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REFINED HEINZ OPERATOR
INEQUALITIES AND NORM INEQUALITIES

A. G. GHAZANFARI

(Communicated by F. Kittaneh)

Abstract. In this article we study the Heinz and Hermite-Hadamard inequalities. We derive
the whole series of refinements of these inequalities involving unitarily invariant norms, which
improve some recent results, known from the literature.

We also prove that if A,B,X € M, (C) such that A and B are positive definite and f is an
operator monotone function on (0,e). Then

I1F(A)X =X f(B)||| < max{[|£'(4)]|, |l (B)I[}IAX — XB]||.

Finally we obtain a series of refinements of the Heinz operator inequalities, which were proved
by Kittaneh and Krnic.

1. Introduction and preliminaries

Let My, »(C) be the space of m x n complex matrices and M,,(C) = M, ,(C). Let
[||-]|| denote any unitarily invariant norm on M,(C). So, |||[UAV||| = |||A]|| for all
A € M, (C) and for all unitary matrices U,V € M, (C). The Hilbert-Schmidt and trace
class norm of A = [a;;] € M,,(C) are denoted by

1

n

n 2
lAllz={ X s34) | . 1Al = X s;(4)
Jj=1 j=1
where s1(A) > 52(A) > ... > s5,(A) are the singular values of A, which are the eigen-
values of the positive semidefinite matrix | A |= (A*A)% , arranged in decreasing order
and repeated according to multiplicity. For Hermitian matrices A, B € M,,(C), we write
that A > 0 if A is positive semidefinite, A > 0 if A is positive definite, and A > B if
A—B>0.
The Heron means introduced by Bhatia in [2] as follows:

b
Ky(a,b) = (1— v)\/ab+v%, 0<v<l.
Bhatia derived the inequality

Hy(a,b) < Ka(v)(aab)a
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where o(v) =1 —4(v—v?).
The another one of means that interpolates between the geometric and the arith-
metic means is the logarithmic mean:

1
L(a,b) :/ a'b'Vdv.
0

Drissi in [5] showed that \2[ 7 < <v< ‘zf\;l if and only if
(a

Hy(a,b) <L

,b). (1.1)
R. Kaur and M. Singh [8] have proved that for A,B,X € M,,, such that A,B are

positive definite, then for any unitarily invariant norm |||.|[|, and § < v < 3 and & €
[,e0) the following inequality holds

1 AX+XB
E\HAVXBH+A1*VXBV|\| < H'(l — 0)A2XB? + o (%)H' (1.2)
They also proved the following result:
11 L, 2.1 1,2
Il42XB2[| < S |llA3XB3 +ATXB3|]]
1
< —|||AX + XB+1AZXB1|||, (1.3)
24t
where A,B,X € M,,, A, B are positive definite and —2 <t < 2.

Obviously, if A,B,X € M,,, such that A, B are positive definite, then for % <v< %
and o € [},), and any unitarily invariant norm |||. ||, the following inequalities hold

ASxB < Liavxs-v s al-vxBY
2

AX +XB
< 'H(l — 0)AZXBI +o <+> (1.4)
Suppose that
AYXB'7V 4+ A'"VXBY
go(V): 2 1)
and
AX +XB
e =[xt (2 |

Then, the inequalities (1.2), (1.3),(1.4), can be simply rewritten respectively as follows

8o (V) < fol@),

1 2 2
e(3) <0 (3) <2 (55). -
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e(3) cem<r@.

I. Ali, H. Yang and A. shakoor [1] gave a refinement of the inequality (1.4) as
follows:

@) < (m - g (5 ) +20 - 201 (@), (16)

where ; <v <3, € [f,) and rp =min{v,1-v}.
Kittaneh [10], gave a generalization of the Heinz inequality using convexity and
the Hermite-Hadamard integral inequality for 0 < v < 1, as follows:

1
[1—2v|
<J|lAvxB! Y +ATVX B, (1.7)

1-v
2|t x B ||| < | IAXB A ar
\%

A refinement of (1.7) is given in [9]. They also proved that

a+p

H)A#XBI_Q%B A=y st H

AOXBI=® L Al-oxp® 4 ABx BB +A1’ﬁXBﬁH|. (1.8)

_ 1
“ B«

-4

Heretofore the inequalities discussed above are proved in the setting of matrices.
Kapil and Singh in [7], using the contractive maps proved that the relation (1.8) holds
for invertible positive operators in B(H). The aim of this paper is to obtain refinements
of the Hermite-Hadamard inequality (1.8) in the setting of operators (see Theorem (2)).
We also present a generalization of the difference version of Heinz inequality (see The-
orem (1)). At the end, we study the Heinz operator inequalities, which were proved
in [10] and give a series of refinements of these operator inequalities (see Theorem (4)
and (5)).

