 1.36 [13].

If we fix R and O, and let A € R?, we denote the operator Hy p e as Hp and
analogously Hg and Hg when the parameters A and © or A and R are fixed respec-
tively, see Remark 5.2. Assume moreover the limit point occurs at a or that Ty g @ is
regular at a and the same possibilities for b (see Definition 5.8).

Let Q; = (R?,.%1,P)), Q) = ((0,%0)”,.%5,P,) and Q3 = (R?,.%#3,P3) be prob-
ability spaces constructed as described above.

DEFINITON 6.1. For any E € R, we define
Pro(E):={AER? :E € 0,(Hp)}
Pro(E):={R€ (0,%)” : E € 6,(Hg)}
PAR(E):={@€R?:E € c,(Ho)}

We shall prove the following theorem. Recall that a continuous measure p is a
measure such that p({x}) =0, for any point x.

THEOREM 6.1. Assume Q) is complete and P\ = X,crpy is such that p, are
continuous measures for all n € 1. Let E € R fixed and B C Pgo(E), for any measur-
able set B € F1. Then one of the following options holds:
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i) Py(B)=0
i) Pro(E)=R?

REMARK 6.1. We will show that in some cases there is always a set of point
interactions M where option ii) happens. See Theorem 6.5 below.

REMARK 6.2. An analogous result holds for Py ¢(E): either P»(B) =0 or Py o(E)
= (0,0).

Before proving Theorem 6.1 we shall prove the following lemma, where Definition
2.1 is used.

LEMMA 6.1. For any measurable B C Pr g and any n € J, set

One:={A€B:3up € D(H\)\ {0}, Hyup = Eup and
[(”A(xn_)»”j\(xn_))q # [(cos 9,,7—sin9,,)T}}.

Then Qy g is measurable and P1(Q, ) = 0.

Proof. Let

1 ifA€B,
() = {0 if A ¢B.

If A € Q, k., then from the definition of Q, f it follows that yp(A) = 1.
Let f: RI\" — [0,00) be defined by

F(R) = /R 25 (M) dpa(A(n),

where A= Y A(k)e(k). Here e(k) = (e,)mey are the canonical vectors with en-
ked\{n}

tries e, = 0 if k # m and e, = 1. The measurability of f follows from Fubini’s
Theorem. (See [13, Theorem 7.8].)
If A= 3 A(k)e(k) € Qnk, then f(A) =0, where A= ¥ A(k)e(k). This
ke keI\{n}
follows from Remark 5.3 since p, is continuous.
Hence Q, ¢ C [f~1({0}) x R]NB.
Now, using Fubini,

A o NP = /f oy B [ xs(8)dpu(a(m)
= A)dP(A) =0.
Loy TR R)
Then,

A)dP, =0,
/Lf"({o})xR]ﬁB%B( )P
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and since yz(A) =1 in B, we get P;([f~'({0}) x RjNB) = 0.
Since the measure dP; is complete, any subset of a measurable set of measure
zero is measurable with measure zero. Therefore O, g is measurable. [J

Proof of Theorem 6.1. It will be enough to prove that if ii) doesn’t hold, then i)
must hold.

Assume that there exists Ag € R? such that E is not an eigenvalue of Hay, .

If E is not an eigenvalue of Hy for every A € RY, then P;(B) = 0 and the result
follows.

Suppose now A € B, then E € 6,(Hy), i.e. there exist upx € D(Hp)\ {0} such
that Hyup = Eup. Then A € Q, g forsome n€J.