5
/ (AYXB'™Y + A'~VXB")dv
o

2. Norm inequalities for matrices

Let A,B,X € M,(C) such that A and B be positive definite and 0 < v < 1. A
difference version of the Heinz inequality

IA*XB'Y —A'¥XBY||| < [2v— 1] |JAX — XB| @.1)

was proved by Bhatia and Davis in [4].
Kapil, et.al., [6] proved that if 0 < r < 1. Then

114X —XB'||| < rmax{||A""[|,||B""[[}]]AX —XB]||. (2.2)
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They also proved that if & > 1, and I_TO‘ <v< HTO‘, then

al[|[AYXB'™Y —AVXBY|||
< [2v — 1 max{||A"%||,[[B"*|[}]|A%X — X BY|||. (2.3)

The following theorem is a generalization of (2.2).

THEOREM 1. Let A,B,X € M,,(C) such that A and B be positive definite and f
be an operator monotone function on (0,o0). Then

11F(A)X =X £ (B[] < max{[|f'(A)]] [/ (B)I[}]|AX — XB]||. (2.4)

Proof. Tt suffices to prove the required inequality in the special case which A = B

and X

and A is diagonal. Then the general case follows by replacing A with [g g]

with [8 }é] . Therefore let A = diag(A;) > 0. Then f(A)X —X f(A) =Y o (AX —XA)
where ¥ = fll(A), ie.,
f(h)—f(A;
Vij = %%(/)’ )L’.#)Lj
T, A=A,
By [3, Theorem V.3.4], fI/(A4) > 0. Consequently

£ (A)X =X A= [I[Y o (AX = XA)|[| < maxy [[|[AX — XAl[|
=/ @I [IAX —XA|||. O

EXAMPLE 1. (i) For the function f(r) =¢", 0 <r< 1,

147X — XB'|| < r (max{[|A"",|[B""]})
— _ 1—r
— r(max{[|A~"],IB-"I})""|||AX — XB]||.

(ii) For the function f(¢) = logt on (0,),

[[[log(A)X — Xlog(B)||| < (max{[|A~"[l,[B"|[}) [[lAX — XBl|l.

REMARK 1. Let ¢ > 1 and 0 < v < 1. From inequality (2.4) for A% B* and
f(t) =17, we get

1 _ _
114X = XBI|| < — max{|lA" ||, [|B" %[ [}]||A*X — X B]| (2.5)

On combining (2.1), and (2.5), we obtain (2.3).
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3. Norm inequalities for operators

Let B(H) denote the set of all bounded linear operators on a complex Hilbert
space H. An operator A € B(H) is positive, and we write A > 0, if (Ax,x) > 0 for
every vector x € H. If A and B are self-adjoint operators, the order relation A > B
means, as usual, that A — B is a positive operator.

To reach inequalities for bounded self-adjoint operators on Hilbert space, we shall
use the following monotonicity property for operator functions:

If X € B(H) is self adjoint with a spectrum Sp(X), and f,g are continuous real
valued functions on an interval containing Sp(X), then

f() 2 g(), 1 €Sp(X) = f(X) = g(X). 3.1

For more details about this property, the reader is referred to [14].
Let Lx,Ry denote the left and right multiplication maps on B(H), respectively,
thatis, Lx(T) =XT and Ry(T) =TY. Since Ly and Ry commute, we have

e TRY(T) = X TeY .

Let U be an invertible positive operator in B(H ), then there exists a self-adjoint
operator V € B(H) such that U = ¢". Let n € N and A, B be two invertible positive op-
erators in B(H). To simplify computations, we denote A and B by ¢2'"' %1 and &2 11 |
respectively, where X; and Y; in B(H) are self-adjoint. The corresponding operator
map Ly, — Ry, is denoted by D. With these notations, we now use the results proved in
[7, 13] to derive the Hermite-Hadamard type inequalities for unitarily invariant norms.

The Hermite-Hadamard inequality and various refinements of it in the setting of
operators (resp. matrices) were given in [7] (resp. [9]). The following theorem is
another generalization of the Hermite-Hadamard inequality for operators.