This follows because if [(ua(x,—),u) (x,—))T] = [(cos B,, —sin6,)T] for every
n € J, then there exist ¢, € R such that (u(x,—),u'(x,—))" = cu(cos 8, —sin0), hence

u(x,—) cos 6, 1 A(n)\ (1 1
AA(n),rn,en (u/(xn_)> :AA(n)J,“G,,Cn (_ sin 9n> = Cplyp (O 1 0 = Cplyp 0

Since the right hand side does not depend on A, from the definition of Hy, E must be
an eigenvalue of Hy for all A € RY, in particular E is an eigenvalue of H. Ao » Cf. proof
Theorem 4.1 ¢), which is not possible by our initial assumption. Therefore

BC UQn,Ea

nel

where 0, g was defined in Lemma 6.1. Using that lemma we obtain P;( J Q,) =0.
neJ
Therefore the result follows. [

REMARK 6.3. If 75 g e is in lcc at b we need to assume it is regular at b, oth-
erwise we cannot assure that the function u, in the proof of Theorem 6.1 satisfies the
boundary conditions at b for every A(n), and the same for the endpoint a.

THEOREM 6.2. Assume P3 = X,c5q, is such that qy, is a continuous measure
for some ny € 3. Let E € R be fixed and let B be any measurable subset of Py g(E).
Then P3(B) =0.

Proof. Let
1 if@cB,
x5(0) = {0 ifO ¢ B,

and define f: R7\{"0} — [0,00) as
1(8) = [ 6(©)dg(©(m)),

where @ = Y O(k)e(k). Here e(k) = (em)mey are the canonical vectors with
k€TI\{np}
entries e, = 0 if k % m and ¢, = 1. The measurability of f follows from Fubini’s

Theorem. (See [13, Theorem 7.8].)
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If ©= Y O(k)e(k) € B, then f(©) =0, where ®= Y  ©O(k)e(k). This fol-
keJ ked\{n}
lows from Theorem 5.1 since ¢y, is continuous.
Hence B C [f~1({0}) x R].
Now, using Fubini,

/fﬂ{o})xRxB(@)dPg: /f o dP3(0) /R 18(0) dg, (©(no))

- /  f(®)dP3(6) =0.
f7H{op
Then, P3([f~1({0}) x R]) = 0. Therefore P3(B) =0. O

DEFINITON 6.2. For any E € R, we define
P(E) = {(A,R,@) EQIXxQxQ3:E € Gp(HA,R.Q)}-

In the following Theorems the hypothesis of measurability of the set P(E) is cru-
cial. This assumption can be satisfied for example, if we assume the operators Hj z @
are measurable. See Theorem 4.6 [4] which states this fact for any family of measurable
operators defined in a separable Hilbert space.

THEOREM 6.3. Assume P3 = X,c3q, is such that gy, is a continuous measure
for some ng € 3. Let E € R be fixed and suppose that P(E) is measurable. Let
P:Ipl XPQ XP3. Then,

P(P(E)) =0
Proof. Let
_ [ 1 if (A,R,0) € P(E),
xpE) (AR, 0) = {0 f(A,R,©) ¢ P(E).
Then,

PP(E) = [ e (ARO)AP.
1 X&2p X223

Using Fubini we have

[ aeAREOMP= [ dPyxdPs [ (@) dP3(0),
Q1 xQyx Q3 Q3 '

QlXQZ

where Py g(E) is as in Definition 6.1.
Note that

/Q Xey () (©)dP3(0) = P3(Pyr(E)),
3
and that Theorem 6.2 gives P3(Pre(E)) = 0. Thus, the theorem follows. [J

THEOREM 6.4. Assume Q| is complete and P\ = X,c3py is such that p, are
continuous measures for all n € 3. Let E € R be fixed and suppose that P(E) is
measurable. Let P =Py x Py x P3. Then one of the following options holds:
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Proof. Let
_ [ 1 if (A,R,0) € P(E),
xp(e) (AR, ©) = {0 if (A,R,©) & P(E).

~— —

Then,
PPE) = [ e (ARO)dP.
Ql XQZ ><Q3

Using Fubini we have

/ Xp(e) (AR, ©)dP = P, x dP; / oo (e) (W) dPL(A),
Ql XQZ ><Q3 Ql

QzXQ3

where Pg o(E) is as in Definition 6.1. Since

| Zrpot (W) AB(A) = P(PeolE))

using Theorem 6.1 we conclude that either P(Pro(E)) =0 or P(Pre(E)) = 1. There-
fore the theorem follows. [

REMARK 6.4. An analogous result holds if we assume that €, satisfies the hy-
pothesis of the theorem instead of €.