THEOREM 2. Let A,B,X € B(H) such that A and B be invertible positive oper-
ators and let o, 3 be any two real numbers and n,m € N. Let y(t) = (1 —t)a+1f3,

2)171 ) ) ) )
E, = 2n1_1 3 (AV(Z’ZZ')XBFV(Z’ZZ')_i_AlfY(%)XBV(Z’ZE'))’

i=1

and
1 2! i—1 1 i—1 1 i—1 i—1

Fm _ Z_m <AV(W)XB *Y(mel) +A *Y(W)XBV(W)

i=1

AT gl ) +A1—y(2m%1>XBy<2,,+l>> .

Then

)HA#XBI—“T” +A-xB

o+
2

| =& <. <llIE

1
N

s
i / (AXB'~" + A'"VXBY)dv
- o
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<|MEalll < - <A

_! ‘ A®XBI= L pl-oxpe o APxpl-—P +A1*/3XB‘3H’ . (3.2)

Proof. Put A=e*"""%1 B=¢2"" and T = AZXB?, then

ATCE x pl7Cat) 4 A1) x gr(art)
2i—1 1
=2cosh (21 (y(5—) =5 )P T-
cos( <)/ 7 3

Similarly, a simple calculation shows

AYGED x gl | A1 7Gx gt T)
+AY(2"%1)XB _Y(F) +A1_Y(2"%1)XBY(2"%I)

— 2cosh (2“ (y(%) - %) D) T +2cosh (2" (7’(2ni1> - %) D) T,

Continuing the calculation, we have

AR gl YGeT) 4 AT TGED x gt )
_’_Ay(zn%l)XBlf)’(zn%l)+A17y(2n%l)XBy(2n%l)

— 4cosh (2" ! (y(;n y(zni_1> - 1) D)
i
T

and

n Y(5m
a/(_2 (AYXB"V +A'"YXB")dv
i
no (o)
_ 2 /,2 2cosh<2"+1 (v—l)D)Tdv
B— o Jyis 2
I " i 1
“5ma (7 (1) -2)?)
it (e (121
smh<2 (y( =) Z)D)}T.
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Consequently,

on /Y(%n)
B— o Jyish

izl
on

(AYXB'™V 4+ A'""VXB")dv

e (2 (1) ) 1))
x sinh (2" (Y(%) - Y<lz_nl>) D) !

_ ;lz_; cosh (2" (7(i;nl) + Y<2L> - 1) D)

x sinh(( — o)D)T.

Calculus computations show that for n >

2, we have

i 21y 1
E,,:Wz4cosh<2Jr (y( - >—§)D>T

NI\J

1 on— 2
=5 2 cosh (2"+1 ( (
on— 1 1
+ 2 cosh (2”“( ( )
i=1+42n-2
1 o n+1 —1
= ) ; [cosh (2 ( ( o )
2i—1 1
h 2n+1 (l ) -
+cos ( (y o 7

T

o)l

_ 2%2;2 [cosh (2“ (7/(21'2; 1) +v(1- 2’; 1) - 1) D)

x cosh (2” (y(zl; 1)

Using the relations y(t) + y(1 —t) = a+ B and y(¢) — y(1 —¢t) =
obtain
1 2 2i—
Ey = 355 cosh (2" (e + B~ 1)D g cosh (2 ( T 1>(B—a)D> T
on— 2
——cosh (2"(e+ B —1)D Z cosh(2(2i —1)(B—a)D)T

o

=2cosh(2"(ac+ B —1)D)

H cosh (2"
=1

—1(1- 2’; 1))0)] T.

2t—1)(f—0a), we

(B—a)D)T

245

(3.3)
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Similarly, by simple calculations, we obtain

Fo1 = % icosh (2” (y(i2n1> + y( ) — 1) D) cosh((f —a)D)T

= %2§ cosh(2"(a+ B —1)D)cosh((2i — 1)( — a)D)cosh((B — o)D)T

=cosh(2"(a¢+B—1)D Hcosh (2"(B — a)D) (cosh(Z(ﬂ —a)D) + 1>T, (3.4)

and

1 B 1- 1-
W= /(A"XB V+A TYXBY)dv

B—a
1 2" .
;D 2 Zcosh (2" (y( 2n1) + y( ) - 1) D) sinh (B — &)D)T
- ;D_; cosh(2"(a+pB—1)D )ﬁcosh (2"'(B— a)D) sinh ((f — a)D) T
_ ﬁ;a) cosh (2" (0 + B — 1)D)sinh (2" (B — a)D) T. (3.5)

By [13, Proposition 21], the operator map % is contractive, so from equali-

ties (3.3) and (3.5), we obtain
EN < W] (3.6)
From equality (3.3) for E,_; with A = 2 ,B= 2 , we get
E, 1 =2cosh(2"(ac+B—1)D Hcosh(Z" ‘(B—a)D)T.
The operator map m is contractive, so
En-11l| < [[1En|). 3.7
By [7, Proposition 2.4], the operator map 0 ﬁ_;i; zl;(c?st:(((x/;lz)a) D) is contractive, there-
fore from equalities (3.4) and (3.5), we get
(3.8)

W< 1 Earall]-

From equality (3.5) for n =2, i.e., for A = e3X1, B = 1 | we have

= cosh(4(a+ B —1)D)sinh (4(B —a)D)T
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d
" P> = cosh (4(ac+ B — 1)D) (cosh(4(ﬁ—a)D)+1)T.

In this case, we also get |||W ||| < |||F2]|| because the operator map 5B _Zglgigfhf(;?_) )

is contractive. . 1
. . n n+
From equality (3.4) for F,, with A =" X1 B=¢""""1 we get

F, =cosh(2"(a+ B —1)D Hcosh(Z" ‘(B—a)D)
i=1

(cosh( (B—oa)D)+ )T.

Therefore

Fyi1 cosh(2(B —a)D)(14cosh(2(f —a)D))

F, 1+cosh(4(B — a)D)
l 1
- (cosh( 2D >“)’

a1 1] < H1Ful]]- 3.9)

From (3.6), (3.7), (3.8) and (3.9), we obtain the relation (3.2) and the proof is
completed. [

and this implies that

THEOREM 3. Let A,B,X € B(H) such that A and B be invertible positive oper-
ators. Let Alf <v< % and o € [%,oo). Then

1 1
§|\|A"XBl_V +A"VXBY||| < Hl/ A'XB'"dr (3.10)
0

oo

Proof. Suppose that A = ¢2Xt B = ¢t and T = AZXB? then
1
E|\|AVXBI—V+A1—VXBV\|\ = |||cosh ((2v —1)D)T|]|,
and

1
/ ATXB s
0

_ ‘H/Olexp((ZI—l)D)Tdt

=|||D~"sinh(D)T|||.

By [13, Proposition 21], the operator map W is contractive. This proves

the first inequality in (3.10). The second inequality in (3.10) has been proved in Theo-
rem3.9of [7]. O
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4. Improved Heinz operator inequalities

Let A,B € B(H) be two positive operators and v € [0, 1], then the v-weighted
arithmetic mean of A and B denoted by AV, B, is defined as AV,B= (1—Vv)A+ vB.
If A is invertible, the v-geometric mean of A and B denoted by Afj,B is defined as
AfyB = A2 (A %BA%)"A% . For more detail, see Kubo and Ando [12]. When v = %,
we write AVB, A#B, for brevity, respectively.

Let A,B € B(H) be two invertible positive (strictly positive) operators and v €
[0,1]. The operator version of the Heinz means are defined by

AtyB+ At B
2 )

and the operator version of the Heron means are defined by

Hy(A,B) =

Ky(A,B) = (1—Vv)(A4B)+ Vv(AVB).
Zhao et al. in [15] gave an inequality for the Heinz-Heron means as follows:
HV(A»B) < Ka(v)(A»B)7

where or(v) =1 —4(v—v?).
It is easy to show that the above Heinz mean H,(-,-) interpolates between the
non-weighted arithmetic mean and geometric mean, that is

AtB < H,(A,B) <AVB. 4.1)

Kittaneh and Krni¢ in [11] obtained the some refinements of the left and right
inequalities in (4.1) for v € [0,1] — {1}, as follows:

A%FV(A’T'BAT)A%

A$B < Hawsi (A,B) <

2v—1
! 1
1 1
< SHy(A,B)+ 2AﬁB+ < Hy(A,B), 4.2)
and
1 1 -1 -l 1 1
Hy(AB) < Hy (A,B) < 541 [Fl(ATBAT) +F,0(ATBAT)]A7
ro
L (A B) + Ly (A,B) + Lava 4.3)
St 277 4 '
L, 1
< 5 v(A,B) + 2AVB < AVB,

where ro = min{v,1 — v} and

Xv_xl—v
0 1
Fv(x>:{ N (44)

v—1, x=1.
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Let f,o,f be continuous real functions on R and f be convex. Let a(v) <
B(v) (veR),and y%(t) = (1 —t)o(v) +1B(v). For n € N, Define

fv)= 5 lznzlf(( ) e+ 25w (veR)

on— 1
2,} 3 Z f(Yv (21 1)) (4.5)