6.1. Oscillation of solutions

The next result, Theorem 6.5, shows that it is always possible to construct a set of
point interactions M such that option i) in Theorem 6.1 occurs.

Let H=Hpro With A ={0},c5, R={1},c5 and © = {0}, be the unper-
turbed operator. This operator does not depend on M and 7T, and it is the selfadjoint
operator without interactions. The matrices introduced in Definition 5.1 are now the

identity, that is
10
Aamrmen - (0 l)

DEFINITON 6.3. (See Section XI.6 in [7]) The equation
(tT—E)u=0

is said to be oscillatory on an interval J if every solution has infinitely many zeros on
J.

If = b is a (possibly infinite) endpoint of J which does not belong to J, then the
equation is said to be oscillatory at t = b if every solution has an infinite number of
zeros in J accumulating at b.
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Define
@(x) :=arg(u' (x) + iu(x)) x € (a,b).
The zeros of the solution u are given by the values of x such that ¢(x) =k for some

integer k. (7 — E)u =0 is oscillatory at b if and only if @(x) — e as x — b; see [8,
p. 91.

LEMMA 6.2. Given two consecutive zeros t1,ty € (a,b) of a solution u of (T —
E)u =0 and given a vector v = (vi,v)T € R?, there exists a point xy € [t1,t2) such

-6

Proof. Since t; and 1, are zeros of the solution u, there exist kj,k, € Z such that
o(t1) =k and @(r) = kpm. Since @ cannot tend to a multiple of 7 from above,
see [2, Theorem 8.4.3 ii)], we have k, = k; + 1. Since ¢ is continuous, there exists
Xo € [t1,t2) such that

arg(u' (xo) + iu(xp)) = arg(vy +ivy).

ulxo)\| _ | (m
&) (]
THEOREM 6.5. Let (1 — E)u =0 be oscillatory on (a,b), — < a<b< e,
E € 0,(H) and the zeros of u does not accumulate at any interior point of (a,b). Fix

R = {r}ney and © = {06,},c5, where T is finite or T =N. Then there exists M C R
discrete such that Pro(E) = RI.

Therefore, by Remark 2.1,

Proof. Assume Hu= Eu.
Suppose J is finite, T = {ny,ns,...,n,}, and @ ={6,,,...,0,,}. Let 19,11,... .1,
be r+1 consecutive zeros of u. For n; € J, let x,, be such that x,, € [f;_1,#;) and

u(xn;) \| _|[ cosby,

W(xn)) | |\ —sin6, ) |"
Due to Lemma 6.2, such an x;, exists. Let M = {x,,}]_ and take Aq, , 0, = Po,, Hy, Ee,,
as in Definition 5.1, for all n; € J. Then,

u(xy,—)\ cosB, \ Lo\ (1) 1
A(Xn“rnpeni (u/(xni_)) _Aan,-7rn,-7en,- <_ Sinen’-> = I'n; <O 1 ) (0) = I'n; (0) :

From the definition of Hy, E must be an eigenvalue of Hy for all A € R7, and there-
fore Pro(E) = R’
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Suppose J = N. Let us assume that there are infinitely many zeros of u, increas-

ingly enumerated by 7,71,.... Let @ = {6, },c5. Let x; be such that x| € [fy,7;) and

()] =1C5%)]

As above let x; be such that x; € [t,7,) and

)] =158

In this way we get a sequence M := {x,},c5. Take Ay, ,, 6, = Po,H:Ep, as in

Definition 5.1. Then,

u(x,—)\ _ cosB, \ Lo, (1) 1
Aocn,rn,(-)n (u’(xn—)> —Aa,,,r,,,@,, (_ sin@n) =T, (0 1 ) (O) =T, (O) .

From the definition of Hy, E must be an eigenvalue of Hy forall A € R7, and there-
fore Pro(E)=R?. O
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