For m € N, we define

O,(f.v) = fla(v)) erf(ﬁ(V)) 7

and for m > 1

| i
I [f<a<v>>+f<ﬁ<v>>+z 3 (15 ) )+ 5oy >)]

1

- lf(a(v))—i—f(ﬁ +22m21f(yV (2_)” . “.6)

It can be easily shown that for every n,m € N, the sequence (¢,), (resp.(®;,)) is an
increasing (resp. a decreasing) sequence of continuous functions such that

o+p flo)+f(B)
f(T) Ou(f,V) /f m(f,V) < D R — 4.7
and
tim u(£2v) = fim @4 () = 5 [ 500 48)

Now, we consider the function f;:[0,1] — R, x > 0, by

X 4x

fx(t): ) ’

(4.9)

and 0 < o(v) < B(v) < 1. The functions @,(fy,v) and @,(fy,Vv) are continuous
functions of x. If A, B € B(H) are two invertible positive operators, using the functional

calculus at x= A2 BA7T for ©n(fx, V), we have

2 a5 Aty () | aspatyw ()
on(f =1 ;l,v)=2nl,1 Z (A7 A7) +2(AzBA2) L 4.10)

A2 BA2

Multiplying (4.10) by A? on the left and right sides, we get

on—1

1 1
Az(Pn(fA;l ;17\/ A2 = 2" An—1 ZH

2 BAZ B). @.11)
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We denote it by ¢,(c, B;A,B). Similarly,

D1 (0, B3 A, B) i= AT D1 (fr, V)A? (4.12)

i
—m
i=1

1 2" —1
= ST [Ha(v)(A,B)+Hﬁ< JAB)+2 3 Hy (1 (A,B)

In the following Theorem we give a series of refinements of (4.2).

THEOREM 4. Let nym € N and n> 1,m > 2. If A,B € B(H) are two invertible
positive operators, then the series of inequalities holds

1 1
AB < H% (A,B) = ¢ <v7 E;A’B) < Oy <v7 §;A7B>

1
<
2v—1

1 R B | 1
AZFV(A 2 BA™2 )A2 <o, (V,E;A,B)
<@ (v.2aB) = Yiy(a,B) + Lo (AB) + LasB
I W2 72’ ) - 4 v, ) 2V4+1 ) 4
1

forall v € [0,1]— {1}, where F, is the function given in (4.4).

Proof. Let 0 < v % Applying inequality (4.7) to the function f, and o/(v) =
v,B(v) =3, we get

2v+1
fx( 4 ) 0n(fx:V) 1—2v/ fd

Dulfinv) < fix(v);f*@.

(4.14)

Clearly, qon(oc7B,A,B) o.(B,0;A,B) and @, (o, B A,B)=®,,(B,a;A,B) since
H;_,(A,B) = Hy(A,B). Therefore (4.14) also holds for i 5 < Vv <1 because Fi_y(x) =
—F,(x).

Utilizing of the monotonicity property (3.1), the relation (4.14) holds when x is
replaced with the positive operator AT BAZ. Finally, multiplying both sides of such

obtained series of inequalities by A7 and applying (4.11) and (4.12), we deduced the
inequalities (4.13). O

In the following Theorem we give a series of refinements of (4.3).
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THEOREM 5. Let 1 <n,m € N and v € [0,1]—{4}. If A,B € B(H) are two
invertible positive operators, then the series of inequalities holds

HV(A7B) < H%O(A7B) < (Pn(07rO;A7B)

1

I 1 -1 -1 -1 1]
< 5-AT |Fi(AZ BAT )+ Fy (A7 BAT) | A2
ro

< ®,(0,r0;A,B)

—_

< —Hy(A,B) + ;Hm (A,B) + AVB (4.15)

»~4>

< SHy(A.B) + 5 Lavs <avs,

\o)

where ro =min{v,1 — v} and F, is the function given in (4.4).

Proof. By the symmetry of the Heinz means and the fact that F1_, = —F,, it is
sufficient that, we prove (4.15) for 0 < v < % . Applying inequality (4.7) to the function
fyand a(v) =0,B(v) =rp =min{v,1 — v} = v, we get

fx(g) v < [ rwar
@y (f, v )\%. (4.16)

By the same argument used in the proof of Theorem 4, we obtain the inequalities
(4.15). O
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